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LECTURE 3

STATISTICAL THEORIES OF LIQUIDS: EQUILIBRIUM

Once 1t is recognised that the liquid is composed of atoms and
molecules the question arises of the relationship between the observed
mactosc_oplic bulk properties of the liquid and the collective
properties of the enormous numbers of atoms and molecules in
gsimultaneous interaction. The staristical theory of liquids has been
developed in an attempt to answer this queatio-n. We shall be primarily
(though not entirely) concerned with classical liquids in plametary
science and so will concentrate on classical stali.istical theory.

The enormous number of particles involved has led to the use of
statfstical methods in classical physics as an expedient; the use of
sta.tiaticsl methods in quantum physics is, of course, a matter of

principle.

1t must be recognised immediately that the development and

general application of the statistical theory to real liquids is far-

less complete than for the macroscopic theory considered in the last
lecture. The reason is partly mathematical but the central difficulty
18 largely assoclated with the physics involved. The essential
stumbling block of the statistical theory is that of accounting for
the simultanecus wotion of a very large number of interacting
parti'cles. Progress has be;n most pronounced where the interaction 1s
in a special sense weak (the dilute gas) or has a simplifying
periodicity (crystalline solids).

The subject has a vast literature with a variety of approaches.

We lelect. here a particular approach which is based on the rigorous

FLUCTUATIONS IN PHYSTCAL QUANTITIES

arguments of statistical mechanics and which also can be expected to
be appropriate for applicatuion to a simple liquid.
3.1. Fluctuations of Phyiscal Quantities

The known fluctuations in the magnitudes of measured macroscopic
physical gquantities give evidence for the atomic constitution of
matter.

3.1.1. A small volume: the fluid point.

A volume V of matter of mass M and macroscopic mass density
contains N = H/Amp atoms where each atom contains A nucleons each of
mass LS The number n of atoms per unit volume is n = N/V = {IAmp- A
smz2ll volume dV contains dn = ( ( /Amp)dv atoms. This numbef decreases
with the size of the volume but remains ‘extremely large even for the
samllest macroscopic volumes., As an example 1f {- 103kg m"3 (typical
of much of condensed matter) and A = 30 (typical of the constituents
of silicates} then, with m, = 1.6 x 10'27kg, n=2x 1028 atoms per
cubic metre. For the macroscople insignificant volume (easenti#lly a
point) oflinear dimension 10"6m (cuble micron) dn = 109 and the
collective effect of so large a number of atoms will be
indistinguishable in the mean from that of the whole. This is the

resolution at the atomic level of the concept of the macroscopic fluid

point,
3.1.2. Thermodynamic fluctuations.

The number of atoms in a given fixed volume of matter will
change with time and the change will be larger the larger the atomic
motion (that 1s the higher the temperature). A knowledge of the
flu_cr.uations in the macrescopic prperties_’of 4 emall volume allows an
estimete to be made of the degree of random atomic ag?itation.

. -

The fluctuatiouns can be expressed either in terms of the



FLUCTUATIONS IN PHYSICAL QUANTITIES

changing number (with the time) of atoms in a small volume of fixed

size or alternatively as the changing volume occupied by a chosen

number of atoms. In terms of thermodynamics it is necessary to account

for fluctuations in the volume V, pressure P, temperature T or entropy
S characterising the small volume.

Thernodynanics agssoclates such rearrangements with the
expenditure of energy in the form of work. If R is the minimum work
necessary to produce a given fluctuation in the small volume the
probability w that this fluctuation will occur is written

R=-kT In w (0
for the temperature T, k being the Boltzmann constant.

From the lst and 2nd laws of thermodynamics the mnimum energy R
for a fluctuation ia related to the internal energy U, entrpy and
pressure by

r= Au-Tls+erAv. ‘ (2)
But U = U(S, V) so, for small fluctuations
2r = (As.AT - Br.8v). (3)

Two separate cases must be recognised ~ one with S and P as
independent variables and the other with T and V as independent
variables.
3.1.2.1. S and P as independent variables.

In this case T = T(S, P) and V = V(§, P) and

Av--v xs Br + (F1/Pe)g4s
AT (T/CHAS + (PT/IE)AP.

Here xs = - (VNP V/ S P)g is the adiabarice compressibility (the

(4)

inverse is the adiabatic bulk wmodulus Ks) and Cp 15 the specific heat
capacity at constant pressure. We have also used the thermodynamic

relation (PV/? S)p = (?1/PP)g. The minimum work R is obtalned by

FLUCTUATIONS IN PHYSICAL QUANTITIES

substituting (4) into (3) to obtain
2R =1(1/C,) (BT + v (An . (5)
The probability for the occurence of the fluctuatiom then follows by
insercting (5) into (1} to glve a Gaussian distribution for the two
statistically independent variables. This can be used to find the mean
square deviations for entropy and pressure in the form
(A = kG
(6)
W bRy = k1/v g
Apparently the mean square fluctuation of the entropy is proportional
to the specific heat at congtant pressure while the mean square
fluctuation of the pressure is proportional to the adiabatic bulk
modulus.
3.1.2.2. T and V as independent variables.
The same arguments can be applled agaln teo obtain the expreasion
for the minimum work for a fluctuation
= (¢, /MCAD? + v KA1 Q)
in place of (5) with Cv the specific heat capacity at constant vo lume
and 7(T is the isothermal compressibility. The mean square deviations
for the temperature and volume are then found to be
« AT = kT2/0y
«AND = v Xy

The mean square deviation of the temperature fluctuation 1is

(8)

proportional to the specific heat capacity at constant volume while
the means square deviation for the vblume fluctuation is proportional
to the i{sothermal bulk modulus K.

These formulae allow us to get some preliminary indication of
the level of tﬁermal motion in a liquid. The comﬁresaihilitiea (and so

ther bulk modulii) of liguids are very 'similar: they all lie between

4



ENERGY AND MACROSCOPIC STATES

10% and 10108 2"2 with the majorfty being about 107N m-2. The
compressibilicty (both isothermal and adisbatic) incresees om welting.
Thie implies a similarity between the pressure fluctuations and the
volume fluctuations throughout the liquid range and that these
fluctuations are larger than for a solid. Again, C, decreases

on melting while cv incresases consistent with an increasing entropy
and an ihcrenins temperature fluctuation on melting. These factors
suggest a greater atomic motion in a liquid tham in a solid. Similar
arguments lead to the conclusiobn that the atomic freedom in & gas 1s
greater than in a liquid. The atomlc arrangemnent is the crucial
difference betweeen the three states of matter.

3.2. Energy and the Macroscopic States of Matter

';'he state of any volume of. macroscoplce matter is tepresnted by
a collection of N atoms c'ontained within a volume V. The number of
atoms (particles) per umit volume n = K/V. The total ‘energy E of the
system 1s the sum of a kinetic part (describing the particle wmotiom)
and a potential part (¢describing the interparticle force, assumed
represented by a potential fumction ?(1,2.3...10);

E= pyi/m+F1,2,3...0. (9
The three idealised states of matter reflect the three possible
results of the comparison between the kinetic and potential energies,
3.2.1. Kinetic energy > potencial energy.

The total kinetic snergy is greater than the total potential
energy whan the particle number density is small and the average
distance between the particles ia ‘large. Each particle is outside the
range -of interaction with neighbours most of the time, travelling in a
straight line between collisions. Expressed another way, the time tc

f
or a cpllision 1is very small comparad with the time tf between

L}
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collisions.

Momentum and energy are exchanged betweeen particles during a
collision and it is through this interacfion that the gas reaches a
state of thermodynamic equilibrium. If L is the mean distance between
particles and @’ the radius of each particle, the number density n is
related to the close—packed density n, by n = 1-1‘:(0411.)3 for L>>d.
As an example, for L 10 , n Nlo_snc which is typical of many
laboratory situations. The freedom of the particles is consistent with
a low mean density and high compressibility (low bulk modulus).

The full theory was developted by Boltzmann folowing the earlier
work by Maxwell. Each collison is supposed te involve a representative
pair of particles, the simultanecus interaction betweeen three or more
particles being too rare an event to take into account. Each particle
enters the collison with a random velocity and after the collison
moves to infinity without further collsions. Each -collison is
characterised by a large change of particle momentum AP. > 1. Cn this
basis the distribution of velocities is determined by solving a non-—
linear integro-differential equation first enunciated by Boltzmann.
The solution of this equation for a realistic potential has proved
the wajor mathematfical problem of the theory.

The situation is somewhat different for a plasma ipmersed in
a magnetic field. Here the interaction between the (now charged)
particles is through the electromagnetic field independently of the
particle collisions. It s, then, possible for the plasma to reach
thermodynamic equilibrium through the action of tiae electromagnetic
field alone, without colligons, the system forming & collisionless

plasma.



ENERGY AND MACROSCOPIC STATES

3.2.2. Potential energy >> kinetlc energy.

The other extreme of highest density, when the particles sre
sufficlently close together because the potential energy dumminates the
kinetic energy, is found in solids. There wmay be "clumps" of particles
but all the particles can be involved simultaneously and so form a
lattice structure throughout the material., Then the collective energy
is sud'u that the outer electrons are shared between all the atous
foreing at most lightly interacting electron gas throughout the
volume. The close packing of the particles accounts for the high mass
density and low compressibility (high bulk modulus). The free elctron
gas accounts for the high electrical conductivity.

The ions forming the lattice are free to vibrate about the
equilibrium posfiticns {vhich formally =mark the ‘lattice sites) but some
diffusuive movement is possible. The development of these ideas
requires the use of quantum wmechanics but the general form of the
medel i8 clear.

3.2.3. Kinetic energyw potential- energy.

The intermediste case is the model for the liquid. The atoms are
closely bound together but not éo closely as to form a gpatizl lattice
gstructure, They are free to move but only in a restricted volume or
cell and ‘remain in the vicinity of a particular equilibrium positien
for considerable periods of time. The particle motion 18 random within,

the cell around & ‘latticd’ site but the laktice sites are not fixed.
Partiele diffusion is therefore easier than in a solid. There is only
limiited resistsnceto reorientation of neighbouring atome and here the

material behaves as a fluid.
E That the atoms are constrained together accounts for the mass

density comparable to that for & solld, and for the low

E LIOUVILLE EQUATION

mpressibility. Because the conditions are mot dissimilar from one
quid to another the compressibility {and so the bulk modulus) is
pilar for all ligquids. It is possible for free electrons to engulf
e liquid ions and liquid metals are possible under particular
ccumstances.

This general model shows how a liquid will have some properties
gilar to a solid (where the potential energy dominates) but others
vere instead the kinetic energy dominates) similar to a pas. From a
agretical point of view the comparable importance of the kinetic and
tentlal energies presents considerable mathematical difficulties for
2 ecalculation of macroscopic properties particular ly when associated
th a realistic interparticle potential function. The physics is
cure for a liquid in equilibrium and the problems are entirely
thematical. For a liquid mnotin equilibrium the physics
self is still open to sowme doubt. Because the overwh;alming number of
quids met with in planetary problems are classical we shall
acentrate onthe classical theory.

Computer simulation of liquid problems has developed as an
portant aspect of the study of liquids over the last two decades.
is approach has confirmed the general 1deas outlined above but has
t so far made a significant contribution to the specificatiom of the
Jel for a liquid. \.

3. General Formulation: The Liouville Equatiom

The state of a system of particles in classical mechanics is

je by specifying the phase (both the momentum p 6f eai::h partich and

3 location r in space). The large number of particles involved with

en the smallest volume of macroscopic matter makes it unavoidable to

peal to statistical arguments.



THE LIOUVILLE EQUATION

3.3.1. Phase and Configuration Distribution Functions.

Suppose a macroscople volume V contains N particles, The
pProbability f(N) that at the time t a Trepresentative partjicle (euppose
particle i) will be found to have the phase .Ej' r within the small

phase volune r.i.iz_idrJ is written
f(w)(k(n). E(N)' t)dr_(md_t(m

(10)
where
N
2( ) -312233......_2"
_{(R) = 51523-3""'58
(n) (11)

- dzldgzdg}.....dgn
dL(N) - d_r_!df.zdﬁ.....azn.
Thie the maximum information that can be available to describe the
phase of the system of particles,

Unowanted phese tnformation can be integrated away to provide
reduced distribution functions. Thus, for a sub-group of n (< N) atoms
the phase {s described by the n-th order phe.ee distribution function

f(“)(l(n) (11) t) .f.jf(“ t)d (N“D)dr(ﬂ‘n) (12)
using an obvious notation.,

The phase distribution 1s finally reduced to a configuration
distribution nlM) by integrating over all the uonenta- for the n-th
order distribution

n(n)(.t_‘(n), t) ., » (N)(P-(N) (N) t)dz(n)dr(“-n) a3
These distributions provide the basic descriptive toola for the
calculation of liquld proPertieu.
3.3.2. The L:I.ouville Equation.

The relation between the distribution functione and the
properties of the atoms, which is the heart of the statistical theory,

is derived by waking an appeal to the generzl equation of balance (7)

THE LIOUVILLE EQUATION

(N) -

of Lecture 2 but now in phase space. For this we set g = f y
_éf(m + i'f(N) and, because probability is conserved, §=0. Then

K (u) v)

Z WL 2f

div J = °"'—' _k
il Yoy Ty
i 3 ¢

and (2.7) takes the form

qf(#) A

—_— ' — (14)
%
2t Ll 27T F
¢ ¥
because ;j = gj/m where m is the mass of each particle.

According to Newton’s second law of motion

: 9?(‘:’7 "'“)
=F — (14a)

.
1

Y oy,
where ?(1.2,3,...!1) 1s the total potential energy of atomic

interaction. Then (14) reduces to

g™ # P (U 9_1_?_91“’ .
o_E+Z g 91‘} rar T3

which 1s the Liocuville equation.

Reduced forms of this equation are obtained by integrating over
unwanted phase variables. The utility of this 'dependi entirely on the
form of the interaction pot,e'nr.ial. A8 an eximple, for a dilute gas
interest is with the movement of sir.{g].e atous wiihpair collisons and
the singlet distribution f(l) 1s a sufficient specification. in this
case the Liouville equatioﬁ is rearranged to form the Boltzmann

equa‘tion. An analogous reduction 1s possible for simple liquids where

10



ARRANGEMENT OF ATOMS IN SPACE

the distribution of pairs of atoms in space is a sufficlent
specification of the structure {see Serction 3.4}
3.3,3. A Formal Solution.

The Liouville equation is written 1n operator form by

introducing the Hermitlan Liouville operatok

L--t'-f {*’ = +£

~ o " ‘?f' ) 9# } (16)

Then (15) becomes alternatively

9{‘“’ L_rw

"—-'--

9t ’ an

Thie is of a eimilar mathematical form to the Sc‘nrol!.tnger equation of

wave mechanics.
-(17) has the formal solution

f(“,(‘)="‘f°{":k‘}£w(")- e

]

1f the interparticle forces are specified this expression can be
evaluated and has the form of a Bronu;hich integral. In practice this
has no other the formal interest be‘cause the integral cannot be
directly evaluated.:
THERMODYRAMIC EQUILIBRIUM
3.4. Arramgement of Atoms im Space
Experimental studies of the diffraction of X-rays and thermal

neutrons by bulk liquids“can be interpreted in terms of a radial
distril;ution function 5(2)(t) specifying the distance of nelghbours
from a chosen atom as the centre.

- Explicitly, the number dn of atoms in a shell of thickness dr

and radius r about any atom as centre 1s written

11
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dn = 4 r2g(2x)drn (19)
and g(Z)(r) is open to experimental determination. For the N atoms

contained within the volume V

N mj g¢2(rirlar.

Angular dependencies can be introduced into g{r) to form a pair
distribution 8(2) whic is related to the general configurational
pair distribution by

at2¢1,2) = 2P, (20)

In terms of the potential of the force
26D (1,2) = (WD frpi- B (1,2,3,...0/knar™D 2D

For the n~th order distribution

a"g{")(1,2,3,0m) = lucu-nnf-fxp{-'I’u,z.a...u)/k‘mg“‘-n’ (22)

80 that

e(D(1,2) = [n/(-n)1] } g$30(1,2,3)ax,. (23)

v
It will be realised that the factor nf[(N-n)1] == 1/v for o << N.

These are general relatiome we will need later.

For a lattice arvangement of atoms, as in a crystal, g(r) will
pe a distribution of delta functions. For a liquid the corresponding
pattern ie a serles of diffuse ringa“ correspondingto nearest, next
nearest, and so on, neighbours. Genefally,the number of nearest
neighbours is fewer than 12.

The radial distribution ig related to the molecular motion in

the liquid through the concept of the potential §(r) of the mean

12



LINK WITH THERMODYNAMICS

pair force in the presence of the remaining atoms. We write

$) - & 1n 22 () (24)
and assume the gradient of this potential to determine the force on
the pair in the presence of neighbours. This formula i1s extended in an
obvious way to include the interaction betweeen more than two
particles.

The difference between the potentials of the mean and actual
pair forces can be used to define a new ugseful fun;tion yv(r) of the
pair separation distance r. Thus

expl- [ P (r) - BT = 5D ()expigfhr)/in
= ¥{r).

(25)

This function will prove useful later.
3.5. Formal Link with Thermodynamics

The micro- and macro- worlds are linked by identifying the free
energy of Helmholtz F {macroscopic quantity) with the normalised
partition function Z (microscopic quantity, normalising the n-th oder
phase distribution function). Explicitly

F(V, T, N) = = kT 1n 2Z(V, T, N), ‘ (26)

where

2, T, B) = AMz (v, 1, W)

A% = 0%z akr 27)

Zo UM [wlexp{= (1,2,3,...00/kxhar®

ig called the thermal wavelength.
Once zr,u known as function of volume, temperasture and number of

particles the free energy can be calculated.

13
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3.5.1., Various Formulae of Thermodynamics,
From the macroscopic peint of view
FwlU-TS +J}‘N (28)
where U is the internal energy, 5 the entropy and the chemical

potential. Also

TdS = dU + P4V +/|.dN. (29)

Various formulae follow immediately. Thus

2F S - ?F

e A T
F z?_(F
Ve F-Torl =" Tar 20

FeatTln 2,00 +NAT(ln N+ 2l A=1) G0

where H, 1s the enthalpy or total heat. Also

CV ==-T -—:.
QT lv |
2 2
F 2F ) v
C, =~ —_— +T eT

Various coefficients also follow immediately. If fg is the {sothermal

(31)

enti'lalpy pressure coefficient,/‘.r the Joule~Thomson coefficient,

14



LINK WITH THERMODYNAMICS

4, the jgothermal compressibility and ¢, the speed of sound we have

£,= VT 'm-r) ('w'*

£ 3 26 2F _[F ¢
/“T‘T(fa"a/;-r rav.l-}/r ?T’;ﬁ-z-(ﬁ')}

(32)
2
2'F \!
k= V(’Dv‘)
2 af DFVF _ >F F)"'
;e v!{ Fgr = (omr)
Finally, the Gibbs free energy G 18 glven by
c-r+rv-r-v7FI--v2°(F/v). I&E))
Wiry

These various formulea lead to variods other thermodynamic relations

such as

? /U 9 (r ‘
- == 2 = = 34
wl T,/ T\ Th e
which can act as checks of consistency of calculations,

It is seen that once the configurational partition functien has
been evaluated and F(v, 1T, N) determined all the thermodynamic
functions can be calculated directly from the formulae of the theory.
The cenral problem is the evaluation of Z..

The problem is simplest for a dilute gas with pair interaction
forces when the integration becomes

L= | Iexp{- Wo/pact (35)
for ‘spherical atoms. The problem is also tractible for a crystalline

solid where the potential function has the syametry of the crystal

15
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lattice. No special assumptions can be vsed for evaluating the
configurational partition function for a liquid.
3.5.2., Thermodynamliecs and the Pair Distribution.

For a simple liquid with palr interaction forces

N 12(1,2,3,.-.?!) -Z ?(111) . (36)
P .

we can introduce the pair distribution. Thus we find for the

internal energy u per unit volume (= U/V)

&
u = 3nkT/2 + (nzlz)fg(z)(r) P (a7
[
The pressure P is glven by -
P = kT - (nzfﬁ)Ig(Z)(r)(_t_.grad Pr)ar. (38)
The fluid compressibility is foznd in the form
in =
LT = ten] boar o
s o7l | P |

where h(r) = [3(2) - 1] is called the total correlation function. It
is used to define a direct correlatiom function c(r) according to the

Ornstein-Zernicke relation

h(1,2) = ¢(1,2) + njh(2,3)c(1.3)d_£. (40)
v .
Integrating this expression over the separeation distance between

particles ! and 2 and using the compressibility formula gives

a_ RF o
4 T’b'n. = |-4Tn |l dr (41)
o -

.
which is closely related to the expression for the liquid bulk

modulus.

1t 1s often expedient to introduce a reduced coupling between

the particles: for reduced coupling of‘the‘particle 1 we write

16 -



DETERMINATION OF PAIR DISTRIBUTION

(‘/ r’“) IZ 4"(’;}) z "P‘ “a
i<z
where fis a coupling parameter that can take any value between 0 and

1. Then the chemical potential can be calculated from
. 3 , -
" - )
M ™ (‘)‘LA ) *‘E._F t‘f ¥ir)g 4y f)dr. (43)
hd [

These various formulae can be extended to include others so the fuil
thermodynamics of the liquid canm be calculated once the pailr
digtribution function fs known. This now becomes the central problem
of the theory.

3.6. Determinatiom pf the Pair Distribution

The expression (2'1) for the pair distribution cannot be
evaluated directly due to the very large number of particles involved.
The modified form {23) can be used only if g(” is known but this is
not s0. Progress can be made either by reaaranging the theory of by
introducing an approximation, or perhaps I.mth.

3.6.1. l;irkwood Superposition Approximation.

The most elementary approximation is to accept the basic pair
nature of the interaction betweeen three atoms &s a method of deducing
a closure approximation. Regarding the mean potential of the force for
a trrlprlel:' of particles to be the sum of the pair potentials of the
constituent pairs we write

a2 - Fan+Pen+ Fou.
In terms of the distribution functioms
e0(1,2,3) = D, D 2,3 (44)
which ie the famous Kirkwood superposition approximation. The

tnsertion of (44) into (23) provides a gtatement which is false so

17
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(44) is not a sultable closure expression as it stands.
The exact triplet function can be written
§(31,2, = ¢O)s$301,2,3) (45)
where 8(3) is a correcting triplet corrleation. The Kirkwood
approximation amopunts to setting 5(3) » 1. We shall return to this
point later.
3.6.2. The BGYKE Equation.

The Kirkwood closure approximation has been used with the
actual separation of a pair of particles but it may be more acceptable
in equations concerned with the effects of changes in the pair
separation. The association can thenm be made to the mean potential of
the force acting on each particle of the palr. Such an equation is
obtained by differentiating (21) with respect to the pair separation

distance r. The result I1s

QJ(.)C")* _‘_.’D_i’(:) 5(”(”""‘&. ‘)q{;';)

,{r' (46)
?r kT 9F 4,1/, 9 3

a—f’
an equation given independently by Born and Gréen, Yvon, Kirkwoed and
Bogoliubov some 40 years ago. The boundary condition g(z)(l,?.) - 1 as
Tyg -y a2 applies. The equation may be extended to invelve the triplet
distribution 3(3)(1.2.3) but the quadruplet distribution 3(4)(1,2,3.4)
is also involved. The basic equation can be extended further to

include also the triplet force interaction 4’(1,2,3) and the form 1is

then
(2
o _4’_. g%

v '! T ?

e .?_ (3) ? A (47)

_!'.r vﬂ "‘”’b?‘; {‘p(’_y”* ?(‘l"‘& 2y
18 '
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. |
-7
47)° (,,2,3,4); P(1,3,4)dx, A,

-{’
3
FEy s Yasanigs OaIln by by,
]

The use of the triplet force potential leads to the introduction of
further lower order distribution functions.

The associlation with the mean force follows immediately from
(46). The first trem on the lefthand side 1s the mean force on the
particle pair while the second term is the force due to the direct
interatomic interaction. The right hand side of the eguation describes
the indirect force on the pair due to interaction with the remaining
par-ticles of the system, taking particle 3 as representative.

3.6.3.  Second Order Equatfon.

The second derivative of a function is & measure of the
deviation about the local mean. This is also sssoclated with change in
the mean force with changing separatfion distance. A second order
equation follows by differ;ntiating (46) again with respect to the

separatlon distance. The result as derived by Cole in

_.L__+A( o 2t " % TNV he (IS 100

-u
Al 3'6"0"(1?; (48)
[}
?" Wl.n L0
3a= r KX .T) ( e

, 18) )
(42 = .,yﬁ'.r) J“fsﬁ.’:(;’ fw ) } fr,2,3)
R T O oy

BRere g”') i6 Involved as well as 5(3) This equation is rediced to one

involving only 5(2) by invoking s closure approximation,

19
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3.6.4. Dependence on Deusity and Temperature.

The dependence of 3(2) on the number density n is described by
the exact equation involving g(z) but not ‘higher order correlations

such as g(l) (very rare in the theory!}.first given by Schofield.

I B 4% - s ~2[ntray
L+ [hir)de

" (a9)

This is not so for the temperature dependence where once again the

higher order distributlions are involved. Explicitly

.. a) *
iT 22_ =iz {Z wa,},gutnjsm(”w.p(c,s)dr,}
’ 2T HE]] "

nlsm) [J's “’(,).p(r)d_v_'

-+

+ .; j{su’(,’%’) _9‘3’(9;]} *’(l’z) Jrz"r’-s.

3.7. Closure Proceedures

§|o 3

The possibility of constructing explicit expressions for
S(“)(1,2,3,...n) has been explored and formulae obtained. One method
is using the approach of functional differentiation has been- used by
Cole., As and example for the triplet correlation to the fi_rst order
in the number density, and with £(r) = exp{-§(r)/kT} - 1

$¢3(1,2,3) =1+ nIf(l,#jy(l,ﬁ)l'l(z,li,ﬁ)df_ﬁ
where {50}
1, = 1601,2,39/0 2, - 5P z,6) - 23,8 + 1

g(” appears in this expression and an obvious iterative proceedure
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is appropriate inwhich the Kirkwood form 5(3) =1 is first inserted

and then continually corrected.
To the second order of the density it is found that
§(3) -
(1,2,3) 1+ nff(l,ﬂ)y(1,4)1‘1(2.3,4)d5

2
+n ﬁ(l-ﬁ) £(1,5)7(1,4)y(1,5)T,(2,3,4,5)d e

Iz
(4)
l'(:)'_._'ﬁ s5) - ’ a?':’z‘) J a)(" %) - ) a){"" N 3 “}«’J”
LA [ (2}
£(3,3,4)5m(4,ﬂ I {(:I” » 3
) ™ -13P0,4,5 o2 8°C03%)
1%, 3) 2 8‘¥re,3)
+ (-l)a £ ) (2) {3) {2) {1
3 0D (043 (358 (1,4)+35 (4,574%,5)
m(’ ) (2) (¢3) (2 [¢))
+9 09 (403 Gas (3,0-23%24)
-2 5 I”("s-) - ";' ’ “)‘4") + /.

The function g(l‘)

where

-

applenrs now and this can be found by an analogoius

expansicn in powers of n. Then

(4)
s -

1+r:ff(1.5)T3(1.2.3,&,5)exp{ 'P(I,S)/kT)}drs
with ( ‘ -

3" T _;ﬁ"—s: ,("b’) m[" 35) @5 or
380,05 s 3"’(:,:')3 s,

B 8, < i“:(%’ﬁ/’) 3P0 3P0
{ - -—
3734 3Py 9(3,4)

i3
(2,4,5)
iy 3 30450 -
e
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These are complicated and cumbersome formulae and well exemplify the
difficulties of applying the theory to even the simplleat liquids.
Tests of the formulae at liquid densities have not been applied
but tests have been applied for a gas of low density. The approach
involves the calculation of the virial coefficlents and the formulae
are able to provide exact expreslsions for these coefficients. The
summation to liquid densities is not possible.
3.8. ’ Other Theories

The BCYKB equation (46) and using the Kirkwood sup erposicion

approximation has been shown by Rushbrooke to be integrable in the
form
In{y(r)} = nIc(Z,B)h(l,S)dr R (53
where v-
e{r) = (1/kT) Idu g(z)d*(s)lds.
Give g(z)(s) its asymptotic form u:ur.y: the 1nte,ra'1 can be evaluatei
to give ‘ ' o
clr) = h(r) - In{y(c)}. (54)
Inserting this inte the left hand side of (5,5) gives the Ornstein-
Zernicke relatio n (40). This allows us to interpret c{r) as the
direct correlation function introduced through (40).
I1f (54) is introduced in to the right hand side of (53} we
obtyain the eqaution for 8(2) |
1n{y(1,2)} =n{[n(2,3) - 1a(y{2,3))1h{1,3)dr, (55)
which is the original form ofthe hypernetted chain equation.

Alternatively, if 1o y(z)® y(r) - 1 and

e(r) = £(r)y(r) " (56)
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Inserting (54) into the right hand side of (53) gives instead the
equation

ln{y(r)}-f(l.2)y(1,2)+:)£|(2,3)f(1,3)y(1.3)d£3 (57)
which is the Percus — Yevick equation in its original form.

The Percus ~ Yevick and hypernetted chain approximations were
originally introduced as methods of summing the diagrams for atomic
interactions and so apply strictly to a dilute gas and not a liquid.
The deductions given here are different and could be regarded as
applying to liquid densities. The equations have been developed
to include higher powers in the number density than the first
(particularly by Verlet) and in our formulation can be assoclated with
improved statements of the superposition (closure) approximation,
There is little point setting the various possibilities down here
without a thorough golng comparison between the predictions of the
theory and experiemtnal data, but such a comparison has not so far
been carried out. v
3.9. An Inside—Out Approach

In applying the equation we have derived so far it has been
assumed that the interparticle force potential is specified and the
calculation ig aimed at calculating 3(2). The radial distribution
function is accessible to experimental determination and then the
formulae are available for the deduction of the pair potemtial
fﬁnction iteelf. This appraoc.h has been pioneered by March with an
interesting comparison between the pair functioms for argonm and
sodium. There could well be considerable scope in the future for such
an approach to our problem.

3.10." Accounting For Atomic Movements

The argumente developed so far have not been concerned

23

ACCOUNTING FOR ATOMIC MOVEMENTS

explicitly with atomic motion and it is often convenient to consider
this explicitly. Various arguments have been developed for this
purpose and we consider these now.

3.10.1. Van Hove Correlation Function.

This 1s a generalised configurational distribution function
written G(r, t). It is proportional/to the probability of finding an
atom at r, at time ty given that an atom (which may be the same one
but not mnecessarily so) as at _1_.‘_1 at time tl.

Let f(Ez' Tgs 35 Py Ips tl) be the probability of finding a
molecule with phase (gz. 12) at time t, given that a molecule had the
phase (21, Ll) at time t,- The corresponding configurational
distribution is found by averaging over the momenta

G(r, t) -fff(ﬂz, Iytyl Bys Ips t,)dp,dp, (58)
where _l;=£2 - 21 and t = l:2 - tl' G hags the dimensions of 1/V and is
normalised to become equal to the average particle density n for the
total system. This means G{r, t)mp n as ¥ = ap . The same limit is
supposed to apply for an indefinely large time “interval when the two
events become statistically independent. The alternative limit t 0
refers to conditions at two points at essentially the same time.
3.10.2. The Function S(k).

The radial distribultion is determined_experimentaily by
proceeses which involve the transfer of momentum {photon or neutron)
between the scattered "radiation" field and the atoms. For neutrons
energy 1is transferred as well., If I(k) 1g the intensity of the
radiation of wave 1ength)\ scattered through the half angle 1" ,» with
k = (417/})31114', and I, 1s the intensity of the incident radiatien,

the scattering function 5(k} is defimed by

5(k) = I(k)/Io - 1.. (59}
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Both I{k) and Io are measures experimentally for a range of k to
determine S{k). The Fourler transform ofS5(k) gives g(z) accoridng to
g () = 1+ (/emtn) [ (S(k - 1exp(ik.r)dk, (60)
Other informatioon 1s available when S(k) is known; thus the
isothermal compressibility is given by
K= S(O)/nkBT
where kB 1is the Boltzmamn constant,

For the gcattering of thermal neutrons the energy transfer must
also be accounted for. If K= Eo ~ k 18 the change of wave number of
the neutrons during a collision and the angular frquency w = h/4 n,(kg
- kz), the scattering function is defined by

S5(K, w) = IIZJ‘ {6(r, t) - nlexp{i(K.r ~ wt]drdt
with G being the van Hove function met with before. The radial
distribution ia obtained again by Fourier inverting this expression
and time averaging the result.

The full range of S(K, w) has three distinctive component parts:
i. rthe hydrodynamic liwit. If L is the characteristic length of a
molecular interact;on lasting the time ¥ then KL << | and w4 << 1.
This 1s the situation in ordinary hydrodynamics where the atomic sub-
structure is ignored.
if. very high frequencies. This is the alternative lipit and wg 1
for all K. The response of the liquid to all forces is virtaully
instantaneous and the static average of quantities is the appropriate
description of the liquid structure.

iii. between the two limits, Thie involves wave lengths in the range
lli)'l:l to 10'911 and frequencies in the range 10!} o 10135. These
rang.es are difficult to deal with theoretically but are well covered

by the experimental studies of thermal neutrem scattering.
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LECTURE 4

STATISTICAL THEORIES OF LIQULD NOR-EQUILIBRIUM

The arguments of the last lecture apply for a liquid in
thermodynamic equilibrium and must be extended to include the various
non-equilibrivm conditions. The essential point now is that
dissipative processes must be accounted for and conditions are not
those of thermodynamic equilibrium.

4,1, The Atomic Distributions

The dynamic processes in a simple liquid are associated with
thermally excited fluctuations of the local number of molecules. The
most significant macroscepic properties of the liquid are proportional
to the mean number of molecules which interact to form the average
collective effect and this means that the number of molecules in any
volume is of central importance for the calculation of physical
propertlies. It was seen in the last lecture that the number of
molecules in any volume ag a function of the time is represented by
the scattering function S(k, w) and so is open to experimental
weasurement.

The specification of the thermal motion of the molecules is made
through the van Hove function. Let &n be the correlation function
between two events with two separate components; first that the i-th
molecule is situated at the point -‘:i - I, at time t = 0, irrespective
of whether or not there is a molecule located at the point x, and
second that the j-th molecule will be located at the point I, at time

( )

t = t, irrespective of whether there i{s then a molecule located at

the peint I -, Although we distinguish between the i-th andf j-th
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molecules, we will allow the possibility of them in fact being the
same molecule that has moved the distance Y, - I, during the time ¥ .
Then S$n is expressed in the form
Fixr - 5,000 8(r, - 5, (TN, (4.1)
Extending this expression to cover all pairs of molecules and all
possible locatiohs for the vector r, we obtain the van Hove function
in the form
6(x, %) = UN/§(x + 15 - 1) (4.2)
account having been taken of tl:# commutativity in classical physics.
The particle nuwber density is then given by the expression
n(r, %) -Z &(r ~ 53(2')) (4.3)
so that (4.2) is transformed into the ensemble average
n6(r, %) = <n(0,0)n(r, ¥ )>. (4.8)
After a large time interval the two particles are statistically
independent s0 G =N 88 L=y w0. '
There are, then, two contributions to G, distinguished by
whether L = j or not. If i = J we consider one molecule and consider
the probability that it will move from r, to r, during the time T.
Thig is the self-correlation function written GB(L,Q:). The second,
contribution is the distinet correlation and involves the two
molecules ) and 2, written Gd(_g,'z). We can therefore write
6(r, T ) = 6 (r, %) + Gy(x, ¥ ). (4.5)
There are the limiting forms
G (r, 0) = F(D) 6 (x, 03 = gD (). (4.6)
In this way they relate the dynamic correlations to the staic singlet
and pair correlation functions.
The caleulation of the thermal fluctuations in & liquid are

expressed in terms of the calculation of the structure factor S.

e o

TRREVERSTBILITY

4,2. Irreversibility

It is assumed that the same molecular properties cortrol the
movement to equilibrium as control the equilibrium property itself.
The equations of motion of individual molecules are reversible - the
Hamiltonian energy function 1s not explicitly dependent on the time
and is quadratic in the momenta. The collective properties of the
molecules show the irreversible move to equilibrium which iz a
different behaviour. There is the problem of reconcilling these two
features of the collection of molecules, This apparent paradox took
gome time to resolve but the resolution has given insight into the
process of irreversibility.
4.2.1. Recurrence of Initial Phases.

1t was shown long age by Poincark that a conserva‘tive dynamical
system composed of many particles, where the energy is independent of
the time and the force on each particle depends only on the relative
configuration, any given: initial phase (momentum and position) must
recur to an arbitrary specified degree of accuracy an indefintely
large number of times. The trajectories representing the particles
have a quasi-periodic form sc that any intial phase will recur if we
are willing, or able, to walt for it. The Poincaré period I'rP is the
time taken for the initial phase to reappear, and the cycle 1s the
Poicaré cycle. The initial phase determines the later phase because
the phase trajectories do not cross {(equations of motion) and the
rhase volume is constant (incompressible phase fluid - Licuville
theorem}.

Boltzmann estimated the..magnitude of the recurrence time for an
abnormal initial state of a ailute gas and found it to be many orders

greater than the age of the Universe. Although the system is strictly
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practical terms this initial state will never recur in any experiment.
The system shows macroscople irreversibility even though the
underlying molecular dynamfcs ate strictly reversible. The same
conclusion has been reached by many subsequent authors considering a
range of actual or idealised systems. These ideas of irreversibilicy
are closely related to fluctuation phenomena, There is a limit to the
magnitude possible for a fluctuation which is to recur in the sense of
those considered in the last lecture. The entire movement to
equilibrium can, indeed, be tegarded as & gigantic fluctuation of the
system with a recurrence time of enormous magnitude. The question does
arise of what such a fluctuation might involve if once it started and
of the effects of non-Gaussian phenomena in this connection.

4.2.2. Probability After-Effects.

The general study of the molecular aspects of macroscopic
fluctuations was started by von Smoluchowski in the so-called theory
of after effects. The analysis is based on the theory of the Brownian
movement elaborated by Einstelin some time before; the experimental
verification was glvén by Perrin. To see the general form of the
Tesults consider a small volume Vl of a system of volume V {>> Vl)
containing colloidal particles and count the number of colloidal
particles in Vl on succ'essive occagions for the same time interval tl‘
During this time Iinterval the coll.oida:'l. particles will have undergone
Brownian motion, and at the end of the interval some particles
initlially inside will have moved out and some initially cutside will
have moved in. Many questions can be asked but two are relevant now:
what 18 the mean life t of a particular state ?; how long must we

walt before some chosen initial number of particles N(tn) {which is

0w

ENTRCPY

the initial state) will recur (time of recurrence tr) 7

Answers were given by Smoluchowski by using probability
arguments and the analysis Fan be extended to continuous variables.
Suppose N is the number of particles observed in Vl on & particluar
occasion and <N> is the mean number averaged cver many observations.
Then it 1s found that whereas £ ig proportioinal to (N +<N>)_1, L.
invelves N through an exponential factor. Smoluchowskl showed that
calculated data are astonishing. Consider oxygen gas with (N> = 3 x
l[)9 and T = 3 x 1021(. the initial state is chosen s0 that the mean

i R
molecular concentration 1n Vl (supposed a sphere with radius R)

=7 11_, -
differs from the mean by 1%. Fer R = 10 s; agalo for R

n:‘tl_au 107
2.5%x107m, t_msls; for R = 3x10 7m, t_v 10%; while for R = 5x1077m,
L has the astonishing magnitude of 10685. This 1s orders of magnitude
greater than the age of the Universe.

These arguments, referring to a gas, have a wider application
and can be generalised to apply to condensed states of matter. It is
in this way that the reversibility of the dynamics of molecular motion
is made fully compatible with the observed irreversible behaviour of
macroscopic matter,

4.3. Entropy S.

The problem of identifying the expression for the generalised
entropy is a difficult one.
4.3.1. The H-function.

Thermodynamically the equilibrium state is one of maximum
entropy for a given emergy. For a state not in equilibrium the entropy
increases to a maximum value. Maximum entropy corresponds to a minumum

of tﬁe Helwholtz free energy. For equilibrium the entropy is

conventionally defined by
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5=~k J fgm 1ogf°(N)dP_Nd£N
= - kyclog £,(M [ £ ()
where fo(N) is the canonical distribution and the brackets are a short
hand way of writing the integration. The corresponding integral
involving the non-equilibrium distribution £%) was called by
Boltzmann the H—function and this does not incresase as it must if it
is to be indentified with the entropy.
4.,3.2, Course-graining of phase space.

The phase fluid is incompressible so the movement of the system
to equilibrium cannot involve the rearrangement of phase points
between contiguous small volumes of phase. To obtain a uniform
digtribution of phase points corresponding to equilibrium the
alternative is to limit the fineness with which phase space can be
viewed and so form a uniform mozaic in the mean rather than a true
uniform distribution. This is fully compatible with the quamtum ideas
aseociated with the Heisenberg principle. The initially non-uniform
gystem must lose Information (or have a bad memory!) in orderto reach
equilibrium and a course-graining in phase 1s a way of achieving this.
Thig was the original (non-quantum) fidea of Ehrenfest: Kirkwood alter
went to the next stage of realiéing that measurements take a finite
(though perhaps very small) time interval so there should also be some
course-graining over the time as well. The course-grained
distribution in time {said to be a time smoothing) is then defined by
i) X E l“,(r ™) u’. “. f (N’{r{lv)d ;l(‘ﬂ
3 Wer | fleovss Be it

. Jpit
where is 8 time microscopically large (in comparison with the
typical time fD.l' particle interactions) but macroscoplcally very

small. It turns out that the precise magnitude of 18 not critical.

EIR

MOLECULAR FLUXES

4.3.3., Statistical Particle Interactions.

The approach advocated by Kirkwood involves the defintion of the
autocorrelation of the force on a representative particle. If F(t) is
the force on a chosen particle at time t and _F“(t + ) 1s the
corresponding force on the sane particle at time t + 5, we form the
autocorrelation function for the force according to

&is,t) = <F(E).E(r 4 820y
where the integration is over all the remaining N - 1 particles.

For an equilibrium system A(s,t) has & mean value
characteristic of the system. For a non-equilibrium system it is
assumed that S(s,t) =0 for 5 > .« This means that for times larger
than mentioned above the force on the particle is uncorzelated in
time. It is this break of correlation that introduces the feature of
non-equilibrium into the amalyais‘of the theory. It plays the same
role for the continuous interaction that the hypothesis of molecular
chaos plays in the theory of the dilute gas.

4.4. Moleculatr Fluxes.

It is assumed that the equations of macroscopic hydrodynamics
treasted in lecture 2, and involving the balance of mags, momentum and
energy, are related to cortesponding expressions for the fluxes of
these quantities at the microscoplc level. We can develop the
arguments either by supposing the movement to equilibrium is a unique
event or is part of a genétlal- fluctuation,
4.4.1+ General Expressions for the Fluxes.

A macroscoplc obser‘;ai-:zle Q(t) referring to the time t 1is
regzlu'ded as a collective flux of the microscopic variable g (N))
being a function of 'the total p'imse but not the time. In particular we

calculate the observed (macroacoplic) flux from
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Q) = <q [ £ =JJ‘Q(P(N))f(N)( (™ ryap &)
For equilibrium f(N) will have tyhe canonical form and Q will be a

thermodynamical function.
For non—-equilibrium we are concerned with the change of Q with
time
<Q \f(N)> ,,J__Jdru(n) a F(N))?f(n),g L.
The integration is to be performed by using the Liouville equation and
in operator form this gives
<@ ™ -HQ( Py (-inyexpi-trera M

where L is the Liouville operator. For the mass flux, for particles of
~

mass m
Q=) Fx-xy);
for the momentum flux )‘
Q=) p B - xs
and for the energy flux

Q=2 Ym Fax-rp+ uzz Y3008 x - 1p)-
The energy flux is seen to involve {he actual palr interaction
foree potential. The use of these expressions for the fluxes allow the
macroscopic expressions of balance to be recovered. In particular
expresions for the transport coefficients can be identifiled.

The expressions for the fluxes derived this way define the
macroscopic fluxes only to an additive term of vanishing divergence:
this is appropriate for use in the expressions of balance derived in
Lecture 2.

4.4.2. Response to External Forces.

The maintainance of a given nor-equilbrium condition involves

the Expenditui:e of external work. The 1liquid will show a

characteristic response to external systems when mechanical forces are
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applied to it. To avoid unnecessary complications it is usual to
suppese the external forces to be applied instantaneously.

The Hamiltonian (energy) of the liquid is supposed to be of
two parts: one is the contribution without the external forces; and
the other is the contribution arising from the forces themselves. The
total phase distribution will belassociated with a phase current flow:
1f a force FA of type A gives rise to a flux JB of type B a linear
response to the force of frequency w 1s expressed in the form

Jglw) = Lyp(0)F, (w)

where Lig is a transport coefficient for the flux B in repsouse to the
force A. For a periodic driving ’feorce Fy(w) = FAexpl— iwt} the formula
Lyg(w) = (UVkBT)I(JB(t)JA(s - t)rexp{-iwt}ds
was obtained by Mori as the cloassical form of a more general quantum
expression. The upper integration limit is made indefinitely large on
the assumption that the time 5 15 greater than the correlation time
for the fluxes. The static coefficient LAB(O) is obtained by setting w
= Q.

If the flux is written as the time derivative of some quantity
4, so that J = da/dt = §, .‘Ij takes the form

Lij =c <ai(s)aj(0)>ds
where ¢ 15 a constant and the average 1s over an equilibrium ensemble.
This expression is compatible with the linear regression law
N -ZLiixj

which 1is related to the Onsater expressions for irreversible
thermodynamics. 4
4.4.3. Evolution of Local Thermodynamic Equilibrium.

Conditions about each po-in-t- can be expressed in terms of

thermodynamic functions according to the concept of local equilibrium.
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The time evolution of the phase distribution, which determines the
local conditions, is specified by the Liouville equation. The fluxes
follow from the ensemble average (1 ) cnce the Liouville equation has
been solved and expressions for the transport coefficients are derived
in this way. If Tij is the i~th component of the momentum flux in the
j~th direction and Q 18 the energy flux the following expressions
result

p - (I/VkBT)I<T1j(t)'l'1j(0)>dt

f-(zis)p = (/viegD [ <01y 00>

A== (1/quT)I <Q(t).Q(0)>dt .
The essential ingredient 1s the solution of the Liouville equation.
4.5. Stochaatic Theories: The Brownian Motiom

The importance of the autocorraltion function in the description
of liquid s:mct;nre suggests the use of specific stochastic theories
in the elucidation of liquid properties. The classical model is the
semi-macroscoplc theory of the Brownian motion.

4.5.1. The Langevin Equation.

Conslder a8 semi-macroscoplc colloidal particle suspended in a
liquid., The particle shows random wmovement as the result of
bombardment by the (smaller) molecules of the suspending liquid. The
suspended particle suffers accelaration due to molecular collisions
but simultaneously retardation due to the viscous effect of the
suspending fluid. These two effects, both moilecular in their origins,
are nevertheless asccounted for in differemt ways.

The fluctuating stochastic acceleration of the particle is
represented by the vector A(t} referring to the time t, and is assumed
independent of the location. The deceleration results from a

macroscopic friction proportional -to the instantaneous velocity of the

w B

THE BROWNIAN MOTION

particle; explicitly the retardation is written - u(t) where u{t) is
the velocity of the particle at the time t. Here is a dynamical
constant of macroscopic friction. The resultant acceleration E(t) of
the particle at the time instant t was expressed by Langevin in the
form
a(e) = -fg(t)' + A(t) + K(1,t)

where K(t} is the accelerastion due to external forces (which may
depend on the location), such es gravity. Random energy from the
molecules of the suspending liquid is transferred to the Brownian
partyicle by collisions and the resulting kinetic energy of the
Brownlan particle is passed back te the molecules of the liquid again
by viscous friction. There 1s a feversibility as far as the mechanics
is concerned but the macroscople process df the ‘Brobmian motion 1s
-

strictly irreversible.

1t follows from the Langevin Hqiation’by 'makingtad ‘average over
a time interval t (so we in a sense "course—grain" the ‘equations
of motion of the particle) that the mean and mean square displacements
of the colloidal particle during the time interval t are given by

<Br> = - (fg-_lg)
<Ar.Ar> = l6kyT/n §1Ce -\a"n - exp{- $c).

The momenta are supposed to have reached an average value within a
time period for which the mean square displacement does not change
very much; during this time interval the fluctuating force can also be
suppoged constant. There are, i:hen, three distinct time scales
involved in the theory: one is' the short time over which the velocity
and fluctuating force reach their time average values; a second is the

time over which the mean square displacement is calculated; and the

third is the time of observation of the syetm. It is seen that A_r_“
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bl o* ]

t for all times. For small 'ii:“%ﬁjd.‘i*b}? is proportipcnal to t] but

for large values of t it follows that =
<Ar. AD> -(s;c,,rf,mjg)u.,- UBJe - s
1f f >>1 this reduces further to
<81 A = (”“BT/"‘P b4

a result well confirmed by experiment, The proportionality to t is a
characteristic feature of the Brownian motion and is also
characteristic of an irreversible process., Interpreting the
macrogcopic motion of the particle as an example of random flights we
can asgociate the formulae with the diffusion of many particles. The
diffusion coefficient D is then found to be

D= knTlmf s
and the mobility cfnefficient is n‘P .

The same arguments are applied to the autocorrelation of the
velocity, on the assumption that the velocity and fluctuating force
are uncorrelated, to give

<v{t).v(0)> = [kBT.flnlexp(-,Et)
and ) - .
,? = kaTlé I(A(t)._A_(O))dt.
These results are characterist.i.c of random motions of the Brownian
type and will be referred to later.
4.5.2., Tramsition Probabilities.

The stochastic wotion of a Brownian particle can be described by
generalising the Liouville equation to include the stochastic motion.
This introduces the notion of the probability W that the particle will
suffer a change of phase A_P_l.'_ about the phase point Pr during thew
time interval s. Let £(p, .E.nt_)‘_"'.l’.d.‘i. be ;l;le qu_!;ab:i lity of f}pﬁ;ng]gg\e

particle with momentunm p 4t the pogition r at the time £ within the

3 .=

STOCHASTIC THECRIES

elementary phase range dpdr. After the time interval s the trar}sition
to the later phase is givien by

f(p +4p, r +8z, t+e) = J.f(p_.g,t)ﬂ(ﬁp_.d_g_)d(dg)d(dL).
If the increments Ap and A r are sufficlently small the function £ and

W can be expanded in a Taylor series to yield the integral equation

a Ap. .
NN EC TS RO
Bt % LTy 294 ¥ (]
where

CAp> = [ap Wtg) 4(4})

(ap.ap = J (Ap. &) W (4g) A(4).

This éqaution was first explored by Fokker and Planck, and later by
Kramers and Chandrasekhar - it is often known as the Fokker—Planck
equation., It is applied to the Brownian motion by making particlar
assignements of the mean and mean square momentum increments.
4.5.3. The Smoluchowskl Equation.
Ivtegrating the phase function f over the momentum gives the
configuration distribution n(_{,t)"acéording to
n{r,t) -‘[f(‘p_,i,t)d?_.
Again introducing the appropriate transition probability w( AL) we
have the expression of continuity
n(r + Ar, t4s) -J'n(g.t)w( ADdadpm.
Performing the Taylor expansion as' before we find the equation
2, [{AL4x) an _{ae)
) A Y et ¥
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named after von Smoluchowski., Application to the Brownian motion is
nade by making the appropriate assigements for the mean and mean
square displacements during the time interval s.

If # is large enough the momenta reach an equilibrium
distribution beforé the configuration has reached omne and
the configuration equation is the one that is to be solved for the
description of the mwotion. The Langevin equation can be integrated and
arranged into a form relatiog explicitly to the correlations of
particle velocity and fluctuatring force. Then, as seen above in
connection with the Brownifan motfon, the expresgions for the diffusion
coefficient and the Stokes friction constant follow in the form

D=~ 1/3‘[<3(c+s>.3(c)>da
§ - w/ogt J‘ CA(t+8) A(t)>ds
both for large time intervals,

The representation of diffusion as a random motion of wany
particles has allowed such processes to be investigated by computer
experiments of varlous kinds. The studies are able to explore the
range of time intervals that are not necessarily very large.

4.6. Stochastic Motion in Liquids

The theory of the Brownlan movement is 1lmportant for two
reasons. First,it gives a detalled insight into the workings of one
theory of irreversible processes. Second, it includes = stochastic
element that can be expected broadly to be relevant for the treatmnent
of the motion of molecules in a liquid. The interaction beteeen the
many molecules in 2 1iquid can be expected to lead to motion of the
general Brownian type but with the difference that the "particle"
{being a represe.ntative molecule like the others) will not be more

massive than the molecules which give it apparant "1ife": all

¥ =
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molecules will be assumed to have the same mass m. In particular, the
representative molecule will have less inertia than the surfoundings,
being a group of n molecules in continual interaction. This appreach
was pioneered particularly by Kirkwood.
4.6.1. The Phasze Fquation.
Viscous friction is introduced through a frietion constant
f (n) which refers to the force correlationon a molecule which 1s a
memeber of a group of n (< N } molecules according to
_?(") = 1/3uk,T J(_l_‘_(t).f_(t + 8Dy ds.
Provided the force correlation vanishes after some time t, ¥hich is
macroscopically small the integral will achieve aconstant value for t
> £, Which is interpreted as a friction constant of the Stokes type,
Kirkwood showed how this hypothesis allows the Liocuville equation for
the group of N molecules contalned in a4 volume V to be reduced to the
form of a Fokker-Planck or Smoluchowski equation for a single molecule
or a pair of molecules.

The appropriate distribution function is the time-averaged form
and the corresponding Liouville equationis integrated over the phase
of N-1 "unwanted" molecules to form the singlet equation, or over
the phase of N-2 unwanted molecules to form the palr equation.
The distribution of two melecules in phase can be expressed as the
relative distribution for ome molecule relative to the other tsken as
the origin so the construction of an equation for the elnglet

distribution has particular interest. This equation has the forg

,;fm* .i‘ 9;0)'_- A.{"’

ot ’“A‘arl ' .'C'

where Af“) contains the contributions due to interactions between

40 =



STOCHASTIC MOTION

the molecules. The form of this term is determined by the nature of
the interactions. If the molecular movement in a liquid during the
gmall time interval t is supposed to be associated with only a small

=)
increment of momentum then ﬂ.f takes the form

s wop frt 5y P

‘f(l) is the appropriaste friction comstant as is found by tracing back
to the appropriate Langevin equation for the system.
4.6.3. Expression for .the Friction Constant.
Various attempts have been made in evaluating the friction
constant and the last word has yet to be sald.
Originally Kirkwood suggested writing
<_13(:5.1(:+g)> - <F(E)F()>P(s)
assuming (s) will decay in the same way as the average momentum 80
that = mf (l). Accepting that the enviroment is in local
thermodynamic equilibrius the mean square force is expressed in terms
of the static radial distribution f:nction
<FL/x,T = Aunjgm(vzgnrzdr.

Then ° 28

(?(1))2 — Y Jg(z)(vzf yréar,
which is an expression first proposed by Rice and Kirkwaoed.
Alternative expressions have also been obtained but the numerical
magnitudes of them all are gemeral similar, falling in the range 10710
to 16711571,
4.6.4, Configuration Equation.

The Smoluchouski equation has the form of the balance equation

3 = —34/3c

4
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where the mass current j is, retaining only terms of order (1/ )

1= 33l /m) - <F>n(”/_F a +o0(%)
and <F> is the mean force on the molecule. If this is written in terms
of the potential of the mean force E

<> = - 3 Ak = ARk, Tlog £D)

the result is a configuration equation for n“). The form of the

‘boundary conditions te be applied depend on the particular non-

uniformities being studied.

Terms of higher power in (II,P ) can be included and the result
is a differential equation of higher order; they have all proved top
complicated to solve in practice but have had importance in comnection
with the boundary conditioms to be applied.

4.6.5. FEquationg for the Pailr Distribution.

Suppose the deviation from equilibrium is not too great. If E(Z)
ie the relative non-equilibrium pair distribution then this is
related to the correasponding equilibrium functiom g(z) according to

§2@) = P+ wo).
For laminar vigcous flow over a flat surface we suppose with time rate

of shear & we can write

ity - 4| 8 S L (B lsB)a B Wi, ()
gTL 2 301 4 i )*a*,rw. )

wvhere v, and w  are two unknown functions referring respectively to
pure shear and pure dilatation., Inserting this expression into the
Smoluchowskl equation gives the two equations assoclated with the two

angular functions
Aoty (2 40\ Ay dw, v dY
art *(f £Tdv/dy  + ° AT dr
"tu‘.p(g‘--_'—‘.‘_? d_"_d’-_---f— J_Y
drr LT kT AT A R T AT

Chg W



STOCHASTIC MOTION: Transport Coefficients.

These are to be solved subject to the boundary conditions

3% T co (+2w) Wwleyze (7o)
4'5“’;(*) s 0 (t—+w) {:‘ﬁ-)=a (v—o)
v

For a linear temperature gradient T = To(l + a,r) the form of the

Smo luchowski equation Is

W
/ ’ ( J‘P) dw, 2”. =& ﬁ’
2 AT kTarIe (£, T)* A7
with the boundary conditions

oh"

4.6.6. Expressions for the Tramsport GCoefficients.

Insert the expression for the non-equilibrium pair distribution
into the expressions for the fluxes: the result is the expressions for
the coefficlients of viscosity and for thermal conduction A'r

-
9= "M*‘T -+ _Ln‘ 'n"s é‘-&') Wa.tﬂﬂ m(f)v‘aal\r'
26 ISR,T "

J-7¢ """J) Wolrr " (e et
4,7 r \

t T e M3 2% r3 e

4 | . *5”(‘?(") .,-')lv)w riir

43 =

USING THE LYQUVILLE EQUATION

These formulae are applicable to monatomic insulating liquide and
require for their evaluation a knowledge of the corresponding
equilibrium pair distribution and the interparticle pair potential of
the force. The evaluation of the formulae in non-equuilibrium
statistical mechanics depend on a knowledge of the corresponding
equilibrium data.
4,7. Using the Liouville Equation

The formulae could be evaluated if the full solution of the
Liouville equation were known. We consider briefly now some attempts

that have been made to achieve this. We consider the operator form of

the equation.

4,7.1. The Bromwich Integral Approach.
The Liouville operator is defined by the expansion
exp{~iLe} = 1+ e ignT
which 1s often called the time}ptopugator operator. If L(N) is the
Laplace transform of the distribution function f(N) then
Wy -If(N)(t)exp(-kt)
and the Laplace transform is
1k fM - Mgy = LF M
remembering k is independent :f the time. Rearrangement of this last
expression glves
(k) = -1t - 1) 1M 0)
which is the Laplace transform of the propagator equation. The
operator (b - ik)—l.is the inverse of the operator (‘l‘.‘ = ik). The

integral inverse of f(m(k) is the expression for f(N) itgelf

-fl”’(f)z--Lr (L-z) ""I'( (zt) £%%0) ol z

where z =ik 1is the complex variahle. This is an example of the

Bromwich integral well known in the theory of the complex wvariable.
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LIOUVILLE EQUATION: Perurbation Expansion

This is the formal solution of the Liouville equation refered to
before but 15 mathematically too difficult to solve in the case (which
interests us now) of many particles in continuous interaction. If such
an evaluation were, in fact, possible this would solve the problem.
4.6.2. Perturbation Expansion.

We have already seenthat the liocuville equatylon has many
mathematical similarities with the Schroflinger equation of quantum
theory and the associated mathematical techniques developed for that
equation can be exploited here.

A much used approach is to divide the Liouville operator into a
purely kinetic and purely (potential) interactive term. If ). is a
parameter which measures the magnitude of the interaction forces we
write

'I; -“I'_.o +A‘E.
We write the identity
L= - == - L, -8 - (- DI - 27
e ~ L4 - A L]
This wmeans
(L-2"t =, -2 - @ - HMLa -7k
~ 3 ar [V
The rearrangement of this expressicn to glve (1.., - z)']‘ in terms of L,
requires some approximation.
The approximation fornon-interacting particles is ,.- 0 sc that
-1 _

(h - z) (1*0 z).
The next approximation arises by inserting this into the right hand
side of {( ) and the iteration process continued. This gives
w-"1- 2, - 27sLg, - 7"
A B ~r L
where
s:.:th-l[V Pj4) . (1{, -7
v LT R TR /AR

The interaction terms can now be included piecemeal in a systematic

Y
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way and the single integration necessary for the solution of the
original Liouville equation is introduced as & large number of
integrations over restricted particle interactions. Each complete
interaction is accounted for by evaluating all the components of the
series separately, and in practice this has presented the most severe
difficulties. The analysis outlined abopve has been given a graphicalw
representation In terms of the so-called Feynmann diagrams.

The complete interaction is specifled in terms of the three
parameters: {1) the ¢coupling parauetet} ; (11) the particle number
density n = N/V; and (ii1) the time t. The following conmclusions have
been found:

(a) The Boltzmann equation for a dilute gas is obtained when the

repulsive contribution to the interparticle force dominates the

others;

{(b) If a weak repulsion is included in. the interparticle force, the

Fokker-Planck equation follows 1f terms of order ('Ant)', with s >0

are accounted for in the limit of long times compared with the tiome -
for a single interaction between a pair of particles;

{c) For short times, including a.ll terms of order (Xﬂ)s the theory

provides the Vlasov equation which forms the basis for the theory of

the gaseous plasma.

The total interaction potential can be treated through its
effects on the other particle of an interaction. If, relative to the
first, the second particle suffers & small change of momentum such
that the succession becomes important ifter many interactions the
resultis the Fokker-Planck equatiocn. If, on the other hand, the second
particle suffers a large momentum change during one collision the

theory provides the Boltzmann equation. The intermediate cases,
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of particular interest in the extended and continuocus interactions of
liquid structure, have not really been treated and remain largely
unexplored.

4.7. Other approaches.

A varlety of approximate theories have been developed by
including the diagrams that can be summed. The equations, of uncertaln
physical association, which result from this approasch are called
master equations. The earliest can be obtained by Including terms of
order ()‘2t)rl to all orders of the density and refers to the momentum
evolution in a weak coupling approximation. Although we have used
classical theory so far the most general arguments are based on
quantun mechanics.

Another approach involves the projection operators where
unwanted information is disregarded by moving from many to fewer
dimensions. Generalisations of the Langevin equation can also be
included within the scheme.

There are many developments of the theory but all, in the end,
amount to the evaluation of specific contributions of the total
interaction and the neglect of the remainder.

A beuristic theory is the cell model. Here emphasis is placed om
the confinement of each molecule into a small volumne (called a cell)
by the neilghbours. The potential energy field in the cell is
determined by tl;e neighbours and the entrapped molecule moves In this
force field. By accounting for a mean field due to neighbours (assumed
located in their mean positione) together with a superposed
fluctuating field to account for thermal movements, the movement of a
representative molecule within its cell can be calculated. The

approach provides a quanlitative understanding of the behaviour

Ly -
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of molecules and of the energy from which various properties can be
calculated using the formulae already set out. The results are in fair

agreement with experiment near the melting point.






