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Properties of lron at the Earth's Core Conditions

A. The Composition of the Core.

Although the composition of the inner core has long
been debated, the consensus now heavily favors an iron
core where the inner core is very nearly pure iron, and
the outer core is a mixture of iron and some solute.

Birch (1952) argued that iron is alloyed with some lighter
element, especially in the outer core, strictly on density
grounds. Since that time, although the nature and
distribution of the alloying element(s) has been a matter
of contention, there is good agreement that in the core,
"the major element is iron.

The cosmological argument in favor of a predominantly
iron core relies on the assumption of homogeneity in the
solar system insofar as element distribution is
concerned. If the element distribution is to be
maintained, the number of Fe atoms should be close to the
number of Si atoms in the Earth (Ross and Aller, 1976;
Ganapathy and Anders, 1974; Wasson, 1984). Since iron is
depleted relative to Si in the Earth's mantle, it needs to
be greatly enriched in the Earth's core. The volume of
the mantle is much greater than the core. Consequently,
the core has to be composed essentially all of iron, to

-maintain the cosmic abundance ratio.

-

Experimental geophysics has provided a great deal of
data which support the model of an iron core. The most
important experimental evidence is from shock-wave
physics. The shock-wave evidence will now be reviewed .

Birch (1963), in analyzing the then existent
shock-wave data on metals, especially the data from the
Los Alamos Scientific Laboratory, noticed that there was a
definite relation between the bulk sound velocity, ¢ =vKp =
(V§ - 4/3v§)1/2 and p. K is the bulk modulus
and p is density, and Vp and Vg are the longitudinal and
shear sound velocities. This relation, however, depends upon
" the atomic number. For metals up to atomic number 50, the
higher the atomic number, the lower the value of ¢ for the
- same density. This is shown in Figure 1.
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Figure 1. Relationship between ¢ and p for metals, showing the
dependence on atomic number (McQueen and Marsh, 1960). The data for
the Earth's mantle, the outer core, and olivine and dunite are shown
for comparison. The dot-dash line is for a dunite rock with a
midpoint transition of 5.5 gm/cm3 (McQueen, et al., 1967), and A

is the point for dunite at 6.8 gm/cm” (Altschuler and Kormer,

1961).

The data for dunite, Figure 1, illustrates the typical situation
for phase changes on a velocity-density plot. A phase change merely
extends the curve along the projection of the lower phase curve.
This rule is the result of investigations that have come to be
called velocity-density systematics {Andersom, 1966; Anderson and
Anderson, 1970; Shankland, 1972; and Davies, 1974). All the oxides
and silicate minerals lie in the domain of atomit number 13-15,

shown in Figure 1.

It appears that a silicate, compressed to the densities found in
the core, should have a sound velocity, ¢, in excess of 20
km/sec. Thus, the bulk sound velocity of the core, derived from
seismology, is much too low to arise from a silicate. Further, the
core, whatever it is, should be composed of elements whose average

atomic number is in the 25-27 range.

This correlation, described by Birch, convinced most researchers
that the Earth's core was predominantly iron. Attention shifted to
the properties of iron, and the chief experiments used shock-wave

techniques on iron and iron alloys.

The fundamental experimental curve from shock waves 1s the
Hugoniot, which is a description of how the temperature varies with
pressure, when energy, momentum, and mass are conserved across a
boundary of contact. The Hugoniot is neither isothermal or
adiabatic, and to get the isotherm or the adiabat from it requires
transformations involving the Grineisen parameter.



b.L. Anderson ICTP: Physics of Condensed Matter
August 21-24, 1984 Irieste, Italy
Lecture 3, page 3

The Hugoniot of iron is plotted below in Figure 2.
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Figure 2. The Hugoniot of iren, compared to the temperature
profile of the outer core computed by Stacey.

Since the outer core is liquid, we see that the upper portion of
the Hugoniot is in the liquid state, while the lower part is in the
solid state. The Hugoniot is insensitive to transitions.
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Figure 3. The isotherms of pure iron computed from the
Hugonict, assuming a hexagonal close packed structure (Ahrens,
1980).

Now, the corrections for the Hugoniot to the isotherms can be
calculated. Ahrens (1980} did this calculatien for a particular
phase of iron (the hexagonal closely packed or € ~phase).
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Assuming we know something about the temperature structure of the
core (as in the Stacey 1977 model), the pressure density curves can
be calculated along a geotherm of the core. This is shown below in
Figure 4, and compared with seismic data.

Note that the data on pure iron is shifted to the right of the
seismic data (noted by 1066A, QM3, Hart, et al., 1977).

On the other hand, the shock wave data on alloys of Fe, such as
for FeS;, shift it to the left of the seismic data.
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Figure 4. Compression curves along the geotherm, for Fe, as
compared to seismic data (Ahrens, 1979).

Note that the pure irom data is close to the inner core seismic
data. In fact, it coincides for the CAL 6 model (not shown in
Figure 4) (Bolt and Urhammer, 1982).

Obviously, mixtures of irom and some other elements can be made
s0 that the resulting Hugoniots coincide exactly with the seismic
data of the outer core. Three candidates are carbon, sulfur, and
oxygen. Mixing the shock wave data, as shown in Figure 4, requires
11% weight carbon, or 10-13% weight sulfur, or 7-84 weight oxygen.
This is shown in Table 1. ' )
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Candtdate Light Rlement of tha Farth's Core

: snd Cosmpchemical Abundances
Light Reuss we., § (x/s1) (x/51) (X/51)
Element (X) Mixztures Core Atomic Atomic Atomit
in the Core Fraction, Fraction, Fraction,
: Earch Chrondritic Selar ‘
Abundance? Abundance ¢

[ Fe ¢+ C 11 0.44-0.63 0.006 5.9-14.8
5 Fno'.ﬁ o Fa 10-13 0.14-0.29 0.1
0,24-0.52

alse

FeS, # Fe §-13
o Fog.04°

+ Fe 7-8 3-4 5.5 13.8-11.4

sGanapathy & Anders {1974)

tRass § Aller (1978}

The cosmic abundance of sulfur agrees with the shock
wave solution for sulfur, but there is not very good
agreement for carbon. A reasonable case can be made for

oXygen.

Figure 5.
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The shock wave solution for bulk modulus and

thermal expansivity for pure iron compared to the outer
core (after Jeanloz, 1979)

A number of physical properties of shocked iron can be

compared with the core.

In Figures 5 and 6 we gee

Jeanloz's (1979) solution for the bulk modulus and thermal
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expansivity compared to the outer core. The outer core
needs a smaller Kg and a larger ¢ than in pure iron.

As shown in Figure 6, the value for the bulk modulus of
pure iron tends to extrapolate directly in the values for

the inner core.
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Figure 6. Kg of pure iron vs P, for pure iron and.
the Earth's core {Jeanloz, 1979).

Even better agreement is found for the comparison ot
the bulk scund velocity of pure iron with the core as
shown in Figure 7. \
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Figure 7. The bulk sound velocity, C, for pure iron
and for the Earth's core (Jeanloz, 1979).




0.L% Anderson ICTP: Physics of Condensed Matter

August 21-24, 1984 Trieste, Italy
Lecture 3, page 7

The assertion that the inner core has the properties
of pure iron contrasts with previous opiniouns that the
inner core has the properties of iron-nickel compounds
"(McQueen and Marsh, 1966; Birch, 1952; Brett, 1976;
Al'tschuler, et al., 1968).

The alternative to the iron core model is to assume,
as was done by Lyttleton (1963, 1965) and by Ramsey (1949,
1950), that the core is a metallized form of the mantle
ionized under pressure. Experimental geophysics i& now
capable of observing any phase change that would transform
an oxide into a metallic conductor at core pressures.
Phase changes in oxides exist at high pressure, but the
density change is small compared to that required for the
"mantle-core boundary of the Earth. From Figure 1, we see
that a silicate most probably cannot duplicate the
velocity of the core.

One report has been made, (Pavloskii, et al., 1977) in
which a large density change for $10) has been
observed. An isentropic compression with a superstroung
magnetic field (at about 150 GPa) apparently yielded a
density corresponding to core conditions. This anamolous
result is inconsistent with all other shock-wave
experiments on 85103, and needs experimental
confirmation. No such shock wave densification of
a-quartz has been observed. Truninm, et al. (1971),
concluded that no discontinuities exist in quartz above
the stishovite transition even up to .650 GPa.

B. The Phase Diagram of Pure Iron at Low Pressure.

The iron we are most familiar with in everyday life is
the a —phase, with a body centered cubic structure. This
is certainly not the phase of iron that is in the Earth's
core. The phase in the core is either the e€-phase
(hexagonal closed packed) or Y (face centered cubice),
but the evidence 1s in favor of the te-phase as we shall
see. There is also a high temperature-low pressure phase,
é, which like a, is body-centered cubic. The phase
diagram is well measured up to 20 GPa and 2000° C. We

.gee that in this region and above 5.2 GPa, liquid iron is
. in equilibrium with the y-phase. The v-liquid phase
boundary is well measured up to 20GPa (Bundy, 1965). There
are four solid phases and one liquid phase, so we have
three triple points (t.p.). They-$-4 triple point

is at 1970 K and 5.2 GPa, and must be the beginning point
of any extrapolation of the iron solidus into core
pressures and temperatures. Thea-t -y triple point

is at 750° K and 11 GPa (Bundy, 1965). The slope
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Figure 8. The low pressure phase diagram of iron (Liu,
1975).

boundary between the ¢ and vy phases has been in
dispute. Bundy's (1965) measured value is 28°%/GPa. The
slope at the triple point must be in accordance with the
boundary conditions at a t.p. (e.g., the sums of the
- volume changes, and the sum of the entropy changes is
zero). Since (4S/6V) = AP/AT, then aPAT at
the Y€ boundary can be found if two other slopes,
APAT, are known and the three volume changes around
the t.p. are known. Oun this basis, Liu (1975) estimated
dT/dP for the ¢ - boundary to be 31°/GPa. An
earlier estimate by Takahashi and Bassett (1964) gave
dT/dP = 20°/GPa. The total evidence suggests dT/dP for
the ey equilibrium is between 20 and 30°/GPa near
thea €< triple point (but probably closer to the
upper value).

The triple point (¢ << ) occurs somewhere at
high pressure, and the absence of direct experimental
~ information limits our knowledge of the structure of iron
at inner-core pressures. If the t.p. occurs at pressure
"less than 320 GPa, then the inner core is in the e-iron
field. If the t.p. is greater than 350 GPa, then the
inner core is in the y-iron field. Liu (1975) showed
that a straight extrapolation of the slope 30°/GPa would
place the triple point somewhere around 93.5 GPa, in which
case the inner core is e~iron. As we shall see below,
this straight line extrapolation (30°/GPa) is not
justified. Nevertheless, we shall conclude that the ifnoner
core is in the € ~phase field.
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There is no guarantee that dT/dP is invarient with
presgure. If this were gso, then the 4 § would diminish
at the same rate as 4V. That is not the case for the
alkali halides, where A4S decreases as (AV)V, or
ATAPv V (Jeanloz, 1982).

The measurement of the volume change betweena and
Y (1184° K and 0 P) shows a small negative change (-
0.075 cm3/mole) Birch (1972) (e«.g., a slight increase in
Po)e The volume change betwsen a and ¢ (at 3000
K and 13 _GPa) shows a substantial decrease in volume (-
0.389 cm”/mole) (e.g., & large increase inp,).

C. Equation of State Parameters for Irom.

Taking the volume of the a~phase at 1184° and O P
to be 7.09 cc/mole, the volume of the Y phase at 1184°
and 0 pressure is % = 7.09 - 0,075 = 7.016
cm3/mole. The density of the Y phase at 1184° (O P)
is thus py = (55.83)/7.016 = 7.95 gm/cm3. Taking
the expansivity to be 7 x 1076 over a temperature range
of (300°-1184°), we estimate the density of the v
phase to be about 8.00 gm/cm3 at room temperature and 0
presgsure. Thus, on the basis of experiments and
thermodynamic data, the room temperature values of the EOS
parameters which are known for the three phases are shown
in Table 2.

Tabla' J, Equation of Stace Parametars for Phasas af Irom.
Rocm Temparsturs Pressures

Iron Phasa L] K ) L9
(pe0, T=3307%) e ° G Source
GPa
a 7.873 1868 5.29 Guinan and lashers ([1%60)
T.472 166.8 $.97 Rotter and Smuixh {(1366)
3 1.28 L 170.2 .18 Raduced shockwave daca
(STown & McQuesn, 1392)
4 .28 196.2 5.4 Static compression.
Murnaghan ECS (Mao and
Ball. 1379 N
[ .38 112.7 ' Apdrews, 1971
Y 1.0 ? ?
{liquid jrom i7.0) (lis.0) {5.0) Phase diagram and aound
. uq‘ll;losll R ’ . velocacy (Birch, 1972

Filipav, st al., L¥66)

The properties of a ~iron can be considered secure
because this phase is well measured. For ¢ -iron, the
value found by Mao and Bell (1979) for K, is
suspiciously small, because it is smaller than K, for
a~iron. K, ordinarily increases between phases in
proportion to density increase so K, for e should be
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greater than 166 GPa. The Mao and Bell result for K;

may have arisen because they constrained their data to fit
a Murnaghan EOS, which ie¢ not appropriate up to their
limit (100 GPa). Thus, K, = 178 GPa is probably the

best value for € -iron. The shock wave determined value
of K, may be influenced by the very high temperatures
found in the upper ranges of the ¢ field. A better
figure might be Ko = 5051 005-

This table shows that the properties of y-iron
should be between the & = and ¢ -phases. They may be
closer to that of the well understood a-iron, than to
the properties of € =iron.

It becomes of some importance, therefore, to decide
which of the two phases {(y or €¢) are stable at core
conditions. Fortunately, a new set of experiments in
shock wave physics has helped clarify this issue.

D. The Measurement of Sound Velocity, Vp, in Highly
Compressed Ilron.

Most shock wave analyses arise from experiments which
measure the shock velocity vs particle velocity.

where ¢ ;, is the bulk sound velocity
(@o = KO;D o) (2)

at ambient conditions and s is the inferred slope. From
this data, the Hugoniot is calculated. The shock velocity
is the primary measured variable, and all properties
determined are in P~V-T space. Because the bulk velocity
is insensitive to phase transitions and the crossing of
the solid-liquid interface, the Hugomiot sometimes does
not give clues to phase boundaries. Such is the case for
iron. Nothing ebout the Hugoniot in Figure 2 is
suggestive of a liquid-solid boundary, although one must
exist along the Hugoniot.

-Although the bulk sound velocity is insensitive to a
. polid liquid tramsition, the sound velocities, Vp and
Vg, are quite sensitive to such a transition, because
Vg vanishes in the liquid state. A measurement of Vp
near the liquid-solid phase boundary has the following
properties: Vp is greater than the bulk sound velocity
in the solid, but equal to the bulk sound velocity in the
liquid. At the transition point, Vp slows from a
compressional wave to a lower value representing the bulk
wave velocity.
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A recent innovation in shock wave techniques has
permitted, for the first time, a good measurement of Vp
in shocked irom (Brown and McQueen, 1980, 1982). The
essential physics of this technique lies in the fact that
a bulk wave is transformed at a boundary into two
reflected waves, one of which is a compressional wave with
velocity, Vp. Since Vp is faster thane, Vp is
propagated for a short time in the material under the
highest compression. The experiment consists of isolating
the transit time of the compressional wave in this state,
and finding the corresponding pressure.

Now the Hugouiot is known to rise within the
€ ~phase. Up until the Brown and McQueen experiment, it
was not known whether the Hugoniot crossed into the
v-phase before the liquid state was reached. Brown and
McQueen (1982) found the € % boundary was reached at
200 £ 2GPa, with a temperature of 4400 % 300 K. They
found that the pressure where Vp converged to¢ to be
250 GPa £ 10 GPa (later revised downward to 243t 2;
(Brown and McQueen, 1984)). From the Hugoniot data, they
first estimated the 1liquid transition to be between
5000° K and 6000° K. A plot of their fundamental
curve (Vp vs pressure) is given in Figure 9.
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Figure 9. Sound velocity, Vp vs pressure for pure irom
(Brown and McQueen, 1982, 1984). The first pesk is at the
"€+ -iron transition, and the second peak is at the

Y -liquid transition. PREM refers to the velocity profile of
the Dzewonski and Anderson (1981} model.

We see that € —iron has the higher velocity,
indicating that y -iron has a Poisson ratio closer to
that of the liquid. This is reasonable since y~iron is
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the higher temperature phase (see Figure 8). Note that
Vp of ¢ ~iron extrapolates into the PREM values of Vp
for the inner core (Dziewonski and Anderson, 198l).
is another bit of evidence that the inner core is
esgentislly pure iron.

This

We see from Figure 9 that the PREM velocity profile of
the outer core lies substantially below both ¢ ~iron and
Y=-iron, thus suggesting that the outer core is not pure
iron. The joining of the experimental points with the
bulk sound velocity indicates the pressure where the
Hugoniot crosses the y-liquid boundary.

Anderson (1982) passed a Lindemann-type melting curve,
-as modified by Stevenson (1980), from the y—$-¢

triple point at 5.2 GPa through the measured liquid
transition, measured by shock waves, at 250 GPa (Brown and
McQueen, 1982, 1984). This Lindemann curve was then
additionally extrapolated from 250 GPa to the imner—cuter
core boundary pressure of 330 GPa, obtaining the
temperature limits of the liquid-sclid phase to be
$200-6600° K. Later Brown and McQueen (1984), using
their additional experimental data, re-estimated the
temperature at the inner-outer core boundary, finding

5800° K 500° K.

Additional analysis of the data behind Figure 9 .
provides further evidence that the inner core is pure
¢ -iron. From the bulk velocity and the compressional
velocity, Poisson's ratio is estimated (Figure 10).
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Figure 10. Poisson's ratio, o, vs density for shocked
iron. Note that the € —-iron data for ¢ extrapolates

into the inner core data. PREM data is from Dziewonski
and Anderson (1981); 1066B and 1066A data are from Gilbert
and Dziewonski (1975).

Physics of Condensed Matter



0.L. Anderson ICTP: Physics of Condensed Matter

August 21-24, 1984 Trieste, Italy
Lecture 3, page 13

E. The Melting Temperature of Iron of High Pressure.

As emphasized by Verhoogen (1980) and Stevenson
(1980), a theory of melting should not rest exclusively on
a solid state theoretical basis. For this reason, the
Lindemann law has been criticized when used for melting
curves extrapolated to high pressure. The Lindemann law
(1910), written in its differential form, is

\ c!T
— (‘( (3)
T.. AP K’... ")

.- where Y is the Grilneisen parameter, T, 158 the melting
temperature, and Ky i the bulk modulus at melting. The
original derivation was based on simplified lattice
theory .

However, there have been at least two recent
theoretical papers which show that a more fundamental
approach accounting for the liquid state ylelds the same
Lindemann equation, with small variations.

Stevenson (1980) derived two equations from liquid
theory, valid at high P and near Ty that are important
to the calculation of the melting curve.

dK/dP = 5 = 5.6 P/K (4)
{(which neglects a small term due to thermal energy), and

4T - o a(e) ¢ -R) (5)
T ap  Kku. (367-3R)

where Cvib is the lattice vibrational contribution to
the heat capacity, v 1s the thermodynamic Gruneisen
ratio, and R 1s the gas constant. Neither C& nor

Y include electronic corrections.

Equation (5) is the liquid state equivalent of
Lindemann's law, and reduces to it exactly within the
classical limit CH = 3R. Grover (1971) has shown
that in general CV '1s not equal to 3R for T, for
" 1iquid metals. He showed that CYiP for several
métals has a wide cusp at Tp, in which the specific heat
rises substantially above 3R. Such a cusp is consistent
with an order—disorder transformation. Values of the
parameter CY¥ ib for metals vary between 3.3R and 3.9R
at low pressures.
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Equation (3), as developed by Lindemann, does not
satisfy the criteris that a melting theory should be based
upon equilibrium between the liquid and the solid state.

Stacey and Irvine (1977) derived an equation analogous
to (3) by using a thermodynamic theory starting from the
Clausius-Clapeyron equation. They found:

4 oAl KI,.. [:.(Y-nv’e)] (6)

T &7

The term containing € arises from a thermal expansivity
correction, € =aT,, and will be a small percentage

of y. Equations (3) and (6) thus answer the objection

of many that Lindemann's law is based only upon properties
of the solid state.

Anderson (1982) used (5), and the value Cﬁib =
3.5R, to compute the melting curve between Y-iron and
the liquid from 5.2 GPa up to 330 GPa, and Spiliopouloes
and Stacey (1984) used (3) to compute the ¢ -iron-liquid
melting curve between 250 and 330 GPa.

The differences between (6) and (3), and between (5)
and (3) are not significant in view of the uncertainties
in the extrapolated values of Kp and v+ Thus,

Equation (3) will be used (as was done by Spiliopoulos and
Stacey (1984)) as an approximation to the liquid state
theoretical equation, and as an approximation to the
theoretical equation derived from equilibrium (between
liquid and solid) theory.

The approach used in this section is as follows:

l. The thermodynamic data at the lower end of
the y+ boundary (5.2 GPa) will be used
to evaluate the parameter Y in (3).

2. The equation relating volume compression and
melting temperature will be found.

3. The equation will be integrated to obtain
Tn vs pofo, where p, refers to -
the density at 5.2 GPa and 19509 (the
Py triple point).

4. The ratio of the volume at 5.2 GPa and
1950°K to the volume of iron at standard
pressure and temperature will be found.

5. The value of T, and the pressure along the
Yy ~phase liquid boundary will be found,
relative to the denmsity of the solid.
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In this approach, the extrapolation is made outwards
in pressure from accurately known data at lower pressure.
One parameter, v = diny/dtmp, is tuned so that
the Ty trajectory intersects the data provided by the
shock wave data at 243 GPa. As a consequence, both the
low pressure data and the high pressure data are satisfied
by equations developed from the Lindemann formula.

The constants in (3) must now be evaluated as a
function of P. The density of liquid iron at P = 0 is
7.00 g cm™d at 1868 K. The velocity of sound in liquid
iron at atmospheric pressure is 4.4 km s~1 according to
Filipov, et al. (1966) (a smaller value is given by Kurz
and Lux (1969)). This value, coupled with the density,
gives Kg = 136 GPa, at 1868%.

_ It is important to determine the value of vy at the
initial integration point (5.2 GPa and 19709%) which is
the (6~ ) triple point. We have Tp(5.2) = 1970

(Birch, 1972) and thus K({(5.2) = 165. Further, dT/dP(5.2) =
38.5°/GPa (Strong, et al., 1963).

Using (3)
Y(5:2) = 1/3 +1/2 (Ky/Tp) (dIp/dP) (7)
= 1.95

We shall compute the compression along the y~liquid
fusion curve, starting from the § 42 triple point
(5.2 GPa). Anticipating the result that the ¢ ~y <
triple point shall be in the vicinity of 280 GPa, as showm
in the next section, we shall compute the compression
between 5.2 GPa and 280 GPa, but especially focused on 243
GPa, the position of the melting point at the Hugoniot
crossing.

We need a calculation of density vs P along the
Y-phase solidus. We shall compute this empirically from
the bulk modulus-pressure curve of the solidus, which is
constrained by the Kg-P curves shown in Figure 7. The
solid Hugoniot (in the £ -phase) is plotted below 200
GPa. The y-phase solidus will have values of Kg
larger than those shown for the outer core and smaller
than those shown for ¢ ~phase iron. The zero pressure
values will be 136 GPa (Table 2), and Kg = 1150 GPa at P
= 250 GPa. The behavior of the Kg~P curve between these
values is not known, but it cannot depart much from a
straight line because of the upper and lower constraints.
Assume a straight line, so that

Kg = 136 + 4.05P (8)
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Integrating this equation (since Kg =
p(@P/p)g, we find that along the solidus

» 0.347
(g1g.)= Lo os(m)] ()

where p, 15 the density at P = 0 and 1868K.
V%(a for the a -phase) is reported to be 7.09
cm”/mole (pg = 7.87 gm/cc) for irom at room
temperature and pressure.

The zero pressure density in the liquid phase at high
temperature (1868°K) is 7 gm/cm3; or Vg = 7.97
cm3/mole. Thus, Voo /Vou = 1-12. Now the
initial density at the § ¥ 4 triple point (at 5.2
GPa and 1970°K) is 7.25 gm/cw3, or V oys4 =
7.70 cm3/mole. Thus, Voy- -4 /Vou = 1.086.

We shall use Y(5.2) = 1.95 in (3) in the
calculations of Tp(P) along the Y% melting curve.
4 direct numerical integration, done by Anderson (1982),
of (5) led to values of Ty at 250 GPa which fell within
the error bars found by Brown and McQueen (1982) at 250
GPa, providing v descended gradually from vy = 1.81 at
5.2 GPa to 1.0 at 320 GPa.

A more elegant way of integration was given by
Spiliopoulos and Stacey (1984), in which (3) is replaced
by

A Tom. - g(y-_}s)

am ' (10)

Now using the general relationship between y and
density

(ivg) = (plog)™d (11)

where q is an arbitrary constant (Anderson, 1968), and
using (11) in (10), the integration yields

Pt () e (-] o

Equation (12) differs from Equation (2) of
Spilioupolos and Stacey (1984) only in that their version
has g = 1. The initial evaluation of (12) is not at P =
0, but at P = 5.2 GPa, the low pressure end of the
y-liquid phase boundary, so v, = 1.95 satisfies the
conditions at the intitial point. Using (9) and (12), the
temperature, pressure, and volume relationships are
calculated along the y-phase solidus. These
calculations are shown in Table 3 and Figure 11.



Thermodynaaic Propertles of the y-Liguid Fhasc Doundary

Between the Triple Points at 5.2 GFa and 200 GFa

(py/0) v
P {py=7.15) Y
cPa |gm’:l|li (cnslncu) gm[:n’ (o = 3.5 (a=1.8) - (1.2) (q = 1.9}

-

J T, % T T

_—

5.2 3.0, 7.704 .28 19710 1570 197¢ .95
25 0.902 6.945 e.04 1660 2650 630 1.67
1] 0.827 6.363 278 3317 3246 3360 1.46

15 0.17% 5.066 9.36 3788 879 39003 1.33
100 0.730 5.008 9.8% 1183 4000 4360 1.20
125 8.1006 5,441 10.76 1490 LV {}] 4_?23 1.1¢
135 0.695% 5.356 10.43 4596 4300 4861 1.13
158 0.680 5.288 10.67 4753 4487 5056 1.09
175 0.660 5.086 10.98 4965 4653 5328 1.08
ro0 0.641 4.937 11.31 5176 4803 $590 1.00
225 L 0.626 4.824 11.57 5338 4905 5805 0.97
133 0.015 4,732 11.80 5448 5014 5960 0.94
250 0.611 1.710 11.86 5447 5050 80080 0.§3
1580 t.598 4.590 12.18 $088 5140 G224 .39

The three solutions shown bracket the experimental
limits at 243 GPa found by Brown and McQueen. The only
variable is q, the exponent in the power law. All other
parameters satisfy the experimental data taken by static
high pressure data at 5.2 to 10 GPa, and by shock wave
data at 200-250 GPa. Thus, a reasonable Lindemann fit can
be made for the y~-phase solidus curve. )

™ eetiean & - lguid boundary "
¥ - bauid bounaary o

MELTING TEMPERATURE, Ty, *K

Figure 11. The melting curves of Y -iron which satisfy

the static high pressure data (5.2 to 10 GPa) and the
shock wave data (243 GPa), using a Lindemann law. The
theoretical melting curve of ¢ -iron (Young and Grover,
1984) is shown for comparison. In the low pressure range,
the Y-iron melting curve is required by the experiments.
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F. The Grineisen Parameter.

The solution for ¢ = 1.5 ylelds temperatures which
pass close to the midpoint of the pressure range reported
by Brown and McQueen, (1982) st 200 GPa (5500 500).
Choosing this solution, and recalling that v, = 1.95
at the origin (P = 5.2 GPa), we have

W5
- 728
§=1A5 (?") (13)

over the entire 280 GPa pressure range. At 280 GPa, we
findy = 0.89.

The value of q can be used as a control to meet any
arbitrary value of T within the limits found by Brown and
McQueen (1982) at 243 GPa. For q = 1.8, Eq. (12) gives a
value close to 5000°, and for q = 1.2, Eq. (12) gives a
value close to 6000°. Thus, the error bars can be
placed on gq: q = 1.5% 3.

A plot of the Griineisen parameter vs V for the
Y-phase-liquid boundary is given in Figure 12, according
to values from Equation (13). They are compared with vp
= 15 used by Brown and McQueen (1982) aund the later value,
Yp = 12, also used by Brown and McQueen (1984). The
values of Y determined numerically by Anderson (1982),°
to find the v melting curve are close to the yp =
constant solution (curve b).

The solution for q = 1.5 arises because the measured
slope dTy/dP of the y-phase liquid boundary at 5.2 GPa
is used to constraln the solidus as well as the shock wave
measurements at 243 GPa.

There is no reason why the values of the Griineisen
parameter for the Y-phase should be identical to those
of the @ - or € ~phase. Nevertheless, the value of the
Griineisen parameter for the y—phase at the volume of the
standard pressure and temperature (7.094 cc/mole) yields
Y = 1.72, which is very close to the room temperature,
room pressure value of ¢ ~iren, measured by Ramakrishnan,
et al., (1978) - (1.70). The values computed by (3) are
somewhat lower than suggested by Jamieson, et al (1978)
for iron at core conditions. (They foundy = 1.2 - 2,)
Mulargia and Boschi (1977) derived values of Y (from a
fundamental approach) which are in the same range as shown
in Figure 12, although slightly lower. Spiliopoulos and
Stacey (1984) used the solution yp = 15 {curve a, Figure
12) to define the vy -phase solidus curve. The values of
Y used by Anderson (1982) to find the solidus using
Stevenson's version of the Lindemann law, (5), are close
to the solution Yp = 12 (curve b, Figure 12).
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Jeanloz (1979) found v = 2.2 (p 5 /b N .62
for the Hugoniot in the solid ¢-phase field (pg =
8.31 assumed), as shown in Figure 12. The theoretically
calculated values of vy for the epsilon phase (Young and
Grover, 1984), for the solidus, are shown in Figure 12.
It is obvious that the values of ¥ for the epsilon phase
are higher than the corresponding values for the
gamma-phase liquid boundary. It is also apparent that the
values of v for the solidus are close to that of
a~iron at room tempersture.

1.3
- ———y =185 (1)

—oa, Yp®" 15, gamma phase ‘,‘
b, ye- 12, gamma phasa - J .
20 ‘ s
| eem - epsilon phase, Sokd N Y195

- — === gpsilon phase, Soiidus’ '.'/

™~
o | b
w
5 L
=
FERY1
g -
2z
W -
:
E 2
0 . ‘
097 (243 GPa)
] V| | 1 i | J
0'?3 4 5 [ 7 a § 10

SPECIFIC VOLUME, CC/male
Figure 12. The Griineisen parameter, Y, vs volume
for the fcc phase of iron (v ). The dashed line is
our solution for q = 1.5, the temperature curve in
Figure 11 which bisects the measurements of the
solidus at 243 GPa by Brown and McQueen (1983, 1984).
The two solid lines represent solutions of the form
PY = constant: curve a was used to calculate
temperatures by Brown and McGueen (1984) and by
Spiliopoulos and Stacey (1984), and curve b was used
to calculate temperatures by Brown and McQueen
(1984). The dotted line shows the values of Y,
determined numerically by Anderson -(1982), using Eq.

(5). ‘

The two upper curves are for epsilon-iron, one for the
epsilon~phase in the solid, determined from the
Hugoniot (Jeanloz, 1979), and the dot-dash is for the
€-phase liquid equilibrium boundary calculated
theoretically (Young and Grover, 1984).
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G. On the Question of the € -y Phase Boundary.

8. The slope of the boundary of the € ¥
golid-golid transition.

If a straight line is passed between the measurement
of the maximum € -y transition temperature allowed by
the measurements at 200 GPa (4700°%) and the temperature
at the a-y-=€ triple point, (750%) at 11 GPa, the
slope is 21°/GPa. The only measurement of this slope
was by Bundy (1965), who found dT/dP = 28°/GPa at 11
GPa. The other properties of the t.p. convinced Liu
(1975} that the slope was 31°/GPa. One estimate from
Takahashi and Bassett (1964) represented the lowest
estimate, 20°/GPa. '

1f we use the value dT/dP = 21°/GPa and extrapolate
beyond the measured ¢ y-a transition at 11 GPa, then
the temperature at 250 GPa is about 5700°. Thisg
solution would locate the triple point near the liquid
boundary on the Hugoniot (250 GPa, 5500° K £ 500). If
this were the case, the gamma phase is in equilibrium with
the liquid at a pressure lower than that corresponding to
a depth of 4100 km, and the epsilon-phase is in
equilibrium with the liquid at higher pressures.

We have to consider the alternative, that dT/dP for
the € -y boundary is larger than 21°/GPa at 11 GPa,
in respect of Bundy's (1965) measurement of this boundary
(28°/GPa). In this case dT/dP must decrease with
pressure in order to pass through the phase boundary
measured by Brown and McQueen at 200 GPa (see Figure 9 for
the transition).

In many solids, phase line slopes are reported to be
constant with P, but in these cases, the compression is
small compared to that of iron. A constant slope for the
€Y phase line over such a large compression may be
possible, but alternates must be considered. Theoretical
considerations indicate that for the NaCl-CsCl transition
in alkali halides, 4 S is proportional to @vivy,
where V) is the volume of phase 1 (Jeanloz, 1982).
Moreover, it is even possible for ATAP to become
negative before A V becomes vanishingly small (Bassett,
et al., 1968).

The question for the irone -~ transition is, does
4 S decrease as 4V, or is it more like the case of the
alkali halides, where 4S decreases as (8V)Vy, vhere
V1 1s the volume of the lower phase in the transitions.
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Assume that

88 == (AV)VY
where r is independent of pressure. Then

dT/dP ¥, VE
or

de: cf:'(% W&'F’ (24

Set C to (dT/dP)(llg, the slope of the €+ phase
boundary evaluated at the triple point at 11 GPa.

Let us use the Murnaghan EOS relating density and
pressure along an adiabat. This empirical relation
satisfies both the lower mantle and outer core, because
the bulk modulus is linear in P throughout the outer core
and the lower wantle. (See Lecture 1.)

b. The temperature-pressure relationship.

Assume, then, the Murnaghan EOS, and Eq. (14) becomes
' e _4%49
- /
=T C_S‘ 1+ k‘%] QP as
P, [ ]

Consider K, and K:, for the ¢ -phase, ilz'rom
Table 2: The values K, = 178 GPa and Ky = 5.2
represent isothermal conditions. Now in changing from
isothermal conditions, the value of K, and K, must
change, although the change is small.

Using the calculus formula

aT
[CIERIE A R

where the subscript ¢ indicates core. We need to evaluate
Kg at higher temperatures, and therefore need

(aKg/aT)p for e-iron. For the a ~phase (? K/ T)p

is known, (- 0.018°/GPa), and for the € =phase, it will be
smaller.
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Thus, (3KgA T)p 18 probably near - 0. 015°/GPa «
Along the phase boundary, (@ T# P)c varies between 20 and
30°/GPa. Take the average value (@ TR P); = 25°/GPa.
Thus, the last term in (16) is - 0.38. From the experi-
mental data, @ Kg/2 P)r is reported to be 5.2, but the
error is significant, and as we shall see later, K, may be
higher than 5.2. Therefore, take (3Kg/dP), = 5.0.

We need a value of K, appropriate to some higher
temperature. At the lowest limit of integration T = 7500K,
so K, must be appropriate to that of a T at least 750%.
Correcting from 300 to 750°, we find 8Kg = 6 GPa .

Thus, the values we use will be K, = 170 and KO =
5.0. The empirical relationship of K to P for e-iron along
the Y € phase boundary becomes

K =170 + 5P (17)

and this empirical law justifies the integrand in (15).

1] an

Now C is reported to be 30°/GPa by Liu (1976), while
only 20°GPa by Takahashi and Bassett (1964). Bundy's
measurements indicate 28°/GPa. We shall use the midpoint
between the highest and lowest, C = 259/GPa as the first
trial, where CKO/KO = 25 x 170/5.0 = 25 X 170/5.0 =
850°.

The solution to (15) is

‘(_.To_vcka }+ Va(P_Pw}

E'EH

Ty = 7509K.

We now solve (18) to find the value of r which yields
T, = 4400 % 300 at Py = 200 GPa, when T = 750 at
P; = 11 GPa. For r =1, T9 = 4408, which is the midpoint
of the transition according to Brown and McQueen (1982).
Thus, ASAV is proportional to V in this preferable case.

The equation
AS=AVYy

satisfies the shock-wave data for the ¢ % phase

boundary. The above 1s the same as found for the case of the
B, - By phase boundary in alkali halides (Jeanloz, 1982;

Liu and Bassett, 1973).
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The extreme lower case allowed by the data is found by
using Bundy's measured value of the gslope at 11 GPa
(289/GPa), and requiring that it pass through the lower
limit in T at 200 GPa (4100°K). This yields r = 1.45.

In that case, T(243) = 4108%K; T(250) = 4813 and T(330)
= 5832. This is shown in Figure 13.

—_ phase boundary

s 5 8 3

c B e en
: =25 =D
: :}m) w28 r =145

boundary ¢rossed by
the Hugoniot
{Brown and McQueen)

y - hquid phase boundanes

gy COMPUlRG € - liquid phase
1 i ' . ] D + . [y . .

[¢] 00 200 — 300 360
PRESSLIRE, GPA

-

TEMPERATURE, £- Yy BOUNDARY, K

-

:

Figure 13. Calculated phase boundaries of the ¢ =y
iron equilibrium curves for three slopes extending’
from the (a=e-v) triple point: Case a is for

21° GPa, which is a straight line intersecting the
upper limit of the experimental determination by Brown
and McQueen. Case b is for 25° GPa, the median
allowed slope; it passes through the midpoint of the
experimentally determined window if r = 1.0 (Equation
(21). Case c is for 289Pa, the slope measured by
Bundy; it passes through the lowest point of the
experimentally determined window if r = 1.45 (Eq.
(14)). The (e« -1liquid) triple point lies in the
cross~hatched area.

C. The EOS for the e~y phase boundary.

Assume the P-T relationship is given by (18). We now
calculate the density consistent with these values.
_Assume the. general EOS.

P = Piso + Pry

where P1gg is along the 09K isotherm, and Pry is
along an isochore. For Pry,use (39) of Lecture 1, and
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for Pygp,use the Birch-Murnaghan EOS (Eq. (50) of
Lecture 1). Thus

. 3 KD{((%\%_ (@/{J)’a}” 13 (r.’—*fJ[(eé‘)A..J]f

Y E 3T
5593

For the v 4, relationship, use that for iron in the
solid e phase found by Jeanloz (1979) (see Figure 12).

b 20
1= aa (22) 20

The thermal pressure becomes

(19)

Py = 0.03036 ~0+621 Gpa
Using the zero degree parameters for (19) given by
f
'§°= Xj‘l%lbm;/ ;r.-:.lJoGPfu ) ,l/‘ ’5,2)

the thermal EOS becomes
2.%32 Y1 & -0 4t
‘Pz & a6l gg— 15573 f - 0.’7‘!51f fa.o;on T(Zl).
For a given P, a value of T is found from (18). For
the set of values of P and T, & value of p is found,
satisfying (21). The results of the calculations are
given in Table 4.

We have used the Birch-Murnaghan E0OS for the P
relatioanship in (19), but the Murnaghan E0S for the P
relationship in (18). At first this appears
inconsistent. However, the Murnaghan EOS is not used
along an isotherm, because T depends upon P in (18).
The Birch~Murnaghan EO0S, as used in (19) is along the
0°K isotherm.
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Tabie &

Tharmodyuanic Propartias of Fa st tha v=x Phase
Boundary Batvess the Tripla Podste 4t 11 CMa asd 180 Gis

r ! . v v,
@0 D (e (a/ewis (77,00 o /mle) Y
'] 2.503 564 0.923) 1.11%
%’5' 71%.7 874 [ 1%} 0.8803 1.954
30 1639 $.57 5.034 0.82246 1.730
15 2152 10.10 5.528 0.77%2 1.604
100 1831 10.35 3. 0.7460 1.493
R ¥ 1 ] ina 10.95 3.0 0.7187 1.407 .
133 3281 11.10 3.930 0.2090 J.ol?l_
150 b1 ] Hn.n “™ 0.6930 | 1.8
1715 k1 }Y 11.643 4.7% 0.6750 1.274
00 4407 11.9% 4471 0. 03508 l.221
223 814 12.233 4,563 0.6432 L.178
L% ] 5105 12.41 . 402 c.6302 1.148
150 5217 12,305 (WY1} 0.62%4 1.135
140 3490 12.3035 4.340 0. 8146 1.092

H. The €, v, L) triple point.

a. Temperature at the IC~OC Boundary.

The triple point (t.p.) occurs somewhere in the cross
hatched area shown in Figure 13. There are two likely
choices for the coordinates. The first, determined from
the experimental evidence, is the crossing of the
bisectors of the experimental error rectangles: curve b
in Figure 13 with the q = 1.5 solution in Figure 11. The
second, leaning toward the theoretical solution of the
€ ~phase~liquid boundary (Young and Grover, 1984), would
be somewhere on the dotted line of Figure 13, between 260
GPa and 310 GPa. We choose the former, locating the
triple point at 280 GPa and 56909,

Data on the v -1iquid branch and the £ & branches
of the t.p. are determinable from measurements and
assumptions made to this point. For the €-liquid
branch, some additional assumptions must be made.

At the IC~0C boundary pressure, the upper temperature
limit is 6600°K, as given by Young and Grover (1984),
and the lower limit is 5960°K, as given by the
intersection of the g = 1.5 curve of Figure 11 with the
IC-0C boundary pressure. The midpoint is 6280°C. Close
to the extrapolated point of curve b of Figure 13, we
choose T(330) = 6280 * 400, giving a slope of dTm/dP =
11.8%/GPa for the € -1iquid phase boundary. This lies
between the value found from Young and Grover's theory
(13.8°/GPa) and the value found from the solutionyp =
15 (8.9/GPa).
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This solution, (6280 * 400), is close to that found
by Spiliopoulos and Stacey (1984) (6120% 575). The
approaches are quite different, however. For example, in
the Spiliopoulos and Stacey solution, the inner core is in
the r-phase of iron (e.g., there is no high triple point
at core pressure) whereas in this solution the inner core
is in the £-phase.

Other predictions of the temperature gt the IC~0C
boundary are shown in Table 5. .

The higher slope for the € ~phase liquid boundary, as
compared to the Y=phase liquid boundary, is a reflection
of the higher values of v found for the epsilon phase as
compared to the Y -phase (see Figure 12).

Table 5. Predicted Temperatures
of the Melting Point of Pure Irom
at the Pressure of the Inner—-Outer Core Boundary

Tn /K
Gilvary, 1957 65200
Zharkov, 19€:Z 6200
Bundy & Strong (19623 6100-8100
Higgens & Kecnedy (1971} 4250
Bireh (1872) 5100
Leppaluote 7000-%000
Boschi* 6600 *
Liu (1875)%= 5125 ‘
Boschi, et al. (1979)% 4500-7000
Abelson (198 }*w 7800
Stevenson (1%E1) . 6300
Brown & McQueen (1982)*** 6200z 500
Anderson (1GEZ)w#% 5900 700
Brown & McQueen (1984)%n= 5800z 500
Spiliopoulos & Stacey (1984 )%#% 6la0t 575
Young & Grover (1984) 66090
This report*=* 6280 . 400

- Based upon an extrapclation from experiments at & GPa.

* A special case of the Ross theory (1969).

** Based upon Mozie Carlo theory.

%*% Baged upon ar extrapolation from experiments at 243 GPa.

It is somewhat remarkable how many scientists have
successfully predicted that Ty is near 6200° at the

'IC—OC.Boundary,_in advance of the measurements of Brown
. and McQueen (1982).

b. The y-4 Branch.

At the triple point, the following must be satisfied:
ZAV = O and [4S = 0, in a circuit around the triple
point.
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To find the slope dT/dP at the triple point, we need
values of T, K, and y. From data on the Hugoniot,
Figure 6, we find Kg(280) = 1270° GPa.

From (10) we find v (280) = 0.89, taking p (280) =
12.16, Kg = 1270. Calculating Tp(280) = 56889 from
(19) (for the case q = 1.5), we find from (3)

g!jr_:._.\> (3r0) = $°/6fa (22)
)

Using the Clasius-Clapyron relationship,
BT P =8S AV, (23)
4V, can be determined from a calculation of 88,
Following the procedure presented by Spiliopoulos and

Stacey (1984), we include the important term, the
configurational entropy, 48,., so that

AS, = A+ (;3_% LAV,‘“_ (24)

The follobing is a thermodynamic identity

[eS\ /8Py _ (25)
a_v>T :<3T,l = o« Kr

where Kr is the isothermal bulk modulus. By using the
Grineisen parameter relationship

- o ¥y
L ‘_E"E'\'/'. (26)
in (25),
a2V T

_Combiping {27}, (24) and (23); as shown by Spiliopoulos
and Stacey (1982),

I

3R

) - v c%': %v? -
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Now Cyp at the triple point can be computed from
(5), since all variables are known from the computation
leading to (27). Using (27) and v = 0.85 with K =
1200, we find CYlb = 2.98R, which is close enough to
the classical limit.

The value of Yo = 0.89 x 12.16 = 10.84 gm/cmd.

Thus
= Qg x_ 1 .
(‘)oﬂﬂ CVM\ 1084 x5 xf??

= 118 Cat
4&3 can

Converting (22) to the same units

(J-P) - _Lx_’_‘f
47 S 4193
= gg.) Ol lewidag
Thus |
/4P Y) Cv,, =148 2L .
(2"?).« (47). andn (g
and

290) = A4Sy am’
AVM(U'J)( ) %rs-?_‘l_t riole.

(29)

It is well known that the configurational entropy
changes little with pressure (Slater, 1939), soa S,
can be estimated at low pressure methods using statistical
methods (Slater, 1939). We adopt the estimate of
Spiliopoulos and Stacey (1984), 88, = 129J Kg™1
deg™l = 1.72 cal/mole degree = O. 86 entropy units. This
nucber is to be compared to the extrapolated value of
entropy at high pressure made by Stishov (1975), using his
tieasurements on alkali metals, 48./R = £n 2 = 0.693
e.u.

From this result, we find from (32)

130): "11': .07 Con>
Dy . oy o

and 45;(280) = 1.72 +1.18 X 0.037 = 1,77 cal/mole
degree.
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The relative change of volume at 280 GPa 1s 0.037/4.59
= 1%, which agrees with the estimate of Brown and McQueen
{1982) at 250 GPa.

¢. The ¢ -y Branch and the ¢ 4 Branch at the Triple
Point.

We now proceed to estimate AV and 4 S for the
€ - branch of the transition.

To calculate dTyp/dP, we use solution b of Figure 12
and find

(E=) = 539 Yen (30)
AP /ey

Mao, et al., (1967) reported that aV{(y—<) at 11

GPa 1s 0.13cm>/mole. Taking (dT/dP)(11) = 25°/GPa, we
find

NS (n) = 03X oy gl
£-3 26 #4186 %&A!?

= 0.62 entropy units.

There are four unknowns remaining at the 280 GPa
CePei A5y 85 ;5 8% o ; and 8 Ve .
There are also four equations to find these unknowns.

AVey = (d—Tﬂ = /5_-3‘/@?-1% (31)
LS,y AP /ey .
aVEe . (&\ = M8 s (32)
DSy AP lpe
AV, + A\{e-é = -(AVH) = '0"’37%‘3/%4 (33)
LS,y +6S, , =~ &Sy p)=-177 M/M% - (34)

Solving these equations we find
4% o = 3.44 cal/mole deg. = 14.39J. mole~l deg™l (35)
88 4 = 5.21 cal/mole deg. = 21.76 J. Molel deg.”1 (36)
A o = 0.221 cm3/mole (371

AV 4 = 0.258 em3/mole (38)



0.L. Anderson ' ICTP: Physics of Condensed Matter

August 21-24, 1984 Trieste, Italy
Lecture 3, page 30

This shows that AS drops somewhat along the vy -
phase boundary. The &V changes from 0.40 cm3/mole at
11 GPa to 0.221 cm3/mole at 280 GPa along the € ~
boundary.

The thermodynamic data for these three triple points
are given in Table 6. Data for the lower triple points
are calculated by the same method as used above for the
high triple point.

|

; Labls b

) Solutions Esr cha Volume and Eatropy Changes ok fripla Posats

i

:, 4 T av a8 dT/d;

) (SFa) x) : (u’(-«uq {cal/mole deg) Cw.u.) _ {°K/cba)
‘ﬂ-f'( !t .E-
Alpha—gammg 11 750 =0.50 +H.60 +6.46] =25
Cavma-wpailon ¥ § 150 =-0.30 =-.47 =1.48 +25
Epsilon=alpba 1L 130 +1.20 =5,73 -2.95 =50
{(y<-iig.jc.p.
Liquid=—yamma 5.2 1970 -0.5 -L.50 7 &0
Casma=dulta 5.2 1570 +0.08 +.14 +70 -
Delta=liquid 5.2 1970 +0.42 ) +1.36 37
(tr-iig.)e.p.
Epailoo—gamma 280 5890 +0.221 +3.44 .77 +15.3
Gammg-liguid - 280 3690 +0.037 +.27 +0.91 +5.0
Liquid-epsilon 280 5690 0,258 =5.21 =2.68 +i.J
Birch g19?2}
Alpha=gamma -] 1184 =0.075 =40
Gamma—delisa 0 1665 0.042 +2
Oalta=liquid ] 1808 Q.18 +16

I. The Phase Diagram of Iron.

Using the data of the previous sections, the phase
diagram of iron is constructed. For this purpose we
shall use the y-phase liquid boundary corresponding to
Y = 1.5 (Figure 11) and the vy -phase € -phase boundary
corresponding to b of Figure 13 (A4S« AV * V), in
which the triple point is at 280 GPa and 56900 K. We
also select dT,/dP = 11.8°/GPa for the €-phase

.1liquid boundary yielding 62800 at 330 GPa.
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The resulting T-P diagram is given in Figure 1l4.
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Figure 14. The temperature-pressure phase diagram of

iron (see text for description).

The resulting V-T diagram is given in Figure 15. It
is seen that the wmelting curve is concave upward, in
contrast to the straight line previously assumed by
several authors, who followed the Kraut-Kennedy'
relationship (1966), where it was assumed that Ty«
8V/V,. For example, Birch's (1972) projection of the
low pressure data by a straight line yields a lower
temperature (5100°K) at 330 GPa, than found by using the
shock wave data (see Table 5 and Figure 14).

The adiabat for the liquid is shown by the dashed
line, fixed to & solid-liquid boundary at 330 GPa. The
fundamental equation is given by

dTg/dP = K/ Ty

and the temperature is determined by integration using the
same values of the gammas as used in the construction of
the solidus on both sides of the triple point.

Using the data in Table 5, and taking vy = 1.45 for
the € -phase liquid boundary (280-330 GPa), we find the
density at the inner-outer core boundary to be 12.9
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gm/cc. The 4V at this boundary is 0.08 cwm3/mole at

the triple point, so 12.82 would represent the density at
the solid side. This agrees well with the density of the
inner-core side of the inner-outer core boundary measured
by seismology, which is 12.76 according to the PREM model
(Dziewonski and Anderson, 1981) and 13.34, according to
the Cal 8 model (Bolt, 1982).

The change of density across the inner core is 2.6%,
so we might expect AT/T across the inner core to be 4%,
using ¥ = 1.5 (Jamieson, et al., 1978) or 4.7%, using
Y = 1.8 (Bukowinski, 1977). Thus, the temperature at
the center of the Earth is about 6550°K, with wide
limits of error.

7000

6000

»
g g
[=]
(=]

I

8
[&]
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2000

o]
11

Figure 15. The temperature-pressure phase diagram of
iron (see text for description).
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The Equation of State of the Earth's Outer Core

A. The Pressure of ¢-iron at Inner Core Pressure.

The question we wish to examine is: Does the pressure of the
€ -phase computed at inner core temperature and density conditions
correlate well with the pressure there as determined from seismology
studies?

A chief difficulty here is that there is not general agreement
about the density of the inner core among seismologists. For
example, the QM, model of Jordan and Anderson (1974) has virtually
no jump in density at the inner-outer core boundary, while the PREM
model shows a jump of 0.63 gm/cmzl and as the extreme case, the
CAL 8 model (Bolt, 1980) shows a jump of 1.17 gm/cmz. Here we
will use the CAL 8 model and the PREM model as upper and lower
limits.

The choice of the best seismic model for the inner core will not
be made here; that decision is a seismological question. But we
note that it is extremely difficult to choose between models of the
core based upon the geodetic and cosmological boundary conditions.
"The mass andrmoment of inertia of the inner core make only a very
small contribution to M and I of the whole Earth. The difference
between the jump in p from one model to another quoted above is
not easily determined from the Earth's boundary conditions.

Table 1 shows the velocities, densities and pressure of CAL 8

and PREM for the inner core.



Table 1.

July 5, 1984 edition

Comparison of Density and Seismic Velocities
Between the CAL 8 Model and PREM for the Earth's Core

(Bolt, 1982)

Comp. Velocity,

Vp Shear Velocity Pressure

Depth Density Km/sec Km/sec . GPa

Km CAL 8 PREM CAL 8 PREM CAL 8 PREM CAL & PKEM
2885 5.92 5.57 13.37 13.72 6.96 7.26 135.3  135.8
2885 9.82 9.90 8.09 8.06 0 0 135.3  135.b
3000 10.01  106.07 8.27 8.25 0 0 147.4  147.2
3200 10.33 10,37 8.56 8.56 0 O 1lo8.3 1bo. 1
3400 10.62  10.54 8.84 8.83 u 0 188.7 1b8.6
3800 11.11  11.11 9.33 9.31 0 0 227.9  227.5
4200 11.52 11.51 9.74 9.69 0 v 263.8  263.1
4550 11.84 11.79 10.00 9.97 0 0 291.8  ¢90.7
4800 12,03 11.97 10.12 10.14 U U 309.7  318.0
5000 12.14  12.09 10.18 10,27 0 0 3¢2.5 320.4
5155 12.17 12.17 10.19  10.36 0 U 331.5 348.9
5155 13.34 12.76 10.89 11.03 3.49 3.50 351.5  3Zb.Y
5200 13.38 12,79 10.94  11.05 3.50 3.52 334.2  331.6
5400 13.49 12.88 11.13  11.11 3.55 3.56 345.1  34l.5
5600 13.55 12.96 11.246 11,17 3.58 3.60 354.1  3449.7
6200 13.59 13.08 11.33  11.26 3.60 3.66 3068.9  363.1
6371 13.58 13.09 11.33 11.26 3.60 3.67 369.9  363.9

There is a small difference between the pressure of the PREM
model and the Cal 8 model, but the difference in the density is

larger.

To proceed, we need to estimate the thermal pressure at outer

core conditions.

With this calculation, we need an estimated value

of the Grlneisen parameter and the outer core temperature.

From the velocity and density data, we may estimate the lattice

Grineisen parameter, using the formula presented in Lecture 1.

Yae. = 4 (3% +¥p)

(1

)
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where

- dLln Vs p
Yp T4 A 2

(2)

%

Using the data in Table 1 for the calculation in (1), we find that y =
1.87, Stacey (1977)
1.5.

1.6 for the inner core. Bukowinski (1977) found Y

found vy = 1.2, and Jamieson, et al. (1978) found Y
Equation (1) is appropriate for insulators. For metals, an electronic
contribution must be added. The detailed calculation can be found in stacey
(1977) or in Jamiescn, et al. (1978), but as shown by them, ad@ing a small
‘term to Yy suffices in place of the detailed calculation because of the
smallness of the electronic contribution relative to the lattice term.
Following Jamieson, et al., (1977); we will dssume that adding (.1 to y

suffices for the electronic correction. Thus, we shall use
y = 1.7 (3)

for the inner core.
We found that the temperature at the Earth's center is 6500° x z 500.

Using the formula developed in lecture 1, Eq. (38)

o X2 T
oo = i (4)

we find, Poy = 6l + 5 GPa_at the center.
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The temperature is about 300° less at the inner-outer core
boundary than in the center, so a good average value for the core is
only slightly less at the inner-outer core boundary, and a

reasonable value is

PTH = 60t 5 GPa

Table 2. Pressures in the Inner Core Corrected
to Absolute Zero

Pressure - PREM

Radius Depth Pressure Corrected to 00 K
Km Km GPa GPa
0 6371 303.9 299-309
100 6271 363.6 ©299-309
200 6171 362.9 298-308
300 6071 361.7 497-307
400 5971 366.0 290-300
500 5871 357.9 494-304
600 5771 355.3 291-301
700 5671 352.2 «88-298
800 5571 348.7 184=294
900 5471 344.6 280~-290
1000 5371 340.2 275-285
1100 5271 335.4 271-281
1200 5171 330.0 265-275
1221.5 5149 328.9 2b4=274

B. Density Calculations for ¢-Iron at Inner Core Pressures.

We. can use the last column of Table 2 to test the various

isothermal EOS. We need values of pa, K,, and K_ at

0!

absolute zero. We have found that ¢-iron is the phase dominant at
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core conditions, and from Table 3, Lecture 3, we have the following
at 300° K: p_ = 8.28, K_ = 178, and K = 5.15. Kow

correcting these values to absolute zero, it is found that Po =
§.29, K = 180-186 GPa and K, = 5.2. The value of K_ is

weakly constrained from the experiments. This is seen by the two
values of a -iron (K; = 5,29, Guinen and Beshers (1968) and

K; = 5.97, Rotter and Smith (1966)). However, there is no use

f
trying to comstrain KO better because, as we shall see, there

is a trade off between K: and K:, which is completely
unmeasured.

In order to compute the density at the inner core pressure, we
must choose an equation of state. A more fundamental approach for
finding the EOS by the quantum mechanics method, such as done by
Bukowinski (1977) for y-iron, has not been made for ¢ -iron.

It is sufficient here to show that several well known
semi-empirical EOS fit the data. We will use several EQS that have
been used by various authors in the past to estimate properties of
iron at high P. They are the Birch-Murnaghan L0OS, the Born-Meyer
(method of potentials) EOS, the Morse E0S, the Born-Mie EOS and the
Stacey-Irvine EOS. These E0QS are not entirely empirical, nor are
they used here as curve fitting devices with floating values of the
parametefé.. Instead, we use the three parameters p ., K

S ‘ . ‘ .
KO, determined by experiment in order to determine the

o’

resulting trajectory of p vs P for the EOQS.
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The various EOS are listed below (Stacey, et al., 19€]):

Birch-Murnaghan (third order)

 p= %xc ((p/po)’” - (P/Po)”:\ { I+ %(K“' -4 ((‘D/‘.D")m B l) } 6

Birch-Murnaghan (fourth order)

1+%MJ—ﬂ@MMF”—I)

=3 (o)™ - o))

3 | , 7
+'3_(K0Ko“+(Ku'"'4) .(Ko -3)+ ?9_5)(@/.00)2:3 -1)2 T (7)
Morse
pe 2 gy %xp [ —oo/pu)"”)]—exp[ /- oo/m'“’)H
v R
F=K, =, and K K" = - 1/9 (2F2 + 9 + 2)
00 , (8)
= Vg (2K FA K- 5)
]
KoK: predeternined by the value of K,-
Born-Meyer (method of potentials)
(%)

P2 Plx,0) = 8K /(- ;2) [x'm exp (f -$x1/3) - x'm]
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F -z [eg-nfee]VE a0

. " ’ !
K KO predetermined by value of K,.

Born-Mie

J(K1-4/3)
P.= ;KO/(aké - 8)[x 0 - x 4/3} (11)

’

o1 (12)

N

- (
KoKg = = 173

K

3} 1
K Kb predetermined by value of K-
Stacey-Irvine
(2"

T2\

exp[Zyu(l—-E”—”—l( | '
? (13)
KOK; predetermined by value of K;.

The use of the Morse equation for compressed iron has been
recommended by a number of authors (for example, Boschi, et al.,
1979) because of its appropriateness for the metals.

The Born-Meyer (called the Method of Potentials by many Soviet
writers) has been used by scientists in the Institute of Physics‘of
the Earth, with good results (Zharkov and kalinin, 1971).

The Born-Mie is perhaps the simplést third order equation of
state giving useful results at very high pressure {Anderson, 1970).

The Stacey-Brennan EOS has a rigorous thermodynamic basis
(Brennan and Stacey (1979), and has been applied to iron

(Spiliopoulos and Stacey, 1984).
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The Birch-Murnaghan EOS is widely used among geoscientists. It
also has an empirical advantage: KOK: can be defined
independently of K;.

The values bf P vs p are computed for € -iron for the five
EQOS listed above, where the zero-temperature values of the
parameters (as determined by measurements) are P ™ 8.29;
Kg = 180, K; = 5.2. The results are plotted in Figure 1.
Here the third order EOS for the Birch-Murnaghan EOS is used. It is
concluded that all five EOS come reasonably close to the density

profile of the inner core (as corrected to oK).

14.0lll]iill[il[l’lllll]]llllll]]l]llill-‘

. RHO. = 8.29 -

:Ko=180 .

- Ko =52 ) . . ~

— -

n CAL-8, 0°K 7

o 135 ~

S ]

= — -

0] " 4

>_" l— -

}_—_— = -

) - -

E - =1

B 7

0 130F —

= -

}— -

_ PREM, °K 3

v/, BORN-MEYER -

12_5F| Ao vl d by by by b
200 240 _ 280 320 360

PRESSURE, GPa

Figure 1. Trajectories of five third order equations of state
to inner core pressures, using the zero-temperature value of
0os» Ko and K, determined experimentally. These .
trajectories are compared with the seismic data of density and
pressure (corrected to absolute zero)} of two Earth models.
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)
Adjustments in the values of Ko allowed by the experiments

would change the extrapolations, so that any one of the five LOS
could be made to intercept either the CAL-8 data or the PREM data.
The uncertainty in the measured density of the core is evidenced by
the two data sets (PREM and CAL-8).

A fourth order EOS is preferable at these high compressions, so
the Birch~Murnaghan EOS is useful for demonstrating the
sensitiveness of the extrapolations to the physical parvameters of
the EOS.

In the third order EOS, C4 = (0, which is obtained from (7) when

11 ! 1 .
KK, + (K, - 4)(K, - 3) +35/9'=0

: 1 1t
That is: C, = 0 for a value of Ro = 5.2, when koko =
~ t
- 6,53, Let us allow KOKO to be arbitrary, and map the pairs

t Tt .
of values in K and KKy that makes the Birch-Murnaghan
EOS fit either the PREM data or the CAL-8 data.
The resulting values are plotted in Figure 2. here it is seen

1 tr
that by choosing very reasonable values of K, and KOK

O,

the Birch-Murnaghan EQS trajectory can be made to exactly agree with

either the PREM data or the Cal-6 data. The shift in the solutions,
_ o ' ' : .

 caused by a higher value of K, (186 GPa instead of 180 GPa), is

also plotted.



Since the required values ot & & all® &, ai& woEass IR,
the bounds of experimental uncertainty, we conclude that e-iron
gives values of density at inner-core conditions in harmony with

seismic data of the inner core.

58 ——> uncertainty, AK5= 5

——> uncertainty, Apy= 05

Figure 2. Values of Ka and KOK" required to make

the trajectory of the fourth order Birch-Murnaghan EOS intersect
with the pressure density of two seismic models (corrected to
absolute zero)}.

In summary, we f£ind that the choice of ¢ ~iron for the inner
core indicated by the shock-wave data is consistent with our present

knowledee of the seismic data of the inner core.
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