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PREFACE

Homoclinic Lifurcations, which form the main topic of this monograph, belong to the

area of dynamical systems, the theory which describes mathensutical me dels of tiune evolu-
tion, like differential equations and maps. Homoclinic evolutior. .. or orbits, are evolutions
for which the state has the same limit both in the “infinite future” and in the “iufinite
past”
Such homoclinic evolutions, and the associated complevity, wee discovered by
Poincaré and described in his famous essay on the stability of the solar system around
1890. This associated complexity was intimately related with the bre :k-dowa of power
series methods, which came to many, and in particular to Poincaré, as u surprise.

The investigations were continued by Birkhofl who showed in '35 that in general there
is near a homoclipic orbit an extremely intricate comuplex of periodic soluiions, mostly with
a very high period.

The theory up to this point was quite abstract: though the inspiration came from
celestial mechanies, it was not proved that in the solar system homorlinic orbits actu-
ally can occur. Another development took place which was much meie directed to the
investigation of specific equations: in order to model vacuum tube radie receivers Van
der Pol introduced in 20 a class of equations, now named after him, deeribing nonlinear
oscillators, with or without forcing. His interest was maiuly in the peri-ie solutions aundd
their dependence on the forcing. In later investigations of thi~ same 1vpe of equations.
around 50, Cartwright, Littlewood and Levinson discovered solutions whicl were much
more complicated than any selution of a differential equation kuown uj- to that tine.

Now we can easily futerpret this as complexity caused by (the suspension of ) a horse-
shoo. which in its turn is a consequence of the existence of one (transverse) homoelinic
orbit, but that is inverting the history...

Iu fact, Smale, who originally had focussed his efforts on gradient and gradient-like

dynamical systems, realized, when confronted with these complexities, that he should
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extend the scope of his investigations. Scventy years after Poincaré, Smale was again
shiocked by the complexity of homoclinic Lehaviour! By the mid 60's Le had a very
simple geometric exariple (i.e. noformula’s but Just & picture and a geometric description ),
which could be completely analysed and which showed all the complexity found before:
the horseshoe. This new prototype dynaniical model, the horseshoe, together with the
vestigations in the behaviour of geodesic flows of manifolds with negative curvsture
{Hadummard, Anosov). grew, due to the efforts of & number of mathematicians, to an
exteusion of the gradient-like theory which we now know as hyperbolic dynamics, and
which in particular provides models for very complex (chaotic) dynamic behaviour.

Around 80 this Lyperbolic theory was used by Levi to reanalyse the qualitative be-
haviour of the solutions of Van der Pol's equation, largely extending the earlier results. He
proved that, besides all the complexity we know from the hyperbolic theory, even the new
and extreme complexity associated with homoclinic bifurcations, which we shall consider
below, actually exists iz the solutions of this equation,

Homoclinie bifurcations, or non-transverse homoclinic orbits, become important when
going beyoud the hyperbolic theory. In the late 60's, Newhouse combined hopioclinic bifur-
cations with the complexity already available in the hyperbolic theory to obtain dynamical
systems far more complicated than the hyperbolic ones. Ultimately this led to his famous
result on the coexistence of infinitely many periodic attractors and was also influential to
our own work on hyperbolicity or lack of it near homoclinic bifurcations. These develop-
ments form the main topic of the present monograph, of which we shall now outline the
content.

We start with a chapter presenting general background information about (he hyper-
bolic theory and jts relation to (structural) stability of systems, and discuss as well some
initial aspects of chaotic dynamics - muny results on stable manifolds and foliations are
stuted, and their proofs sketcled, in Appendix L. The later chapters, except the jast one,
do not depend on the results described in Chapter 0 and are basically self-contained.

Iu Chapter [, we give a number of simple examples of homoclinic orbits and bifurca-
tions. Chapter 11 discusses the horseshoe example and shows how it is related to homoclinic

orbits. Then, in Chapter 111, we consider some elementary consequences of the occurence

v

of a homoclinie bifurcation, especially in termns of cuscades of bifurcations which hawve to
accompany them.

Iu the Chapters IV, V, and VI, we eomue to our main topic: the investigation of situa-
tions where there is an interplay between hotoclinic bifurcations and non-trivial basie sets,
the scts being the building blocks of hyperbolic systews with complex behavionr, Since
such basic sets have often a fractal structure, we start in Chapter 1V with a discussion of
Cantor sets and fractal dimensions like the Hausdol dimension. In Chapter V the e-
phasis is on hyperbolicity near a homoclinic bifurcation assuciated with a basic set of smuall
Hausdorff dimension. Then, in Chapter VI, we discuss types of homoclinie bifurcations
which lead, in a persistent way, to complexity beyond hyperbolicity. In this chapter we
provide a new, und more geometric, proof of Newlhouse's result on the coexistence of in-
finitely many periodic attractors, Finally, in Chapter VII we present an overview of recent
results, including specially Hénon-like strange attractors. We also pose new coujectures
and problems which lead to a more complete picture of the place of homoclinie bifurcations
mn dynamics.

In our presentation we mainly restrict ourselves to diffeomorphisius in dimension two
(which is the proper context to investigate e.g. the forced Van der Pol equation ), although
some extensions to higher dimensions are mentioned; also we councentrate mainly on the
genera| theory as opposed to the analysis of specific equations. Consequently a number of
topics like Silnikov's bifurcations and the Melnikov methiod are not discussed.

We hope that by puting this material together, rearranging it to some extent and
pointing to recent and possible future directions, these results and their proofs will become
nore accessible, and will find their central place in dynamics which we think they merit.

We wish to thank a number of colleagues aud Ph. D. students from the Instituto de
Matematica Pura ¢ Aplicada (IMPA} who much helped us in writing this book. Among
them we mention M. Carvalho, L. Diaz, P. Duarte, R. Maié, L. Mora, S. Newhouse, M.

J. Pucifico, J. Rocha, D. Ruelle, R. Ures, J. C. Yoccoz and most specially M. Viana.
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CHAPTER 0O

HYPERBOLICITY, STABILITY AND SENSITIVE-CHAOTIC
DYNAMICAL SYSTEMS

Iu this chapter we give background information and references to the literature con-
cerning basic notions in dynamical systems that play an important role in our study of
homoclinic bifurcations. Esseutially, the cliapter consists of a sumimary of the hyperbolic
theory of dynamical sy tems and comments on sensitive chaotic dynamics. This is intended
botl: as an introduction to the following chapters and to provide a more global context for
the results to be discussed later and in much more detail than the ones presented in this
O-chiapter.

Int the first section we coucentrate on hyperbolicity and emphasize its intimate relation
with various forims of (s1.uctural) stability. In the second section we discuss several axpects

of sensilivity (“chaos”) and indicate how it occurs in hyperbolic systems.

t1. Hyperbolicity and stability

These two concepts, hyperbolicity and (structural) stability, have played an important
rale in the developmest of the theory of dynauical systems in the last decades: the hyper-
bolic theory was mostly developed in the sixties, having as a main initial motivation the
constrnetion of structurally stable systems; in its turn, the notion of structural stability
had been introduced much earlier by Andronov and Pontryagin [AP, 1937]. As conjec-
tured in the late sixties and only recently proved, it turns ot that the two notions are
esse ntially cquivalent t each other, at least for €1 diffeomorphisms of a compact manifuld
Of course, for stebility one also has to impose the transversality of ell stable end unstabl
ranifelds ar, for limet set-atability, the no-eyele condrtion; see concepts below. It is, how-

ever, the hyperbolicity of the limit set which is the mnain ingrediem in this comparison.

The sohution of this well known conjecture and othier related resalts thar we state here
go bevond what is needed to understand the next chapters of thes book It is, however,
enlightning, in the study of bifurcations (meaning loss of stability), to be nequainted with
the fact that the notions of stability and hyperbolicity are that much inte:connected.

The concept of {structural) stability deals with the topological per istence of the
orbit structure of a dynainical system (endomorphism, diffeomorphisin or fiow ) under small
perturbations. (Notice the difference with the concept of Liapunov stability which concerns
attracting sels of a given system). The persistence of the orbit structure is expressed in
terms of a homeomorphism of the ambient manifold sending orbits of the ini*ial system onto
orbits of the perturbed one. If this can be done for any C* smuall (A > 1) perturbation, then
we call the system C* (structurally) stable or globally stable. Here we are mostly concerned
with diffeomnorphisms, in which case we require this orbit preser-ing he jeomorphisin to
be a conjugacy. That is, if ¢ is the initial map. ¢ a C* small perirbaticn of it, we then
require the existence of a honteomorphism h such that ho(z) © Zh(z) for all 1 in the
ambient manifold. We do not require the conjugacy to be differc -iable, . r otherwise we
would impose invariance of eigenvalues of the linear part of the diffeomorplism at fixed
(periodic) points. The same concept applies to endomorphisins, i.e maps from the ambient
manifold to itself.

We will be treating here the case of n-dimensional diffeomorphisi: . for diffeomor-
phisms of the circle (and flows on surfaces) there arc carly importan: wvorks of Pliss
[P,1960), Arnold [A,1961] and specially Prixote [P.1962). Often we a1. concerned with
stability restricted to the main part of the urbit structure, the liniit set o nonwandering
set. Let us recall these concepts.

Let 1 A — Af be a C* (k 2 1) diffcomorphism of a compact. boundaryless, smooth

manifold of arbitrary dimension. For 1 € M, we define the a and w limit sets as

a(r) = {y € M;3n; = —oc such that &"*(r) — y}

w{r) = {y € M;In; - +oc such that 2™ (1) -+ y}.

The positive and negative limit sets are then defined as LY () = U wir)yand L (p) =
TEM
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U afz); the hmat set L(p) is the union of L*(e) and L™ (). From the definitions, it
TEM

is clear that L¥(y) aud L=(p) are p-invariant, ie. w(Lt(p)) = L* () and (L~ ()} =
L={y). Moreover, fur each + € M, ¥"{7) approaches L*(p) or L~{¢) as n — o or
n— =00, Se L* (v} and @)L ¥ (), L(p) and wlL™{p), describe the asymptotic behaviour
of orbits, i.e. sequences {¢™(2)}, in M for n — oo of fi — —oo. Another relevant concept
is that of nenwendering point: z is nonwandering if for any neighbowhood U ofit, there is
an integer n such that p"(U}NU # 4. Again, the unjon of the nonwandering points, which
1> denoted by (), is a p-invariant comnpact set. Clearly, all o or w-limit points as well as
homoclinic points (s Chapter I) are nonwandering. In Section 4, Chapter V, we provide
an example of a hous <linic tangency which is in L*{yp) but not in L=~(y), or vice-versa,
this example also skuws that, in general, the nonwandering and limit sets are different,
However, as we shall see in Chapter 1, any transversal homoclinic point is accumulated
by periodic orbits and so it is in L*(), in L™{p), and in Q(p). Finally, we define another
useful concept: the chain recurrent set, which is the union of the chain recurrent points.
A point p is chain 1vcurrent if for each ¢ > 0 there are points ¥y = p,x1,,23, -, 14 = p
such that d(f(x,_;),2,) <efor1 < < k, d being a distance function.

If L¥{) (or L=(p)} is hyperbolic (see Chapter II and Appendix I}, then one can show
that _W = L*(¢) (or L~(y)), where Per (v) indicates the set of periodic paints of

i one can then write as in [N,1972):
LY*p)= A U---UA,

where each A; is mvuriant, compact, transitive (it has a dense orbit) and has a dense
subset of periodic orbits, This is called the spectral decomposition of Lt(y). Moreover,
by (HPPS, 1970] (ser also |N,1980}, [B,1977] for a different and relevant proof using the
idea of “shadowing” of orbits), each A, is the mazimal invariant set in a neighbourhood
of it. This last fact is actually equivalent to what we call local product struciure in Ay
there exist € > 0 aud § > 0 such that if the distance between z,y € A; is smaller than

6 then their local stable and unstable manifolds of size ¢ (see Appendix I} intersect each

other in a unique point and this point is in A,. Also, one can prove that if w(z) C A, then

3

7€ W*z) for some 2 € A,. In geveral, a set with the properties above is called & basic

set for the diffeornorphism.

If we assume that the nonwandering set §}{»} is hyperbolic and W = ¢,
then we say that ¢ satisfies Aziom A. In this case we have Q) = L¥ (2} and so we can
write the nonwandering set as a finite union of busic sets. This is the content of Smale’s
spectral decomposition theorem [8.1970}; the corresponding version for the limit set as

presented wbove appeared later in N,1972]. Notice that if Ay U U Ay is the spectral
decomposition of L*() (or 2)) then Af = UW'(A.), where W2(A;) = {y;w(y) C A,)

is called the stable set of A,; as discussed above W3 A = U W*(z). Similar statements
TCA;

are valid for the unstable sets of the A.’s, corresponding to a spectral decomiposition of
L=(y) or Q{y). Some W(A,) must be open; in this case A is called an atiractor. (A
more general defiuition of attractor is in the next section). Dually if W¥(A,) is open, then
we say that A, is a repeller. Finally, A, is of saddle-type if it is neither an attractor nor
a repeller. Another property of Axiom A diffeomorphisms: the stable sets of altractors
cover an open and dense subset of M and the same is true for unstable sets of repellers.
It is an interesting fact that if p is C?, then the union of the stable sets of attractors has
total Lebesgue measure [R,1976;BR,1975). There are, however, examples of C! saddle-
type basic sets with stable sets of positive Lebesgue measure [B,1975], which are detailed
in Chapter IV. Another interesting fact about basic sets is that they are expansive: for
each basic set A there is & constant & > 0 such that for each pair of different points in A,
their (full) orbits get apart by at least a. From this it follows that hyperbolic attractors
whick are not just fized or periodic sinks have sensitive dependence on initial conditions:
for most pairs of different points in the stable set of such an attractor A, the positive
orbits get apart by at least a constaut {which depends on the attractor), Most here means

probability one in W*(A) x W2 A).

The following relevant result concerning basic sets states that they are persistent
under C* small perturbations (see Appendix I); in particular, hyperbolic attractors are

persistent.

e ®

e
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Theorem. I A is a basic sel for a C* diffeomorphism ¢: M — M, then for any ;7 close
to y its maximal invariant set in some neighbourhood of A is a basic set A and A is
conjugate to |A. Moreover, if we require the conjugacy to be C® close to the inclusion

map of A into M, then it is unigue and it is in fact Holder continuous.

Usually we call this set A the (“smooth”) continuation of A for & given perturbation
of . The result can be applied when all of M is hyperbolic for ; in this case we say that

 is Anosov. As a corollary, we Lave:

Theorem {A,1967]. Ancsov diffeomorphisms are globally C* stable.

Moser's elegant proof of this last result [M,1969] actually suggested the original proof
of the first of the two previous theorems, but of course Anosov's theorem was proved before,
Nowadays, there is a .imple way of showing the existence of the conjugacy; one uses again
the idea of shadowing of orbits mentioned above.

Another relevant class of systems in our context is that of Morse-Smale diffeomor-

phisms, We call p Morse-Sinale if
i) Q) consists of a finite number of periodic orbits, all of them hyperbolic;

i) y satisfies the transversality condition: the stable and unstable manifolds of the

elements in Q(y) are all in general position.

11 turns out that in (i) above one can write L* () or L™{) instead of (). Morse-§male
diffromorphismy are abundant in the sensc that they contein the time-one maps of an open

and dense subset of gradient nector fields on every manifold.

Theorem [PS,1970). Morse-Smale diflcomorphisms are C* stable. (In particular. there
are stable diffeomorpiisms on every manifold. ) Conversely, among diffeornorphizins whose
nonwandering sets cousist of finitely many periodic orbits, hyperbolicity of thesc orbits

and transversality of *heir stable and unstable manifolds are necessary for C* stalnlity.

In view of these results, it seemed that hyperbolicity of the nonwandering set (or
limit set) and transversality of stable and unstable manifolds were the precise conditions

that should grant C* stability of the diffromorphism. So, let us say that an Axiom A

5

diffeoriorphism f satisfies the transversality condition if the stable and unstable manifolds

of any two points in Q(f) are in general position.

Stability Conjecture [PS,1970): A C* (or C*,s 2 k) diffeomorphisms is C* stable if

and only if it satisfies Axiom A and the transversality condition.

Remark: We can phrase the stability conjecture in terms of the limit set (or just the
positive or negative limit set): a diffeomorphism 1s C* stable if and ouly if its limit set
is hyperbolic and the transversality condition holds. This equivalent, and perhaps more
elegant, statement is further commented below,

% Much in parallel, let us start discussing stability restricted to the nonwandering set
or to the limit set. We say that a diffeomorphism i is C* {l-stable if there exists a ct
neighbourlicod of it such that if  belongs to this neighbourhood, then ¢|Q(y2) is conjugate
to @|f2(#). Similarly for the limit set. Let now o be an Axiom A diffeomorphism and
let 2(p) = A U--- U Ag be its spectral decomposition. A j-cycle on 2 1s a string of
j pairs of points z1, 4 € Ay, 15,Y; € A,,, with not all 1, - ,#; equal, such that
WH(y )N W (zg) # ¢, , Wy )W (xy) # ¢. I the limit set, or just the positive or
negative limit set, is hyperbolic then we alsa have a spectral decomposition for it and the
notion of cycles can be applied. In either case, when there are ao cycles we can construct a
filtration ([S,1967],[C,1978]): a sequence Mo = ¢, M, C M; C - € My = M of compact
submanifolds with boundary for 0 < i < k suchthat ¢(M;) C Int M, and in My — M, the
maximal invariant set is A;. The existence of filtrations implies the following proposition,
which clarifies why in the statement of stability results and conjectus-s we can either
mention Axiom A (hyperbolicity of the nonwandering set and density of periodic orbits)

or just hyperbolicity of the limit set or the chain recurrent set; see IN,1972.FS8,1977].

Proposition. If L(¢) (or just L*() or L™(p)) is hyperbolic and there are no-cycles on
it, then Qp) = L(p) and so ¢ satisfies Axiom A (und there are no cycles on ) If the

chain recurrent set of @ is hyperbolic then s satisfies Axiom A and the no-cycle condition.

The existence of # filtration implies a global control on the nonwindering or limit

set when we perturb the map: there appear no nonwandering points far from the original

6



ones. This fact and the persistence of basic sets stated above imply the Q-stability theorem
[S8.1970}.

Theorem. Thle set of diffeoiorphisms satisfying Axiom A and the no-cycle property is

open in Dif*(Af) and its elements are )-stable.

In the way of a vonverse to this theorem, we have

Theorem [P,1970). If v is an Axiom A diffeomorphism and there is a cycle on Q{y),
then  is not Q1-stable. In fact, there are arbitrarily close diffeomorphisins $ such that

Per (v) € Per (#). A similar statement is true for diffeomorphism with hyperbolic limit

sels.

Corollary. If ¢ and all nearby diffeomorphisms have their nonwandering sets (limit sets)
hyperbolic, then they are §i-stable. On the other hand, if p or arbitrarily close diffeotnor-
phisms exhibit homoclinic taugencies (see Chapter II or III) then o is not )-stable.

" In view of the results above we formulate the following conjecture.

(-Stability Conjecture: A diffeomorphism @ is C* Q-stable if and only if it satisfies
Axiom A and the nc-cycle property.

Back to the stability conjecture, in the early seventies Robbin {R,1971] proved that
diffeomorphisms satisfying Axiom A and the transversality condition are C* stable for
k 2 2. Soon afterwards, de Melo [M 1973 proved the result for C? diffeomorphisms of
surfaces using jdeas cluse to [PS, 1970]. By 1976, Robinson completed the result for k = 1
in any dimension using an approach somewhat different from the previous oues. Before,
in [R,1974], he had the corresponding version for flows with k¥ > 2. In another paper
[R,1973], he also proved that the transversality condition is necessary for C* stability.

So, in both the stability and the Q-stability conjectures it remained to show that
hyperbolicity of the uonwandering set was necessary for either kind of stability. This was
the missing fact to establish such a fundamental link between stability or Q-stability and
hyperbolicity of the nonwandering (or limit) set. From the begining it was clear that
with the available knowledge this goal was probably beyond reach for C* stability or Q-
stability when k > 2. In fact, it is still unknown that W = M) if v is CF N-stable;

7

for k = 1, this follows from Pugh's closing lemma [P,1967). By 1980, Maiié concluded
both conjectures for C! surfuce diffeomorphisms [M,1982); independently, Lino [L,1980]
and Sannami [S,1983) obtained this same result. For flows, Liao seems to have made
substantial progress toward the same conclusjon on 3-manifolds; in higher dimensions the
question is still open. It is interesting to observe that the situation looks rather different
for manifolds with boundary and flows leaving the boundary invariant: there exist singular
horseshoes that are stable but not hyperbolic [LP,1986).

Finally, just about 20 years after it was proposed, Maié in a remarkable paper
[M,1988] presented a solution of the C* stability conjecture for diffcomorphisms in any
dimension. His proof, however, did not include the ¢! §1-stability conjecture because he
needed the transversality condition (typical of stability but not of f2-stability) to complete
his arguments. This was done in {P,1988), arguing instead just with the no-cycle property.

Actually, one may ask if the following set of equivalences is irue:

f € DY(M) < f satisfies Axiom A and the no-cycle property <= f is {2-stable.

Here, D'(M) denotes the interior, with respect to the ! topology, of the set of f's whose
periodic orbits are all hyperbolic. From the results above it only remained to show that if
f isin DY(Af) then it satisfies Axiom A. The truth of this statement, and thus of the set
of equivalences sbove, wag recently and iudependently anuounced by Aok [A,1990] and
Hayashi [H,1990].

Closing this section, we want to pose two questions (hat are somewhat inspired by
the results above and are relevant in the context of homoclinic bifurcations, the main
topic of this text. It concerns differentiable arcs or one-parameter families , of C*
diffeomorphisms such that ¥y satisfies Axiom A and the transversality condition for i < g
and @, is (F-unstable; such o is called the first bifurcation posnt of o,

The first question is: what types of bifurcation can oceur for Yuo if the family ,
is generic, i.e. if the family @, belongs to some residual {Baire second category) class of
Tumilies ? We conjecture that in fwo dimensions, we only have three possibilities: @, hasa
nonhyperbolic periodic orbit, a homoclinic tangency, or a heteroclinic tangency involving
periodic points in & cycle. Jn higher dimensions there are more cases, like homoclinic

tangencies of basic sets: W*(z) tangent to W*(y) for z,y in the same basic set, neither

8
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point being necessarily periodic. A main difference is that the boundary of & basic set in
two dimensions is made of stable and unstable manifelds of periodic orbits; see Appendix
1I.

The next question concerns & generic family @, on a surface such that ¢, is Morse-
Smale for ¢ < pp and there exist values i > g arbitranly near pg such that y; has
infinitely many periodi~ orbits. The problein now is whether there is u; > po near g so
that y,, exhibits some homoclinic tangency associated to some periodic point {see Chapter
1), In higher dimensions we formulate the question in terms of homoclinic bifurcatious
as in Chapter VII: on. may persistently {open set of families) create homoclinic orbits
without creating hon. . linic tangencies at all!

We refer the readr to [NP,1976;NP,1973] where similar questions were studicd and

a version of the above conjecture posed.

§2.  Sensitive-chaotic dynamics

The notion of “chaos” in dynamical systems, as opposed to theology and the usual
meaning of total disorder, refers to a situation where (forward) orbits do not converge to
a periodic or quasi-periodic orbit and where the evolution of the orbits has some degree of
unpredictability or their behaviour is sensitive with respect to initial conditions. Although
this phenomenon was theoretically known, in particular for non-trivial hyperbolic attrac-
tors, it came to many as a surprise that it also appeared in nurerically generated orbits
of quite simple systers~. Among the first such examples, which were investigated numeri-
enlly, there were the Lurenz attractor [L, 1963], the logistic map {CE, 1980] and the Hénon
map [H, 1976)-~iu fact all these systems depend on parameters and for 2 substantial set
of parameter values tl se sensitive or chaotic phenomena appear. All these examples are
non-hyperbolic and a hig effort was needed tc get sume theoretical understanding of them.
The last two examples play an important role in the dynamics at homoclinic bifurcations,
see Chapters 111, VI and VIL In this section we shall formalize the main notions involved in

“chaos” and indicate instances where they occur in hyperbolic systems. We want to point

9

out that there are different formalizations of these notions {although there s agrecinent
about the general flavour).

Here, we restrict ourselves to dynamical systems defined by a romtinuous map : A —
B, where we assume M to be a compact metric space —if M is not compa ¢ the discussion
still makes sensc if we restrict to points in M whose positive orbits have a rompact closure
and, henee, are bounded., We say that the (positive) orbat {r p(r).¢(z). -} of 7 is
sensitive or chaatic if there is a positive constant C > 0 such that for any ¢ € w{z) {for
the definition see the previous section) and any € > 0 there are integers ny. 1z, n > 0 such
that d(" (7}, ¢) < €, d("2(2),¢) < €, but d(™ ¥ (1), "+ (2]} > C. We observe that
an (asymptotically) (quasi) periodic orbit is not chaotic in the above sense for such orbits,
if p"t(z) and @"*(r) are close, then @™ *™{r} and »"**"(r}) rewain close for all n > 0.
Also, a sensitive orbit in the above sense is unpredictable to the extend that if we know
that some y on the positive orbit of r is extremely close to g € wir), this s not enough to
predict, say within distance C, all future iterates of y. This last fact is clowely related with
the sensitive dependence on initial conditions discussed in the provious section. Similarly
to the fact that in the stable set of a nontrivial hyperbolic attractor vue has seusitive
dependence on initial conditions, one can prove that most points i such a stable set have
sensitive orbits—the set of points with chaotic orbits even has total Leb 1que measure in
the stable set; see [ER, 1985]. Not only in hyperbolic attractors there ar sensitive orbits,
but also in nontrivial hyperbolic sets of saddle type - this can easil, be secn using symbelic
dynamics as introduced for the horseshoe example in Cliapter I1. The ditf- reuce is that in
this last case, the set of points with sensitive orbits has Lebesgue measure zero.

For the case wlhere Af is a manifold, and hence the notion “Lebesgue measure zero”
is defined, we say that the dynamical aystem defined by ¢ is sensitine, or that v has
sensitive or chaotic dynamics, if the set of points with sensitive or chaotic orbits has
positive Lebesgue measure.

Up to now, the notion of sensitive or chaotic dynamics has mainly beeu defined
negatively (?'): namely in terms of unpredictability. From the numerical experiments,
mentioned before, it was however apparent that certain aspects of the positive orbits were

very predictable: for any initial point (in some open set}, one always find numerically the

10



same w—limit set. Thus, chaos or sensibility as observed above should not be interpreted
as total unpredictebility: instend, it should mean that most orbits of the system will finally
be getting apart from cach other and continue to wander around a “larger” but definite
set. This leads to the definition of a strange altractor. We sny that a compact set A C M
is & strange attractor if there is an open set U with a subset N C U of Lebesgue measure
zero, such that for ali 2 € U\ N, w(z) = 4 and the (positive) orbit of z is chaotic. (We
allow for the exceptior:al set N because even for hyperbolic attractors a dense set of points,
of Lebesgue measure zero, is attracted to periodic orbits; and as long as N Aas Lebesgue
measure zero st should not be of influence on numerical ezperiznents). Another and even
more common definition of strenge atiractor is to require A to have sensitive dependence
on initial conditions ou U; see the discussions in Chapter VIL

In many cases, including the numerical ezamples, one 31 not only intercsted in the
persistence of phenomena under a {small) perturbetion of the initial point (of a positive
orbil) but also under a small perturbation of the mep p: M — M. Intuitively, one says
that the dynamics of - is persistently sensitive or chaotic if small perturbations of v have,
with positive probability, sensitive dynamics. But, the problem with this mtumve notion
is that there is no “natural® measure on the set of maps ¢: M — M. On the other
hand, if we would require all small perturbations of @ to have sensitive dynamics {which
Is the case for a nontrivial hyperbolic attractor and whose dynamics is called for this
reason fully persistertly sensitive or chaotic) we would exclude important cases Like the
logistic mep for many values of the parameter. There is, however, one important instance
in which this notion can be formally defined: if we are in a context where the notion
of generic k—parameter unfoldings @,, ., of ¢ is defined (with @q, o = ), we say
that o has persistently sensitive dynamics if for any such generic k—parameter unfolding,
the p = (uy,... ,ux) values, for which @u has sensitive dynamics, has positive Lebesgue
fmeasure,

In the last section of Chapter V] and in Chapter VII we shall discuss the consequences
of our investigations of homoclinic bifurcations in terms of the above notions of sensitive

or chaotic dynamics.
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CHAPTER 1

EXAMPLES OF HOMOCLINIC ORBITS
IN DYNAMICAL SYSTEMS

We discuss a number of dynamical systems with {transverse} homoclinic orhits, just
to have some examples in order to motivate the following chapters. First we need soime
definitions. We dea] with diffeomorphisins y: M — M of & compact manifold to itself. In
this chapter it is enough to assume that y is of class C'!, but for sume of the later results
we need @ to be C? or C®. Also the compaciness of Af is not always needed—some of the
examples in this chapter will be on R2.

We say that pe M isa hyperbolic fixed point of ¢ if #(p) = p and if (dp), has no
eigenvalue of norm one. For such a hyperbolic fixed point, one defines the stable and the

unstable manifold as

W'(p) = {I € Mlp'.(z) —pfori — +x}

and

WHp) = {z € Mlp'(z) = pfor i = -}

According to the invariant manifold theorem (see [HPS, 1977] and also Appendix I
both W*(p} and WY(p) are injectively imnersed submanifolds of M, are as differentiable
as y, and have dimensions equal to the number of eigenvalues of (dyz), with norm smaller
than one, respectively bigger than ane. One can give the correspouding definitions for
periodic points, i.e. fixed points of some power of .

K ¢:R® - R" is a linear map with no eigenvalues of norm one, then the origin
0 is a hyperbolic fixed point and W*(0), W*(0) are complementary linear subspaces;

= W*(0) @ w*(0).

12
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We say that if p is a hyperbolic fixed paint of @, ¢ is homoclinic to p fp#qce

W p)NW*{p), ie if » # pandif ligl @'{g) = p (this last form of the definition makes
11—

clear why Poincaré cal'ed such points “bi-asymptotiqur”j. We say that g is a {ranaverse

komoclinic point if W*(p) and W*(p) intersect transversally at g, i.e. if
T, (M) = T,(W*(p)) & T,(W*(p)).

It is clear that lin-ar diffeomorphisms have no homoclinic points.

§1. Homoclinic orbits in a deformed linear map

We start with the linear map o R? = R?, p(r,y) = {2z, %y) The stable manifold
is the y-axis, the unstuble manifold is the r-axis. Next consider the composition ¥ oy,

where ¥: R? = R? is » diffeomorphism of the form

¥z, y)=(z - flz +y)hv+ flz+¥),

where f is some smooth function. This means that ¥ is pushing points along lines of the
form {z +y = c} = {, over a distance which only dependes on c. We take f a smooth
function which is zero on (—o0, 1] and such that (2} > 2. Lu this case the stable and
unstable manifold W 2(0) and W*(0) for the diffeomnorphism ¥ o p intersect outside the
origin.

Li: fact, due to the onstruction, {{x, ¥)[z = 0,y < 2} belongs to W*(0) and {(z, yilr <
1,y = 0} belongs to W*(0). Also

T({{z.y)ll <752,y =0})

belongs to WH(0). From this and the deseription of ¥ we obtain a homoclinic intersection,

see the above figure. By choosing f appropriately we can produce a trensverse homochinic

13

point, Not much can be said about the global confignration of H*(0) and W*{0) but

certainly this configuration will be very complicated, see later ju this chapter.

\
‘\(o.u
omoclinie {nkcrsa:\'{on

N\
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N N
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i I
(0,0 (1,0 (2,0)

§2. The pendulum

Qur next example, the pendulum, contains a hne of non-transverse homoclinic poiuts.

Consider the differential equation
f=—sind, 6eR/2m,

which defines a system of ordinary differential equations on the annuln

6 =y
1
{y = — sin # ()

with 6 e R/27, ye R
We take the time T map of this system, i.e. the diffeornorphism ¢ such that
w(fy) = (8,§) whenever there is a solution (8(1), y(t)) of (1) with (#0). y(0)} = (8,v)

14



and (8(T), y(T)) = (6: ). Then the fixed points of  are (§ = Oy=0jand (B=7,y =)
The first is not hyperbolic (the eigenvalues of {dp)0.0) have norm oue) but the sccond
is: it has & one dituensional stable and a one dimensional unstable manifold. T order o

determiine the positions of these stable and unstable manifolds it is inportant to note that

the function

E(f,y)= —cosd + %yI

is constant along solutions of {1): it is the energy, — cos 8 being the potential energy and

%yz = ;92 being the kinetic energy. This means that both W¥(»,0) and W*{n,0) are
given by

—cosf41/2 ¥ =1

AN
~cos § |
L °

— —

In the next figure this homoclivic line is indicated togethier with some other cuergy
levels.

By a small perturbation of v one can make Wh{(r,0) and W?*(7,0) to intersect
transversally (using & perturbation as in the first example, or refering to the proof of the
Kupka-Smale theorem [S,1963;K,1964]). Such perturbations also arise as a consequence of
external forcing, e.g. through replacing (1) by

8=y
y = —sinf + £ cos(2mt/T).

15
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t3. 'The horseshoe

In the following example, the horseshoe, see Smale |8,1965], we have transverse homo-
clinic points and still are fairly well able to describe globally the stable and the unstable
manifold. In order to describe the diffeomorphism, let @ be u square in R? and let W
map @ as indicated below, such that on both components of @My~ '{Q), ¢ is affine and

preserves both horizontal and vertical directions, and such that 1,2,3 and 4 are mapped to
1', 2,3 and ¢".
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In @, v has two fixed points p and p as indicated; we restrict our attention to p. Since

y is affine on @ Mp~1(@Q), the stable and unstable manifolds W?(p) and W¥(p), ncar p,
are straight lines. In order to find the continuation one has to iterate ! {for W*{p)}

and w (for W*(p)). Inside Q this gives pieces of straight lines, horizonta} for W' *(p) and

vertical for WY(p). With e few iterations one gets the following picture,

M

Ll

Ev 1 = o youes”
SATRER AN,

4] 3

J

As a final remark on this example, observe that however far we iterate, the intervals
Iy, I, Iy € W*(p} will uever be intersected by W¥{p). There is in fact a countably infinite
number of such open intervals, and W*{p) N W*(p) consists of the boundary points of a

Cantor set in W *(p) which is the complement of these intervals.

§4. A homoclinic bifurcation

We speak of a homoclinic bifurcation if in & one-parameter family of diffeoinorphisms,
a pair of honioclinic intersections collides, forms a tangency and then disappears, or, re-

versing the direction, if a pair of homoclinic points is generated after a tangency.

17
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Such bifureations arc obtained from the previous example by conposing ¢ with a map
(7.y) — {7,y — 40}, which slides the image, in particular the image of Q, down, In the
next figures we show the effect of this shiding on the geometry of the stalle and unstable

manifold W*(p,) and W¥(p,) for increasing values of u. In the first one we have just the

previous example.
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In the second figure one sees the first non-transverse homoclinic orbit (four iterations are
indicated}. From the third figure, it is clear that near one such homuchnic bifurcation

there are many others—see also Chapter 1IL

§5. Concluding remarks .

The complexity of the configuration of stable and unstable manifold in the examples is
typical for the case where one has at least one transverse homoclinic poind. Paraphrasing
Poincaré, one can convince oneself of this cornplexity by trying to draw examples, keeping

in mind that:

13



- W*h(py and W' {p) are p-invariant, ie. @{W72(p)) = W*(p) snd S =
W (),

- W*(p) and W (p} Lave no self intersections;

= near p, @ is well approximated by the linear map {dy),, which leads to the
following con: cquence (Alemma, [I,1969), sce also Appendix 1} if € is & smooth
curve intersecting 1°(p) transversally then the forward images €, = @'(£) contain
compact arcs iy C {, which approach differentiably a compact are m in We(p),

as illustrated in the figure.

s
Wip
a1,

P

For higher or evein infinite dimensional diffeomorphisms the situation is basically the
Salne.

The first time that transverse homoclinic points were constructed was by Poincare
u his prize essay [P.1590). The existence of these homoclinic points implied the nou-
convergence of certain power series expressions for solutions of a Hamiltonian systemn
comparable with the Hawiltonian sytem deseribing the restricted 3-body problem. This
iudicalcd-tlmt certain gualitative information, like “stability”, was unobtainable by these
analytic power series methods.

Luter it wus realized that the dynamics of a diffeomorphism ¥, or the topology of its
orbits, shows a great complexity if and only if y has some hyperbolic periodic point with
a homoclinic intersection of its stable and unstable manifold. The same can be suid about

chaotic orbits, see Chayster 0, Section 2: they oceur if and only if there is some homoclinic

19

otbit (bt o Lomoclinic orbit does uot beed to imply cheotac dynatnica). Although these
last steterents ave in no way theorems (and can be expected to b true ondy v w goere
scnae), many foels discussed in these notes can actually be tuterpreted as partial rosults
i this direction, sce Chapter VII. On the other hand, we also discuss “stability resulis™
concerning the dynamics in the presence of transverse homoelinic points. They deal with
the not so infrequent situation that the dynamies of & diffeomnorphisin ¢ (with tausverse
homoclinic points), although very complicated, remains unchanged in a topological sense

when ¢ is C" slightly perturbed, sec Chapter 0.
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CHAPTER 11

DYNAMICAL CONSEQUENCES OF A TRANSVERSE
HOMOCLINIC INTERSECTION

Tn this chapter we analyse the dynamical complexity due to one transverse homoclinic
orbit. Although our discussion refers to the two-dimensional situation, the results and
their proofs can be extended to arbitrary dimnensions with minor modifications and even
to Bauach spaces (or Tlanach manifolds).

Since one of the main features of a transverse homoclinic intersection consists of the
occurence of hyperboiic invariant sets, this chapter relies to some extent on Appendix
1, and even seems to overlap with the subject matier of that appendix. The emphasis
Lowever is different. Here we concentrate on the grometric properties of invariant sets
pear transverse homoc.inic orbits which we show to be hyperbolic, and to do this we make
use of some results fron the analytical theory of hyperbolicity in Appendix 1. For a more
complete view on hyperbolic sets in dimeusion 2 one should also consult Appendix II on
Markov partitions. To present the main ideas in a more transparent way, we will assume
the diffeomorphisms in this chapter to be of class €7 although the results are still true in

the C! category.

§1. Description of the situation—Ilinearizing coordinates

Let o: M — M b a C* diffeomorphism of a snrface M to itself and et p € M be a
hyperbolic fixed point of saddle type, ie. p(p} =p and {d,p), has two real eigenvalues A

21

and o with 0 < |A] < 1 < |o|. For simplicity we assume that these cigensnhues are positive,

s00 < X < 1< o. From the theory of hyperbolicity (see Appendix I} we know that:
- the stable and unstable separatrices of p, W*(p) and W*(p), u'r C%,

- there are C? linenrizing coordinates in a neighbourhood [ of p, ie. C? coordinates

2,, 13 such that p = (0,0) and such thet ¢{z;,12) = (Y *1,0 .z).

This linearization follows at once from the existence of p-invariant stable and unstable

foliations near p which are of class C!; see also [H,1964).

We assume that W*(p) and W*(p) have points of transverse intersection different from
p—such points, or their orbits, are called homoclinic or bi-assymptotic to p. In the two-
dimensional situation we consider mainly primary hamoclinic points in order to simplify
the figures and the geometric arguments. A homoclinic point ¢ is primaey if the ares £®,
joining p and ¢ in W*, and €, joining p and g in W*, form & double puint free closed
curve.

Note that whenever p has homoclinic points, it has primary Lomochinic poiuts—if all
intersections of 1 Y{p) and W*(p) are transverse, then the number of primary homoclinie
orbits is finite. We also note that the notion of primary homoclinic orbit does not extend
to dimensions greater than two. Still the results which we discuss below extend without

much difficulty to the nonprimary or n-dimensional case.
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Let the linearizing coordinates be defined on U and let their image be the square
(=1,+1) x (=1,+1) ¢ R®. We consider extensions of the domain of deﬁn‘ition of these
linearizing coordinates. ldentifying points in U with the corresponding points in R?, we
have: if @=}([A,1) x (~1,41)) NU = ¢, we can extend the domain of the linearizing

coordinates z1,7; to ¢~ 1{([X, 1) x (-1, +1)) using the formulas
=3 (z109), zTa=0"! (5;0¢p)

Repeating this construction one can extend the linearizing coordinates along any seg-
ment in W*(p) starting in p: one only has to take the original domain U/ sufficiently small.
This follows from the fact that W*(p) has no self intersections. In the same way one cai
extend the domain of these linearizing coordinates along the unstable separatrix W(p).
Homaoclinic intersectiuns, however, form an obstruction to a simultaneous extension of such
coordinates along bot! the stable and the unstable separatrix. In our situation where g is
a primary homoclinic point, we extend the linearizing coordinates both along #* and £,

the arcs in W*(p) and W*(p) joining p and g; however, these coordinates will be bi-valued
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near ¢ as indicated below,
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The figure below shows the situation in R2: the shaded arca denotes the two sets

corresponding to the above neighbourhood of q.
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Now we consider in the domain of the extended coordinates a rectangle 1= {—a <
1, € b —a <1< 8), a,ba,8 >0, containing £*, the arc in W*(p) joining p and ¢, and

such that for some N:
- RN p"{R) consisis of one 1ectangle containing p for 0 £ n < N;

- RNeM(R) consists of two connected components, one containning g, as indicated
in the figure boow, ie.
{ni=b-asn<B8ne(R)=¢
N{-e<n <bz =8 )NR=4¢
For what follows it i< important that one can choose R so that N is arbitrarily big:
just take 8 small. By taking # small and hence N big, »"(R) will become a very narrow

strip around £*. So, tran-versality of W*(p) and W*{p) at g implies transverse intersection

of the sides of R and ™ (R).

Wt @' (R)

ocne M

The main object of ir-terest in this chapter is the maximal invariant subset of R under

™, i.e. the set of those points r € R such that @*N{r) € Rfor all k € Z.

2. The maximal invariant subset of R-——topological analysis

From now on we denote ¢” by ¥. We denote the mezima! invariant aubset of R
under ¥ (satisfying the conditions in the previous Section) by A - {r € J*(r) € R for
all k € Z}. Denoting the corners of R by 1,2,3, and 4 and their ininges in #{R) by 1,273,
and 47, the relative positions of R and ${R) are as indicated in the figure, "e. the sides of
R and ¥(R) intersect transversally and the topology of the positions of R :ts sides and its
corners relative to their images under ¥ are as in the figure. We denote rne components

of RN ${R) by 0 and 1, 0 containing p and 1 containing ¢.

- Y

[

L
FRN A

Theorem. For any sequence {a,},ez, with a, = 0 or 1, there is at Jeast one pomnt v € A

such that $*(r) € g, for all i € Z.

Proof: We call a closed subset § € R a vertical strip if it is bounded 1in R) by two

disjoint continuous curves £, and {2 connecting the side (1,2) with the side (3,4). f Sisa
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vertical strip then $(8, N R contains two vertical strips, one in 0 and oue in J. Let now
{e,}.e2 be 8 sequence & in the theorem. We construct a nested sequence of vertieal strips
S25 28> -1 85 = ay; Sy is the vertical strip ll'(g_',) N Sg; 53 is the vertical strip
¥ ) N85 i85« - [ S
20

For each point r € 5, ¥-Yr)€e_,,i 20

Horizontal strips are similarly defined and we have horizontal strips Ty, DT DT, D -
such that for r € Too = (| T, ¥¥(r) € g, for all i 2 1. Now S N Tow # ¢. Otherwise,

21
for some ip, S, NTi, = ¢, but §;, contains a kine from side (1,2) to the side (34) and T,,
coutains a line from (1 .1} to {2,3). These lines have to intersect.

For any point r € $,.NT, ¥'(r) € g, foralli € Z. From this, it also follows that r € A. I

7

1 2

“ vertical slrip

§3. The maxim:] invariant subset of R-hyperbolicity and invari-
ant foliations

In this section we impose more conditions on ¥ = @™ restricted to R. I the

linearizing coordinates on a neighbourhood of £2, the arc in W*(p) joining p and ¢, we

27

have

R={—‘151'| Sb,—OS-TzSﬂ}.

see Section 1. We only have to describe ¥ in those points of R which are mapped back
into R, ie. in ¥"1(R)N R. In the component of ¥~!'(R) N R containing p and ¢, ¥ is

linear and in fact ¥(z,7;) = (AN:;,aNzg) with0<A<lc<o.

.

L YRR o W

/l LN | -
A
'(RINR | D
Sy a 5
= << AN R (p>

P ¥ N\

The other component of ¥7(R) N R is mapped to the component of RN ¥(R) con-
taining g. This component of R ¥(R) is the region where the linearizing coordinates,
constructed in Section I, were bi-valued, or rather where we have apart from the linearizing
coordinates following W*(p), and which are in the above figure the Cartesian coordinates
of the plane, also the linearizing coordinates following W*(p). We denote by e, e, the
coordinate vector fields of the linearizing coordinates following W*(p) and by €}, ¢} the co-

ordinate vector fields of the linearizing coordinates following W(p}); see the figure Lelow.
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For r in the companent of &0 ¥~ '(R) which is mapped on a neigbourhood of ¢, we
have (d¥)e;(r) = AN e (¥(r)) and (d¥)ey(r) = o™ - ey {(¥(r)).

Due to the transversality of W*{p) and W*{p) und to the thinness of ¥(R), for N big.
¢, and e} are lincarly independent. Also, by choosing R and W(R) thin, we may assume

that the matrix transfurming e;, e; into e}, €} {or its inverse) is almost constant.

Theorem. For R suficiently thin, and hence N big, the maximal invariant subset

A= n ¥"(R) in R is hyperbolic. (The technical definition of hyperbolicily s given
neZ

in Appendix I).

Proof: A continuous cone field C on RN¥(R) is & map which assigns to eachr € RNY(R)

a two-sided cone C(r) in T.(M), given by two linearly independent vectors wn {r), wa(r):
Cir)= {v € T(M)lv = a;  u(r) + ap - wq(r) with @; -az 2 0}.

Continuity of C means that w; and wy depend continuously on r. Let O, denotes the zoro

vector in T,(M). An “nstable cone field is a continuous cone field on RN ¥{R) such that

- for each r € RO E(R)NT(R),

{d¥)(C{r)) C Int (C{¥(rN)U{O],

- for each r € RNPY(R)NE~{R) and v € C{r),
[\d¥(e)]| = o], for some v > 1, where both norms are taken with respect to

the basis e}, 9.

Below we consttict such an unstable cone ficld. From the existence of such a cone

Feld it follows that there is a continuous direction field E*(r), defined for r € ﬂ P,
>0

such that
- EYr)c C{r);
- d¥ maps E*(r) to E*(¥(r))

- for some v > 1, and all v € E*{r) with r € n HR), )| = v o).
-1
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E*, restricted to A, is obtained by taking the intersections of the forward images of
the cone field C under d¥.

Replacing ¥ by %', one constructs in the same way a stable cone field and the
direction field E*, which is invariant under and contracted by d¥. Then (1 (M) = E} &}
is the required splitting for hyperbolicity - -see Appendix I.

Now we come to the construction of the unstable cone firld on 2N P(R). In the
component of RNE(R) containing p we simply take cones around e3 ext: -.ding 45° to both
sides. In the other component of RN¥(R) there is (assuming R and $( R sufficiently thin)
an angle e, smaller than 90°, so that for each point r in that componer’ of RN ¥(R), the
cone around e;{r), extending over an angle o to both sides, contains €;(r) in its interior.
This is due to the fact that e;(r) and e}(r) are linerarly independent. he unstable cone
field C is just defined as the field of cones, centred on e; and extendin: 45°, respectively
a, to both sides of e; depending on the component of RN W(RY.

In order to show that this cone field has the required properties, we introduce constants
A, B and B' so that: whenever r € RN¥(Ryand v = v, -ey{r}+ vy -¢.(r) € T.(M) then
for v € C(r) we have o] € A - vy, on the other hand whenever |1y < B - |v2], then
v € C(r); whenever v = v} - e} (r) + v} - e}(r) and [v]| € B' - v}, then v € C{r). If N is s0
big that |% |N - A < min(B, B'), then d¥ maps cones in the interior of cones. Also for N
sufficicntly big, the lengths of veetors in our cones are strictly increased by d¥.

So for N big enough our cone field has the required properties. But *he cone ficld was
constructed after choosing N, ¥ is defined in terms of N: ¥ = o ~, and the domain of the
cone field is defined in ferms of ¥: domain = RN W(R). Howcver, the way to raise N
is to make R thinner. This decreases the domain where the cone field l.as to be defined.
The fact that ¥ changes from oV to @' N' > N, has no influence on the argunents: the
vector fields e, ey, €} and e} do not change. So R and N may be ajuste.” afterwards. This

completes the proof of the hyperbolicity of A. B

Observe that we proved slightly more: there are vector fields ¢ € ¢} and e” € €} and
8 constant v > 1, such that for all r € A, [[d¥(e"(=))]| = v [le®(r)|| wud [|[dd(e’(r <
v et (o)l
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Now we come to the second subject of this section. The cone fields just constructed
will now be used to ccustruct the stuble and the unstable foliation. We only describe the

coustruction of the unstable foliation. First we present the definition.
An unstable foliation for A = n ¥'(R} is a foliation F¥ of & neighbourkood of A {(here
131
we take RN P(R)) such that

1. for each r € A, F¥(r), the leaf of F* containing r, is tangent to E¥(r);

2. for each r, sufficiently ncar A, W({F¥(r}} D Fr(¥(r)).

We require the tangent directions of leaves of F* to vary continuously.

Construction of the unstable foliation: We recall the relative positions of R, ¥(R},
and ¥R} in the figuic below.

Y (R}

A‘\QV///////T

R

W\ R n¥(R) Y7 (RaY ' (R)\Y(R)

We take a C? foliation F* (not yet the unstable foliation) on (¥(R)U ¥~ (R))N R

50 that:

L. in RN ¥(R) the tungent directions of leafs are contained in the unstable cones;
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2. the image under ¥ of leaves in (RN YT R)) \ W{H) have tangent directions

coutained in the unstable cones;

3. the four arcs of RN ¥ ¥ (R) nre leafs of F*, the union of these four ures denoted
by eg;

4. the four ares of (¥ (R))NR are leafs of F¥, the union of these four arcs js denoted
by e;;

5. ¥ maps leaves of F* near ey to leaves of F¥ near ey.
Since all the cones of the unstable cone field are centered around the vertical vector field
ez and contain, (where defined) e}, it is clear that such a foliatjon 7V exists.
For foliations as described above we define an operator ¥, as follows:
in (RO¥™I(R))\ ¥(R), the leaves of F¥ and ¥,(F*} are the same;
in (RNW(R)), the leaves of ¥,(F*) are connected components of $-images of leaves
of F* intersected with (R N ¥(R)).
Due to the above conditions 3,4 and 5, ‘1’.(.3‘."") is also C2?. From invariant manifold
theory it follows that the limit
lim Wi{FY)=F"
i—o0

exists. This limit depends on the choice of the “iitial foliation” F*. The limit 35 C?; if
however  is C* then this limit is C1%¢, see Appendix 1.

Observe thut we can extend our vector fields e* and e* in L, respectively E*, to
taugent vector fields of F* and F* (F* is just an unstable foliation for 1) so that for
some constant © > 1, and all r € RN ¥(R)N¥-V(R),

lld¥ie i)l = & - [le*(r)l|
and
lld(e*(r)l < 271 - Jle*(r)]|.

Stable and unstable foliations can be constructed for any basic set of a C'! diffeomor-
phism in dimension 2 [M,1973). In higher dimensions the existence of such foliations con-

stitute an interesting open problem except when the basic set is zero dimensional {P,1983};
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for futher details see Appendix I. We stress that in this comment we are insisting ou fo-
liations defined in & noghborhood of the basic set! Sometimes in the literature onc also
refers tu atable {or unstable) foliation as the set of stable manifolds { “leaves”) through the

points of the basic s¢t . and in this sense the foliation always exist for any hyperbolic set;

see Appendix I

§¢4. The maximual invariant subset of F—structure

We divide A, the naximal invariant subset of H, in blocks. For each sequence 4 =
(@ k@ kyr. - y@koy 1) with g, = Dor 1, we define the A-block as A4 = {r € A|¥{r) €
a, fort = —k --- &} vecall k the radius of A. The diameter of A 4 is just the supremum
of the distances between points in A4, measured in R?,

As we saw in the last section, expansions and contractions of vectors along unstable,
respectively stable, folintions are at least by a factor i > 1, respectively #7'. Let ¢ be the

maximal length of a component of a stable or unstable leaf in B 0 $(R).

Proposition. Let Ay be an A-block and let A have radius k. Then the diameter of A 4

is at most 2-¢- ™% {for the definition of ¢, & see above).

Proof: For any two points p,p' in the same component of RN ¥{R) there are unique arcs
(p p") aud £2(p, p" ) i leaves of F¥, respectively F*, joining p, respectively p', and the
wtersection p” of the - istable leaf through p and the stable leaf through p. When p, p' are
both in A4, then this whole configuration will remain in the same component of RNW(R)
when we apply %', = --&, -~ , +k. This iniplies that the lengths of £*(p.p”)and *(p", p")

are both at most ¢+ &% This implies the proposition. §

From the above proposition and the result of Section 2, we ohiain:

Theorem. The size of an A-block A4 goes to zero as the radias of A goe- to 1ufinity. For
each infinite sequence - -+ Ja_y,a.,,a9,a;,ay, - ,a, = 0 or I, there s exactly one point
r € A such that ¥'(r) € a; for ali i. There is a homeomorphisn, k: A — Z:)% (product
topology on (Z;)% ) such that forr € M h{ry = ,a_g,a_y,89,8) a3, ~ith®'(r) e a,.

I a:(Z,)% — (Z2)2 is the shift operator, i.e. a({a,),ez = {al}iez with ¢’ = a,y,, then

¥|A

conmnutes.

Remark 1: It follows from the above theorem and its proof that if ¥ i 7 close to ¥,
then the same conclusions hold for the maximal invariant set A of ¥ in B Namely, if ¢
is an unstable cone field for ¥ whose domain is slightly extende. beyond RN ¥(R), we
conclude that € is also an unstable cone field for ¥ if ¥ is sufficient!y C? ciose to . Then
all the aLove arguments apply, with the obvious modificatious, to ¥. This implies that

for such ¥ and A, there is a conjugacy H:A — A, ie. a homeonmorphisin such that the

A



dingrain below cominuies.

A ViA
Hl fH
A YA R

Remark 2: The periodic points are dense in A. This follows from the corresponding
statement for {Z;)% and o: any finite sequence can be completed to an infinite periodic
sequence. It is clear 1':at all these periodic points are of saddle type {one expanding and
one contracting direction). We add one more observation about these periodic orbits to
be used in the next chapters. In general we say that a fixed point p of a diffeornorphism
w is dussipative if |det(dyw)(p)| < 1. The same applies to periodic points, say of period k:
just replace p by ¥, Now if the fixed point p with which we started this Chapter {sce
Section 1) is dissipative, then, for R sufficiently thin {or N big), all the periodic points in
A will be dissipative. If p' € A is a periodic point of ¥, and hence of ¢, and if R is thin
then p' has most points of its orbit (under iteration of ) in a small neighbourlood of p.

The dissipativeness then follows from

k-1
det(dp® )y = [] det(dp) (-

Remark 3: It also follows from the above constructions that A has “local product struc-
ture” in the sense that if r,r' € A are in the same component of R N P(R), then the
intersection of the stable leaf F*(r) through r and the unstable leaf F*(r') through r' also
belongs to A. In fact, if h(r) = {a,}icz and h{r') = {a'}iez, then F*(r) N A corresponds

to the sequences

{{bitiez|b, = a; for i = 0}
and F*(r') N A corresponds to the sequences

{{8; }iez|¥, = ) for i < 0}

Since r,r' are in the same component of RN ¥(R), ap = ap, so that the point in F*(r) N

F¥{r') corresponds to the sequence
! H i —
CrraO_g,G_ ),y T Oy, 31,87,

3B -

Remark 4: A point r € A has & chaotic orbit if its symbolic sequence h(r) = {a,} is
not eventually periodic, i.e., for no n, @p.ap4y,... is periodic. So in A, orbits are either

asymptotically periodic or chaotic.

§5. Conclusions for the dynamics near a transverse homoclinic
orbit

We return to the diffeomorphism ¢ (see Section 1) and discuss the consequences of
the results we have obtained in Sections 2 to 4 for ¥ = ™. We have analysed the muximal
invariant subset A in R under the map ¥; what about the map p?

This set A is contained in R N ¥{R) whose components ure denoted by 0 and 1. A
- N_l .
corresponding invariant set for @ is defined as A = U w'(A)

1=0

Proposition. The set A, as defined above is the disjoint union of {r}, A= {p}, p(A -
{p})' e |50N-](A = {P} )

Proof: We only have to show that for 0 < i < N, ANp~"(A) = {p}. In fact let r € A,
and ¢'(r) € A for some 0 < i < N. Then » ¢ ] and also p* ¥{r) = ¥¥(r) has the same
properties, i.e W¥(r) € A and ¢'(¥*(r)}) € A. This implies that ¥*(r) € 0 for all k and

hence that r = p. This proves the proposition. JI

R
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It is clear that A js a hyperbolic set for ¢, and that the periodic orbits are dense in
A. As we have observed before, a (transverse) homoclinic orbit implies great complexity

of the patterns formed by the corresponding separatrices. In this direction we can prove.

Proposition. In the above situation, A is contained in the closure of both the stable and

the unstable manifold of p.

Proof: Since the periudic orbits are dense in A it is enough to prove that each periodic
point of A is contained in ﬁrp) {and in W) Since W is invariant under ¢, it
is enough to prove that the periodic points of A are in VI'T(;)' For any periodic point
r € A, the unstable separatrix W¥(r) contains the leaf of the unstable foliation through
r and hence intersects W*{p). Then it follows (iterate ¢~!) that this periodic point r is

contained in the closure of W*(p). In the same way one proves that it is contained in the

closure of W(p). §

§6. Homoclinic points of periodic orbits

Let again ¢: M — M be a diffeomorphism but now with a periodic orbit of period
EApo.m.- vpkr )ywip) = py where 3 =+ 4+ 1 {mod k). We assume that this periedic
orbit is of saddle type. Stable and unstable manifolds are denoted by 1¥*(p,) and W*(p,).
There are two types of homoclinic orbits. namely intersections of W*(p,} and W*{p,) -
they are just homocline orbits of a hyperbolic saddle fixed point for * - and intersections
of W*p,) and W*(p,). 1+ # 3. For t = j — i, we then have also intersections of W*(p;)
and W*{p,4,) etc... This means that we get something like a cycle whose “period” is
the smallest number £ such that € -7 is a multiple of k. 1 the intersection of W*(p,)
and W™(p,) is transverse, 5o are the intersection of W (p;} and W(p,4,), of W2 (p,4)
and W*(p,421), etc... By the A-lemma [P,1369], see also Appendix 1, this means that

W*p,) is accumulating on W *(p,) and hence intersecting W(p,4,) transversally, hence
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accumulating on Wip, ) elc, so that we finally get a transverse interseetion of W(p,)
with W (p,) anywny.

An cxample of this last phenomenon occurs in any generic 2-parameter family of
diffeomorphisms ¢, R? — R?, u € R?, such that (0) = 0 and such that {dwo)y has
eigenvalues e*?7/3.—this is the subharmonic bifurcation with resonance 1.3 [A,1980). Sta-

ble and unstable separatrices are then as indicated below.

§7. Transverse homoclinic intersections in arbitrary dimensions

As we remarked in the beginning of this chapter, the results and proois can be extended

to diffeomorplisms w: Af — M, where M is an n-dimensional manifold. So one obtains:

Theoremn. Let : M — A be a C! diffeornorphism with a hypet bolic fixed poit p. Let ¢

be & point of transverse initersection of W (p) and 1W*{p). Then there is a neighbourhood
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U7 of the closure of the orbit Olg) = U w'(¢) such that the maximal hnvariant set A under
¥4

@ in U is & nontrivial hyperbolic set (sce Appendix I). Also, there are ncighbourhoods V),
and V, of p and ¢ and there is an integer N, such that the maximal invariant set A under
¢N in V = V, UV, is also a nontrivial hyperbolic set and such that ¢N|A is conjugated

with the shift on (Z2)% as in Section 4.

§8, Historical note

The main ideas it this chapter were developed by Poincaré [P,1890), who realized that
homoelinic points are accumulated by other homoclinic points, by G.D. Birkhoff [B.1933]
who showed that homoclinic points are accumulated by periodic points, and by S. Smale
{S,1965] who essentially obtained the main theorem of Section 4.

The maximal invariant set in R is often called a horseshoe and the map ¥|R a horse-
shoe map. Due to the tapology of B? there are two types of transverse homoclinic orbits
but for both cases the analysis is the same; our figures refer to the less conventional case

in which one does not “see™ & horseshoe. In the conventional case cne has

Y (R)

J-
3

mstead of

M

o o

__B\V
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CHAPTER III

HOMOCLINIC TANGENCIES: CASCADE OF BIFURCATIONS,
SCALING AND QUADRATIC MAPS

i this chapter we begin to discuss the unfolding of homoclinic tangencies for one-
parameter families {2, } of diffecmorphisms of a manifold M. As before, for simplicity of
preseutation, we shall consider here M to be a two-dimensional surface. In the last two
sections we shall also assume the diffeoruorphism to be locally dissipative: the product of
the eigenvalues at the s1ddle associated to the homoelinic tangency is smaller than onc.
The corresponding resu'ts in higher dimensions are true if we require the diffeomorphistn
to have orly one ezpanding eigenvalue at the saddle associated to the homoclinic tangency
and the product of any twe eigenvalues te have norm amaller than one,

As a consequence of such unfolding the dynarmics (orbit structure) of the diffeomor-
phisms exhibit a great number of changes (bifurcations) as the parameter evolves near the
value say g = 0 corresponding to the homoclinic tangency. In partienlar the homeelinic
tangeney is accutnulated by other homoclinic tangencies for values of 4 approaching zero.
Also many periedie points appear (or disappear) or lose hyperbalicity and change index
{i.e.. dituension of stable manifold). We have already seen in the last chapter that trans-
verse homoeclinic orbits imply the existence of chaotic orbits. Near homoclinic tangeucy
we expeet chaotic dynamics and even chaotic attractors, although generically there can e
ro nontrivial hyperbolic attractor; see Chapters VI and Vil for more complete discussions,
also in relation with infinitely many periodic attractors and “apparent chaos”. On the
other hand, there are hoemoclinie bifurcations where we have for most parameter values
hyperbobeity: chaotic oubits but no chaotic dynamics. We believe that homoclinic tangen:-

cies are common among diffeomorphisms whose limit set is not hyperbolic; see Chapter

VIL
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Here, in the first three sections of this chapter, we begin Lo describe the Lifurcation
phenomena mentioned above starting with a quadratic homoclinic tangen-y and unfolding
it so as to create transverse homoclinic orbits. And in the le<t section we relate this

unfolding with the well known family of quadratic maps of the interval f,(y} = y¥ + p.

§1. Cascades of homoclinic tangencies

Let ¢: M x R — M be a C* map such that v, (1) = ¢(z.u) is & & "eoniorphism un
M for each 1 € R. We shall denote such a family of diffeornorphismis simply by {y,)
or just ¢,. The reason we take the family to be C?* (and not ' ar €, comes from the
discussion of the period doubliug bifureation (or flip) to be pre~ented i the next section
of this chapter.

Let us start studying homoclinic tangencies and their unfoldings. Let p = py be a
hyperholic fixed point for ¢ and Jet ¢ be a homaclinic tangency 1elated 1o p, that is ¢ is a
point of tangency between W*{p) and W¥(p). We assume that W¥(p) and W"(p) have a
quadratic (parabolic) contact at ¢, and just call g or its orbit O{q} a quadratic homoclinic

tangency.




We chioose locul eordinates (1), 73 ) rear g so that we can express the loca) components
of W*(p) and W*¥{p) contmining ¢ by
Wp) = {{21,22);22 = 0}
W*(p) = {(x),23); 73 = az?) (1)

where @ # 0. Since p is hyperbolic, we have for y small a unique fixed point p, unear
p and the mapping ¢ — p, is differentiable (implicit function theorein). Also the local
components of W*(p, ) and W*¥{p,) near ¢ depend differentiably on u for u near zero.

Under generic assumptions (see [NP'T, 1983]) there are p-dependent local courdinates
such that W?(p, ) is given by r; = 0 and W"(p,) by

Ty = arl 4 by, a#0 and b#0 (2}

Then we say that the quadratic homoclinic tangency unfolds genericelly.
Taking @ < 0 and b > 0 in (2) sbove, we get for the relative positions of the local
components of W*(p,) and W*(p,}):

W /_\ws

ws
NI S

)-L(O }.A.:O /J.)O

Theorem. Let {y,} be a one-pararcter famnily of diffeomorphisms with & quadratic ho-
moclinic tangency ¢ at p = 0 associated to the fixed (periodic) saddle p and suppose
it unfolds generically. Then there is a sequence p, — 0 such that Yu, has homoclinic

tangencies q,, — ¢ related to p,. — p.

Proof: Let r = 5 ™(¢) for some large N > 0 and suppose the tangency unfolds inte

transversal homoclinic points for 4 > 0. Given u > 0 near zero, there are small pieces of
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“parabolas” (see the above discussion on unfoldiugs of homoclinic tangencies) I'Y € WY
near g and I'y, C W) near r. We assume that, for g > 0, their position relative to § o and

W) near g and r is as indicated.

wu..
PN
f&

e

/

b )

Now take g = i arbjtrarily small. Clearly, if n > 0 is large then i (T3} intersects %
Taking & > 0 much smaller than j we have, for the same integer n, that ol NCy = 4.
Since p;™(I's) and T} depend C? on y, there is some 0 < g < ji for which ol )
and I'} are tangent say at ¢ € I'S,. We can repeat the argument for smaller values of
£ and so we can construct the sequences py, g, as desired, proving the result in the case
indicated in the figure above. The reader can essily adapt the argument to other cascs,

like the one in the figure follwing the remarks below.

Remark 1: In the proof of the theorem we can take the homoclinic tangencies g, to
be of quadratic contact: due to different curvatures, wi (L} and T} have a quadratic
contact at their last tangency for decreasing values of u. One can even show that these

homoclinic tangencies unfold generically.

Remark 2: For the constructions in Chapter VI it is important to observe that we can

even choose the values u, in the last theorem so that the branches of W*(p, ) aud
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W¥(p,.), i.e. connected components of We(pu )\ {pun) Bnd WHp } {Pun }, which

hive s homoclinic tangency, also have trausverse howoclinic intersections.

-
¥ F

~

5
.
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s o\

2. Saddle-node and period doubling bifurcations

N\

A« we have seen in Chapter II, trausverse homoclinic orbits imply the existence of
horseshioes. So, near a homoclinic bifurcation we expect creation or anshilation of horse-
shoes. 1 Section 3 we describe the bifurcations due to the formation of such a horseshoe.
As a preparation we recall here two of the three generic bifurcations of fixed points in
one-prarameter familics of diffeomorplasios.

Let {p,}uer be an are of diffeomorphisis and rg a Wyperbolic fixed point for .
Then for p small, @, has a fixed point 2, called the continuation of rg, which is near xq

for stall g and has the same index as 7¢. Thus, for z,, to be a bifurcating arbit at Jeast

one of the two eigenvalues of dy,, at r,, must have norm one. For generic fanulies, we

have three possible cases, as far as the eigenvalues o) and p; are concerned:

a) pr = 1aud |pa} < 1 (or Ipa] > 1),

b) py = 1 and [p2] < 1 (or oy > 1),

ey pr=e€f pr=e* forsomereal 8 # kxn, ke Z.

Case {¢), with some further assumptions, correspouds to the so-called He; ¥ baifurcation and

it will not be considered here since we will require our mappings to be assipative (arca

contracting). In cases (a) and (b), there is a C? ¢, -invariant curve WS - W¥(p,) which

is tangent at g = pp to the eigenspace associated with p; = 1 or »y = ~7 it is called the

centre manifold of i, (see Appendix I}. Thus if we let f, = @, |W;, we h ve the following
EXPressions:

fulmy=r+ar +Mp—po)+ kot (3)

L) =-z+a’ +b(p—po)r +h o 1, (4}

b0) = 0. Here (3) corresponds to the first case a) and {(4) to the secuid case b); hot
stands for higher order terms. We left out the quadratic term in 7 in (. because it can
be retnoved by a change of coordinates.

In {3) we tuke a # 0 and call the origin a saddle-node. We als tuke b'10) # 0 and say
that the saddle-node unfolds generically. These condilions are clearly satisfied generically.
It is easy to see from (3) that f,, and thus ,, has two hyperbolic fixed point for p <
and none for g > iy or vice-versa. If we consider 2 > 0, & > 0 and |pz| -2 1 we have the

following unfolding of the saddle-node: a sink and a saddle collapse and then disappear,

as shown in the figures.

B pe P P
The double arrows in the figures mean that the contraction in the normal direction is

stronger than along WS, If we consider, for g < po, the curves g — 7,, g — 7, of fixed

points, we get:
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Notice that the two curves are differentiable for [ = pol| small, p < #o. I we follow ti,e
curve p — T, for p Ho, we can then return along u — T, with decreasing values of .
So the two branches can naturally be oriented as above {or vice-versa). In words: if we
follow the curve of saddles for increasing values of 4, up Lo 4 = uy, we then return along

the curve of sinks for decreasing values of g, This fact wil] play a role iu the proof of the

next theorem.

Now we consider the expression (4) above corresponding to the eigenvalue po=~1
Similarly to what we Lave done before in (3), we take g # 0 (which is a generic condition }
and call the orbit a period doubling bifurcation {or flip); we say that it unfolds generically
if ¥'{0) # 0 (another generic condition!). When g > 0 and ¥(0) < 0, we can easily show
that there exists a unigue fixed point which is & sjuk for u < pg and a saddle for B>y
{both with negative ergenvatues ) for y > 4y there is also a period two sink (with posttive
eigenvelues). Thus the name period doubling bifurcation. The results are of course similar
in the other cases, where g and U'(0) may have signs different from the ones sbove, Notice
that period doubling wiijch unfolds geuerically is isolated; the same is trye for saddle-nodes.
The assumptions and results are also similar for period doubling bifurcations of periodic
orbits by just considering the power of the map equal to the period. For instance, a sink
of period k¥ may bifurcate jnto a saddle of period k (both with corresponding negative
eigenvalues) and a sink with twice the period (and positive eigenvalues).

For the period doubling bifurcation considered above, if in the set of periodic points
we identify points in the same orbit we obtain a topological 1-complex—the curve of sinks

for p < g, branching off into two topological 1-manifolds: one is formued by the curve of
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suddles and the other by the curve of sinks with twice the period. Notice that the sink
to the left and the saddle to the right both have the same period (and a corresponding

negative eigenvalue for df}, k being the period). This remark is relevant in the next section,

Sink.
double period

Sing
M<pre P

I:ae:r'l'od. dou‘a. 5 ink
LI‘Y\S with a >0
and db/cl/.A. <e.

saddle
P
double period

M

§3. Cascades of period doubling bifurcations and sinks

We now discuss the definitions and assurnptions of the next theorem showing the
existence of many sinks (or sources} and period doubling bifurcations while creating a
horseshoe. The sinks that we exhibit in tls chapter arise from period doubliug bifurca-
tions; they occur for different values of the parameter.

Let R be a rectangle in R? and {¥,} a family of diffeomorphisms of R into R? such
that

1} p(R)N(R) = 4,
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2) ¢, R is dissipative (aren contracting) for =1 € pu £ 1, that is |[detidy )] < 1 on
R,

3) y, has periodic points and they are all saddles,

4) ¢ (RINS) = ¢, wuR)N Sz = ¢, 1 S g € 1, where 5, 57 are two opposite

sides in the boundary of R, say the vertical sides,

5) w{TINR = ¢, pu(BINR=¢, -1 < p <1, where T is the top side of R and I3
is the bottom side.

In this section we also assume the following generic {residual or Baire second cotegory}

condition on the family {y,].

6) ¢, has at most one nonhyperbolic periodic orbit for each —1 € ¢ <1 and this
orbit must currespond either to a saddle-node or to a period doubling bifurca-
tion which untolds generically. (Because o, is area contracting there s no Hopf

bifurcation).

Although we did not formally require ¢, to be a horseshoe mapping like in Chapter
11, that is precisely the situation we have in mind. In this case, we say that we have an
area decreasing family creating a horseshoe, as in the following figures.

T

R + at.f‘(ﬂ)

- e, (B I}J'(T)
Fo

Gu(B) (T

49

Before continuing the discussion, we want to point out that the «hove conditions
arc satisfied in a8 generically unfolding homoclinic tangeucy replacing v, by ;:‘ taking
-6 < p < +binstead of =1 < pu < +1 and choosing R appropriately. "M course, to got
the area decreasing property, we assume the determinant of the Jacobiau of the map at
the fixed (or periodic) saddle with & homoclinic tangency to be less thas: une in absolute
velue. To see the creation of a horseshoe, let ¢, be such that

(i) o has a fixed saddle p and |det(dwo)p| < 1;

(ii) there is a generically unfolding homoclinic tangency g associate t p.

We then claim that for each neighbourhood V of g there exists a re:tungle RC V., a
number § > 0 and an integer N > 0 such that @fIR creates a horseshoe or =6 < u < &
take R to be a thin rectangle near ¢ and paraliel to the local component of W} as in the

figure.

§

N
SRk
F N q’ wo’

Let us sce why we can choose R. 6 and N as wished. Fust, for g small we choose
coordinates linearizing each 5, in a fixed neighbourhood of p containing 0 arc £* C W
from p to ¢; these coordinates may be chosen to depend continuously on g (see Appendix
). We then choose R to be thin and sufficicutly close to W so that its projection on W
parallel te W contains in its interior o} (¢) for some large N. Then ¢ *(R) will be a
“curved box® close to an are in W neatr g. For g near zero, we then have the situation

indicated in the figure, Oue can then apply arguments similar to thos in Chapter 11
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to show that q,pf[R is nrea decreasing for -6 < # < 6 and that 0¥ |R has its waximal
invariant set hyperbolic with dense subset of periedic orbits; see also Scction 4. In faet,
we observe that although the configuration R, ¢N(R) resembles the situation in Chapter
11, the rectangles considered are quite different: there we had a long rectungle containing
p and g; here the rectangle is contained in a small neighbourhood of g.

We now return to the general discussion about creating horseshoes. For ¢,: R? — RY
ws before, let Per (i, ) be the set of periodic orbits of ¢, and P = {(z,p); 1 € Per (vul}
We now define the tupological space P = P/ ~, where the equivalence relation ~ is the
identification of points in the same orbit. A component of P through (O(z}), 1), O(x)
being the orbit of the periodic point z, is a continuous curve except at period doubling or

undoubling bifurcations where it Lranches and looks like

Pzrl'od Zl(

Ptzriod. k

Theorem [YA, 1983], Let v R* = R? be a family of orientation preserving diffec-
morphisms satisfying conditions {1) to (6). Then each (0{z),1}) € P has a componeut
containing attracting periodic orbits {sinks) of periodic 2"k for each n > 0, where k is the

period of 1 for ¢,.

Remark: For orientation reversing families {,} one just considers the squares {pi}; if

they satisfy the conditions {1) to (6) we get a corresponding result.

Proof: Let (0(z),1) ¢ P and assume first that (dpf), has positive eigenvalues, k being
the period of z. By the implicit function theorem, there is a {unique} coutinuous path T

in P through {0(z},1) which we follow for decreasing values of ». We then must reach a
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bifurcation for otherwise we could follow T up to M x {-1} (strietly speaking, T is not
& curve in M x [~1,+1] but in £, the spacc of periodic orbits in Af x [~1,+1]). In fact,
by conditions (4) aud {5}, the maximal invuriant set of wu In R is bounded sway from &R
(periodic points cannot escape through 8R) and also we cannot terminate I'in R x (-1,1)
because we can always prolong a path of saddle points. But .y has no periodic points
in R and so we must reach a bifurcation point and this must correspond to & saddle-node
or a period undoubling bifurcation. In both cases we then follow the path of sinks that
emanates from the bifurcating orbit for increasing values of 4 (see discurssions before on

saddle-nodes and period doubling bifurcations):

s ink

M sink
saddle

(3¢, 1) Saddle {5¢,1)

Mx i1}

In what follows we always prolong I at a period doubling or undoubling bifurcation avoid-

M x §1}

ing paths of saddles with corresponding negative eigenvaltues (Moebius paths) and orient
the path pesitvely (for increasing values of p) if it is a path of sinks and negatively if it
is & path of saddles. See the corresponding figures below clarifying the convention. At
saddle-nodes the paths are oriented following the same convention. Now we cannot reach
back M x {1} since p, has no sinks. Also we cannot have a cycle, ie. T cannot return
to itself since in each bifurcating point therc is one path of saddles and one path of sinks
{Moebius paths are not counted here).

We also claim we cannot terminate I in M x (=1,1} if we go through only finitely
many bifurcating orbits or even infinitely many ones say {#¢, i) with bounded periods. In
fact, in the first case, from our discussions on hyperbolic and generic bifureating periodic
orbits, we could elearly prolongate T'. In the second case we can consider & limiting point

(%,u} of (2,,4,) and argue that {Z,8) € P and then by the genericity assumption (6)
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on v, [, 1) had to be locally isolated as n bifurcating orbit of bounded period which is
not the case. Thus we must go through infinitely many bifurcating periodic orbits with
unbounded periods. This can be achieved only if we go through infinitely many period
doubling bifurcations with unbounded periods, which then clearly implies the result in this

case where we started the path at a saddle (0{z), 1) € P with positive eigenvalues.

sink saddle

5ml< sml«

Suddlc sn-\

Sk

Let us now begin with {0{z),1) € P such that the eigenvalues of dpf(z) are negative,
where k is the period of #, and a path through it in P, ie a Moebius path. We will
show that the result is also true in this case. Before we do that, let us again orient in the
positive u-direction paths of sinks and iu the negative u-direction both paths of saddles
with positive eigenvalucs (which we just call path of sadcdles) and Moebius paths. Solet T
be a Moebius path starting at (0(r),1). As argued before, I' must go through bifurcating
orbits and the first one nust be a period doubling bifurcation. We then follow the path of
saddles of twice the peijod that emmanates from it. At the next bifurcating orbit we repeat
the procedure of prolouging T aleng the unigne non Moebius path emanating from it. But
already at this point we may get a eycle! That is, a closed oriented path of periodic orbits

not containing any Mocbius curves. The figure below illustrates this possibility.

L4

My §43

I; no such cycle appears in ' we are done. In order to solve the problen with cycles we
observe that in each ¢ycle the number of period doublings equals the number of period
undoublings. At each period doubling there is an incomming Moebius b anch and at cach
period undoubling there is an outgoing Moebius branch. We then ident:!: in P, the space
of periodic orbits in M x [—1, +1], each cycle to one point. The joints | .ve now the same
(finite) number of ingoing Moebius paths as outgoing Moebius paths. “ext we make in
this reduced space (P modulo cycles) a path T, starting at (0(z), 1) and eonsisting entirely
of Moebius paths such that:

- the orientation of I' agrees with the orientations of the Moebiv - paths it follows;

- T passes along each Moebius path at most once.

Such a path can always be continued whenever it reaches a collajrod eye ¢ (the number of
ingoing branches equals the number of outgoing branches); such a pat! cannot end in a
periodic orbit in M x {1} since all Moebius paths are oriented towards «wer values of p.
So, there are two possibilities:

erther [ is finite, but then it terminates in a period doubling p.-:t not helonging

to a cyvcle. As we observed before, then we are done,

or. I' is infinite. In this case the path I’ induces a connected graph T in P

consisting of “arcs of I and those cycles where T" passes thremoh, Clearly T is

infinite and hence contains an infinite number of bifurcating pes dic orbits, Also

now we are back to a previous case. [
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t4.  Homoclinic tangencies, scaling and quadratic maps

We consider a one parameter family of diffeomorphisms ,: M — A, M a 2-manifold,
which has for 4 = 0 a homoclinic tangency. Let p, denote the saddle point of ¥ which is
related, for g = 0, to this tangency. We assume the tangency of W*(ps) and W*{(py) to,
be generie (parabolic rontact) and also to unfold generically.

;‘n C’fn’(Bh)

Before we go into technicalities, we want to give a heuristic idea of the construction to
be described in this section, and its consequences. Near py we take linearizing coordinates
Ty so that po(z,y) = (A 7,0 -y} with 0 < [A] € 1 < |g]. We assume XA and o to be
positive (otherwise we replace o, by ¢?), andthat A-g < 1 (f A-o > 1 we replace o, by
' andif A-e =1 cur construction does not work). Let ¢ and r be points on the orbit
of tangency in the dunain of the linearizing coordinates as indicated. So, for some N,
i) = q- For each «ufficiently big n, we take a box By, near g such that wg(B..) is a box
Lear r as indicated. We consider g:'*N(B.,), and especially its position relative to B,. As
was already mentioned in Section 3 of this chapter, if one chooses B, carefully, then, for n
sufficiently big, w3+ ~(B,,) will cross over B,, 50 s to create & horseshoe. We shall not only

prove this but even show that, after applying n-dependent coordinate transformations to
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both the 1,y varisbles and the Parmeter g (denoting the new variables by 7.y, aud 4,
‘P:+N couverges for n — oo to the map &, given by Calf. §) = (5.5° + a).

Taking the box B, in these {n-dependent) coordinates equal ta B = {(i,§)]7| < 3,
til < 3} we get the horseshoe formation when ji decreases from say 4 to —4, at least for n

sufficiently big.

Note that this limiting map is not a diffeomorphism any more. This is related 1o ihe
fact that i, is area contracting at p, and hence \p:“"”, for n — oc, becomes more and
more area contracting, 99:+N(B,,) tending to be just a curve,

For the limiting map, the value 7 s unimportant. Restricting to the § variable we
have

i g+,
which is the well known one-paraneter faiily of quadratic oue-dimensional niaps, that
has been studied e.g. in [CE, 1980].

This being the limiting map., u;".‘*'N “contains” approximations of this family of
quadratic maps and heuce exhibits much of its complexity, see [S,1981]: hyperbolic ses,
period doubling bifurcations and all other phenomena that are persistent under € (r>2)
perturbations.

Because it will be used later, we give here one example of extending a fact about
quadratic maps to the one-paraeter faniilies like ¥u- For j near zero, the nmap § —

7’ + i has au stiracting fixed point near zero. Let #n — 0 be the sequence of y-values
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corresponding to i = 0 in the different reparamctrizations of the p-varinble. Then for n
sufficiently big and u near up,, 1‘9:*” has an attracting fixed point.

Now we give a more formal and comyplete description of the result. First we have to
stale some extra asswuptions on the 1-parameter fumnily ¢, As we mentioned already we
assume that the eigemvalues Ao of (dyg),, are positive and satisfy A -0 < 1. Also we
need C7 linearizing cnordinates of @, near p,. For this reason we require palz,y) to be
C*= in (y,1,y). The C? linearizing coordinates (u-dependent) then exist, provided that
some genetic (even open and dense) conditions are satisfied by the eigenvalues Aand o

(see [S,1658]); they d-pend continuously, in the C? topology, on p.

Theorem. Fora onc-parameter family ¢, as above, with ¢ a point on the orbit of tangency
for ¢ = 0. there are a constant N and, for each positive integer n, reparametrizations

u = Mp(i) of the p variable and ji-dependent coordinate transformations
(#,9) = {r,¥) = ¥ (3, 9)

such that:

- for each eompact set K in the ji, I, space the images of K under the maps
(’]’iig) o (Aln("_‘)l ‘pn.ﬁ(ii g))
converge, for n — oo, in the p, x,y space, to {0,g);

- the domains of the maps
(B, )= (i (85 0t ) 0 Wa))
converge, for n — o, to all of R?. and the maps converge in the C? topolagy, to
the map
(b ) = (heal 2, 90)
with ¢a(#,51 = (.9° + 1)
This theorem is i expanded version of a remark in §6.7 {p.336) of [GH,1983]. Ae-

tually, if there are C* binearizing coordinates, k = 2, the convergence to @ t5 m the C*

topolagy. This is a cousequence of our proof.

av

Proof: We start by choosing p-dependent C? linenrizing coordinates near p,. We denote
them by (z,y). For g = 0 we have go(r,y) = (Ar,oy) with0 <A <1 <eoand A0 < 1.
Let ¢ be a point in the orbit of tangency in the “local” stable manifold of p and r such a

point in the “local” unstable manifold of p.

tr=(0,4)

AT

N g=(1,0)

Ty

P

By multiplying z,y with constants, we arrange that ¢ = {1.0) and » = (0,1). Since
both r and g are on the orbit of tangency, there is N such that oM(r) = ¢. For u near
#rro we adapt our linearizing coordinates so that:

- ypf(ﬁ, 1) is a local maximum of the y-coordinate restric!~d to W*{p,);
~ the r-coordinate of (,93’(0, 1}is 1.
We reparametrize y is such a way that the y-coordinate of ‘pz"((l‘ ISRENTE
After these preliminary steps we can write wff, near {0,1), as
(#, 1+ y) = (1L,0) + (Hi{p, 7,9), Ho{pr 2,00
with
HJ(.“J;!I) =oa-y+ }]’J(,u..r.y),
Hy(p,a,y) = B 9* + g+ + Halp, 2,9l

wlere a, 3, are non-zero constants, and where, for p = =y = .

(1) { fﬁ:ﬁ,fi;z@,,fh:ﬂ,

f]; = 3,]?2 = B,I:Ig = a‘,ﬁz = 6,,.”}?2 = aw.}}g = Byﬂf?g = 0.
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. (1.9) = q'
'

AW

Cf:‘ (o, = t.f;('
“w
W (Pud

The functions H, and H, are clearly C? since ¥u 15 C and the z, y-coordinates are
C*in 1,y; in fact, instead of H = 3,,!?3 =8,,H; = 0and 6,!?2 = a,,,.r?, = 0, we should
put Hy(u, 0, 0) =0 and 3,)‘.12(;1,0,0) =0

Next we define an n-dependent reparametrization of y and a p-dependent coordinate

trausformation by the following formulas:

}l=_0'-2“‘ﬁ—’)"f\“+0'_n ﬂ=02"'ﬂ+‘y'a\n‘02n"'0“
r=140"".3 T=0" (z~1)
y=a'"+a_2"-ii §=02"-y—a".

Note that these are not yet the final reparametrizations and coordinate transforma-
tions but the final ones differ from these just by constant factors, as made cxplicit at the
cud of the proof. Also. ¢ and ) depend on g and hence on 7 although this is not expressed
in the above formulas. Finally, note that a fixed box in the Z,§ coordinates, gives for
# — 0o boxes converging to g in the T,y coordinates.

We now start with our main calculation: expressing gp:*N in terms of 7, ¥ and §. Let

(F.T,¥} denote a point. The (u, 2, y) variables of this point are (see above):
p=o_2"-:d--')--)‘"+a"", T=140""F, y=a 4o .y

After applying ¥y to this point we get as 2,y coordinates {(# does not change):

:r=¢.\"-(1+a""f), yv=140"".5%.
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ly=o "1
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A - N

<5 .

c AN

r // 1 A\ _ (i>t'0})
CP o) A =°

Next we apply qpf and find;

z=14a-07" 5+ (g, 2" (1 +o7"E), 07" )
y=ﬂ'a_2" _i2+(g—2n’—‘_1_kn+ a—n)
+7- A" (1 + a—nf) + H‘Z(ﬂ’ Am (1 + a—n),a—n ' i)‘
Transforming this back to the ¥, coordinates, and denoting the values of these coordinates

of the new point by Z,§ we have:
(2

{

S—

= ai-}-a"-ﬂ.(a""-ﬁ—-‘y-)\"+a"",)\" (1+a7"F),e"" - §)
=ﬂ§2+;7+7~.\"-a"-i+a"'"-ﬂ;(a‘“-ﬁ—7w\" +oe™A (Y + 07T} 07" - H)

w2l &l

Next, we need to show that in the above expression certain parts converge to zero for
n — oo in the C? topology (uniformly on compacta in the &, 7, § coordinutes).

In the expression for ¥, the term 4 - A" . 0" - 7 goes clearly to zero because Ao < 1.

The terms involving H, are more complicated. We first observe that when

{(5,%.%)

remains bounded, the corresponding values of

(p,:r,(y - 1))
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which are substituted in f{, satisfy:

ji=0{c"")
13) r=0(\")
y-1=0("")

as it goes to infinite. Next we define

HETH =" ™ F-y- A"+ X" (1+¢7"-7),07" 7).

Then
Hi{0,0,0)=a" - Hy{—y- A" 407", A",0) = o™ - (0(A") + O(A%"}),

which converges to zeto for n —+ co. Next, the first and second order derivatives of
H.(7i.7.5) converge to zero (uniformly on compacta); this follows from (1), (3) and 0 <
Aa < 1. In fact, the derivatives of Hy arc easier to estimate than H, itself. This is the
way in which one proves that H, goes to zero as announced. The same procedure works

for the corresponding expression in the formula for 3.

So, fur n — oc, the transformation formulas (2) couverge to

0= ()
¥ By~ + 5/

By the substitution

="l
F=af 5
y=47"y

thns limiting transformuation becomes

Now the theorem is proved: we have the anncunced transformation as limit of <,9L'+N,

composed with suitable coordinate transformations and reparametrizations of u.
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We observe that the calculation above, under stronger hypothesis, was carried out

independently in [TY,1956].

Remark 1: One can also consider the effvet of our (rescaling) coordinate transformaltions
on the stable and unstable foliations. If ¥} and F are stable and wunstable foliations,
defined in a neighbourhiood of p, (i.e. W*(p,) is a leaf of F p, maps leaves of F} into
such leaves or maps them outside the domain of definition of F}, and the tangent directions
of ¥ depend continuously on z,y, and y; similarly for 7}, then we can extend F, by
negative iterates of w, and F} by positive iterates of y, till the domains of defimtion of
both these foliations contain the point of tangency of W' (pg) and W*{pe) in their interior.
Next we consider these folintions with respect to the T,y,n - or the g, - coordinates
(depending on n). It turns out, by estimates which are much like the above estimates,
that in these coordinates ¥ and F converge for n — occ. In the 2,3, 4 coordinates, the

limiting leaves of F} consist of horizontal curves, the limiting leaves ol F consist of the

parabolas {y = 7% + ala € R}.

Remark 2: If the maps 4,0::{"’.‘) are not orientation preserving, then we may replace

them by the square s,oi;n:;;’) which is orientable: after reparanetrizing according to ¥, ;,

these maps converge to ($;)%, and, due to renormalization, we know that (¥, )? has, after

rescaling ji and T, the same properties as ;.



CHAPTER IV

CANTOR SETS IN DYNAMICS AND
FRACTAL DIMENSIONS

s already indicated in earlier chapters, the closuze of & set of homoclinic intersections
is ofien a Cantor set. In the following chapters, concerning the study of homaoclinic bifur-
cations, we shall have to smpose, in the formulations of several results, conditions on such,
Cantor sets. These conditions will involve numerical invariants like Hausdorff dimension.
lizuit capacity, {local) thickness and denseness. which we discuss in this chapter. Whey
these invariants are nou, utegers, one speaks of sets of fractal dunensions; often nowadays
the nane fraetal is associated to sets whose topological dimension is smaller than their
Huusdorff dimension like the Cantor sets we deal with here.

Sinice these Cantor sets are nat of the most general type. we begin our discussion in) the
present chapter with the description of “dynamically defined {or regular) Cantor sets”; they
form the class of Cantor sets in which we are mainly interested in Dynamical Systems. We
prove several results concerning the relations betweens Hausdorff dimension. limit Capacily

and (local) thickness and denseness and show that they vary continuously with the aps
defining the Cantor sets. These Cantor sets have Hausdorff dimension smaller than one.
and thus their Lebesgue measure is zero, This is not in general the case when the surface
diffeomorphi=m giviug rise to the Cantor set is of class C!. as shown by & counterexample
due to Bowen and preseuted bere. Apart from these results that are needed 1 the next
cliapters. we derive sone additional infurmation concerning the regularity of these Cantor
sets. whick 1u our view is of independent interest and bound 1o Play & role iu Dyvnamics.

We observe that much of the results in this chapter concern Cantor sets tlar arise
freni hyperbolic invariant sets of 2-dimensional diffeomorplisms. For Lyperbolic sets in
Ligher dimensions, our preseit knowledge is rather more hnited: it is ot even known that

the definition of local Hausdortf dimension is independente of the injtial point.
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§1.  Dynamically defined Cantor sets

Let o : M = A ben C3-diffeomorphism of a 2-manifold Af with & hyperbolic fixed
puint p of suddle type which is part of a (non-trivial) bacic set A. {Actually, we will see that
W5y enough to take of class C?; see the remark af the end of this section). By a basic
set we mean a compact hyperbolic invariant set with # dense orbit, whose periodic orbits
are dense and which is the maximal invariant set in a neighbourhood of it. Non-trivial
here means that it does not consist of (finitely niany) periodic otbits. As a example,
one may think of the “maximal invarjant subset of B” related to a transversal homaoclinie
orbit, as analysed in Chapter 1] For P € A, the subset AN W *[p) of W*(p) is what we
want to call a dynamically defined Cantor set. To be more precise, let a : R — W?(p)
be a smooth identification, such that a=! o (+IW*{p))oa is a linear contraction (see (S,
1957}). Let K be an open and compact neighbourhoord of 0 in a™'(1 p) N AY K ois
called & dynamicelly defined Cantor set. Usually, we even assume that & is obtained by
intersecting a "} (W *(p) A) with an interval Ky © R. containing 0, and whose boundary

points are not contained in a (W p) N A). We divcuss some of the main properties of

these Cantor sets.

Scaling: If o~

(¢ *(p))oa is a linear contraction by A, which we assume positive,

then, since A is invariant under N

AR =RKo(a Ry
where, for ACRand A€ R. A- 4= {*-ala€ 4}. This mean- that the choice of the
interval Ky is not very essential: in each interval A - a,a] one has the same geommetry.

Expanding structure: There is a smooth expanding map ¥ : K — K with some re.
markable properties. We first construet this map. As in Chapter Il we choose an unstable

foliation ¥, defined on a neighbourhood " of A. Siuce the diffeomorphism 2 is €3, this
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folintion is C14 I the jnterva) A is sufficiently big. then we huve a projection n, slong,
leaver of FY, of & neighhiouthood U7 of A to a(Kg); clenrly ®(A) = a(h'}). This projec-
tion it in general not unigque: one leal of F* may have more than one intersection with
a(Ky). Since A is totally disconnected, one cun still take 7, on a small neighbourhood of
A, continuous and hence differentiable (in fact C'*+*). The derivative of #[(W*(p) N} is
bounded and bounded sway from zero since the components of W*(p) N ere leaves of

the stable foliation, which is transverse to F*. For N sufficiently big,

V=alornoy Noa:hpy =k

is, where defined, expanding in the sense that the derivative has norm bigger than one.
Indeed, the possible contractions in ®|(W?(p) N I/") ure compensated by «~ . From the
above construction it follows that (R} = A (we also denote W|K by ¥) and that ¥ is
C'** on a neighbourhiood of K.

Our assumption that R has to be sufficiently big is no real restriction due to the
scaling& property, The non-uniqueness of ¥, due to the non-uniqueness of = is still a probs
lemn. but this can be byjassed as a consequence of our construction of Markov partitions

in Appendix IL

Markov partitions: For a Cantor set A and an expanding map ¥ as above, we define a
Markov partition as a finite set of disjoint intervals Ky...., At C Ko such that
- ¥ is defined on a neighbourhoud of each K, 1 2 1;

k
K is contained in U K,. and the boundary of each K, is contained in K;

1= )
- for each 1 €1 < k, ${K,} s an interval. which is the convex hull {in R) of a

finite collection of the intervals of the Markov partition:

- for each 1 <1 < k and n sufficiently big. ¥"A N K,) = KA (this means that ¥R

i« topologically mixing).

For a given Cantor set R as above there are Markov partitions; one can even make
the intervals K, as smull 8= one wishes. This {ollows from the construction of Markov
partitions for basic sets [B, 1975). In the two-dimensiona) context this construction can

be much simplified, see Appendix Il

Here we only indicate how to make such 8 Markov partition whei our basic set A is

the horseshoe (see Chapter 1}, In this case W¥(p) and W ?*(p) are as indicated below, and
A= TW3{p)n W (p).
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In W*{p) we indicated 16 intersections with W*(p) (numbered from 0 o 15}, they are all
in a{hyp). In a “separate copy of R” we indicate the inverse i .ages of these points by a

and indicate the mtervals Ay, ..., A of the Markov partition.

i the figure with W*¥(p) and W?*(p) we indicated a{ky) and U'. the neighbourhood
of A on which we assume F* to be defined; note that with this cooice of U and a(RAYy), the

projection 7 {projecting U7 along fibres of F¥ 10 a(Ag)) is uniquely defined. As expanding
map we take
}

Y=atorogloa.
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. 1
The acvion of ¥ on the pointe 0., 1008 then given by: k= {5(1 +a). ]]

6 1 2 31 4 5 s 7 and ViR, maps K, affinely to [0.1}; the scaling constant can be tahen ss A= 1(1-q)
(l) :ii i 'lt' é ]11 l£2 115 For a = 1/3 this is the most well known Cantor set; in any case, for this construction one
17 1 1t 1t 1 11 needs 0 < a < 1.

15 14 13 12 11 10 9 &

Taking as intervals of the Markov partition Ky,..., K as indicated in the sbove figure,

their images are Y(K,) = I,. From this it is simple to verify that K),,. .. , Ky forms indeed 0 K1 K 2 1
& Markov partition. : j‘l : —-:
Obscrve thet if Ky, ..., Ky is a Markov partition of & dynamically defined Cantor set : : : ' L
& with expanding map ¥, one gets 8 Markov partition with more and shorter intervals by ,___ﬂ' — — r——-: &’ ( K‘ v K;)
just taking as new intervals connected components of ¥~ (K, N K, f ; : : ' ; ; '
So far we have seen the basic properties of dynamically defined Cantor sets. For the ! | i i | | ' I .3
purpose of what follows it is convenient 1o use these properties us definition. ke e L L \f ( K' v Kz)

Deflnition: 4 dynamically defined Cantor sef is a Cantor set A C R, together with

- @ real number A, the scaling factor, 0 < [Al <1, such that Ak isa neighbourhood The second example, or rather a class of examples, covers the affine Cantor sels.

of 0in K; They are defined by & sequence of intervals Ry, R} with endpoints K!, R so that
— ’l - lt - - r. - r . “r].
- amap ¥: K — K havinga '+ expansive extension to a neighbourhood of A'; 0=K{<hj<hi< Ki<Ki<-.< K{: also W|K, maps K, affinely onto [0, K); as
scaling constant one can take A = RI/K].
- a Markov partition K,,. . Kk,

Observe that although in this chapter we will not make use of the scaling property in

the definition. this condition will play & key role in Chapter V.

¢ v 4
’ "
Examples: In each of the examnples below we define the Cantor set by & Markov par- l\ 1av K‘ K\ K2 Kz K 2
. ! ! i
tition and expanding map. Observe that we can always associate to a Markov partition ; 0 ' |
o ) i | |
{}\';....,}\'k} and an expanding map ¥ the Cantor set ' = n YR, U U R 1 ! ' :
=0
o N i
Furtlier, we consider only examples where ¥|K, is affive, i.e. has constant derivative,

— e YKk,

CGur first example is the mid-a-Cantor sef, In this case

k= [o. %(1 )
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Faunlly we define gereraheed affine Cantor seta. They arc obtained as the affine
Cantor seteonly noew the image $(K,) may be smalier. If we denote the endpoints of K,
ac sbove by KT and K7 with - < Rl < KR! < R!,, < - then W(A,) should just be an
interval of the form [N, K. with j, € j!. I this case one still has to verify whether W is
expanding, whether there is scaling and whether ¥ (A, NK) = K for big n. In the special
exainple below we have

Y(NyNK)= (K, UR:)NK
Y(RoNK)=K
ViR3NA)= (R URK))NK

Ki KL Ka

-

1 L1 L YUK

One sees that & i expanding. ¥"(K, N K) = K for n > 2. In order to have scaling

one necds 0 1o be a fixed point of the affine map ¥ K;: here we don’t require 0 = K.

Bounded distortion property: The above examyples are special in the sense that ¥ is
affine on each K, This is in general not the case. However, as we shall see. the distortions
due to the fact that the derivatives of the iterates of ¥ are not Jocally constant. can be

buunded in a very strone scuse. It is for these estimates that we require ¢ to be 142,

Theorem. Let K C R be a dynamically defined Cantor set with expanding map ¥. Then,
given & > 0 there is o{¢, > 0 such that for all ¢. § and v > 1 with .
a) [¥7(g) - ¥"(g)] <6,

]

b) the iuterval [¥'g), ¥'(¢)] contuined in the domiain of ¥ for all0 <7 < 1~ 1,
we have Jog (8°) (g} = log K¥™V{(gH] <€ cff). Moreover €lf) converges to zero when
b 0.

Proof: From the fact that ¥ is expanding it follows that, for some o > 1, [¥'(g) — ¥'(§)| <

6-0'" for f < n. Since ¥ is C*** and ¥’ is bounded away fron: zero, log |¥'] is C*. Then

n-1
log 107 ) (g)] ~ log [(¥™)' (@)1} = |3 log |¥'(¥*(g)}] — log | ¥'(¥"(d))]

=0
n-1 n~1

S Y Cl¥g) - ¥(g) € Y 0o ot
=0 1=0

LA
sce lwog—t’

for some constant C > 0. This proves the theorem by taking ¢{f) = Cé* i—};—:—.— [

Let ua firash this seclion with some comments about the bounded d.atortion property.
Firat, we present a geometric consequence of it. Let V' be some smal: open interval in-
tersecting K. Since ¥ is topologically mixing (see definition «f Markov partition), there
is n > 1 such that ¥"(VNK) = K. Take gy.¢;.¢; € VK lose enogh to each other,
so that the intervals (¥'(go}, ¥'(g,)) are contained in the domam of ¥ for 0 < ¢ < n - 1
and j = 1.2 By the mean value theorem. there are ¢ € {go.¢1). § € {gu.9gz) such that
mige) = ¥ gl = lgo = gl - [(¥"Y (g} and [ (ge) - $™e . = lgo — g2 - [(E" ().

Then, from the theorem above, we get

S lge m O M) = Y g |
‘ < AL < er
lge — g2~ |¥"(gu) — g2} lgu ~ ¢

for some ¢ > 0 independent of n, V" and the points invelved. so $7 essentially preserves
ratios of distances hetween close points: they change but not by more than a uniform.
multiplicative constant, This means that, up to a bounded distortion. small parts of K

are just reproductions of big parts of A in a smaller scale.

it



Our second romark concerns the differentiability avsumptions i the statement and
proof of the theorem adove. Clearly we used the assumption that ¥ is C'* in general
if ¥ is only €' the theorem is not valid. In order to obtain ¥ 1o be of cluss €%, it
is enough to require our 2-dimensional diffeomorphism o to be of class C? since in this
case the tangent lines 1o the leaves of the folistion, and hence the foliation itself, is of
class CYHe It is important 1o observe that U atsll has the bounded distartion property even
when the surface diffcomarphism o s of class C?. The first proof of this fact, which is
due to Newhouse and essentially contuined in [N, 1970; N, 1979}, follows from the fact
thut the iterates ¥ can be obtained by iterating »=! n times and only then projecting
aloug the leaves of F¥. To illustrate this we consider the basic set A to be the horseshoe,
Take a(Ko) C W*(p) and U, & neighbourhood of A, as in the first figure of the present
chapter. and let % denote the projection of U to a(Ay) along the foliation F*. The fuct
that this foliation is = ).invariant implies that 7:7'%(2) = #:"(z), whenever all these
projections are defined. From this, by induction it follows that {ac¥oa ) =gopmn,
ie. V" = a-logx op "oa,foralln > 1 (case n =1 is Just the deﬁnitioq of ¥). Sinee,
tn this erpreasion, the prajection © appears only once, it contribution to the distortion of
$" is bounded. On the other hand the distortion of »~" can be estimated by the same
argument as in the proof of the theorem, since (! js, by assumption, C? (and so C1+¢),
In this way one proves that ¥ has the bounded distartion property. Another proof of this
fact consists in showing directly that =. restricted to components of W*(p}NL, and so ¥,

is of class C1* even if ¥ is only C?—this was communicated to us by Viana.

§2.  Numerical invariants of Cantor sets

It this section we define four numerical invariants for Cantor sets, namely Hausdorff
dimension, limit capacity, thichness and denseness. Then we discuss the Lebesgue measure

of the difference of twu Cautor sets in the real line, in terms of these invariants and finally

7l

we provide some important relstjons between these invariants wher, appled to the same
Cantor set.

Befure we cun define Hausdorff dimension, we need to introduce some preliminary
notions. Let K C R be a Cantor set and i/ = {li)ies & finite covering of K by open
intervals in R We define the dismeter diem(¥) of i as the maximum of {1}, i ¢ ],

where {(U',) denotes the length of U!,, Define Hold) = Zl’:’ Then the Hausdorff
€J
a-mearure of K is

ma(h) = !l_l"t'l.l’ 17 ujnnll K Hn(u)
diam{ld)<e

It is not hard ta see that there is a unique number, the Hausdorff dimension of X', denoted

by HD{ k), such that for a < HD(K), ma(K) = x and for a > HD(K), m,(K)=0
In order to define the limit capacity, let N (R'), K again a Cantor set in R, be the

minimal number of intervals of length ¢ needed to cover K. Then the ltmit capacity of &,

dencted by d( k), is defined s

dik) = lix‘n_s':;xp lf%%‘(:{).
For the mid-a-Cantor set, the first of our examples in the previous paragraph, one can verify
that the Hausdorff dimension and limit capacity are both equal to log 2/(log2—log(1-a)).
This will also follow from a more general result to be discussed later.

Both these notions of Hausdorfl dimension and limit capacity can be immediatcly ex-
tended to arbitrary subsets of higher dimensicnal Euclidean spaces (of even mietric spaces );
in the non-compact case one considers countable (instead of finite) €overings.

To define thickness, we consider the gepr of K & gap of K is & counected component
of R\ A"; a bounded gap is a bounded connected component of R\ K. Let U be any
bounded gap and u be a boundary point of {', so u € K. Let C be the bridge of K at u,

i.e. the maximal interval in R such that:

- u is a boundary point of C;

=1
[3%]
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e



- € containe no point of v gap L' whose length ({U") is at lceast the length of t.

u. i u 4 lk U.
P

— ¢ —3

In the figure U, U7, Uy, Up are gaps of K, €U7") > ¢(U) and C is the bridge of K at u.

The thickness of K at u is defined as 7{K,u) = {C)/€L"). The thickness of K,
denoted by T{K), is the infimum over these (K, u) for all boundary points u of bounded
Eaps.

Let us provide an equivalent definition of thickness which was actually the one used
by Newhouse in [N. 1979]. Incidentally and curiously, M. Hall [H, 1947] had earlier used
the same concept in the context of Number Theory.

Define a presentation of the Cantor set R as above to be an ordering U = {Un} of
the bounded gaps of K. For u € 8y, let the l{-component of K at u be the connected
component C of [ — (U U---UL,) that contains u. Here, | indicates the minimal (closed)
interval of R containing K. For each such u, denote r{k,U,u) = HC)/E(U). Then, one

can check that the thickness of A is given by
(K} = supinf (K. U, u},
u o
where the infimum is taken over all boundary points of finite gaps of i and the supremum
aver all presentations of K. Actually the equality follows from the fact that for any
presentation W = {Ua}, with f{%) < {(U's) for all n > m, the suprernum in the formula

above is assumed.

We define the @¢nseness of K, denoted by 8(K), as
B(K)= iﬂfsup‘r(h’,u,u).
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For any two prescatations Y = {Un} and W' = {I',} of a Cantor set K, we have

supT{K. U u} > i:‘:f‘r(h’.ll',u) (take for u the boundary points of Uy), and o we always
v

have r{K )} < (K.

We will show latter in the present section that if the thickness is large then the
Hausdorff dimension of the Cantor set is also large (i.e., close to one). We will alsa provide
examples showing that the converse is not generally true. 1, however, we substitute
thickness by denseness then we can state 8 kind of converse: f.r a Cantor set in the line,
small denseness implies small HausdorfT dimension.

Now we come Lo the discussion of the Lebesgue measure of . difference of two Cantor

sets. Let Ay, A; be subsets of R. We define their differcnce o

}\'] ~ Ky = {f €R | Bh c ki, k; e K. such that k; — kg = f]

Proposition. Let Ry, Ky C R be Cantor sets with lirnit capac::y dy an.d dy Ifdy+dy <1,

then the Lebesgue measure of Ky — K is zero.

Proof: Let d). d} be numbers such that d; < d}, d; < d; and d} +d; < *. Then thereisan
£o such that for 0 < € < £, K, can be covered with e~9 intervals of le..gth €; this follows
directly from the definition of Bmit capacity. The difference of two intervals of length € is
an interval of length 2¢. So K} — K3 is contained in the union of (e~d ~e“'=) intervale of
length 2¢. The total length of these intervals, disregarding overlap. is 2 g4 Since
d) + d} < 1. 1his can be made arbitratily small by choo-ing ¢ small. Rence the Lebesgue

measure of Ky - Ry 15 zero. |

Gap Lemma. Lot K\ A2 C R be Cantor sets with thickness p and ra. Ifry -1 > 1.
then cne of the following three alternatives occurs: Ky Is contnined in - gap of Ko Ry 1s

contained in a gap of Ky: Ky N Ry # 6.

Proof: We assume that neither of the two Cantor sets is cont.aned in + gap of the other
and we assume that Ay NA; = &. and derive a contradiction from this. I Iy, U are

bounded gaps of K. Ky, we call (11,13} & gappair if I3 contains exactly one boundary

4



poit of U (and vice-versa); &) and U5 wre swid to be linked in thic case. Sinee neither
of the Cantor sets is contained in & gap of the other and since they are disjoint, there is a
Bappair. Given such & gappair (U, U3} we coustruct:

B paint in Ky N A,

or a different gappair (UL U) with £(U7)) < (U, )

or a different gappair (U U3) with (U) < £U3).

This leads to a contradic tion: even if we don’t find & point in K; Nk, after applying this
construction & finite nuniber of times, we &¢t a sequence of gapphirs (L’,("],l.f.‘s"j such that

£ U,m) or f(U;") decreas.s and hence, since the sum of all the lengths of bounded gaps

is finite, it goes to zerg, Assuming £(U7}") goes 1o zero, take ¢, € U,“): any accumulation

point of {g,} belongs to K, N K.
Now we come to the announced coustruction. Let the relative position of Uy and U

be as indicated,
u 4
P

L
)
N

TN
\.}J

\\J

U,

Let ¢} and C; be the bridges of K; at the boundary points of Uy, 7= 1,2 Since

non > 1, 4G j{—f,ﬁ’ > 1. 50 ((CT) > (3] or {(CF) > (L)), or both. Therefore the

right endpoint of {7, is i1, C7 or the left endpoint of Uy is in €, or both. Suppose the
first. Let v be the right endpoint of I, lfu € Ky then we are done, since 4 € K7 anyway.
Ifu ¢ K. then u is contained in a gap U} of K} with 1)) < &) and (L], Uz) is the

required gappair. This completes the proof.
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Remark: Let now f, und 1z be minimal closed itervals such thet Ky C Ly and Ay ¢ 1y
We sey that A, end K are hnked if I, and Iy are inked. If r(A)). (K2)>landif A,
and Ky are linked, then KNk, # ¢ (since neither K, cin be contained in a gap of K,
not Ky in e gap of K)). Since being linked is an open condition, it follows that whenever

T(Ky)-7{K2) > 1, then K, - K3 has interior points.

Theorem. Let &, K3 be Cantor sets in R with Rausdorff dimension hihy Hhy+hy > 1
then (K, — AR;) has positive Lebesgue measure, for almost every A€ R (in the Lebesgue

measure seqnse).

Before going into the proof of the theorem, we first observe that from the assumption
on hy, hz it follows that HD(&, x K2) 2 HD(K, )+ HD(},) > 1 (see [F, 1985]). Also,
let us see how we can state this result in a similar but slightly different way. For A € R
take 8 ¢ (=%/2,47/2) such that A = ~tg 8. Let 7, denote the orthogonal projection of
R? onto the straight line Ly which contains ve = (cosf,sin8). If we identify R witk Ly
through R 3 7 = 1 14 then melk) =k vy = cosé- ky +sinf k; for k = (ki k2) € R?,
By our choice of 8 we get me(K) x K3} = cas B A, - AR} Since cos 8 # 0 this shows that

the theorem above can be rephrased in the following (slightly stronger) form.

Theorem. Let K C R? be such that HD{K) > 1 and 7y : R? = R be as above. Then
7e(K) has positive Lebesgue measure for almost every 8 € (=%/2,+7/2) (in the Lebesgue

measure sense).

This result was first proved by Marstrand [M, 1954). The argument that we present
Lere, which uses ideas from potentia] theory, is due to Kaufman and can be found in [F,

1985).

Proof: Let d = HD{R)} > 1. We first assume that 0 < my(K) < oc and that for SOl
C>0

my(K N B (2)) < Cr? (1)

foral 7 € R and 0 < » = 1. Let g4 be the finite measure on R? defined by
#(A) = ma(ANK), for A a measurable subset of R?. Let us. for —2/2 < § < /2,
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denete by g the (unigque ) messure on R such that [ fduy = Jif o xe)dp for every contin
uous function f. The theoren will follow, if we show that the support of pg has positive
Lebesgue mensure for almost all 8 € (—x /2, 7/2). since this support is clearly conthined in

me( K ). To do this we use the {ollowing fact.

Lemma. Let n be & finite measwe with compact support on R and #(p) =
72—,_[_“‘ e '*Pdn(z), for p € R (7 is the Fourier transform of ). If 0 < f |7{p) WP dp <

o then the support of y has positive Lebesgue measure.

Proof of the Lemma: The assumption that # is square-integrable implies (Plancherel’s

theorem) that p(r) = J" j+1 €"*T(p)dp is a well-defined, square-integrable function on
R and dy = pdr. Moreover jﬁ #)) dzr = ||'i(p)|2 dp > 0 and so the support of 5,

which is equal to the support of 7, can not have Lebesgue measure zero. This proves the

lemma. §

Returning to the proof of the theorem we now show that, for almost any 8 €

{(-7/2,4%/2), fig is square-integrable. From the definitions we have

lielpll? = —/j 5D dyg(2)dug(y)

- 37 ]]e'”"-"’ “dp(u)dp(v).
/] cos(plr — u) - vg}dulu)duiz}

Then

2
l

BRI

el pr® + esnip)

and so

2w
/ |[15(p)i? df = ;—] //C()R (plv - u) vg)dp(u)dulv
Jo z
1 2w
=5 fj (/ cos(p{v —u)- t'g)dﬂ) du(uddu(v).
: a

T7

Note that the integral on @ sbove does not depend on the dit.chion of (v — )

introduce the Bessel function Jy(:) = 5’; f:'cos(: cos

n .
] e (p)[? df = j Japlle = wlliditu)ds o).
0

Integrating on p and using Fubini’s theorem we get

/_:n/u" liie(p)? dbdp = // -+-. Ptplie =l

~ AT

Now, it is well known that [* Jy(2)d: is convergent.

+a p2x |
] ] lo(p)I" a6 dp < A /j dutu)d;: + )
-a JO T

for some A > 0 independent of a.

We observe that the integral on the right-hand side

We now
#)d@ and - rite
ypdu(uld-v)
T £ I —dp e du(e).
o v
So.in j» cicular, we can write

is finite. “»show his fix @ € (0,1).

Then, by condition (1) at the beginning of the proof we have

du(v d(r) =
/ _du(v) =] () +Zj duiv)
[lu = =l fa—eizr e — vl ar<flu—rlice > Y-

duiv)

n=}
o
< u(R*) + Y a " u(Ban-r ()
n=}
< u(R*)+ Ca for all w < R?,
a—
and so
// dpludulv) w2y | aR?) < | <o
[l —v[! —a

Using Fubini’s theorem once more and letting a — +oc, we get

[ ([ ooy
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and so _[_‘: Vol piiF dj < oc for almaost any 8 € (-7/2.47/2). On the other hand we must
have fj; lae(p))? dp > 0, forull 8 ¢ (=7/2,+7/2). In fact if, for sonic 8, this integral

L ) z
were zero then (recal) the notation in the proof of the lemma) fj: [~(2)]"dr = 0, and s0

+oc

¥ = 0 almost everywhere. Since dup = pdr this would imply ug(R) = I rela)dr =0
end so u(R?) = 0, which contradicts our assumption that the Hausdorff d-measure of A
is positive,

This, according to the lemma, proves the theorem, when A" has positive, finite d-
measure and satisfies condition {1). We now reduce the general case to this one. Tuke
1< d <dsothat my(K) = oc) and K’ € K such that 0 < my(R') < oo and condition
{1) above is satisfied with K’ end @' in place of K and d. Such a k' always exists by
Theorem 5.6 in [F, 1985]. Then the argument above can be carried out with d and &
replaced by d' and A", to conclude that 75( K’} has positive Lebesgue measure for almast

all 8, and so the same holds for mg(K). B

Remark: It is worthwile 1o point out that if A"y, K, are dynamically defined Cantor sets
then the Hausdorfl d-messure of K = K; x K, is positive and finite and my satisfes

condition (1) above, where d = HD(K,) + HD(K3). We will further discuss this fact later
in this chapter,

Next we come to the relutions between the different invariants when applied to the

same Cantor set,
Proposition. Let A ¢ R be 4 Cantor set. Then d(K) 2z HD(K).

Proof: For any d' » d(K) and ¢ sufficiently small. there is a coveriug of A with ¢—¢
intervals of length £. For such g covering U, and d" > &', we have Hao(lh) = -4 . 4"
For ¢ going to zero, this last expression goes to zero. This means that for any d" > d( k),

the Hausdorff ¢ measure of K is zero, and the proposition follows. J

Observe that this same aTgument proves a somewhat stronger fact: for any Cantor

79

sct K ¢ R,
HDiK) < liyy, i(rllf EE\'LJL—)

In particutar it fullows that whenever HD\ k') = d k) theu

K
diK) = fim 28 VelH)
—0 -loge

(and not just “lim sup”). This is always the case if K is dynamically defined.

Theorem. (See [T, 1988, MM, 1983}). Let K C R be a dynamically defined Cantor
set. Then d{K) = HD(K).

Before giving the formal proof, we want to indicate why the theorem is true in the
(eusier) case of an affine Cantor set; the proof for the general case is based on the same
ideas. So let A be the Cantor set defined by the intervals k,... Ky with endpoints
K{=0c<¢ Kl <hfc.. ¢ K| and the affinc expanding maps ¥, : A, — [0, K).
We denote the factor, by which distances are multiplied under ¥,. by A,. So A= =
KINK7 — K!). The idea is now to show that both diA) and HD(K} are equal to 1he
number d for which X T = 1. Since HD{K} < d(K}), we orly have to show that
dK)< dand HD(K) > d.

First we indicate why d(K) < d. Suppose that. for some d > d. K can be covered by
e~ intervals of length €, whenever ¢ % L. Then, using the maps ¥, we can cover A Nk,

by e~d intervals of length (A7 e) for ¢ £ 1 or.in other words. by (A;‘J-s“ij intervals of
length = for ¢ < AT Sinee B = UK MK, we can cover A by (13 /\I"i) . E-&j intervals
of length < for all £ € A where A = max 4,. By induction we find thas we can cover K
with ({3 z\.‘J}'" -5“;) intervals of length ¢ for all ¢ < A-™,

Since d > d, we have EA:’J < 1, so for some positive a, 479 = z/\,‘&. Then for

€= A" we need no more than

m . .
(Z )\'—d) cemd w2 omtd-al
intervals of leugth £ 1o cover K, Sod(K)<d-o. This implies thut d(A') < 4.
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Neat we wssume HDUR ) < d. Then, for e > D and HD(K} < d < d we can find s
fite coverimg I of K by intervals) such that Hj(td) < e Teking ¢ sufficient]y small. we
sy assume that each L, € W interseets only one of the intervals Ky, ... Ky The coverings
induced by 4 on K N Ay, ... K O K, wre denoted by U, Clearly Hllf) = }:Hd-(u.). By
applving ¥, to U, we 2ot a covering 1, of K with HJ-(L},) = .\f - H (1), Since d< d, we
have §° )«.'J > 1 and, hence, at least one of the Hj(14,) must be smaller than €. Now I, is
a new covering of K satisfving again HJ(Z;‘,) < £, but with less elements (k, the number of
intervals defining K, i at least two and ench M4, £ = 1,... k. is non-empty}. By induction

we get such 8 covering with no elements, which is a contradiction.

Proof: We begin by Coscribing the structure of the proof Let R' = {K1.... ,Am]} be a
Mzrkov partition for A and. for n > 2 let R" denate the set of connected components of

-=U(K,), K, € R' For R€ R take A, g = inf | (¥") |z] and An g = sup | (¥") |nl.

Define 0n. 8n > 0 by Y (Anp)™® = Cand Y ()™ = 1 where C is some
HRER" RER"

properly chosen {big) positive number. We show that, for alln > 1. we have HD{K) = o,
and diK') < B,.. Finzlly we prove that {8, — 0n)n converges 1o zero as N —+ oo, this

completes the proof of the theorem.

Firct we fix the constam . It follows from the definition of B, that they are uniformly

Lonuded. Let 32 3, for all n. Define € = sup‘t‘él“ }']8. where k is such that $#*¥HR, N
K= K for all K, ¢ R'. Observe that il ¥|R, is onto for all i. then we may take & = 0

and so O = 1.

Now we prove tha diA} € 3, Let 3 > d{R'). Take £g > 0 so that for0 < e < ep
NK) < e, ie thewe is a covering of K by not more than £~ # intervals of length ¢,
For every R € R™, the inverse images by (9" |g) of these intervals form a covering of & by
intervals of length at 1most 5,\;lﬁ. This merns that N, -2 (R) < e for 0 < £ < gp, o1, in

N n R
other words, N, (R) < )\::':;"E-B forQ< e < A:"R -£y. Then N, (K) £ c'ﬁ( Z ,\:‘i) for
ReR™
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sl 0 < £ € A7 teg. where A, = rup A, g. Repenting the argument we get for all b 2 1:
ReR-

Nkys et (Y0 o) i a<es it
ReR™

This imphies

dK) S B+ lim —ZE N P L LI

and so, making 3 — d{K).

Eog( 3 ,\;_",;"")
diR) < dKN)+ RE]:B’\

Since A, > 1 this proves that Z A;'d;‘h'] > 1, thatis. diA) < 4,

RER™

Now we derive 8 contradiction from the assumption that HD(K) < a,. Take
HD(K) < a < a,. Then there are finite coverings I of A with arbitranly small di-
ameter for which H,(l} is also arbitrarly small. We assume that every element of U
intersects at most one B € R™. This will be the case if we require that H,(l{) < ¢ for
some £g = gg(n,a) > 0. We denote Ug = {UU e U : UNR # o}. Let as above k 2 0
be such that ¥¥4¥Y K, NK) = K for all i, € R'. Then. if H, () and bence dianild)
i sufficiently small. (#"%% | R)(UR) is a well defined covering of A for all R € R™.
Note that H, (9" ghlig)) < (sup [(¥*)])° - Ag g - Holllr) < € AL g - Hollg) (since
a < on < 5, < A). We claim that Hot{%"**|r, }(lHr,)) € cqo for somr Ry € R®. Oth-
erwise we would have Ho{f) = Y H,ilUg) = C~ ST OALS Hat U7 RiUR)) 2

RER™ RERN
C"( Z A:"R) £y P (C‘” Z A;“}z) - Ho (i) which is a contradiction. since, by as-
RER" ReR"

sumption. a < a, and so Z AR >C.
Rer"



Lu this way we construct, from the initial finite covering U, s new covering
= (\l""”‘jgc)(llm). with less elements than 3 and such that H, (') € ¢y Repest-
ing this argument we ~ventuslly obtsin s covering of A ‘with no elements at all, This is

the required contradi 1t m.
Fiually, to prove ' ut (8, - 2a)n — 0 we first note that, by the bounded disturtion
property there is @ > 0, such that AcrSa-dap.foralln21and Re Rm. Take

b - anloga +logC

"= » where A = inf [#'| > 1. Then
—loga +nlogh

Ty =lewtéa) (0 +8a =fn  p—fa
oAk Salonthe) N pserATh
Re gn RER"

< glontha)  y-nita Z AI.I-,O’{
RER™

= g'ontéa)  y-ni, C=1,

anloga + log € <

. s . at 5. < ie. B, -
by definition of é,. b follows that Bn £ 0ntéb,, ie Bn-a nlog ) ~ log a

HD{K) loga +logC
nlog A —loga

- This implies the convergence we have claimed amd completes the

proof of the theorem. g

The above'theorem is & consequence of the regularity of dynamically defined Cantor
sets. It makes that the propositions on the measure of the difference of two Cantor sets,
in terms of limit capacity and Hausdorff dimension, cover, for dynamically defined Cantor
sets. almost all cases - thie exceptions being di Ay )+d(K;) = 1and &, ~ AR for exceptional
values of A. Before pr: ~veding with our discussion on the relations between the invariants
(dimensions} of a Cant.. set, let ys explore some consequences of the ideas involved in the
proof of this theorem.

First we recall thai in the heuristic proof we have the following formula for the Haus.
dorff dimension and the limit capacity. If A is an affine Cantor set (see the examples in the
Previous section} with Markov partition A'p,..., K, and A, denotes the (constant) value
of (W' [, then HD(h ) = d{K') = d. d being the unique number such that Tad =1

We use this formula to compute the precise value of HD(K) = d(R) in a particular case.
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Take K tu be an wffine Cantor set with Murhov partition Ky . Ry such that al] the K,

have equal length, say 8- dinm A for 0 < 8 < 1/k. Since we are asswning that K is affine

(and not just generalized affine}, ¥ maps each K, 1 A onto K, s we must have X, = 3-)
for all 1. Therefore HD\K) = d(k) =logk/log 377, For k = 2, since B=(1-a)/2 we
get the formula stated at the beginning of this scction. Incidentally, this shows that the
dimension of a dynamically defined Cantor set can take any value between 0 and 1. Also,
for any p € (0,1), there are diffeomorphisms exhibiting & saddle point p and a basic set A
with p € A such that HD{A N W*p)) = p.

Our second remark concerns the role pleyed by the bounded distortjon property. Al
though we made use of it in the last part of the proof this is not strictly necessary for the
theorem sbove. In fact this result js still true for Cantor sets defined by expanding maps
which are only €! (and so may not have this property), sec IT, 1988). Even more so. if
¥ is just & C? diffeomorphism, still the Cautor sets W(p) N A induced by it bave their
Hausdorfl dimension equal to the limit capacity. sce [PV, 1988]. However, by using the
bounded distortion Property one can give better estimates for the velocity of convergence
of an and 3,, than would hold if ¥ were just 1,

Recall that in the proof of the theorem we showed that, for some b > 0,
b . . 2
ﬂn—;Sonsd(h)=ﬂD(1\)SﬂnSan+;.foralln?,l- (1)
i

We want to explore some important consequences of this estimate, First observe that,

denoting 4 = sup [¥'| and o = HD(K)=dK).

o M%h= YoaE Ak 3T Ak anta-a

Re R~ ReR™ HeRn
and so
Yo% <A <o foralin>. L)
ReR*"

In & similar way,

Z .\,T;ZCA_“>D! foralln > 1. (3)
RERN
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Using these facts we frowe

Proposition. Let K ¢ R be a dvuamically defined Cantor set and let d = HD(K)

Then. 0 < mglK) < x. Moreover, there is ¢ > 0 such that, forallz € K and D < r < 1,

o1 ¢ B (1) O R)

<e {4)

rd

We point out that the bounded distortjon property is fundamental here: contrary to

the theurem above, thic last proposition weuldn't hold in general if & were only €.

Proof: We keep the 1 tations from the proof of the above theorem. Observe that by the

mean value theorem and condition (2).

Ha®R™i= 3[R} < ¥ (A;,‘R-f(h'))‘s.4°{f(h'n‘.

HeR™ ReER"
where {{ /') denotes the diameter of K. Since diam(R") -+ 0 as n — oc, this proves that
mg(R) < AR <

Proving that mg( /) is positive requires a little more effort, First, we claim that for

some a; > 0 we have

(t))>a,<Z« (%)

Rnl #e

for every interval 7 intersecting A and n > 1 sufficiently large depending on I7. To show
thas we fix o > 0 such that the a-neighbourhood of A is contained in the domain of .

Take k = kil 2 0 mitemal such that
(9 Nz a

Let v k. Then § € R"* intersects ‘Jr'*[[') if and only if § = !IJ*[R) for some X € k"
mtersecting U, Moreow or, in such case we have
An g = sup (V") |n] 2 inf (¥ )'lg| - sup (97 F )5
2 inf [(¥°)' [vor] - An-ks
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Ou the other hiand, by the mean value theorem we have
EVHDD) < sup [(W!)1e |- €00 ) < sup [ loun! - 6 U)

Observe that, by construction, ¥ (U U R} is contuined in the domain of W fur all O <j<

k — 1. The bounded distortion property implies that
sup [(¥*)'|lour] < a-inf [(94)'0un),

where a is some positive number independent of U/, R and . From all 1155 and the fact
that d > a, _;, we obtain
(@rnfzc™ N A, Uy

SERn-I
Sntil)#e

2C! Z Al Swsiry OV )/ cap |84 up e
ReR"
RAl'ze

a® 3 ALY, pem @ Ginf |8 eua|)

RER"
Rni'z#e

chloda—n‘ E A;‘d}?

RER™
Rnl'#e

This proves the claim with a; = C~'a9a~".
Let now 4 be any finite covering of A Take n 2 1 such that (5) hold- for all U € 4.
Then. by (3}

Hitty= 3 ' 2 3 3 AT%)

Leld Ueld RegR™

Since I4 is arbitrary, this proves

ma(K)>a,CA" "> 0.



Now we deal witn the second part of the proposition. To make the argument more
trassparent we first aurive an estimate for the d-mensure of the jntervals ReR" For

some az > 1, depending only on A and ¥, we have

-1 md(Rnl\.) 6
a;’ = _‘('[“(R_)). La; (6)

for all R € R" and n > 1. To show this we observe that "~ maps R diffeomorphically

onto some K, € R). From the definition of Hausdorff measure, we have
Mra maROK) < mg(K, N KYSAS_ g mdROK).
Orn the other hand, by the mean value theorem, we have
An-1.R &R} S {(R,) € Ap-1,p - E(R).
Finally, by the bounded distortion property, it follows that
| An—l,R <a- '\n-l.R
with @ > 0 as above Cepending only on K and ¥. From all this we get

od. MK NK)  mdROK) _ ma(KiNK) L
(RDT = (R = (¢K,)) '

Clearly, {(R,) can e uniformly bounded from zero and infinity, so to prove (6} we ouly
Leed to show that the same holds for my{KN, N K). The upper bound is trivial since
mg(R\NA)<mglh <. N

The lower bouna foljows easily from the fact that. for some k 20, ¥R Ok = K

aud so, again by the .iefinition of Hausdorfl measure,

ma(K.NK) > (sup {(¥*41)|} ™ my(K) > 0.

Now we prove (4). Forz ¢ K and 0 < r £ 1, we let g = g{z.7r) > 0 be minimal such
that
V(B (1)) ¢ Ba(¥%(1))
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where, us before, o > 04s such that the dommin of ¢ contuins the a-neighbosthiood of N

Then. arguing as above with B.(7) and 99 in the place of B and VP respectively, we

obitain

0wt MVUBE) OK) my(Ba) 0 K) gl §0B, 1)) 0 K)

{¥9(B, (1)) = (2r)¢ = AENB(1)))

a
Again, €(¥9(B,(r})) can be easily bounded. by coustruction

a S HV B (1)< 4 0.
Since we also have
ma(PHB{2)) N K) € ma(K) < x,
it is enough to provide a uniform lower bound for the d-measure of VB (1))NK. Todo
this, we observe that by the mean value theos em we have
Bea (¥%(z)) D YUB, (1)} D Bea, (¥9(1)),
where A; = inf |(\P°)'|3,(,)| and A = supl[ll'g')'ig'(,,|. Then. by the definition of q.

rA; > a

and 5o, using the bounded distortion property once again. ¥4 B, (z)) O Bo-i(¥9(2)).
Fix p 2 1 such that fR) < aa'for all R € RP. Then, Y9 B, (1)) must contain the
interval Ry € R¥ that contains Vi(z). Finally. one proves, as we did befure for A, € R},
that my(RAK) > Ofor all R € R®. It follows that

M P BAT) MR > mg RN K Zinf{miRAK}|Re RFl >0
and this completes the proof of the proposition. |
Finally, we prove a two-dimensional version of thi: proposition. which had been com-

mented following the proof of Marstrand's theorem relating Hausdorff dimension and uiea-

sure of the difference set. It applies to hyperbolic basic sets of diffcomorphisins on surfaces,
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Proposition. Let K;. Ky be dvnamicndly defined Cantor sets and let dy = HD{K,).
d; = HD(K;). d=d, - d; and K = K} x k3 in R? Then, for some ¢ > 0.

fa) D<mylA)< =

(b) et < M’-"-:—.H'“” Cceforallr e K and0 < r <.

Proof: Take u to be the product measure y = my, X my, on K. Clearly, (a) and (b) hold
if we replace there mg 'w u. Therefore it is now sufficient to show that u is equivalent to
my in the scnse that fo: all Borel subsets 4 C A, y{A)/mg4(A) is bounded away from zero
and infinity. We cont’!rr Markov partitions R, R, for K. K respectively and denote
by R*.1 = 1,2, the fi..aily of connected components of '«I"_["_”(LJ). L, € R,. We may

restrict ourselves to Borel sets of the form

A=R xR, R, €R]. Ry€R]

since these sets generatc the Borel o-algebra of K. Let i = {I', x U3, :1 £ 7 € m} be
any ﬁnne covering of 1 = Ky x Ry by cubes. Fixr,; € U, NR. 1 =12.1<57<m
{obviously, we may assane Uy, N R # ). Then

g U, x U,y = mg, (U ;) x ma,(Us,)

< myg (B ) x mg,{B; ;)
< erer - (U, - (G )

where B, ; denotes the ball in K, centered 1 1, , and with radius (U, ;). Therefore

m

Sdamilyy % Uay )i 2 ) (WL, 0 x (Gl ,n®
=1

=1

2 (e1e2)”! Zu(l'l.; x Uy ,)

H

> (e1e2)7 ul4).

Since If is arbitrary thi- proves

malA) > (erer) ™ pi 4).
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To obtain aninequality in the opposite direction we construct covering=i,. . of A = Ry xRy,
m >> r. as follows, Fix Uy € RP, U contained in R;. For each 7; € R, take m{l’) 13}
maximal such that if Up(Uy,x7) denotes the element of ‘Rm“' #2) containing 7. then
ELUy(Uy,73)) 2 HUYy). Clently, {Ua(Uy,13) : 2; € R;} contains a finite covering of Ry by
disjoint intervals. Since these Ua(l’y, r3) arc elements of Murkov partitions R}, j 2 1. two
of then are either disjoint or one is contained in the other. Thus, we cau extract a finite
subcovering by disjoint elements. We now define Iy, to be the family of sots Uy xUp(1'y, 13)
obtained in this way for all I} € RT" contained in R). This is » cover'ng of Ry x Ry by
disjoint cubes. Moreaver, it is not diffieult to deduce from the bounded distortion property
that thereis 0 < b < 1 {depending only on K; and ¥3) such that, denoting by U1 . 12)
the element of ‘Rm“‘ *3%) 4 hat contains 7y, we have (UGG 1)) 2 MLy, 7)) By

definition of U(I'y, 74), we also have £(I73(07, 13)) € €{U')). Therefore,
LUy 2 b (UL, 72 ) (7)
Then. by (6) and (7} we get

Y tdiam(Uy x Up(Uy, 1217 Zl FIIATEPT,
L,

< b0 YT HU YU, )

o

<674 Y (aymg, (U MR )N e ma, (U 12 0 Ka)

e

= b ahahul A

Since the dinmeter of M, may be taken arbitraniy small (by taking 1 large). we have

mgid) < b4 abal il 4) and so our argument is complete. B

Note that 0 < mg(h') < o {{a) in the proposition) is rejated to the fact that since
K, and K; are dyeamically defined, HD(K) x R3) = HD(K,)+ HI"K;). This also
follows from the previous theorem stating that d(K,) = HD{R,). ¥ = 1,2, and the general
product formulas HD{K, x Ky) 2 HD(K,)+ HD(R;) and &k, x K3) < d{K) +d{RK)
together with the shequality d{h) > HD(K).

20



We now estabilish a, interesting relation between Huusdorff dimension and thicknese

for Cuntor sets in the live. In particular, if the thickness is large then the Hausdorfi

ditiension is cluse to cne.
Proposition. If K € R is a Cantor with thickness v then HD(K') > (log 2/ log(2+ 1/7)).

Proof: Let 3 = (log? log(2 + 1/7)). We show that Hs(lf) > (diam R for every finite
open covering U of K. which clearly implies the proposition. The key ingredient in this

prouf is the following elementary fact:
min{:r‘9+ P 20:20r+:2<1,2 2r{l-g-z),z2 {1l -—r—z:})} =1 (»)

We nssume from now ow that ¥ is a covering with disjoint intervals. This is no restriction
because whenever two « lements of I have non-empty intersection we can teplace them by
their union. getting in ihis way a new covering V such that Hs(V) < Hy(U). Note that,
since If is an open cove:ing of K, it covers al] but a finite number of gaps of K. Let U,
gap of K, have minim:. length among the gaps of A’ which are not covered by U. Let Cf
and C7 be the bridges of X at the boundary points of [’

[/ "
l‘(_-c_'}i(\u'r\r c-\

hY
{ | l-l'\ / AL v J‘>7—

R R

By cunstruction there rre A' AT € U such that C'C 4'and €7 C A”. Take the convex
hull 4 of 4 U A", Then

HAD 260 27 () 2 7(£(A) - £A7) = (.47))
and
A1 2 HCT) 2 7-(U) > r(E(4) - £(A") - (A7)
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and so, by (%), (£{47))% + (f{A")? > {{.A))?. This menns that the covering 4, of K
obtained by replucing A’ and 4" by A in U is such that Hpili) < Hp(l4) Repesting the
argument we eventually construet i, a covering of the convex hull of A with Hatli) <

Hz(l4). Since we must have Ha(ly) 2 (dim })®, this ends the proof. B

Note that in general there can be no nontrivial upper estimates for the Housdorff
dimension in terms of the thickness, even in the dynamically defined case. To see this, re-
call the earlier example of an affine Cantor set K with Markov partition {Ky,..., Ay}
all of length 4 - diamK, 0 < 8 < } and gaps between K, and K41 all of length
(1- 8 %) -diam(K)/(k - 1). As we saw, we have HD(K)}=logkflog 8-, The thickness
can easily be shown to be r(K') = g(k - 1)/(1 = Bk). Now consider a sequence of such

Cantor sets characterized by Bi and k such that *lim k- By =a€(0,1) Then, ask — oc,
et )

the Hausderff dimension tends to one while the thickness converges to a /(1 — a).

This fact is not really surprising since the thickness was defined as an infinum and so
having (k') small gives very little information concerning the Cantor set. As mentioned
before, this was our main motivation for introducing u variation of the thickness which
we called denseness. We shall prove that Cantor sets with small denseness have small
Hausdorfl dimension.

Let us first observe that if & is an affine Cantor set as above and 2f — | <k <2
then 8(K) = (£ - 1) + £30k - 1/(1 = Bk). This follows from the fact that the iufinun in
the definition of 8(K') is attained on the presentations If = {U',} of K satisfying

- W &Un) > HU,) then m < n;

- for U, U, with {Um) = {1,) we consider the maximal interval C, if it exists,
containing Uy, and [', but coutaining no points of gaps longer than U, or Uyiif
dist {U/,0C) > dist (U',,. 8C) then we require m < n.
Iu particular, for such Cantor sets the thickness and the denseness coincide only when
k=2
Proposition. Let K C R be a Cantor set with denseness §. Then HD(K') < log 2/ log(2+
1/8).

92

L

-

LR

-



Proof: Given 8, > £ let U = (I',) be m prescutation of A such that sup r{K. 2, u) < 8.
L ]

Forn 2 1. let A, bt the covesing of K formed by cornected components of 1 - (thy u
U; 0 U, where s the mindmal interval containing K. We claim that for A=
log 2/ 10gl2 + 1/8;) the sequence {Hs(An))s is bounded. To show this, we first observe
that the onlv difference between consecutive coverings A,y and Ay is that the mterval

A._, € A, _, containing U, is replaced by two new intervals C{CLe A,

2 ]
W, —« ¢ —>4——U-,,——><——C:——ae—— W :
W — K 3 X 2
&— gh ————ty
-1

Then. we have Hal A | — Ha(An-1) = [{CO) + [((CHHP = [{{An-1))?. On the other
Yand, the assumptions in the proposition imply qChy< g, (U end GO < 8, - {(Un).

Now using,
ma.\'{.r8+:ﬂ:120.:ZUJ-&-:S]..r591-(1-—1—:).:501-(1—2—2)}-'-1‘

we get [((CI)? + 00 < [((A,_; )7, that is Ha{ A} € Ha(A,-,). Therefore. the
sequence (H (A, 1), i- noninereasing and so it is bounded as claimed. Since the diameters
of A4, cleatly converge (o zero this implies ma{A’) < x andso DR} € 8 =log 2/ logi 2+

1/6;1. Sinve #, > 8 is ~rhitrary. the proposition follows.

Proposition. If K is a dyvnamically defined Cantar set then 0 < () £ fLl) < x and

solle d Nyj= HDIN < 1.

Proof: We have already seen that the denseness is always larger than or equal to the

thickness. Let us show that for some presentation I of A
0 <inf 7R, ,u) < supr(R.{. u) < x. 1)
v §
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Thir innuediately implies the first statement in the proposition. The second staterent is a
direct couscquence of the first one and the two last propositions sbove. To construct U we
proceed as follows. Let K = {K,..., Ay} be 8 Markov partition for A and PR
be the gaps of R between the intervals in this partition. For eny gap U of K let s{U} 2 0
be the smalles! integer such that ¥*(UN({7) is not contained in suy K, € R (s(U') = 04f
and only if U € {07,.... U4y} o1 17 is unbounded). Clearly, given any 3 > 0 the set of
gaps U of K such that s{I") € 3 is finite. Therefure we may take i = {l7,} an ordering of
the bounded gaps of K such that

i< sl S Sy,

We now prove that such I satisfies (1). Let u € 8U, and € be the I{-compunent of K at .
Observe that ¥™(C) is contained in some K, € R, for all 0 € n < 5(U',) - 1. Otherwise C
would contain a gap U, with s(U',} < s{U’,) and so j < 1, which «ontradicts the definition

of H-component. Then by the bounded distortion property there :5 a > 0, depending only
on (K, ¥), such that

T R (G Sl (o) S (o))
U~ (00— gL

_ [(\P'(U‘)(C)) i (‘(\psll'.\‘(‘j)
E I NS Rl L P R Ea N A
(T, < T S 6 R

((q,.n'l ']lc))

To complete the proof it is now sufficient to show that the values of ————r-———- that we

I SARLTAR)]
obtain in this way can be bounded from zero and oc. To see this . haerve first that we mus
have ¥ NI e {["1 ..... l-’;-,} and so (P01} can take o v a finiie set of values,
As to ¥V note thiat its fength canuot exceed diam{A') and that. on the other hand,
it must contain some A, € K. This last affirmative is proved as fullows, Let = be the ather
boundary point of C and L’ the gap of K such that v € 8U'. Thew either ! is unbounded
or I = U, for some j < 1. In either case we have s(I') < s{/,). Tt follows that PHUI )
must be in the boundary of some K. which then must be contsined i HUC) We
conclude that ({$UI(C)) is also bounded away from zero and infinity. This completes

the proof of the proposition. il
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It fullows easily from the definition of Heusdorfl dimsension: that | for any subset K of

R. we hove

HDIK)<1s=m(K)=7,

where m denotes the lebesgue measure. As an smporiant particulor case, the dyvamacally
difined Cantor setr hove aluways Lebesgue measure zera. This conclusion remains valid for
Cantor sets defined by 2-dimensional diffecinorphisms which are only of class C? since, as
observed in the last remark of Section 1, such Cantor sets still have the bounded distortion
property,

The situation is rather different for diffeomorphisms which are only once differentiable.
We describe briefly & coustruction, due to Bowen [B.1975}, of & C! diffecmorphism with an
invariant horseshoe A = ﬁm, p a hyperbolic fixed point, such that m{A)> 0
and m(W*(p)NA) > 0. Iu this particular example, W*(p) N A is invariant under an
expanding C' map but the bounded distortion property no longer holds.

Given a sequence 1841 of positive real numbers satisfying

Y Bu<? and B"" — 1,

n>0 ntl e

we construct in J = [ 1.1}, by the standard procedure, a Cantor set K in such way that

at the n‘}'—slep we remove 2% intervals, Jo 4. k € {1.....,2"°}, of length g—;}. It ic then

clear that m(K ;) = 2 - Z By is positive For each n 2land kg {2°1 4+, .. AN
n2o

define

Fnaidux — J 4o
as follows:
(i) gn. is a C! orientation preserving homeomorphism:
(i} g ulans) = g} 1 (bns) = 2, where J, 4 = [@n &, ba 4);

(i) sup |2-g \(z)] ~— 0

T€ 0 n—+tac

The choice of the 8, guarantees that (i)-(iii} coexist and makes possible this constructiorn.
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Now, from the sbove conditions, we can cottinuously extend all the g, 4% 1o

8 Lhome.

omorphism g of class C? on [#,/2, 1]. 50 that ¢' |5, = 2.

Finally, let Q be J x J and

v(z,v) = (9(z), 97" (y)),

oY) ¢Q,

2(2.y) = (g{-7), —¢" ")),

+1

-1

The reader may easily verify that  is of class Clp=1{1,-1;

o

i

if

Q@ — Q be a diffomorplism given by

.
Bu
2

I E 2 ]

ol < &
[ 8y
R
Ie€ N 2]

graph of g,
partially defined

is a hyperbolic fixed point

of ¢, A = ﬂ wliQ)=AR;xK;isa hyperbolic horseshoe and 1hat e pinA =k,

neZ

Besider, both A and K’y have Lebesgue meusure greater than zero.

§3. Local invariants and continuity

We conclude this chapter with some remarks on localized versions of

invariants for Cantor sets introduced so far, and on the (continuous) dependence of

the numerical

these

invariants on the Cantor set, at least for dynamically defined Cantor sets.
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We give the defin:tion of local thickuess; locel denseness, locul Hausdorfl dimension
and locsl Limit capucity are similatly defined. Let K € R be a Cantor set and k € &' The
fecal thickness ng (AL k) of K st k is defined as

o (K, k) = Ii:ré sup{r(K] | K is the intersection of K with an interval,
o—
contained in an £—neighbourhood of k}.

For dynamically defined Cantor sets these notions have some additional properties. Let
K be s dynamically d¢fired Cantor set with expanding map ¥. Then for every U C K,
U open, there is some n so that ¥™(I”) = K. From this and the bounded distortion prap-
erty it follows that the local invariants n (K, k), 8o (K, k), HD\, (K k), and dio (K, k)
are, in the dynamically defined case, nll independent of k. Also, since the limit capacity
and the Hausdorff dir ension are invariant under diffeomorphisms, one has in this caze
HD, (K.,k) = HD(K} = diK) = dio. (K, k). The thickness and the denseness are not
invariant under diffeomarphisms, and we may have 1{K) < o (K, k) or 8(K) < o (K, k).

For a discussion of the continuous dependence of the invariants on the Cantor set, we
restrict ourselves 1o the dynamically defined case. Bearing in mind the dynamica of bavic
sets of surface diffeonorphiams, we define when two Cantor sels are near each other as
follows. Let K be a Cantor set with expanding map ¥ and Markov partition Ki,..., Ry
Suppose that ¥ is €% with Holder constam C, ie. with [¥'(p) — ¥'(g)] € Clp—g/°
for all p. ¢ in & neighbourhood of K. We say that the Cantor set K is near K if K has
expanding map ¥ and Markov partition Ri,... . K¢ such that:

— 4 is €' ard s O pear ¥ its derivative 9’ has Holder constant € such that

(E'.f-'j is near {£.C).

- (Ky...., k) s near {K1,...,Ky) in the sense that corresponding endpoints are
near.
An important consequence of this definition is the existence, for nearby Cantor sets
K and K as above, of a homeomorphism h : K — R, C"¢lose to the identity, such that
Yok = hoW¥. We construct h as follows. Notice first that, because of the proximity

msrumptions in the definition, (R} intersects {and then contains) A, if and only if the

97

suine hoppeus with W R,) and K, 0t follows that, given 1 € K. there is # € A such that
¥y e I, e ¥"ial € Ky for wlin 2 0 Since ¥ is expanding 7 must be unique, we
define (1 = 7. Clearly %(h(1)} = h(¥(z)}}). On the other hand we can obtain A~? by &
symmettical canstruction, so h is really a bijection. Checking that A is close 1o the identity
presents no particular difficulty. Just construct Markov partitions R® and K" for A and
R as in the previous section taking connected components of the jrverse inages of the K,
respectively v, by "7, respectively ¥"~!. Then, one observes that z and A(r) belong
to corresponding intervals of R and R® for all n and that corresponding intervals are
uniforsuly (meaning independently of n) close, due to the closeness of K te K, ¥ to ¥ and
to the bounded distortion property. We are lefl to show that k is continuus. We do more
than that: we prove that it is Holder continuous. Take & > 0 such that d{k,, K,) > 3¢
and diV, R, 1> 36 forall i # 5. Now, for r.y € K with |z ~y| < éweletn=n{r y) >0
be such that
|‘1’i(:) - ‘l"{y}} C2%for0<i<n-1

and

[$7(x) - ¥ {yY = 26

By the definition of &, the interval [¥*{z), ¥'(y)] is contained in sonie element of the Markov

partition. for every 0 €+ € n— 1. On the other hand we may ascume that

]@'(f]- P <3for0<i<n—1.

To have 1hi~ we just take K close enough te K. in order to have (hiz) — ¢} € 672 for all
T (note that BF) = Adr1)). Then again [$(7), #'(§)) must be cortained in some
K, for «l 0 < ¢+ < n =1 By the mean value theorem there are &, « {¥'(1), ¥'(y}.

{-. € {‘i"i i 9 g ek that

n-1

LRESERAMIENEESY ) FL ST
[}

ira - )| = - i 11 i),
it
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Clearly, we cun tuke 0 < 4 < 1 such that LTSS |@'(f.)|. Thew we get

AT L e 216!
Rt 1 t L < ((dinm K670,
l# =yl 7 () - ¥2(y)]
Hence h is Holder continuous, as we claimed.
In fact we have proven even more. Since W is C'-close to ¥ and £, is close to €., the

values of {¥'(£,)] and ii"(f,) are almost equal. Therefore, if A is close to K, the Hélder

ezponent 3y of the conyi.gacy h may be teken close to 1. This, together with the analogous

fact for A~ implies the following important result.

Theorem. The Hausdowf dimension and Lmit capacity of a dvpamically defined Cantor

set K depend continuously on K.

To derive the theoiem from the considerations above one Jjust has to observe that the
existence of a homeomorphism h: K — K such that k and h~ both are C? implies that
1 HD(K) < HD{K) < 47) - HD{K') (and enalogously for limit capacity). This, on its
turn, is a direct conseqience of the definitions.

Now we state and prove the corresponding result for thickness and denseness.

Theorem, The thickuess and the denseness of a dvnamically defined Cantor set & depend

continuously on K. The same holds for Jocal thickness and Jocal denseness.

Heuristically, the theorem is proved as follows. The global strategy is to show that
the values T{ K., u). with ¢ = {Un} a presentation of & and v in the boundary of some
bounded gap U = 1. depend equicontinuously on K in the sense that if A is close to
K then r(];',h(u),h(u)) is close to T{K.U,u) for all If and u. Here b K — K is the
conjugacy from ¥ to ¥ described above (assume R close enough to A’ to ensure that A
exists) and h({) is the presentation of K given by k(U) = {h(U,)}, where h(U,,) is defined
by Bh{l’n} = h(8U,). Observe that h. as we constructed it, is monotonous.

For any given v anud If we can, just by forcing h to be close encugh to the identity,

make T(I;',h(u), h(u)} arbitrarily close to #(K,U,u). We can even make this happen
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simulthneoudy for all w {and i) for which the corresponding gap U is big, say witl, length
bigger than some fixed o > 0 However such & simple argument s insufficient to obtaiy,
the uniforn closeness that we need. To deal witl, the small gaps we must use the bounded
distortion property. The ides is to iterate the gap U’ und the U-component C of u uynti]
they become big. To be precise we fix B > 0 and take k = k|U',C) 2 0 minimal such that
£(5 U C)) 2 B. From the bounded distortion property we conclude that (A, U u)=
i—:% is almost equal to %;%5—;} their ratio sdmits a bound depending ouly on 8 > 0
and K and which can be made arbitranly close to 1 by taking 3 small encugh. Analogously,

from the bounded distortion property for A, ¥ we obtain that r(}.\'. hI6), hiu)) = {(-.MC”

(]
is alimust equal 1o {Q_’_(’ﬂ:n_) Moreover, and this is & key puint, the bound for the
Qenih(t')))

ratio of this last two values may be taken to be independent of K in a neighbourhood of
4}, This is a consequence of the fact that bounds for the distortion may be taken to be
uniform in a neighbourhood of any Cantor set. To explain this, let us first chiserve that
the positive numbers ¢{8) constructed in the proof of the bounded distortion property vary
continously with the dynamically defined Cantor set. In fact, these ¢($) depend only on
the Holder constants of the derivative of the expanding map and. by definition, nearby
Cantor sets have expanding maps whose derivatives have nearty Holder constants. In
particular, it follows that we can take {new) upper bounds €(8) as in the statement of the

bounded distortion property which are uniform. ie. independent of the Cantor set in a

neighbourhood of K. We assume jn what follows that & belongs to this neighbourhood.
Now, if (¥¥(L7)) is big, that is larger than o, we can argue as before, e, use the

L A .
proximity of k to the identity 10 conclude that l-"——w-——(\? (MC.))) = DM@ ——*‘C?“)
QWRAC)H) LRI )

15 close 1o

¥
f_é—‘i’%% This, together with the estimates obtained above with the aid of the bounded

distortion property, proves that T(R,h(u). h{u}) is close to (A, i, u), as we wanted to

show.
Of course, we stil] have the problem that ¥*(1') may be small. Iterating further is no
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solution. it may not be possible to doit, 3f $7(C) gets out of the domain of ¥ before $2(17)
gts Jarge. Even if this doee not happen, ns we iterate the length of /(U UC) gets bigger
and so the bounds given by the bounded distortion property get rougher. Clearly, for the
preceding argument we needed these bounds to be close to 1. lnstead, what we do is to
show that for our purposes this situstion doesn’t need to be taken into consideration. First,

we observe that since ¢ ¥*{U)) € a and ¥V U C)) 2 B, if we have chosen from the
(e ey)

boginn'mg ﬁ >>a, then “—\IJT(U—))

must be very big. The conjugacy h being close to the

identity, the same holds for (q’ (A . Using the bounded distortion property as above
(VE(R(U)))

we conclude that 7(K, 2. u) and (K, k(I4), h(u)) are very big. Since in the calculation of
both the thickness and the denseness one must at some point take an infimum, these values
are irrelevant for this calculation and so may be disregatded when proving the continuity
of 8(K') and 7(k).

We now come to a formal proof.

Proof: Let 4 = supid'jand B = 26(K)+ 8. Let £ > 0,6 > 0 and a > 0. Suppose that
' is close enough to K so that |h{r) ~ 1| < aé for all r € K. We prove that if o > 0 and

§ > 0 are chosen appropriately small {the precise conditions are given below) then this

implies

(a) BR)S(1+eV8R)+e(l+¢) (b)) BAY2(14e) (KY€l +e) "

(¢) MR S +erfriR)+el+¢) () n(R)2(1+e) ' n(K)—e(l+e)!

Tlas proves the first pa:i of the theorem. Then we show that the second part is an easy
consequence of the first one.

First we take a > 0 :mall enough so that the 24Bo-neighbourhiood of A is contained in
the domain of ¥ Clearly, we may assumne that the same holds for Rand ¥. Forlf = {U.}
a preseutation of K, 4 & boundary peint of a bounded gap U7 = [, and C the If component
of K at u, take k > 0 minimal such thet £¥S5UUC)H = Ba. Then {3 UC)) € 4Ba
(because (P HU UC)) € Ba) and so (¥ (AL)UA(C))} £ ABa + 2aé < 24D (as
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loug ac 6 < *47!-' ). By the bounded distortion property we have

. (VN0 C‘))] .
¢l ABa) -1 {AHa)
¢ s [(fw*wn)/(uu ‘ )

(etaann ¢ [{LPHAC)Y) /t(h(cn  2ABa, @
(R S ERUY) | B

where of  }is the distortion bounding function that we recalled in the heuristic proof. We

and

assume that a is small enough so that this implies

£t (e
aser <[(m)) / (G =00 te)
_ O I(a) /( MCH) .
1 ! e - <1+ 2
{1+¢) S[(((\P‘(h([) ) ) i11+¢; (2a)

Now we distinguish two cases according to the size of #. Supprse first that £ FHU7)) >
a. Then

aytey {(hw*{cm‘ <
35 (AU | T

RO - [N ) = RO+ QM) - BB O))) - avhien]
- QM) (AT -

P ABo  2af + ABa - 2af 4AB

a-la—2at) 126
&> 0 s sufficiently sinall this inplies
(YO VRO (3a)
GOHU))  GIrAT
From (la) (2a} and (3a) it immediately follows that

(K R hu) <14 e) - ((T+e) r(R. W u)+e) {4a)
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alud

r{fx’.h(H).h(u)} >+ )71 +e) I r (K Uu) - (4t

Let now (%5HT)) < a. Then we must have [(‘P‘(C}) 2 Ba - a. Moreover
G¥YMT)) € a + 266 and L¥AB(C))) 2 Ba - o - 2a6. This together with (1) and (2)

iaplies

['-“C} > =c(ABo) | Ba-a
Lty =

= {B - 1)e~c(480) (3)

and

f(h(C)) —ct2.480) 80_206—0 5-26_1 —c{2A80)
hhASELIEN {48y T4 = , 6
anty =€ a+ 2aé t+25 € (o)

Since we have chosen B = 26 k') + 8 we can suppose a and § small enough so that this

implies
(KU, u) 2 (8(K)+3) (5a)
and

TR WU, h(u)) 2 (B(A) + 3). {6a)

Now we proteed 1 prove the affirmatives (a)-(d) stated near the beginning of the

proof. Recall that by definition
T(K)=sup inf 7(K.U )
u v

8h)= iEf sup {4, u).

To prove (a) we must find for any given I a presentation i of A such that

s9p 7(R\0.0) < (1 + ¢ sup r(K.U,u)+ (1 4 ¢) (a1)
We loose no generality in assuming that
supt(h,U,u} < H(K)+1. (a2)

103

Tuhi i4 = k(i) From (a2) it follows et TN U W) SEK)+1 for all b and so (58} never

holds. Then, by the previous discussion we must have {48)

r(A\l).ﬁ:h(u))s(1+z)’-r(h‘.u,u)+c(1+e) {4n)

{as well as (4L)) for all u. This immediately implies {a1) and so (8) is proved.
The proof of (b) is almost dual to the preceding one so we don’t write it down in
detail. The only asymmetry comes from the fact that {6a) involves 8(K') und not 0(1;').

This is bypassed as follows. First, we may as above suppose that

sup 7(K, 0, 4) <8R} +1. (b2)

Now, from (a) (that we have already proved, we get that if & is sufficiently near A then

8(R)<8(K)+1. Then {b2) implies
sup T(H’,l}.if)s 6ih)+2 (b3)
w

and now the argument proceeds as before.

To prove (c) we take, for each I, U = h=Y (&) and show that
inf (R <1+ eVl TR Uou)+e(l +e) (c1)
To do this we must associate to each v and ¢ such that
T(f\',l;‘.ﬁjS(l-i-e)?-'r{h'.ll‘uJ#»s(l+£J. (c2)
Again, it is sufficient to consider the points v for which
HRUu) < inf r(K U.u) 1. (c3)

Take 4 = h(u) and observe that if {c3} holds then r(A. 0. u) Srh) 41 < OR)+1
and 50 (5a) doesn’t hold. Therefore {4a) is true, and this is just (¢2). The proof of {¢) is

complete.
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The proof of (d) is dusl to the one of (¢} (recall nlso the remark in the proof of (b))
so we are done with proving the continuity of (global) thickness and denscness.
Fiunlly, recall that the local thickness of & Cuntor set A’ at a point k € K is defined
by
Thoe (K, }) = l!il'r(:](fsup{r(}\',)!K. C K N By(k), 8 Cantor set }).

Let ¢ > 0 be small. Given § > 0, take § > 0 such that k(K N Bk C kn B;(h{k)). Let
K, be a Cantor set in K N B, (k) and let A, = A(K,). If h is close enough 1o the identity
(i-e. if A is close enougl. 10 K') then the arguments above imply 7{A;) 2 r(K,)—¢. Since
K, is arbitrary it follows that

sup{7 A})IK; C K N Bs(k), a Cantor set } <

< sup{r(K)}R: € K N Byth(k)). s Cantor set } + €.
By misking & — 0 (and 0 § — 0) we get
Tlac (K k) € Thoe (RLR(EY) + €.
In the same way one shows
Tioe (K, k) 2 Thoc (K h{K)) — €.

This shows the continui'y of local thickness. For local denseness the argument is the same.

The proof of the thente is now complete.

Remark: Cousider a C? diffcomorphism 2 of & surface, with a basic set A and a saddle
point p € A. For ¢ a C? nearby diffeomorphism there are A. a basic set, and p € A.
a saddle point {near A and p, respectively), and the dynamically defined Cantor sets
W (PN A and W {pIN A are near in the above sense (if we take nearby parametrizations
for W¥(p) aud W*(§) -s in Section 1 of this present chapter}. This follows from the
continuous dependence on the diffeomorphism of basic sets and their C'*¢ stable and
unstable foliations; see Appendix ! and Remark 2 in Appendix 11, concerning continuous

dependence of Markov partitions. From this and the propositions that we just proved, we
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cenclude the continuous dependerice with respect to the diffcomorphisi i the C topology,
of all the invariants of W*(p)NA that we have discussed, namely Hausdord dimension, hinit
capacity, thickness and denseness. To show this, one uses the arguments above together
with the observation that C? diffcomorphisms and C? closeness are used only to obtain
C'** expanding maps with nearby Hélder constants for the derivatives. This in turn
provides bounds for the distortion of distances which are uniform in neighbourhoods of
the diffeornorphism and the Cantor set. But, ss we remarked before, at the end of Section
1, C? diffeomorphisms induce Cantor sets satisfying the bounded distortion property (and
the resulting expanding maps are indeed C'** for some ¢ > 0). The .rgument that we
used there also yields uniform estimates for the distortion in a €2 ne: hourhood of the
original diffeomorphism. Thus, all the above invariants of W (piNA deprnd continuously
on ¢ in the C? topology.

For Hausdorff dimension and limit capacity, one can go even further: in [PV, 1958]
it is proved that the Heusdorff dimension and limit capacity of WY p)r A depend contin-
uoualy on the diffcomorphism in the C' topelogy. This is donr by using, as above, con-
Jugacies with Halder constants near 1. We observe that this result hat “wen obtained in

[MNM,1983] as & consequence of a variational principle of the thermodin.umical formalisin.
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