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Abstract

Let X C (IR™,0) be a germ of a set at the origin. We suppose X is described by a
subalgebra, C, (M), of the algebra of germs of C'™ functions at the origin (see 2.1). This
algebra is quasianalytic. We show that the germ X has almost all the properties of germs
of semianalytic sets. In the end we study the projection of such germs and prove a version
of Gabrielov’s theorem.

Introduction

The aim of this paper is to study germs, at the origin in IR", of some sets defined as finite
union of sets of the form:

{l’ / 900($) = 07901($) > 07"'79011(1') >0 }v

where ¢y, ..., ¢, are elements of a subalgebra, say C,(M), of the algebra of C'° germs at
the origin. We will call those germs: quasi semianalytic germs and their projections quasi
subanalytic. We suppose that our algebra contains the germs of real analytic functions at the
origin and it is quasianalytic, that is, if f € C, (M) such that its Taylor’s series at the origin,
say Tof, is zero, then the germ f is null. It ’s well know, [3], that the Weierstrass division
theorem does not hold in C,, (M), and we don’t know if this algebra is noetherian or not; so we
can’t completely follow the methods used in the classical case, i.e when C, (M) is the algebra
of analytic germs, to study quasi semi analytic germs and their projections.

By using an elementary blowings up of IR"™ with smooth center, we can prove that, after
a finite number of blowings up, we can transform any f € C,(M), modulo a product by an
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invertible element in C,,(M), to a monomial (proposition 7). This implies that C,,(M) is topo-
logically noetherian that is, every decreasing sequence of germs is stationary. This property is
enough for us to extend some well know properties of semianalytic germs ( stratification, locally
finite number of connected components,...) to the quasi semianalytic germs. We prove also that
the closure and each connected component of a quasi semianalytic germ is quasi semianalytic.
Tarski-Seidenberg theorem is not true in this class of germs, so in section 8 we study the quasi
subanalytic germs. The main results are theorem 7 which gives a uniform bound of the number
of connected components of the fibers of a projection restricted to a bounded quasi subanalytic
set and lemma 7 which shows that the dimension of quasi semianalytic germ is well behaved.
At the end we prove the complement theorem for quasi subanalytic germs.

There is a priprint of J.P. Rolin, P. Speissegger and A.J. Wilkie entitled ”Quasianalytic

Denjoy-Carleman class and o-minimality” where is proved also the complement theorem. Our
approach is different:
The reader can see that the normalization algorithm used in this priprint in section 2 is more
complicate than the proof of our proposition 7. The way that we use for introducing the class
of functions is more conveniently and we can have almost all properties, that we use, of such
functions by this way. We have also all the theory of quasi semi analytic germs (theorem 5,
theorem 6). We prove also the £ojasiewicz inequalities for functions in this class by the same
way that used in [10] for the Gevrey class.

The author thanks Professor A.J. Wilkie for his comments.

1 background .

Let n be a positive integer, a = (v, ..., ) € IN", x = (21, ..., ,) the canonical coordinates

on IR". We use the standard notations: | a |= a3+ ...+ ap, al =l .. ap!, DY = %,
1 92

and the preorder on IN" is define by o = (aq,...,a,) < 6= (B1,...,0n) < a; < G;, Vi =

1,...,n.

We say that a real function, m, of one real variable is C'* for ¢t > 0, if there is b > 0 such that

m is C'*° in the interval [b, oo.

In all the following; m will be a C*° function for ¢ > 0; m, m’, m” > 0, lim;_..om/(t) = oo and

there is 6 > 0 such that m”(t) < § for t > 0. We put M(t) = e™®. If U C IR" is an open

subset, recall that £(U) denotes the algebra of C* on U.

2 Functions of the class M

Definition 1 A function f € E(U) is said to be in the class M, if for each compact K C U,
there are C'x > 0, pg > 0, such that, Vo € K:

| D*f(z) |[< Cxpi!M(| a]), for |a|> 0,

We let Cy(M) be the collection of all C'* functions on U which are in the class M.



Remark 1 Let My (t) = er'M(t), where ¢ > 0,7 > 0; we easily see that a function f € E(U) is
in the class M if and only if f is in the class M ; hence the class does not change when m(t) is
replaced by m(t) + at + b, a,b € IR; so we will suppose, in the following, that m(0) = 0 without
changing the class.

In the following, if m : [b, co[— IR, m(b) =0, b >0 and m, m’, m” > 0 in the interval [b, co|;
we still denote by m the extension of m to [0, co[ by sitting m(t) = 0 if t < b. We see that this
extension 1s convex

Lemma 1 Forall j € IN, j > 0, there exists C; > 0, p; > 0, with:
M(p+j) < CijpiM(p),, ¥p € IN, p>0.

Proof.

There exists § €|p, p+ j[ such that m(p+j) —m(p) = jm/(#). Since m” < 9; there exists C' > 0,
with m/(t) < 6t +C. We have m’(0) < m/(p+j) < 5 +(C +67). Put p; = 1%, C; = 20+C);
then we have M(p + j) < C;p5M(p).

Lemma 2 Cy(M) is an algebra, closed under differentiation.

Since m is convex and m(0) = 0; we have, if 0 < j < n, m(n—j) < “Lm(n) and m(j) < Zm(n),
hence m(j) +m(n —j) < m(n) i.e M(n — j)M(j) < M(n). Using this inequality and Leibnitz
formula, we deduct the first statement of the lemma.

The second statement follows immediately from lemma 1.

The following theorem gives a one-dimensional characterization of functions of the class M
and can be considered as an extension of a result in [4].
Let Q be an open subset of the sphere S"! C IR" (n > 1) and f € £(U). We suppose that
the following condition, on f, is satisfied :
For each £ € Q and each compact subset K C U, there exists a constant Cx ¢ > 0 such that:

| dt—mf(x + 1) j1=0 |< CxeM(m) Yoz € K and Vm € IN.

Theorem 1 Let f € E(U) and suppose that the last condition is satisfied; then f € Cy(M).

Proof.
Let K C U be a fixed compact. For each £ € €2, we put:

| dem (:E + tf)\t:() |
M(m) ’

O (&) = SE% m € IN,

and

6 is a lower semicontinuous function; by Baire’s theorem, there exist €2; C €2 an open subset
and a constant C; > 0 such that:

VE €y, 0(8) < Ch.
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We have:
om f

|wl=m

Since €2, is open in S"!, by a result in [5], there exists a constant Cy > 0, such that:

om o™
Sup | -(x) |< C3" Sup 57{

l¢1=1 £eQ

() [

In view of Bernstein’s inequality; there exists a constant C's > 0, such that:

C3" Sup | D¥f(z) |< Sup | gm( )|
lw|=m §1=1
Put p = 02 , we have:
Sup,, Sup | D*flz) | < 00,
e M(m)pm

hence f € Cy(M).

Remark 2 If M(t) = t' i.e m(t) = tlogt; we have the analytic class. In the following we will
consider M such that the class Cy (M) contains strictly the analytic class. We take then m of
the form:

m(t) = tlogt + tu(t),

where 1 is increasing and lim;_pu(t) = co. In order to have m"(t) < §, we must suppose that
wu(t) < at fort>0 (a>0). We suppose also that p is in a Hardy field.

Proposition 1 Cy (M) is closed under composition.

Proof.
Since ¢ — tu(t) is convex; the proposition follows from [3]. Proposition 1 shows that we can
define C'x (M) by means of local coordinate system when X is a real analytic manifold.

Let t — M(t) as above and for s € IR, put:

A(s) = infise, M(t)s™

where tj is a fixed positive real.

The infimum is reached at a point t where m/(t) = logs, and this point is unique since m/’ is
increasing and limy;_.,m/(t) = oc.

we define s — w(s) by A(s) = e7“®), we have:

s =em®
{ w(s) = tm/(t) — m(t)



or
{ s — pfenO+ ()

w(s) =t+t2u'(t)

Since y/ > 0, then w > 0 and lim;_,w(s) = 0o; we can easily inverse the last system; we have
then:

t = sw'(s)
m(t) = sw'(s)logs — w(s)
Since m(t) = tlogt + tu(t), we have

{ t = sw'(s)
- _ w(s)
(t) = —logu(s) — 2

We see that w is increasing and when t — 0o, sw'(s) — 0o and —logw'(s) — <L — 50, s0 W'

is decreasing and when s — oo, w'(s) — 0.
For s > 0 let A(s) = infoen n>teM(n)s™"

Lemma 3 For s > 0, we have:
e X(s) < A(s) < A(s)

Proof.

Put a(t) = m(t) — tlogs; we have A(s) = e) where o/(ty) = 0; then A\(s) = e*™) with
| ng — to |< 1. Note that a(ng) — a(ty) = o/((1 — 0)ng + 0ty), 0 < 0 < 1, since m” < ¢ and
| o/((1 = 0)ng + Oty) — a(ty) |< 6, we have e °A(s) < A(s), the second inequality is trivial.

Proposition 2 The following three statements are equivalent:

. M(n
(Z) Zn M(75+)1) = 00,
(i1) [ wis ds = oo , for some sg >0,
(111) [° LOg’\ Lds = —oc0 , for some so > 0,

Proof

We have m/(n) < m(n+ 1) —m(n) < m/(n+ 1), hence 3, 77 n+1) =00 < [FXe ™ Wdt =
Recall that by above, [/°e O dt = Jo Mds Since w'(s) — 0 when s — oo and it is
decreasing then [{~ Mds 00 = [ =l 8) ds = oo, which proves (i) < (ii). By lemma 3,
we have % < LogA(S) , hence (i1) < (idi).

Definition 2 We said that Cyy (M) is quasianalytic, if for any f € Cy(M) and any x € U the
Taylor series T, f of f at x uniquely determines f around x.



By a well know result of Donjoy-Carleman, Cy (M) is quasianalytic if and only if we have:

M(n)
2 Mt~ >

n

If the class is quasianalytic; proposition 2 tell us that the function w(s) tend to oo, when
s — oo, rapidly as s?, for all ¢ < 1. Probably the converse of this statement is true.
In the case of the analytic class (m(t) = tlogt), we have w(s) = sw'(s), hence w(s) = C's. The
converse is also true:

Proposition 3 If w(s) ~ s when s — oo; then any f € Cy(M) is analytic.

Proof.
By hypothesis, there exist ¢ > 0 and A > 0, such that, Vs > A, we have w(s) > C.s; then:

C_m
Vme N, Vs > A, e ) < ——ml.
Sm
Since m/(t) — oo when t — oo; there exists Ny € IN, such that e™® > A Vt > N, (we can
suppose Ny > to). Let r > Ny and put s = ¢™); then s > A and M) < inf M) By

s s

n>to
lemma 3, we have, Vm > Nj:
M(n) c—m

<ele) <Xl
s - s™m

hence M(m) < Ce—fnm!. This proves the result.

Proposition 4 Let u(t) = loglogt i.e m(t) = tlogt + tloglogt; then the class Cy (M) is quasi-
analytic (recall that M(t) = e™® ),

Proof .
We may show that [° ws(f)ds = 00. We have s = ™) = etlogteﬁ ~ etlogt, and w(s) =

S0

tm/(t) —m(t) =t + ﬁ ~t~ o, then “’LS) ~ es(i)gs) when s — 0o, which shows the proposi-

tion.

From now on we take m(t) = tlogt + tu(t), p increasing, u(t) < at fort > 0, a > 0,
and lim;_oou(t) = 0o.We suppose also that p is in a Hardy field. Then the class Cy (M) is
an algebra, closed under differentiation and composition. We take also p such that Cy (M) is
quasi analytic; for example, take u(t) = loglogt.

2.1 The ring of germs of quasi analytic functions

Let r > 0, we use the notation A, (r) = {z € R"/ | x; |< r,for,1 < i < n}, if z € R,
= (2, x,), 2 € R"', and we put C,, (M) = Ca,(M). If f € E(A,(r)), we define, for
p >0,

| Df(x) |
1 fllprns = Supy  Sup  ~————"— € [0, 0]
Pt 5P M o
€A, (T)



and we note C,, , (M) = {f € Co., (M) / || fll;r.;s < 00}. Clearly C,, (M) is a Banach space,
let C),(M) be the inductive limit of C,, , (M) when r — 0, p — co. We have an injection:

Cpn(M) — R[[X1, ..., X,]]
defined by f — Ty f.

In general, we will not distinguish notationaly between the germ of a function and a represen-
tative of the germ.

Lemma 4 The algebra C, (M) is local and its mazimal ideal is generated by (x1,...,z,).
Proof.
Let f € C,(M) such that f(0) = a9 # 0; put p =| ap |[> 0 and p(§) = §+1a0. The function

@ is analytic in {€ € IR/ | £ |< p}. Put g = f —ap; g € Cp,(M) and g(0) = 0. There exists
n > 0 such that g([-n,n]") C {{ € R/ | £ |< p}. By proposition 1, p o g € C, (M), hence
% € C,,(M). The algebra is then local and its maximal ideal is M = {f € C,,(M)/f(0) = 0}.
Let f € M, then f(x) = X", z;g;(z), where g;(z) = &%(tw}dt; we easily see that g; €
Cpo(M),¥j=1,...,n.

Corollory 1 If z* = z{*...2% divides f € C,(M) in the ring of formal power series at
0 € IR", then z* divides f in C,(M).

Proof.
It is an immediate consequence of the previous lemma.

Proposition 5 Let f € C, , (M) — {0} such that f(0) = 0. For each € > 0, there exist
>0, p >0, <ry, p > p1, such that, for all v <r' and p > p', we have || f||,rm < €.

Proof.
By hypothesis, we have:

| D“f(x) |
Sup,  Sup S ——~—- < 00.

o M

€A (1)
o | /() |
“flx
R = Supmzo Sup ———"-
P e M D
€A (1)

Since f(0) =0 and f # 0, then R # 0. Let € > 0 ( we can suppose € < 1), there exists p’ > p;
such that for all p > p', (5-)™ < 5, Vm € IN*. We have then:

| D“f(z) |
Supmzo  Sup ———— < e
M m
wiom M@)o
rEAR(T1)

Since f(0) = 0, there exists 7" < ry such that for all » < ¢/, | f(x) [< €, Vax € A,(r), hence
1A llorar < €



3 The implicit function theorem

It was proved in [7] that if the sequence M (n) = M, satisfies the following conditions:

M, 1 M, 1
(1) (q—[’)q—l < O p!”)p—l, 2<q<p
and
(2) M():Ml:l

where C' > 0 is a constant; then the implicit function theorem holds in the ring C,,(M).
Recall that we have M(t) = e™® m(t) = tlogt + tu(t). We put g(t) = tu(t). By remark 1, we
can suppose M (1) = 1; we see that the condition (1) is satisfied if

() Vp>q2>2, (p—1)g(q) < Clg—1)g(p)

for a constant C' > 0.
We remark that (p is increasing):

Vp>1, pglp—1) < (p—1)g(p).

By repeating the processes, we prove (*). We deduct that the implicit function theorem holds
in C,(M).

4  Algebraic Properties

It is well know that the Weierstrass preparation theorem does not hold in C,,(M) [3]. We don’t
know if C, (M) is a noetherian ring ( n > 1). In this paragraph we will show that C,, (M)
has a weak noetherian property which we call topological noetherianity. This property will be
enough for us to extend some well know properties of semianalytic germs to the case where the
germs are defined by equations and inequations of elements in C,,(M).

We shall use a very elementary version of resolution of singularities consisting of blowings-up
of a neighborhood of 0 € IR",n > 1, say V, either with center an open subset, W C IR" 7, p <
n, such that {0} x W C V, or with center {0} C IR".

4.1 Blowings-up

For each positive integer 7, let IP"~*(IR) denote the (r — 1) dimensional projective real space
of lines through the origin in IR". Let o : IR" — {0} — IP""!(IR) be the canonical surjection
which associates to each t € IR" — {0} the line, say o(t), in IR" passing by 0 and ¢t. For each
i=1,...,r,let V; = {x = (z1,...,2.) Jx; # 0} and U; = o(V};); U; is a coordinate chart of
IP"'(IR) with coordinates:

w; U — R

t1 ti—1 tea tr

given by @;(o(t)) :(5""’ s ””’t_i)‘




Definition 3 Let V' be an open neighborhood of 0 in IR". Put
Z={(z,0(t)) e Vx P IR)/x € o(t)}

and let m: Z — V denote the mapping 7(x,0(t)) = x. The mapping 7 is called the blowing-up
of V' with center 0.

7 is proper, T restricts to a homeomorphism on V' — {0} and 7=*(0) = P""'(IR).
We can cover Z with coordinate charts

with coordinates 1); : Z; — IR" given by:

123 i1 Liv1 t,

In these local coordinates, 7 is given by:

ﬂ-(ylv e ayr) = (ylyia e Yi1Yis Yo, Yir1Yis - 'ayryi)‘

Let n > r be an integer and W an open subset of R"™" = {z = (z1,...,z,) € R"/x; =
...z, = 0}. Let w = (wyq,...,w,—,) be the coordinates of a point in IR"~". The mapping
F=nxidy:Z=2xW —V x W is called the blowing-up of V' x W with center {0} x W.
We can cover Z with coordinate charts:

ZZ:ZHVXO'(UZ)XW
with coordinates @; : Z; — V x W given by:

(31 li1 lit1 t,
?’ ceey - e
(]

@i(xa U(t>> w) = (

We put @; = (y1, .-, yr, w'). .
Recall that &, is the ring of the germs at 0 € IR™ of C* functions. Let a € 771(0) N Z; and
f € &,; then the Taylor expansion of f o 7 at a is given by formal substitution of w = w’,
X; =y, and X; = y;(yi(a) + y;), | # 4, in the Taylor expansion of f at 0. In particular if
f € R[[X,W]] is a formal series, we will denote by f o @, the formal series obtained by formal
substitution of w = w’, X; = y;, and X; = y;(y;(a) + y1), | # i, in the formal series f.

We need the following lemma proved in [10] but for completeness we will give the proof.

Lemma 5 Let Q@ C IN", n > 1, be a finite set and put F = {X* = X{"'... X2 /o =
(a,...,0) € Q}. Let V be an open neighborhood of 0 in IR"™. Then there exist a real analytic
manifold Z, m: Z — V a proper real analytic surjective mapping such that:

a) For all a € 7=1(0) there is U a chart, a € U, with coordinates y = (y1,...,Yn) such that
the set {po € IN™ | X* o 7t, =yt } is totally ordered by the product order on IN™.

b) my : U — V is a composition of a finite sequence of blowings-up.



Proof.

We proceed by induction on n > 2. We can suppose that the cardinal of €2 is equal to 2. After
making a finite number of blowings-up of V with center the origin of IR?, we can easily see that
the lemma is true for n = 2. Suppose n > 3, after dividing each monomial by the common
factors, we can also suppose that there is r € IN, r < n, such that the monomials are of the
form: X7"... X% and X7 ... X2 with o, = min;—1__,; (after making a permutation on
(X1,..., X))

We proceed by induction on «,; if a,, = 0 we are done by the inductive hypothesis on n.

Q41

Suppose «,, > 0 and consider the two monomials A = X{" ... X and B = X.7{" ... X,,"{"; by
the induction hypothesis on n , if V' is a neighborhood of 0 € IR"~!, there exist a real analytic
manifold M, 7 : M — V' a proper real analytic surjective mapping such the conditions a)
and b) of lemma are satisfied. Let a € 771(0), there is U’ a chart, a € U’, with coordinates

y=(y1,-..,Yn_1) such that Ao7r, = yfl ) yﬁ"ll and Bof, = yl’gi cyptt with (B, Bal) <

(ﬁl, . ,5; Dor (B,...,8. ) < (Bi,-..,Bn1). Consider the two monomials y?* ...y°"7" and

y11 yn 17X on U x R. If (Br,...,080-1) < (B1,...,0,_,) we are done. We suppose

(61, ....0. ) < (B1,-..,Bn1); after dividing by common factors, we are in the situation

ylt . yayt and X If one of the 4; < a,,, then we use the second induction (induction on

). Suppose y; > ap, Vi = 1,...,n — 1. We will blow up U’ x IR with center y; = X,, = 0.

Let 7:U — U’ x IR this blowmg up. We can cover U by two coordinate charts: U; and Us,
with respect to these charts, 7 is given, respectively, by

-----

ﬁ-(yla s 7yn) = (y17y27 <o 7yn*17yny1>

and
T2 Yn) = Un¥1: Y25 - s Yn—1,Yn)
In the chart (71 ours monomials where of the form:

Y1—& Tn—1

(TE R VS TS R The

By continuing, we will have v; — a,, < o, and the inductive hypothesis on in f~; will proves the
lemma. In the second chart Us, the result is true since (y1,...,Vn—1,71,) > (0,...,0, ay).

Proposition 6 Let f € R[[Xy,...,X,]] and V C IR" an open neighborhood of 0. There exist
Z a real analytic manifold, ©: Z — V' a proper real analytic surjective mapping with:

Va € 7(0) admits a coordinate neighborhood U with coordinates y = (yi,...,yn), such that
fofa=yi"...y2h, where h € R[[Y1,...,Y,]] a unit.

Proof.
Let us remark that we can write f on the form:

f = Z wawa

weQCIN™
where Q C IN™ is a finite set and f,, € R[[X1,...,X,]] is a unit for each w € Q. By lemma 5
there exist a real analytic manifold Z, 7 : Z — V areal analytic proper surjective mapping such
that: for all @ € 771(0) admits a coordinate neighborhood U with coordinates y = (y1, - .,¥n)
and the set {u, /X% o7, = y* } is totally ordered. Let u,, the least element. We have
fo Ta = 2oweQc INn fw 0 XY 0Ty = ylo Y cacmn fw o eyt ~H«o  this proves the result.
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Proposition 7 Let f € C,(M); then there exist V an open neighborhood of 0 € IR", Z a real
analytic manifold and w: Z — V' a proper real analytic surjective mapping with:

Va € 7740) admits a coordinate neighborhood U, with coordinates y = (y1, .- .,Yn), such that
fomuly) = y"p(y) where p € IN", ¢ € Cy(M) and p(y) # 0, Yy € U.

Proof.

Choose V' an open neighborhood of 0 € IR"™ where f is defined and the proposition 6 can be
applied, there exist Z a real analytic manifold, 7 : Z — V a proper real analytic surjective
mapping, such that for each a € 771(0) admits a coordinate neighborhood U, with coordinates
y = (y1,...,y,) in which we have Tyf o &, = y*h where h € R[[y1,...,yn]] & unit. Since
fomy € Cy(M); then corollary 1 implies that f o my = y*¢(y), ¢(0) # 0; which proves the
proposition.

5 Topological noetherianity

Lemma 6 Every decreasing sequence of germs: fi(0) D f31(0) D ... f71(0) D ..., with
f; € Cp(M) is stationary.

Proof.

By induction on n; the lemma is trivially true for n = 1. Suppose n > 1 and the result holds
for n — 1. According to the proposition 7, there exist V' an open neighborhood of 0 € IR", Z a
real analytic manifold and 7 : Z — V' a proper real analytic surjective mapping such that for
each a € 771(0) admits a coordinate neighborhood U, with coordinates system y = (y1, ..., Yn)
in which we have f; o my(y) = y*¢(y) and p(y) # 0, Yy € U. It is enough to prove that the
sequence (f; o) *(0) is stationary in a neighborhood for every point a € 7(0). We can then
suppose that fi(y) = v/ ...yt p(y), ¢(y) #0,Yy € U. Let J ={j=1,...,n / u; # 0}. For
each j € J the sequence (f; *(0)N{y € U /y; = 0}), is stationary by the inductive hypothesis;
so then our sequence is stationary near a, which proves the lemma.

5.1 M-manifold

Definition 4 An n-dimensional manifold is a hausdorff space with countable basis in which
each point has a neighborhood homeomorph to an open set in IR™. A M-structure on a manifold
Z is a family F = {(U;,¢;) /i € I} of homeomorphism ;, called local coordinate system, of
open set U; C Z on open set U; C IR™ such that:

a) If (Ui, 1), (U;, ;) € F, then each cartesian component of the map: p;op; " : ¢;(U;NU;) C
IR" — QOJ(UZ N U]) C IR" is in Ccpi(UiﬁU]-)(M>-
A manifold with M-structure is called a M-manifold.
Let Z be a M-manifold and U C Z an open set. A function ¢ defined in U will be said to be in
Cy (M) if for every coordinate system, (U;, ¢;), the composite function g o@; ' € Cy, w00 (M).

We shall some what denote ¢ o ;' by O|UnU-
Let us remark that every real analytic manifold is a M-manifold.
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Let Y C Z, we said that Y is a smooth M-submanifold if Y is covered by coordinate charts
U of M, each of which has local coordinates z = (z,y); z = (21,...,2Zm), ¥y = (y1,...,¥p) in
which Y NU ={y; =... =y, = 0}.

Let Z be a M-manifold and Y a closed M-submanifold of Z, we define the blowing-up
7. Z' — Z with center Y: Z’ is a M-manifold and 7 is a proper map in the class M such that:

1)  restricts to an isomorphism in the class M: Z' — 7 YY) — Z - Y.

2) Let U C Z be a coordinate chart with local coordinates in U defined by ¢ : U —
V x W, where U, W are open neighborhoods of the origin in IRP, IR" P, respectively,
and p(UNY) = {0} x W. Let mp : V/ — V be the blowing-up of V' with center {0}.
Then there is a isomorphism in the class M: ¢’ : 771 (U) — V' x W such that:

Ty X idy 0 @' = @ © Tr—1(17).

Definition 5 Let Z be a M-manifold. Let U be an open subset of Z and let Y be a closed
M-submanifold of U. Let & : Z' — Z denote the composition of the blowing-up Z' — U of U
with center Y and the inclusion U — Z. We call 7 a local blowing-up of Z with center Y .

We will consider mappings, 7 : Z' — Z obtained as the composition of a finite sequence
of local blowings-up; i.e. m = m omy o...m, where, for each ¢ =1,... k, m; : Z;11 — Z; is a
local blowing-up of Z;, and 7y = Z, Z.1 = Z'.

6 fojasiewicz’s inequality

In the following, Z will be a M-manifold, dimZ = n and W an open subset of Z. As an
immediate consequence of proposition 7, we have:

Proposition 8 Let f € Cy (M); then each a € W admits an open neighborhood, V', for which

there exist Z' a M-manifold, and w: Z' — V a proper surjective mapping in the class M, such
that:

i) Vb € 771 (a) admits a coordinate neighborhood U, with coordinates system y = (y1, ..., Yn)
in which fon(y) =y"e(y), Vy € U, where p € Cy(M) and o(y) # 0, Vy € U.

i) my : U — V is a finite composition of local blowings-up.

Remark 3 We require that the mapping 7 : Z' — V' satisfy the following additional condition:
Vb € mYa) admits a coordinate neighborhood U, for which there exist ¢ € IN, @' : Uy, —
¢'(Up) € V x PY(IR) an isomorphism in the class M, such that ©'(U,) is a M-submanifold
defined by homogeneous polynomial equations (in homogeneous coordinates of P(IR)) whose
coefficients are in Cy(M).

A local blowing-up has this property. We can easily see that the composition of two local
blowings-up has also this property. By condition ii) of the last proposition, we see then that 7
can be chosen as in the remark.
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Theorem 2 Let f € Cy(M); let us denote by Viy(f) = {x € W/ f(z) =0}. Let g be any
C* function on W such that g(x) = 0, Vo € Vi (f). Then, for every compact subset K C W,
there exist N > 0, C' > 0, such that:

| glz) V< C| f(z) |, Ve e K

Proof.
We can suppose that | g(z) |< 1, Vo € K. The question is local W, we may prove:
Va € W admits a coordinate neighborhood, V,, for which there exist N, > 0, C, > 0, such
that:
| g(2) [Y< Co| f(2) |, Vo €V,

Hence we can cover K by a finite V,,, i = 1,...,[, and we take N = max;N,,, C = max;C,,.
Let a € W, by proposition 8 , there exist V, a coordinate neighborhood of a, with coordi-
nates system = = (z1,...,x,), centred at a i.e z;(a) = 0,Vi = 1,...,n, Z' a M-manifold and

7. Z' — V, a proper surjective mapping in the class M, such that:

(*) Vb € 7 (a) admits a coordinate neighborhood, U,, with coordinates system y =
(y1,-..,yn) centred at b in which f o w(y) = y*p(y),Vy € U,, where p € IN", ¢ € Cy, (M)
and p(y) # 0, Yy € U,. Since 7 is proper, there exists a finite set A C IN such that Uyep Us,
is an open covering of 7 (a), b, € 7 (a), Vo € A and fo7(y) = y"v.(y),Yy € Uy,
Qpa(y) 7é 07 vy € Uba and Pa € OUba (M)

Write fio, = (fat, - - - plan) and let A, be the set of those i where pq; > 0 (A, may be empty for
some «). The assumption on ¢ implies that gon vanishes identically on each of the hyperplane
in Uy, y; =0 withi e A,. Hence gor is divisible by the product of those y; with ¢« € A,. Then
gon(y) = y*ha(y), Yy € Up,, Ba = (Bat, - - -, Ban) and hy, is a C* function on U,,. Recall that
Baj>01ijAa'

Let A, = {j € Aa/Baj < laj} and put ¢o = mazjear, gz; We see that (g o 7(y))? =
Yo (y)(fom)(y),Yy € Uy, . where ), is a C* function on Uy, .

If r > 0, we write Uy, (r) := {y € U, / X7, y? <r}; since 7 is proper, there exists p > 0 such
that:

Valp) = {x € Va/ 302 < p} C Unear (s, (o)

i=1
Let Co = supyeu,, (o) | Yaly) |, C = maxCy and N = mazq,. Then for all z € V,(p), we have
| g(x) |V<| f(x) |, which proves the theorem.

Let us remark, by the previous proof, that the infimum of A > 0 such that there exists
C > 0 with: | g(z) *< C| f(z) |, Vz € K, is a rational number.

Theorem 3 Suppose that W C IR"™ is an open set and f € Cy (M). Then for each compact

subset K C W, we can find N >0, C > 0, such that:

C| f2) |z d(=, Vi (f))Y, Vo€ K.
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Proof.
We may prove that, for all @ € W admits a neighborhood, V,, and constants N, > 0, C, > 0,
such that:

Co | f(x) |> d(z, Vv, (/))™, Vo € V.

Let a € W, there exists m : Z' — V, having the same properties as the proof of the previous
theorem. We have then a finite covering of 7 *(a) C Uyea Us, and Yo € A, fon(y) =
v 0a(y), vy € Us,. Then Vi, (f o) is equal to the union of those coordinate hyperplane Hq;
defined by y; with i € A,. Let us define ¥u;(y) = d(7(y), ™ai(y))?, y € Uy, where 74(y)
denote the orthogonal projection from U, ~ IR" to H,;. We see that 1,; is a C* function on
U, - Let Yo = Ilica, Yai- Then:

- 1, is a C* function on U,_,
- Yaly) > d(m(y), Vi, (f))?™, ng is the number of elements of A,.

We have Vi, (fom) C Vi, (1a); by the previous theorem, there exist p > 0, Ny >0, Cy >0,
such that, Yy € U,, (p):
Co | (fom)(y) [2] Yaly) [T

Let N = mazaeps,™ with ng # 0; then we have: Vo € V,(p), if C = maz,eaCo, C| f(z) [>
d(%, Vva(p))N.

7 Quasi semi-analytic sets

Definition 6 Let A be a subset of a M-manifold Z. It is said to be quasi semi-analytic at
point a € Z, if there exist an open neighborhood V of a in Z and a finite number of elements
of Cv(M), g; and f;;, such that:

AOV:U{er/gi(x)ZO, fij(r) >0, Vj}

If A is quasi semi-analytic at every point on Z, we say that A is quasi semi-analytic in Z.

Remark 4 i) The property ” quasi semi-analytic” is preserved by locally finite union, locally
finite intersection and the complement.

ii) If A C Z is quasi semi-analytic set it is easy to see that for all a € Z, there exists V
an open neighbourhood of a in Z such that ANV is a finite disjoint union of sets of the
form:

{z eV /[ po(x) =0, pi(x) >0,...,0.(x) >0},

where ©g, P1, - .., @r are in Cy(M).

Theorem 4 Let A be a quast semi-analytic set in Z, then for each x € Z admits a neighborhood
V' such that ANV has only a finite number of connected components.
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Proof.

We will use the notation of theorem 2 with f =TI, ; g; fi;. It is enough to prove that for each
a € A, the number of connected components of U, N7~ (A) is finite. Since fon(y) = y pq(y)
and ¢, (y) # 0, Vy € Uy, we can easily see that :

giom(y) = y"ipa,(y) , fijom(y) =y"ipa, (y), Yy € U,,,

where ¢q,(y) # 0, @a,;(y) # 0, Vy € Uy, Vi, Vj.

This proves that U,, N7 !(A) has only a finite number of connected components, which proves
the theorem.

Let us give some notations and definitions. Let U be an open subset of Z, A C U; we denote
by Iy(A) :={f € Cuy(M)/ f(x) =0,Vx € A}; Iy(A) is an ideal of Cy(M). Let F C U; we
say that [ is a global quasi analytic set in U, if there exist hy,...,h, € Cy(M), such that
F={xeU/h(zx) =0,...,h(x) = 0}. We suppose that U is a chart of Z, a € U, with
coordinates x = (z1,...,x,) centered at a. If f € Cy(M) we denote by v,(f) the maximum
of ¢ € IN, such that the Taylor expansion of f at a, T, f, is in m? (m is the maximal ideal of

R[[X1,..., X,]])-

Proposition 9 Let F' be a global quasi analytic set in U. Let k € IN be the maximum of
integers such that there exist fi, ..., fr € Iy(F) and a jacobien A = D(flif’“)) ¢ Iy(F). Put

D(J?il ..... Ty,
F'={zecU/filr)=...= fu(x) =0, Ax) #0}. Then F —V(A):={x € F/A(zx) #0},
is a submanifold of U, quasi semi-analytic; moreover F' — V (A) is a union of some connected
components of T'.

Proof.

Clearly we have F' — V(A) C T, in order to prove the proposition, it is enough to prove that
for each x € F — V(A), the germs of I' and F' — V(A) at = are the same. We may prove
that the germ of I" at x, I, is contained in (F' — V(A)),. Suppose, for a contradiction, that
Iy ¢ (F —V(A))g; then there exists g € Iy (F) such that g, # 0. By lemma 7, there exists

h € {1,...,n} — {i1,..., i} such that, if g = D[)(fl’;’f’“g) , then v,(g1) < vi(gr,). By

(Tig ey $¢k,€vh)|pz
definition of k, we have g, € Iy(F') and also gr, # 0. We continue with g; in place of g and so
on. At the end we find g, € Iy (F) and g,(x) # 0, which is a contradiction.

Lemma 7 Let U be an open neighborhood of 0 in IR", put

D(f1,.--, fx)

S={zeU/f@)=...= fil) =0, Aa) = F =0

(z) #0},
where f1,..., fr € Cy(F). Suppose that 0 € S. Let g € Cy(M) such that gis # 0. Then there

exists h >k, h < n, such that vy(gs) > I/O[ZDD(:(EJ?%%'S].

Proof.

Since the mapping = = (z1,...,2,) — (fi(z), ..., fe(®), Tks1, ..., T,) is a local diffeomorphism
near 0, we can suppose that f;(x) = z;, Vi = 1,... k. The result is then abvious in this
situation.

In the following we call I' = {x € U/ fi(x) = ... = fr(x) = 0, A(x) # 0} a quasi analytic
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strate. Let B C U; B is called quasi semi-analytic strate, if B is the intersection of a quasi
analytic strate with an open set of the form: {x € U /pi(x) > 0,...,¢,(z) > 0}, where
P15, pq € Cu(M).

Let U C Z be a chart of Z with coordinates system y = (y1,...,y,). Let B C U, we say that
B is a quadrant if B is defined by a system of some equalities y; = 0 and some inequalities
€;y; > 0 with ¢; = £1.

Theorem 5 Let A C Z be a quasi semi-analytic set; then for each a € Z admits an open
neighborhood, V', such that: ANV =i_; A;, where, for each j =1,...s, A; is a submanifold
of V, i A; = 0 if i # 7, and A; is a finite union of connected components of a quasi
semi-analytic strate.

Proof.
By remark 4, ii), it is enough to prove the theorem with a set of the form: A = {x € U / po(z) =
0,01(x) >0,...,0.x) >0}, ¢o,...,p, € Cy(M) and U an open neighborhood of a in Z. Let
F={x€U/po(x) =0}; by proposition 9, there exists fo € Cy(M), fo ¢ Iy(F), such that the
set =V (fo) = {x € F'/ fo(x) # 0} is a union of some connected components of a quasi analytic
strate. Put F} = {z € /i(z) + f(x) =0}; Fy C F. We repeat the same thing with F} in
place of F'. Hence we construct a decreasing sequence F' O Fy D ..., F; =V(f;), f; € Cu(M),
such that for each j € IV, F; —F}; is a union of some connected components of a quasi analytic
strate. By lemma 6, there exist s € IN, and an open neighborhood of a, V', such that, Vj > s,
F,NnV =F; NV, For j <s, put fj =F; — Fj1q, then VNF = szlfjﬂv. We see then
that: s

ANV ={JA;

j=1

where A; = {z € T,NV /pi(z) > 0,...,p,(z) > 0}. By shrinking, if necessary, V, we see that
A; has a finite number of connected components (theorem 4), which proves the theorem.

By the previous theorem, we define the topological dimension of A at a € Z, dim,A, by
the maximum of dimension of A;, 7 =1,...,s. This definition is independent of the family A;:
dim,A = q if and only if A contains an open set homeomorph to an open ball in IR, but not
an open set homeomorph to an open ball in IR, [ > g.

Theorem 6 Let A C Z be a quasi semi-analytic set; then each connected component of Ais a
quasi semi-analytic set. The closure of A in Z, A, is also a quasi semi-analytic set.

Proof.

Let I' C A be a connected component of A. Let a € Z such that the germ of I' at a is not
empty. There exists a neighborhood of a in Z, V,, such that ANV, is a finite union of sets of
the form:

AI{Z‘EVZL/QOO(.T) :07901(‘%) >07"'7QPQ($> >0}7

where @, ¢1,..., ¢, € Cy,(M).

Clearly we can suppose that ANV = A. Let f = pg.¢1....¢,; we keep the notation of the proof
of theorem 2. Since 7 *(T') N U, is open and closed in 7~ 1(A) N Uy, ; 7 H(T) N T, is a finite
union of quadrants in U, . By remark 3, there exists ¢ € IN such that U, is isomorphic to a M-
submanifold of V,, x IPY(IR) defined by homogeneous polynomials with coefficients in Cy, (M).
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By lemma 8, 7(7~1(I')NU,, ) is a quasi semi-analytic set. Since 7 is proper, there exists V! C V,
a neighborhood of a such that 7(V)) C Ugen Us,; then m[Uaep Us.] is a neighborhood of a (7
is surjective) and U, 7(Up,) N T = U, (7~ 1(T') N Uy, ), which proves the first statement.
We can choose, for each o € A, a closed neighborhood of a, Uy C U, such that, 7 a) C
Ua Us, - Let

Ay =n(U;, n7=1(A)).
We have A; CV,NAand V/!NAC A;.
Now since U} Nn~1(A) = n=1(A)NU,_, and 7~ '(A) N Uy, is a finite union of quadrants, by
lemma 8, (U] Nm—1(A)) is a quasi semi-analytic set, hence V,NA is also a quasi semi-analytic
set since it coincide with A; in a neighbourhood of a (V).
£ojasiewicz’s version of Tarski-Seidenberg theorem.

Lemma 8 [?] Let U C Z be an open set. Put:

S

A: U{(.T,tl,...,tq) I~ UXRq/gi(.fL',tl,...,tq) :O;fi,l(xatla---atq) > 07'--7fi,r(x7t17---7tq) > 0},
i=1

where g; , fi; € Cu(M)[t1,...,t,], Vi, Vj. If 7 : U x IR? — U denote the projection; then w(A)

1S a quasi semi-analytic set.

8 Quasi subanalytic sets

Let U C IR? be an open neighborhood of the origin and ¢ : U C IR? — IR® a mapping
with components @1, o, p3 € Cy(M). We suppose that there is no nontrivial formal relations
between Taylor’s series, Typ1, Towsa, Tows, of @1, v, 3 at the origin. Let r > 0, such that the
set W ={(z,y) € R* /| 2*+y?> <r} CU. Then A= (W) C IR? is not quasi semianalytic at
the origin in IR3, whereas A is the projection of the set {(z,y,t1,ts,t3) € U x IR? | 2* + 1> <
r, t; = @i(x,y), © =1,2,3} which is a quasi semianalytic set relatively compact.

Thus the Tarski-Seidenberg theorem is false for quasi semianalytic sets.

Definition 7 Let Z be a M-manifold and A C Z. We say that A is quasi subanalytic in
Z, if for each a € Z, there exist U an open neighborhood of a in Z, Z' a M-manifold and
A C Z xZ" a quasi semi-analytic set in Z x Z', relatively compact, such that 1(A) = ANU,
where w1 Z X Z' — Z is the projection.

From the properties of quasi semi-analytic sets, we can easily see that a locally finite union
and intersection of quasi subanalytic sets is quasi subanalytic. The closure and each connected
component of a quasi subanalytic set is quasi subnalytic; the projection of a relatively compact
quasi subanalytic set is quasi subanalytic.

We will prove that the complement (and thus the interior) of a quasi subanalytic set is quasi
subanalytic. Firstly we establish some measure properties of a quasi subanalytic set. By the
work of Charbonnel [2] and Wilkie [11], we will show, first, that we have an uniform bound
on the number of connected components of the fibers of a projection restricted to a relatively
compact quasi subanalytic set; more precisely:
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Theorem 7 Let Z and Z' two M-manifolds and A be a relatively compact quasi subanalytic
setin ZxZ'. Letn:Z xZ — Z be the projection. Then the number of connected components
of a fiber = (x) N A is bounded, x € Z.

Proof.

We proceed by induction on dimZ. If dimZ = 0, the result is true, since A is relatively compact.
Suppose that dimZ > 1 and the result is true for n — 1. We can assume that Z = IR", Z/ = IRP
and A relatively compact quasi semi-analytic in IR™ x IRP. We argue by induction on the
maximum dimension of the fibers A, = 77 '(z) N A, z € IR". By lemma 6, it is enough to find
a quasi analytic set F' C IR™ x IRP such that theorem is true for A — F. By theorem 5, we can
suppose that A is a connected component of a quasi semi-analytic strate

S={(z,y) € R"<IR" | fi(z,y) =...= fulz,y) =0, 6(x,y) #0, g1(x,y) > 0,...,g,(zx,y) >0}

where d(x,y) is a jacobien of (fi,..., fx). Let n — 3, 0 < 8 < n, be the maximum rank of g,
then there exists a jacobien:

D(fla"'afk)
D(xila'"7xiﬂ7yj17"'7yja)

51(:E7y) =

with o + 8 = k, such that 6; ¢ I(S). We take F = {(z,y) € IR" x IR / 6;(z,y) = 0} and
put S’ = S — F. The rank of mg : S" — IR" is constant and equal to n — 3. For all x € IR",
S! =7 Y(z) NS’ is a submanifold of dimension p — a.

We can suppose, for the proof, that p — a = 0.
Indeed, if p — a > 1, then each connected component, say C, of 7#~!(z) N S’ is such that
C — C # 0 (the projection :7*(z) NS — {y € R’ /y;, = ... = y;, = 0} is open). Let
U(z,y) = X5-1 95(x,y) + 5(z,y)* + 6(x,y)?% then (z,y) > 0 on C and Y(z,y) = 0 if (z,y) €
C—C. Put 8" ={(z,y) / grad(¥jz—1m)ns')(z,y) = 0}, S” is a quasi semi-analytic set. Since
1 is not constant on any connected component of 7=!(z) N S’, we have then, for all z € IR,
dimS! < dimS’ (S? = S”" N7 !(z)). We remark that ¢ has a positive maximum on each
connected component of 77! (z)NS” hence S” # (). By the inductive hypothesis on the dimension
of the fibers, the theorem is true for S” which implies the result for S’
Suppose p — a = 0, then for all z € IR™, S is a finite set. We consider two cases:

Case 1. n— 3 <n.
Let m : R" - R" P ={z € R"/z;, = ... = r;; = 0} be the projection. The inductive
hypothesis on n implies that the theorem is true for the mapping m; o 7/, hence the theorem
is true for mg : S" — IR".

Case 2. n— [ =n.
Let ' : IR* — IR™! be the projection on z,, = 0 and put # = 7’ om; g : S" — R" ' is a
submersion. For all ’ € R"™!, 7 !(z’)N S’ is a disjointe union of a finite number of connected
curves of class M; by the inductive hypothesis, on n, this number of curves is bounded when
2’ € IR"!. In order to prove that the number of points in 7=!(x)NS" is bounded (z = (2/,z,,)),
we will prove that each connected component of 7#71(2') N'S” does not contains two points of

7~ (x) NS’, which proves our result, since the number of connected component of 7~!(z') N S’
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is bounded when 2/ € IR

Suppose, for a contradiction, that there exists C' a connected component of 771(z') N S’ such
that C' contains a,b € 7= (z) N S’, a # b. The curve C intersects 7—!(z) in two points a, b.
By the generated Roll’s lemma [6], there exists £ € C' such that the tangent space to C at &
contains a parallel vector to 7 *(z) = IR" hence the tangent space to S’ at &, T¢.9’, contains a
parallel vector to 7!(z) = IR™, but this is a contradiction since T¢S" is transverse to IR".

Definition 8 Let Z be a M-manifold and A C Z. We say that A is Lebesque measurable [resp.
A has measure null] if for any coordinate chart U with coordinates system ¢ = (x1,...,2,);
o(U N A) is Lebesgue measurable in IR"™ [resp. (U N A) is of measure null/.

Using the last theorem and properties of the class of quasi subanalytic sets cited above, we
prove:

Theorem 8 Let A be a quasi subanalytic set; the following conditions are equivalent:
1) A has non interior point.
2) A has non interior point.
3) A has measure null.
4) A has measure null.

Proof.
The proof use theorem 7 and it is the same as in [9].

Definition 9 Let Z' be a M-manifold. A mapping f : A C Z — Z' is quasi subanalytic if its
graph, Iy, is quast subanalytic in Z x Z'.

We will use the following result:

Proposition 10 [?] Let f : A C Z — Z' be a quasi subanalytic mapping, then the set of points
i A where f is not continuous has no interior points.

In the following we will show that the dimension of a quasi semi-analytic set is well behaved.
Lemma 9 Let A C Z be a non empty quasi semi-analytic set, then dim (A — A) < dim A.

Proof.

Recall that, by theorem 6, (A — A) is quasi semi-analytic. Suppose, for a contradiction, that
dim (A — A) :=n —k > dim A :=n — 1. We can suppose that Z = IR" and A is relatively
compact. Let A be a connected component of a quasi semi-analytic strate S C IR™ such that
A C (A—A)and dim A = dim (A — A). We have:

 D(f1,-- ., fr)
- D(lL‘Z‘l,...,l'ik)

S={xeR"/ fi(r)=...= fi(zr) =0, 6(x) () #£0, gi(z) >0,...,94(x) >0},

note that we have by hypothesis k£ < [.
Let m, 4 : IR — IR"*={x € R"/x;, = ... = x;, = 0} be the projection; Tk - A — IR F
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is a local diffeomorphism. Let a € A and put o’ = m,_x(a). There exist balls in IR® and IR"*:
By(a,r), By_i(a’,r) such that m,_kjanB,(ar) : AN By(a,r) — By_i(a’,r) is a diffeomorphism.
Let g : B,_x(d’,r) — AN By(a,r) be the inverse mapping of m,_xanB, (a,r)-

Let B = {2’ € Bn,k(a’,r)/Ela: € AN By(a,r), with m,_x(z) = 2’ }; B is a quasi subanalytic
set. Clearly, we have B,,_j(da’,3) C B; hence, by theorem 8, int(B) # 0, this implies that &k = .
Put 7, : R" — IR* = {x € ]R”/xj =0,Vj ¢ {ir,...,ix}}. Foreachp=1,2,..., let:

B,={s"€ B/3y,...,y, € IR*, v, #y;if i #j, y; € mplA ﬂwg_lk(x')]}.

We have
..BV_HCBVC...CBQCBl:B.

By theorem 7, there exists u € IN* such that int(B,) # 0 and int(B,4+1) = 0; We have then
int(Bu11) = 0, hence int(B,) N B — B,1 # 0. Then there exists a ball B’ C B, — B,1.
For each 2’ € B', m;,*(2') N A contains exactly p elements; we can then construct u functions
hi,...,h, : B C IR"* — IRF such that, Vj = 1,...,u, 'y, is quasi subanalytic and Va' €
B, m[Anm (2] = {hi(2),..., hu(2')}. By construction, we have, Vj = 1,...,u, Va' €
B, hj(x") # w0 g(a').

By proposition 10, there is a ball B” C B such that the restriction of all hy, ..., h, is continuous
on B” and there exists ¢ > 0 such that V2’ € B”, | h;j(z') — m(g(z )) \> c, Vj =1,...,
but this is a contradiction with the fact that for all 2/ € B”, g(2') € A C (A — A); hence the
lemma.

9 Theorem of the complement

Theorem 9 Let Z be a M-manifold and let B C Z be a quasi subanalytic set. Then Z — B is
quast subanalytic.

Proof.

We can assume that Z = IR"™ and B is relatively compact. We argue by induction on n.
There exists A C IR™ x IRP a relatively compact semianalytic set such that m(A) = B, where
7w IR" x IRP — IR" is the projection. By theorem 5, we can assume that A is a connected
component of a quasi semianalytic strate:

S={(z,y) € R"<IR" | fi(z,y) =...= fulz,y) =0, 6(x,y) #0, g1(w,y) > 0,...,g4(zx,y) >0}

As in the proof of the theorem 7 (which we keep its notations), it is enough to find a quasi
analytic set F C IR™ x IRP such that A — F # (0 and the theorem is true for 7(4 — F).
We take F' as in the proof of theorem 7 and put A = A—F c 8 = S — F. We pro-
ceed by induction on the maximum dimension of the fibers 771(x) N A’. Recall that we have
dim(m~Y(z)NS") =p—a, Vz € IR"

Suppose that p — a =0, then dim S’ =n — 3 < n. We consider two situations:

Case 1. 8 > 0.
Let m : R" — R" P = {z € R"/x; = ... = x;, = 0} be the projection. The inductive
hypothesis shows that the theorem is true in IR"”. Put n’ = 7, o 7; the number of points in
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S" N 7'~ (u) is bounded when u € IR"#. Therefore the number of points in m(A’) N *(u) is
bounded. By lemma 10 , the complement of 7(A’) in IR™ is quasi subanalytic.

Case 2. =0.
We have then dim S’ = n. Let Q = A’ — A’; by lemma 9, dim ) < n, hence, by the first case,
IR™ — m(Q) is quasi subanalytic. We have IR" — 7(A") = (IR" — 7 (A) U (7(Q) — n(A") N7 (Q)).
By case 1, IR" — m(A") N 7(Q) is quasi subanalytic, hence IR™ — m(A’) is quasi subanalytic.

If p—a > 0, we have see that there exists S” C S, dim S” < dim S’, S” is quasi semianalytic
such that 7(S”) = w(S’), by using the inductive hypothesis on the maximum dimension of the
fibers 771 (z) N A’, we deduce that IR" — 7(A’) is quasi subanalytic.

Lemma 10 Suppose that, in IR", the complement of every quasi subanalytic set is quast ana-
Iytic. Let A C IR™ x IRP be a relatively compact quasi subanalytic set. Suppose that the number
of points in the fibers AN 7~ 1(x), v € IR", is bounded, where m : IR™ x IRP — IR"™ is the
projection. Then IR™ x IRP — A is quasi subanalytic.

Proof.
The proof is the same as in [1, lemma 3.9].
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