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A survey is given of a variety of zolits that show a metal insulator tran-
sition. In crystals most transitions are expected to be of first order as the
composttion or temperature is changed; in disordered systems this is not
necessarily the case. The transition in an impurity band with change of
donor concentration is described. and also with change of stress, magnetie
field or gate voltage. The concept of a minimum metallic conduetivity is
tliscussed. with special reference to materials of mixed valence.

I. BAND-croOSSING TRANSITIONS

Since the discovery of the electron in 1900 it has been recognized that metals contain
electrons that are free to move under the influence of an electric field, while most
non-metals do not, The Hall effect gave a measure of the number of free electrons,
often of the order of one per atom and little dependent on temperature; & reasonable

assumption was that, in monovalent metals at any rate, each atom lost its outer

electron. On the other hand until the advent of quantum mechanisms no clear
understanding was possible of why in non-metals the electrons were ‘stuck ', perhaps
i chemical bonds as in 810y, or in closed shells as in NaCl. The explanation given by
Wilson (1931, b), hased on quantum mechanics, showed however that the electrons
must not be thought of as stuck and in fact cannot be stuck in a perfect lattice, All
solutions of the Schrodinger equation for an electron subject to a periodic field of
potential ¥(w,y,z), namely

VAW L (2m /R0 (E - V)Y = 0, (1)

are of the form Y = exp{ikr)ufe.y. 2), (2)

u being periodic with the period of the potential, and so represent an electron
moving with wavenumber & and with no stattering. The solutions of (1) lead to a
spectrun of energy states divided into bands as in figure 1; according to the Pauli
principle, states with a given value of k can be vccupied by only two eledtrons, so
that, for cubic structures. two electrons per atom will completely 6l the first band.
If the first band is full and the second empty (figure 1 ), the material cannot conduct,
not because the electrons are trapped or stuck, but because exactly as many
electrons are moving from left to right as from right to left. This is clear experi-
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mentally, as well as from the theory, because in erystallive non-metals, it electrons
are removed from the full valence band. the resulting “positive hole” is mobile,
The model makes clear why a sharp distinetion exists in natire between metallie
and non-metallic behaviour, [n metals. in certain compounds {e.g. ('rQ,) and in
heavily doped semiconductors. the resistivity tends to a finite value (or zero in
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Frause L. Density of states in a erystalline materiat: (@) for an insulator with a gap A_H:
(b) for a typical monovalent metal; (¢) for a metal such as Sr, Yb or Bi in which occupied
and valence bands overlap; (d) for an cleetron-hole gas in an insulator. Qeeupied stutes
are shaded. The Fermi energy F. is shown in (a), (5], {e). C.b, denotes the conduetion
band, v.b. the valence band.

superconductors) as the temperature tends to zero; in insulators (among which we
nclude lightly doped semiconductors) it tends to infinity. The term * metal-insulator
transition’ in this paper denotes phenomena in which the conduetivity of a material
makes a sudden change from one form of behaviour to the other, when some para-
meter is changed. This parameter could be pressure, stress, magnetic field, com-
position or in some two-dimensional systems, gate voltage. Thus Cr0, and heavily
doped semiconductors are included under the heading of *metals’.

Wilson’s model seemed at first sight to predict that divelent materials such as
caleinm should be insulators. However, it was early realized that the first and
second zones could overlap, as in figure 1 ¢, and of course more recent experimental
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Review Lecture 03

and theoretical determinations of the Fermi surface show that this is so. [t follows
therefore that if the bands could be separated. for instance hy expanding the lattice.
a metal-insulator transition should oeeur. The fact that no vhvious means exisred
for expanding the lattice perhaps lessened interest in this possibility in the pre-
World War 1T period. However, band theory caleulations have shown that. for
metallic Srand Yh, pressure would initially separate the bands, and the phenomenon

of a meial insulator transition under pressute has been obgerved for some of these
materialsy.
A discussion of the difference between metals and non-metals earlier than that of

Wilsoen was given by Goldhammer (1911} and Herzfeld (1927) in terms of the

polarization catastrophe resulting from the Clausius-Mossotti relation: as systems

such as St P (Castoer ef al. 19735). or et ammonia solutions (Mahaffey & Jerde
1g68) approach the metal-insulator wransition. the dielectric constant greatly

increascs. Whether this should he regarded as cause or effect has been a matter of

controversy (see Castaer 1g8oa. b Leroux-Hugon & Ghazli 1g764 b: Mott & Davies
1980; Gunn & Ortuno 1g980: Ortune 1g80: Edwards & Sienko 1g81).

The post-War interest in metal-insulator transitions, however, arose from the
realization that, when electron electron interaction is taken into account. the
transition in erystatline systems must always be discontinuous. Our present under-
standing of this phenomenon is based on extensive experimental and theovetical
investigations of electron-hole droplets in silicon and germanium (for reviews see
Riee 1977; Hensel et al. 1g77). If an electron and hole are created, for instance hy
absorption of a quantum of radiation, in their lowest state they are hound together
to form an exciton. but at low temperatures a gas of exeitons condenses to form
droplets of a metailic electron- hole yas; the gas may indeed fill the whole specimen.
If we write the kinetic energy of the electron-hole gas as

25 Ehind fon.

and its potential energy resulting from the clectron hole attraction as — deZn! fx.
where & is 47ee, and ¢ is the dielectric constant, then the total energy has a minimum
value

Erin = — g mel [h22 3)
when W= Pdmet /. (4)

The estimation of 4 for any given band form. together with a correction resulting
from correlation, is not a simple matter; moreover it is by no means obvious that
FEumip is numerically greater than the energy gained in forming an exciton. [f it were
not, an exciton gas should condense into » Bose gas of excitons. the so-ealted
exeitonic insulator (Kohn 1967; Keldysh & Kupaev 1965: Halperin & Rice 1968).
However. with the possible exception of (‘u(), there is no tirm evidence that this
CCours.

. !
t For Yb sce McWhau ¢f al, {196g) mxl Jullien & Jerome (1971 for Sr see Dru‘k}\zunm’
et nl, {1966).

- -
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Theugh the present antlioe (ML vggi andd Bnox (19637 Hest pointed ont the
digcontinuons nature of the transition, 1< relatioo oo cleetran bole diroplets was
figst described by Diinkman & Hice {1G73}. These authors argned hat it in tieee 1
the gap Al i continuoisty decreased, when AR reachieos the cnepgy £ of equation
(33 there should bhe i sudden formation of an clectron hole liquid with density siven

v {43 s, and i the ree caeren s plotted againg the parameter of the change

that “drives” the transttion (e.g. volume or composition). curves such as those of

T=0

l T increasing

X

Frovre 20 Free energy Fof o eleetron gas in somanerial sbowing aometi-insalator transition.,
as a funetion of the parameter e that leads to the feansition. TF e is the composition inan
alloy. the eritieal point is represented by P2 7 i the temperatore.

figure 2 will be obtained. If v is the volume. there will be a diseontinuons chanue of
valume, or it v is the composition, & two-phase regionfand a critical tearperature,
In the former ease it wilt be impossible to observe the volumf‘int which a sodden
disuppearance of the band-gap occurs. In the latter it can in principle be observed
witli yuenched allovs. But a queasched alloy vasnot be a perfect lattice: there i<an
element of disorder. and the effect of disorder will be deseribed in §3

2. Tue Mot TRANSITION

This kind of teansition. first deseribed by the present acthor in 1040, can now be
seen as similar te the band-crossing traznsition but ax occurring wher the two bhands
are not the result uf erystal structure but of antiterramagnetic order. bo it sinmplest
form we consider a Jattice in which each atom (of one kind) containsa single electron
(for example TiCl). If it were not for the exchange interactisio, such materials
would be metals, since a titanium d-bavd would be ondy partly iiled. Bxchange
interaction leads to an antiferromagnetic lattice. whicl will =plit the band into two
hntves, occupied and uncecupled (Slater 1957’). This cannot be the whole story,
hewever, because such materials do not normally hecome metallic conducrors

-4 -
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Review Lecture 005

above the Néel temperatire, a poine which has heen extensively discussed (see for
example Brandow rg77), Intuitivelv. this ix to be expected hecause the energy
required to put an electron (e.g. front the T3 state) onto ancther Tiion. 5o as to
produce the state 3d® is in generat Tirge compared with the transter integral. This
aquantity is called the " Hubbard 17

The band of levels given by the mation of an extra electron from one oceupied
state toanother, that is the motion ol the state d2 is otten called the  upper Hubbard
band " that which represents the motion of the hole (e, the 9 state) is the " lower
[Tubbard band™, T one considers a cubie array of one-electron centres with lattice
constant ¢, then in the limit of large o the gap between the two bandsis {7 bhut as o
decrcases, the biosds will broaden . rtheir breadtha arve vespectively £, B, the gap

will disappear when

I:{/;I F Hl) = F (5)

Ax first shown by Cvrot (1g72). the wse of this equation toeether with a number of
approximations leads to the equationt

NIH'.'” x> 0.24 (G)

first deduaced by Mot (1g49) from different assurptions. where oy is the hydrogen

radivs wid inagreement with experiment fora wide range of doped semicondnetors

(Eelwards & Sienko 1978, 1811, The consiant in (6) depends little on the assump-
s the coordination number and 7

tions made, becatze B can be written 22/ where
the transfer integral, which in the tight hinding approximation must contain the
factor cxp (— 1'.’/‘\(1”). where s the distance betweer centres (10 = » -li-),.’l‘lnm ity
is the reciproead of the fogarithm of @ livrge numbersand not very sensitive o (for
instance) z or the mazny-valiey foim of a conduetion hand (Mott & Davies 1980).
Thus, if £/a; is about 4. doubling of the argument of the Jugarithm wii‘l change
Blag by In2 oo 06 and thus by t5 % and thus the concentration by {1135 x 1,60
Fritzsche (1962 see also Cuevas & Fritzsche 19650, A) was the first to HIH).\\' that a
uniaxial [ 111 stress. which removes the degencraey of the fowr 81 conduction I):m.(l
valleys, niervases the critical coneentration », by 2.2 0n GeSho though w, is less in
(Jt‘if\‘m. So rather diastie changes do atfect o by the predicted mmount: for a
thearetical diseussion see Bhatt & Riee (1681).

For Hubbard bands. ax for bands determined by strueture. i crvstalkine
systems a discontinuous transition will be expected. and for the same reason.
However. this showld make little difference to the value of # .

We now disenss a0 property of Hubbavd bands that does not oceur for bands
resulting from crvstal steneture. Anclectron in the upper band is expected to interact
with the strrounding spins and forn what is ealled o spin polaron ™. that is a mobile
region around it in which the <pin= are orientaded either parallel or am‘ripm‘a%le] t?
its ownospin (el Mot rgzqe. 1 rhis acenes the curvent-carriers aze " quasi-particles

oA recent self-congistear band theory treatment for a crvetdline svstem @ given by
sutder ot of (1981), and Mells coguation 16),

-5 -
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with moments cansiderably larger (perhaps about six times) than the moment o
of a single eleetron. The present. author (Mott 1974 ]} has suggested that the metallic
phase near the transition must be considered in this way. If the metallic phase
remains antiferromagnetic (an example is mentioned below), then if there ave &
carriers per unit volume of each sian it is suggested that there shanld he 1/ Ve spins
in each polaron. so that the susceptibitity should he

Nipn/Na¥)/ AL, (1)

where AE is the Fermi energy anl gy the Bohr magnetron, 1t may be. however. that
the antiferromagnetic order is broken down by the spin polarons, so that the metal-
insulator transition is from an antiferromagnetic insulating state to a normal metal:

A

T Néel temp.

two- \ a.f.m
i phase /
= =~ —— == — = region 1
]'l meatal
i
a.f.i \
i

Y

Frevrr 3. Typical phase diagram fir a erystalline alloy syvstem showing a moetal-inaulutor
transgition. A.fan. and a £i. denote antifeeromagnetic metal and insulitor respectively,

this is the case in some other systems. The present author (Mott 1G74 4} sugpested
that even in this case a degenerate gas of spin polarons is an appropriate description,
the Pauli susceptibility and electronic specific heat being enhanced by ahout =,
where z is the coardination number. The characteristic property here is that only
afraction ca. 1 /z of the sites are doubly occupied. The analvsis of Brinkman & Rice
(1970} first approached this problem, giving values for the enhancement both of the
Pauli magnetism and of the specifie heat.

Examples of motal-insulator transitions in erystaltine systems are provided by
many transition-roctal compounds, At low temperatures V,0, is an antiferro-
maguetic insulator. which makes a transition to metallic behaviour under prossure.
on alloying with Ti,0, or with increasing temperature. Typical phase dingrams are
as in figure 3. In aflovs of V,0, no antiferromagnetie metallic phase (a.f.n.) is
observed: the opposite is the ease in the systern Ni(8, _ Ne_ ). Also high values of the
electronic specific heat and Pauli paramagnetism have been observed in manv of
these materials. l

Tt must be said that, though we think it likely that for Y04 n deseription as a

| b



feriea Lecture i)

“Mott transition i plausible. a structural change at the transition is observed and
other descripiions have been ziven (Goodenongh tgro, p. 280, Moreover it is clear
that no vne description is appropriate for the transition in all materials. for instance.
in V,0,. ¥O,. NiS and NiS,: some references are given by Mott {1974) and more
recent ones are: Mo VO, Zvlberzstein & Mott (1g735): tor NiN recent experimental
work is due to Brussettief ol () ()80):1|u| theoretical discussions are given by White &
Matt (1g71) and Mott (rg7g): Ti,0, is discuszed by Mott (1980).
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Preegee G Patenim! cnoerey Doneteer sesed by Anderson npggsi: Ak the hane-width i the
sthimctee of disordes, Vo rhe disorder peramneters wy £, =t thy steong dhisoeder g1 = 1y

Fhve density of states i also <hown,

B DHSORDERED SYSTEMS ‘

Mueh of oy preseat intevest ometal insalator transitions is derived from their
ocenrrence in non-periodie lelds: exanples that we shiadi dizeuss here arve:

(1) the transition in doped =etveonductor compensited or olherwise:

(iy certain Huld svstems ~uen as metal ammeondiae and mereney and caesiom
vaponurs near thenr critiead points: .

(i} inverston fey e at the sEOS0, Ddertaee, where chiarges in the oxide produce
it rsdom Held,

oderstazsd o civstaitine svstentss we gooback te the Selirédinger equation
perpiatinn 3 b and suppose that Ve 2y bs el o periodie finetton of p-nsiti(m. The
profeny was g aitacked by Asdeson (igg8) in his paper entitded “Absenee of
diftusicvi i cortain raodom hutices". Anderson considered the potential energy
functwon show o in tigure 4.0 Lo the absence of disorder. solutions would be of Hl‘t‘
Fype e2h o the Lght-binding approximation

W= Y expika,) i, (v ) (#)

- F -
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where a, denotes the lattice sites and y, are functions for the individual wells. The

band-width B is given by
B = 21, (9)

where z is the coordination number and f the transfer integral

I =J v Hir,_ d3. (10}

Introduction of the random term ¥, gives rise to a mean free path ! given by
afl = 0.7(F,/B)-. (tn

When ¥, = B. [ becomes of the order «. and aceording to a principle enunciated by
Friedel (1g78) and hy Toffe & Regel (1g60), it carmot be smaller. The funetion (8) is
thus of the form

Wy = c,explig,) ¥, {12)

where the phases 47,, are random. [The coefficient/z, wilt be discussed below.) Making
use of the usual expression for the conductivity of a metai with a spherical Fermi

surface of area Sp. namely
o = Sgel/12n%h (4ne,). (3

and putting [ = a, leads to a value
o= e/ imeha {14)

which is in the range 3 x 105 —5x 1030~ m~, if a is a few Angstromst. It is found
that, in materials like liquid transition-metals and intermediate valence compounds,
the resistivity as the temperaturs rises does not increase mueh above the reciprocal
of this value; typical behaviour is shown in figure 3. Values of o up to 7{ 2 higher or
more can be accounted for a larger area of a non-spherical Fermi surface.

Anderson showed that, if ¥,/ B is increased still further, ata value shown by more
recent calculations {Edwards & Thouless 1972} to be

(K)/B}crit & 21 (15]
all states in the band become localized; that is, they have the form
¥I = g—ur - (16)

where ¥, is given by (12). The quactity x tends to zero as ¥,/ B tends to the critical
value, When states ure localized, o degenerate gas of electrons with limiting Fermi
energy £y cannot conduct without thermal excitation. Thus it the parameter VB
is varied through the critical value. u metal-insulator transition is possible. in the
expianation of which electron—electron interaction does not play an essential part.
In a rather simple sense, the transition is one fron a state in which electeons at the
Fermi energy are trapped by the disorder to one in which they are not. The electrons

+ Angstrom (A) = 109 m = 10-F nun,

-8R~
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Review Lecture 009

are ‘stuck’; a ‘hoie’ would not he mehile. in marked eontrast to the Wilson moclei
for erystals. As the disorder increases. 7 is uiven by
a = Spelagt/12n%h

where 7 is the amount by which the density of states is decreased by disorder.
The present author (Mott 1966, 1g67) first pointed out that. if the Anderson
condition is not satisfied, so that

%/B < (Vo/-B)crw (17)

N

FrGuwE 3. a, The resistivity of a transition metal below and ahove the melting
point (schematic). b, The resistivity of an alkali metal.

states in the tail of the band will still be localized. and the iocalized and non-
localized states are separated as in Hgure 6 by u eritical energy £, called (Cohen
¢t al. 196g) the *mobility edge’. As & tends to K.  in equation (16) is believed to
behave like

%~ (BE—Ep, (18)

where s is § according to some authoritics, and 0.6 according to others (for references
see Mott 1981). Thus for u degenerate electron gas. o metal—insulator transition (the
‘Anderson transition’) will oceur if the Fermi energy Ly oves across £, If
Ep— K, > 0. conduction will be ‘metallic’, but depend little on temperature. If
Ep— &, <0, two forms of conduction are expected: at high temperatures by
exeitation to a mobility edge, so that

o':rToexp{-—(En—E'?)/kT}. (19)

where the value of o, will be discussed helow: at low temperatures by variable-
range hopping from one localized state to another. Tf electron—-electran interaction
is neglected. this leads to a conductivity of the form. in the limit of low 7.

G':Aexp(—B/Th. (2m

_C]_-
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where B = const. x |23 V{& )L}, This form of conduetion las heen extensively
observed. in non-crystalline semiconductors and impurity bands. but an exact
correspondence with equation (20) in neither found nor expected. in view of the
considerable deviations from (20} predicted as a result of electron-electron intor-
activns (Pollak 1980. 1981: Mott 1g79: Mott & Duvies 1g80; Efros & Shklovakii
1975; Davies et al. 1982). {The work of Efrox and Shklovskii was criticized by the
present author (Mott 1975). but we now believe it to he correet (of. Davies of al.

1g82).)

A
a
b

)
“

| |

[ 1 I

| |

E. E. E E!
B

Fravre 6. The density of states in a narrow bund: a. for a erystal; b, when £ % 1 jthe Loffe -
Regel condition); e, for isorder near the critical value, The mnhility wlges &, &% are
shown.

If then E. can be made to move through E.. a metal-insulator transition is
expected with resistivity as a function of temperature as in figure 7. The yuantit,
o, has been called by the present author the ‘minimum metallic conductivity
(O min) and is calcutated, with the use of functions of the form (12) and a density of
states as in figure 6 to be

Tin = e/ dme,ha, (21

with € in the range 0.025 to0 0.05. Its existence is controversial. The present author
believes that it is correct to write oy = oy, in equation (19) but whether the
conductivity in the limit of low temperatures changes discontinuously, or only
fairly rapidly as £ passes through #, is at present uncertain, Mott (181) has related
1t to the index s in equation (18). If & < 3 (for instance 0.6} there should be u very
narrow range of & — K in which ¢ tends to a limit tess than o, as T — 0. and in
which itshould be highly T-dependent. {See the dotted line in figure 7.) Cufortunately
the only experiments relating to this problem are for u neompensated 8i: P (see § 3) for
which electron-electron interaction plays a wmujor role (Rosenbaum wf al. 1980
Mott 1981; Kaveh & Mott 1¢82) which will be discussed below,

The position of the mability edge must. in certain cases, approach the classical
percolation limit (Kirkpatrick 1971), if the chance of tunnelling to o distant site

- A0 =~
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dreops rapidiy with distance (Mott & Davis tgyg. po 405 A quantitasive deseription
of how this oceurs has not bean given. Various authors have nsed percolation theory
1o describe a metal-insulator transition. for instance Holeomb f[gR/JA in materials
such as the tungsten bronzes, and Abeles ¢f al. (167571 in digpersed metal particles in
tnsulators. In the anthor's view these are. in facr. beoh Anderson transitions and
show the phenomenon of a minimum metallie conductivity (Mort & Davis 197y,
p. 1538).

ln p

1T

Frerre 7. Resistivity as a function of temperature for o material undergoing an Anderson
teansition in three dimensions. it bemnyg supposerd that ¢ remaing constant arad the
transition is driven by shrinking the orbirs, for instance hy a magnetie field. The dotted

line shows the hehaviour if o oes not exist,

4. TAPURITY CONDUOTION IN COMPENSATED SEMICONDUCTORS

Undoubtedly the most direct way of testing these ideas is by the study of con-
duction in impurity bands in doped and compensated semiconductors. Here the
electronic orhits are large compared with the interatomie distance =0 effects con-
cerned with distortion of the surrounding lattice are likely to be small.

Impurity conduction in compensated silicon and germanium was discovered by
Hung & Gliessman (1950): in 8iC it was first observed by Buseh & Labhart {1946).
the idea being earlier proposed by Gudden & Schottky (xg33). [t is & form of con-
duction in which an electron hops from an aceupied fo un unoccupied donor {or
arceptor). The eonductivity varies as exp( — 2R /). K heing the mean distance
between the donors, In modern terminology the electrons are thought 1o he
Anderson-localized on the donors. the raudom field being that of the charged
acceptors. Bxeept that the donars are distributed at random in space {introdueing

- M-
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a further tendency towards localization), the situation is exactly that of rhe
Anderson model of figures £ and 7. The 7' law is expected. and found approximately
in certain cuses at low temperatures, but in much work {e.u. Fritzsche & ‘uevas
1gho: Davis & Compton 1963) a constant activation energy (e} is found, This is
usually described as caused by hopping fo nearest neighbours only. but Pollak
(1G80) gives argwments to show rhat it Is a form of variable-range hopping affected
hy electron—electron interaction. The evidence is discussed in detail in an extensive
investigation of hopping conduction in p-type germaninm for large uniaxial stresses
and high magnetic fields by Chroboczek et ol (1981}

When the orbitals begin to overlap strongly, a metal-insulator transition of
purely Anderson tvpe is expected. correlation for a less than half-filled band being
probabiy animportantt. Both the random field and the random positions of the
ventres combine ro give Anderson localization. the latter being probably the most
important. Anderson localizetion in mrd-band. resulting from the random positions
aione. is caleulated by Debney (1g77) to ocecur whent

nhag % 034 (22
Puri & Odagaki (1981) find fot the constant 0.252. 1 shouid like to emphasize that
{22). just like {16). results from equating 1/nda to the logarithm of a large number
(cf. Mott & Davies 1980). and so should he little dependent an the form of the
conduction band.

We consider that for compensated niaterials the metal-insulator transition. with
increasing concentration. is of pure Anderson tvpe. Fritzsche (1978) points out that
Tuin, the value of the conductivity for which the activation energy disappears,
agrees well with (21}. Figure 8 illustrates this. For doped semiconductors the data
are taken from Fritzsche (1¢78); for InSb with higher concentration. the transition
being induced by a magnetic field, from Isheda & Otsuka (19774.6}: for amorphous
Fe-Gie, for which the transition occurs at 209, Ve, from Daver et al (1974} for
La,_,Sr, VO, from Dougier (1g%3) and for carbons. where the transition occurs on
annealing, from Biicker (1¢73}. Some specimens are compensated, others less so.
It will be seen that C in equation {21) appears to vary between the two values stated,
Further evidence comes from such systems as solid argon-lanthanum mixtures
(Romer et al. 1981). for which unactivated conduction appears at

1t o€ 3x A0~

and from Swenumson & Fven (1981) on amorphous mixtures of {'s and b,

Some of the evidence for n-TnSh comes from the work of Ferré ef al. (1973,
idlustrated in figure 9. In this work the activatien energy for conduction, interpreted
as €, is changed by the application of magnetie fields. as shown in the diagram . Since

t I know of no formal proof of this.
1 Economou & Antoniou (1g77) found with a rather different maodel that no loealization
w5 posgible in mid-band. We think the model of Debney i morve realistic fof, Mott o581,
Fertis ez d. {r1g81) also investigate the vole of correlatinn combined with disorder and prediet
that the transition shenld oeene at o 'm._, = OLERL

-11-
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Fraume 3. Comparison of experunental values of O, With theory. For rdeped semiconductors
the data are from figure 2 of Fritzsche (1978), except for that in heavily doped InSb.
Other data are from references given in text. The plot is a function of n in electrons
em~" at the transition. The lLines are for o, = Cefamedin with n. = 1/a% and
¢ = 1.05 and 1. 025, I
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FietRE 4. Varation of resistivity of samples of wetape Testh i various inagnetie tields. The
triangles represent o, conduetinn, the civeles hopplang v and the squarss s 1 Ferrd ot nl.
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014 Sir Nevill Mott

a ts not varied | the curves are expected to extrapolate to the same point. as shown,
The donor eoncentration is near 0201 -2 the observed puint where the curves meet
fits with a caleulated value o, = 0.5 6% dne,hee.

For discussion of the value of o showing that the observed values scale

min®
correctly with « and fit the thearetical formula within a factor atahout 2. <ee Pepper

(1979).

activation energies/meV

(K=004}

i i
340

Free e B Plocs of £ ey and e for dopeed Ge (Davis & Compron 1gbg),

Fritzsche (1958, =ee also 1978), and Davis & Compton (1g63) introcduced the
concept of the D~ band. later referred to as the "upper Hubbard band ™ and showerd
how to distinguish the energy e, required to excite to the 13 band from that «
required to exeite to the conduction band. Iigure 10 shows the results of the latter
authors for the energies ¢,. &, und ¢, for germanium as » funetion of concentration of
dopant. Fritzsche (1978) ulso shows the continuous decrease of €, to zere. Mott &
Davis (1g68) tnterpret ¢, an exeitation to « mobility edge, Fritzsche (1978) pointed
vut thit £, is not observed in compensated germanium. though it appears to be in
inSh (Mott & Davies 19801 Mott (1982} =uguests that for compensated samples
with A % 0.3 there should he no e, conduction, heeause delocalization will Best aceur
near the Fermi energy,
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SoTAMPURITY CONDBUCTION: UNCOMPENSATED 3AMPLES

[n uncompensated <amplex both the Hubbasd Faed the disocder will play o role.
The problem is similar to that of the transidion i metad aommonia <ehutins and in
Huid caesicm The Brst queation Gooansaer owhethorsas o crvsrals a diseon-
tituous transition s to be expected, The prosentaatbor DM caeSe b lies pointed
out that, sinee s diseontinarioy depends on re Foemi oy Bebeing ool for of
with 7o L3 il Ay Bles oo Saoed tnd s diseonroniey b opecied s The arsment is
ax foilows. Suppese that the density of states oehaves like B finstead of Fin the
tail. Then the kinetic energy will hehave ke

The number of electrons is

oo !f‘."'l;"'.‘ B :-r

a0 the kinetic energy per electron varies o

!":'; . VAL
Por e minimuom fooces qe Cherete seomeeag e 1o b s Daed rhna b 20 I

a tadh one woukl expect 1 foels vin

Noodiseontinniry in rhe wenvaih S dims e Ghecroesd L ST e any

other doped semieonductor, thoool oo ivvesgizatlor o uhi tae werri vidie, On

the cther hand, bedh (0 metab-cannonio it b= the ~oondadise cay <owerd Rnowen,
and Just above the cetticad point = x0T vea s bie s atine Daeom g with
the appropriate valne of o0 X e i i Taie el abenve rhe eritiead
point. m s very nemr to the cadeboed adae ot 1 e ol tahle (raken
from Froviand rg8ei ~how- with 7m0 O e and om0 0006 e b
JRS IS SR TERE T 1 U e

[ 1.4 Frans rodoi

th [ ; FARNRGY

28 1. o e laned s Hhense! irg72)

We deduce that vhe Habbard 17 wing over disorrders

Fluid mereury at hish tomperatures hehaves ditferentis s as the density decreases
tHie fis and Bp bands seprate. giving cse tow pure Anderson sraisition. The present
vatlior Mottt rgrged s givien vensons e supposing that i haod-crossing fran -
sition the offect oF corvebtion s ikelv 1o e smallsoacdiscontinity s wndikebe. In
factat the eviviead pednt bnanereniy, 7 x 1 3Q- " m~t wo the |'1<;u1rl-;-';.1s pl‘mse-
Alauriin has the —ime ortain as i for instanee . rare sases. .

T 1l o = B . t i 1 i 1
TP aer crg5% ) aeems Do have Boesoc e fest o hikeen Tree Tnguad-lnpoed phiase separarion m
ITaeteri-ataturda soduteees to The eritead coneeniration= o ancadikedi-noerad vapear i the za=
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Turning now to the metal-insulator transition in doped semiconductors. since
no discontinuity in ¢, has been observed, until now it has been generally supposed
that the transition must be due to the gradual overlapping of the two Hubbard
bands. The bands will have localized tails, so the actual transition will he of Anderson
type, oceurring when states at Ky in the mininoim of the density of states hecome
delocalized. The material will have the electrical properties of an Anderson tran-
sition, as in figure 7, but the coneentration at which the transition ocaurs will be

Wi T T T N

W’

“
t5, (oAs
,‘\’C:IS In

L8

ag/A

'

10—

R R

1% i 18 20 22 24

In (nifem—)

Frovas 11, Comparison of the formuli ko, = 0.26 with experimental
data (Edwards & Sienko rg81).

given approximately by {6). As the surveys hy Bdwards & Sienko (1978, 1981) show.,
the concentration depends little on the nature of the conduetion hanel. Figure £
shows somne of their results. Mott & Davies (1g80) diseuss the vartous terms that
affect the energies of the two bands, particularly the large changein the polarizibility
(Hhat Bs. in &) resulting from heay v doping {(Castuer 1g80; Clunn & Ortuno 1980:
Ortuno 1980). In our view all these muke little differeoce. heeause the width of the
lower band ineresses so rapidly with increasing concentration. The upper Hubbazd
bard {deseribed asa D hand hy Fritzsche (1g62) prior to Hubbard s wark) does not
shift very much with energy according 1o Mert & Davies {1980); the radii of the
orbitals are about four times larger than for the neutral donors. Alko the band
probably overlaps the conduction hand. At the transition. then. the density of
states should appear us in figure 11 16 will be seen that a large difference hetween
¢, and ¢, seems hard to understand for uncompensated samples. However. it weems

-6 -
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tobe ohserved, and we may have to assume that the I band has « large tail (Mott
1982), probably due to the many-valley nature of the conduction band. not included
in the ealealations of Mott & Davies (1980). The consitlerations of Bhatt & Rice
(1980. 1981} suggest that this is not unexpected.

I have alrcady referred to the work of Rosenbaam ef el, (198¢) on the existence or
otherwise of oy, These authors measured the vesistivity p of specimens of Ni: P
down to 2mK: w specimen is counted as metallic’ if f+ tends to a finite value,
insulating ifit tends to infinity. A plot of p. in the limit of low 7. s givenin figure 12,

200 *
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= ook vl e, 5
b I
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Fuorae 12, Conductivity of 8i:F in the linit as 7 -+0 as a1 funetion of phosphorus cou-
centration [Roseohanng ef wf. 1980); ¥? i also shown. where 7T 1+ the electronie specifie
heat.

Below the caleulated value of oy, these authors find. within a range of concen-
tration not greater than t %, speeimens for which o is as fittle as 0,01 Fnin. Lt 18 not
vet certain whether this i due to long-range fluctwations in composition. giving
pereolation channels. through the specimen. Bosenbaum of af. invoke the scaling
theory of Abrahams of ol (1979) criticized by Mott & Kaveh (1981). The present
author (Mott 1981) considers that the existenee of T depends on whether s in
equation (18) is greater or less than 3. Some authors have cluimed that 4.6 is
the eorect value for ¢ tfor references see Mott 1981} und if s the present author
(Mott 1981} has shown that results such as those of Rosenbaum ef af. can he
explainee. On the other hand other authovs tind 5 =

in which case homogencous
specimens should show a discontinuons drop from o, to zero as the concentration
is changed. Neither of these values ix universally agreed ( C, Weaner private
communication). -‘ ;l

018 S Nevill Moret

The present author (Mott 1980} considers that hisx derivation of Torin FeMains

valid in the formula

T = O eXpl—e /AT

min
for eonduction at a mobility edge: it is onlv in the limit as T - 0 that {he coneept
iz in doubt. (itze (1981) and Belitz & Gotze (1981} point out that a theory developed
by Gétze in which o &) ~ (£ - l:'..)é is compatible with pusiel of the data.

Above the metal-insulator transition Thomas of af. {1981) have measured the
electronic specific heat. and findfit followx the equation for free clectrans in the
conduction bund. as was also found earlier by Sasaki {198c). On the other hand,
the conductivity draps well below the loffe-Regel value {14). The present anthor
in many papers has proposed that this is because the electrons move in a - metallic”
impurity band, in the [offe- Regel régime, xo that (17) can he applied. the high value
of the specific heat being due to electron-electron interactiont. But. in addition to
the specific heat, there is much evidence (He+1elius & Berggren 197q. 1981: Fritzsche
1980) that the clectrons in the metailic range of concentration are in the conduction
hand {net in an impurity band), and that { > . First Berguren (1982) and then in
more detail Kaveh & Mott (1982) show that the conductivity does in faet drop as
{ approaches @, owing to a correction in the wavefunction fed inte the Kube.
Greenwood formula. The latter authors find (as does Berggren. apart from the term
in braces) 3

! .
rr:a'B[l—m{l—rJJ, (23}
where L; is the inelastic diffusion length. The term in braces is expected to tend to
zero rapidly with increasing temperature. All this apphies only if 7 is due (o elustic
collisions, so the loffe-Regel formulae ffof, for instance} transition metals at high
temperatures remains valid, because ! is determined by collisions with phonens and
these are inelastie,

If this is correet, it looks as if there must. atter all, be & discontinuous teansition in
uncompensated 8i:P; we have seen that the Fermi energy. when the transition is
approached from below. remains in an impurity band. This conclusion is new and
certainty controversial. Experimental work is needed to sce if ¢y really tends (o zero
as the transition is approached from below.

According to these considerations, o weust jump discontinuousty to zeto at the
transition, and the lowest metallic values have nothing to do with oyin fas observed
for instance in compensated samples); it will be the value of 7 at whicl the free
cuergies of the states with boundand free electrons cross (as described by H{":;('ﬁllh' &
Berggren 1980). Also, o at finite temperatures should shuw a discontinuity as a
funetion of concentration.

Recently much work has been carvied out on the infraveed absorption in inmpurity
hands (see references in £hil, Hag. 42 no. 6 (1930). the proceedings of conlerence
held at Witrzburg in 1979). Exciton-type lines. that.is lines resulting from a transfer
of electrons from ome donor to another nearby already aceupied. G most of the wap.

¥ For other investigations. sec Kamimura t1gBe), Chao & da Nilva {1979} and ha Silva

et al, (1981}, . ‘{& -
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The randomnes< of the posstions of donors hus the renlt hat 1. sk Lo e ses!
by these transitions bas 4 strong Tow cneveny Gl In Fuer Bhatt & 12 {1680, 1981}
show that in many valley semiconductors there will atiraigs e some 1) and 1)
states.so that. when electron election interaction is taken info aceonnt. there i< no
Hubbard gap.

He MATERIALS WITH INTERMEDIATE VALENCIES
The existenee or otherwise of the minimum metallic conduetivity ix proving a
controversizt matter. Another case in which it may he in daubt is provided by
SmBg, 4 material in whicl the Sm jons exist in two vadency states. The current
interpretation is that in these materials theve is a very narrow 4f band, hvbridized
with a conduetion band. as shown in figure 13, The result is that this material is 1ot

&

=L Frerrr 13, Energios[of 4f and 5 bands in Sml3,. showing how

hyhrichization eonld lead to a gap febrcermrrbietiondd
Lo M o asdey Lmnﬂa«ctb'

truly metallic. Though it hehaves like 1 metal at room temperatare. there 2 a small
gap separating a full vilence band from an empty conduction hand. as shown in
figure 13. A typical plot of resistivity against temperature for this kind of material
1 shown in figure 14, As regards & mintimum metallie conchietivity, the question is
whether the Hattening off at low temperatures is due (o impurity eonduetion
resulting from non-stoichiometry. Tf so. amdfthe theory of mnpurity conduction
presented here is corvect, there should be sene corresponstence between the observed
low temperature conduetivity and the density of donors, according (o equation (21).
Measurements of the conductivity are due to Nickerson ¢ af. (1971}, asuyva of af.
(1979) and Allen «f wl. (1979). The conductivity betow 5K is very dependent on the
specimens. and tends to fall with increasing perfection. Kasuva of of. find

7 = A+ 240 exp (- 32/

..*(? -

{3724) Mt Neviit Mot

with the constant 0 varving betwees 10 and 100€E Vin U Aen of ad, tind o eon-
duetivity 3007 m =" for a specimen for which the Hall effeet at low temperit nres
gives 30 108 carriers or L With this nnmber of carviers egquation (21} gives o, in
the range 150-30007"m 7' five to ten times that observed.

If Sm By i 1o be regarded az an uncompensated semiconductor. then we remark
that. as a consequence of the ideas put forward here, equation (245 s enpirical

rather than theory-hased. and Tong-range Huetuations in concentration aee Tikel

] T T T T T
1072 -
107 -
1 1 1 1 1 1
0 100 200 300

/K

Frarne 14, Resistivity in ©Q om ) as

fimerion of temperature for Smid, (Nickersan of ol 1971).

to cut down the conductivity near the transition. Kasuya s empivical equation does
indeed suggest that metallic and non-metallic regions arve in serics. Further incasure-
ments of this system would be of interest. References for the hyvbridization theory
are Cogblin & Blandin (1968). Mott (19740. 5. 197g) and. for the conduetivity at
fow 7. Martin & Allen {1979). Allen & Martin {1g980).

T VERWEY TRANSITIONS

Another form of metal-insulator transition is the *Verwey transition. of which
FeOp and 11,05 are the best known examples, Fn such materials two ions. Fe? ol
Fed+. or Ti*+ and i -, share equivalent sites in the lattice. At low temperatires they
take up an ordered =tructure and the condactivity is activated: atl the Verwey
temperature the long-range order disappears and the conduetivity inereases by
about two orders of magnitude to a1 value of about BHO Ui U Whether the
mechanism of charge transport is then trely metallic is a matter of dispute,

An interesting feature of these materials is that a relatively small coneentration
of impurity (1-2 °0) ean destroy the sharp transition: v low temperadures the fwo
charge states appear frozen at random sites.

Some references are: to Verwey's original work, Verwey {1935): to the experi-
mental electrical properties of Fe 0 and its alloys. Whall ef al, (19773 ta those of

__2;0 -
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1,00 Lakkisef ol (1g7g) and Selilenker & Mavezio (1g80): to the author’s theorefical
diseussion Mott (1979}, Vol 42 na. 3 of the Philosoplieal Maguziae {19810} contains
i fabely recent colleetion of paper= on the <abject. from a eonference held in
Cambeidee in THTH

N TWOo-nrueNs1oNAL PROBLEMS
The weos {melal oxide semiconductor) fransistor has made possible investi-

wations in the inversion laver at the 8i/Si0, intertaee. At low temperatures

degenerate two-dimensional gaxis formed. inan envirenment where randem charges
in the oxide produce Anderson localization. £ can he moved through £, by a
change iy the oate volinge, so curves as shown in fignre 7 ean he obtained. This was
proposed by the present author (Mott 1g73) and by Stern (rgy4): a review of the
carly experiments was given dne Mottef el t1975). Brietiy:

(1) The two-dimensional form ol variable-range hopping (o dexp(- H/”)"':)) i=
ahserved.

ih) The two dimensional expression tor @ (0.1 68/h) is also observed in many
cases. Thoueh long-range Huetuations can leac to cansiderably Jarger valoes (Pepper
14771

Mare recenty. by the tee o @ seading argunent Abrahams of al. (1979) were able
tor show that in the “metallic” réuime the conduetivity should be of the form

et 2nh (/e In (LS. {24)

The tirst term i< the Boltzmann form in two dimensions, the seeond gives alogar-
ithmie carrection. Here £ ix the mean free path and £, s the size of the specimen. or
Uhe distatee L ditfused before an inelastic coltision with another electron, given by

Lio~ (D7)Y ~ 1B RT (25)

The in T correction s been extensively observed: it isx normadly not more than
109 of the fiest tertmn, Other theoretioal derivations bave been given {Gorkov ef wl.
197g. Kaveh & Mott 1g81a1. 1t should he emphasized that the theory is not
specifieally for amorphons materials, but elnims vabidite whenever there 15 anean
free path 10 is vonclnded that o two-dimensional material is never traty metallie.
Hut that a weak power-law loealization is presenc. En the limit ot fow 72 Mott &
INaveh (1813 tind that

e oeonst, < (LN s 1 R (26)

vendding 1o e with 770 L = L) asoa very Jow power of 70

M this theory s for non-interacting electrons. When electron-clectron inter-
action i~ taken into aceount . another term ot very similar form is]rrmli(-l(‘li {Altshuler
ol ol Bavebe & Mot g8k The two terms hehave differenthy in o wagnetic tield.
aned some experinental work s devoted to sepacating them (Urenef al, 1980:
Divvies of ed 1981y, Thixz work is developing rapidiy aned will not he dexcribed in
detail here

- 24 -
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