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1 Hilbert and Quot functors

Introduction

Any scheme X defines a contravariant functor hy (called the functor of points of the
scheme X) from the category of schemes to the category of sets, which associates
to any scheme T the set Mor(T, X) of all morphisms from T to X. The scheme X
can be recovered (upto a unique isomorphism) from hyx by the Yoneda lemma.

It is often easier to describe the functor hx than to give the scheme X. Such is
typically the case with various parameter schemes and moduli schemes, where we
can directly define a contravariant functor ¢ from the category of schemes to the
category of sets which would be the functor of points of the scheme in question,
without knowing whether such a scheme exists.

This raises the problem of representability of contravariant functors from the cat-
egory of schemes to the category of sets. An important necessary condition for
representability come from the fact that the functor hx satisfies faithfully flat de-
scent including strict descent. This condition is often easy to verify for a given
functor ¢, but it is not a sufficient condition for representability.

It is therefore a subtle and technically difficult problem in Algebraic Geometry
to construct schemes which represent various important functors, such as moduli
functors. Grothendieck addressed the issue by proving the representability of certain
basic functors, namely, the Hilbert and Quot functors. The representing schemes
that he constructed, known as Hilbert and (Quot schemes, are the starting points
of the representability of most moduli functors (whether as schemes or as algebraic
stacks).

The techniques used by Grothendieck are the techniques of descent and cohomology
developed by him. In a sequence of talks in the Bourbaki seminar, collected under
the title ‘Foundations of Algebraic Geometry’ (see [FGA]) he gave a sketch of the
techniques of descent, the construction of Hilbert and Quot schemes, and application
to the construction of Picard scheme (and also a sketch of formal schemes and some
quotient techniques).

The following notes are devoted to the construction of Hilbert and Quot schemes.
We assume that the reader is familiar with the basics of the language of schemes
and cohomology, say at the level of chapters 2 and 3 of Hartshorne’s ‘Algebraic
Geometry’ [H]. The lecture course by Vistoli [V] on the theory of descent in this
summer school contains in particular the background we need on descent. Certain
advanced techniques of projective geometry, namely Castelnuovo-Mumford regular-
ity and flattening stratification (to each of which we devote one lecture) are nicely
given in Mumford’s ‘Lectures on Curves on an Algebraic Surface’ [M], which can
serve as good course on Algebraic Geometry for somebody familiar with the basics at
the level of Hartshorne [H]. The book ‘Neron Models’ by Bosch, Liitkebohmert, Ray-
naud [B-N-R] contains an exposition of descent, quot schemes, and Picard schemes,
which I found particularly useful. The reader of these lecture notes is strongly urged
to read Grothendieck’s original presentation in [FGA].



The functors $Hilbp.

The main problem addressed in this series of lectures, in its simplest form, is as
follows. If S is a locally noetherian scheme, a family of subschemes of P"
parametrised by S will mean a closed subscheme Y C P4 = P} x S such that Y’
is flat over S. If f : T — S is any morphism of locally noetherian schemes, then by
pull-back we get a family Yr =Y xg¢T C P} parametrised by 7" from a family Y
parametrised by S. This defines a contravariant functor $ilbp~ from the category
of all locally noetherian schemes to the category of sets, which associates to any S
the set of all such families

Hilbp-(S) = {Y C P%|Y is flat over S}

Question: Is the functor $Hilbp. representable?

Grothendieck proved that this question has an affirmative answer, that is, there
exists a locally noetherian scheme Hilbp» together with a family Z C Py x Hilbpa
parametrised by Hilbp., such that any family Y over S is obtained as the pull-back
of Z by a uniquely determined morphism ¢y : S — Hilbpr. In other words, $ilbpn~
is isomorphic to the functor Mor(—, Hilbpx).

The functors Quotsro,,

A family Y of subschemes of P” parametrised by S is the same as a coherent quotient
sheaf ¢ : Opg — Oy on ¢, such that Oy is flat over S. This way of looking at the
functor Hilbp» has the following fruitful generalisation.

Let r be any positive integer. A family of quotients of ©&"Op» parametrised by
a locally noetherian scheme S will mean a pair (F, g) consisting of
(i) a coherent sheaf F on P% which is flat over S, and
(ii) a surjective Opy-linear homomorphism of sheaves q : € Opr — F.
Two such families (F, ¢) and (F, ¢) parametrised by S will be regarded as equivalent
if there exists an isomorphism f : F — F’ which takes ¢ to ¢', that is, the following
diagram commutes.

O Opn L F

I L

o Opn L F
This is the same as the condition ker(q) = ker(¢’). We will denote by (F,q) an
equivalence class. If 77 — S is a morphism of locally noetherian schemes, then
pulling back the quotient ¢ : ®"Opyr — F defines a family ¢r : ®"Opy — Fr over
T, which makes sense as tensor product is right-exact and preserves flatness. The
operation of pulling back respects equivalence of families, therefore it gives rise to a

contravariant functor Quotgro,, from the category of all locally noetherian schemes
to the category of sets, by putting

Quotgr o, (S) = { All (F, ¢) parametrised by S}



It is immediate that the functor Quotgre,, satisfies faithfully flat descent including
strict descent. Grothendieck proved that in fact the above functor is representable
on the category of all locally noetherian schemes by a scheme Quotg, o,

The functors $Hilby/g and Quoty/x/g
The above functors $ilbpn and Quotgre,, admit the following simple generalisa-
tions. Let S be a noetherian scheme and let X — S be a finite type scheme over
it. Let E be a coherent sheaf on X. Let Schg denote the category of all locally
noetherian schemes over S. For any T — S in Schg, a family of quotients of F
parametrised by T will mean a pair (F, ¢) consisting of
(i) a coherent sheaf F on Xr = X Xg T such that the schematic support of F is
proper over T and F is flat over T, together with
(ii) a surjective Ox_-linear homomorphism of sheaves ¢ : Ep — F where Er is the
pull-back of £ under the projection X+ — X.
Two such families (F, ¢) and (F, ¢) parametrised by 7" will be regarded as equivalent
if ker(q) = ker(¢')), and (F, ¢) will denote an equivalence class. Then as properness
and flatness are preserved by base-change, and as tensor-product is right exact, the
pull-back of (F,q) under an S-morphism 7" — T is well-defined, which gives a
set-valued contravariant functor Quotg,x/s : Schg — Sets under which

T — { All (F, q) parametrised by T}

When E = Oy, the functor Quotox/x/s : Schg — Sets associates to 1" the set of all
closed subschemes Y C X that are proper and flat over 7'. We denote this functor

by ﬁllbx/g
Note in particular that we have

f)llbpn = ﬁ@lbp%/ SpecZ and Q'U/Ot@roﬂm = Q'U/Ot@rop%/]p%/ Spec Z

It is clear that the functors Quotg,x/s and $ilbx,s satisty faithfully flat descent in-
cluding strict descent, so it makes sense to pose the question of their representability.

Stratification by Hilbert polynomials

Let X be a finite type scheme over a field k, together with a line bundle L. Recall
that if F' is a coherent sheaf on X whose support is proper over k, then the Hilbert
polynomial ® € Q[A] of F' is defined by the function

O(m) = x(F(m)) = _(-1)"dim), H'(X, F @ L")
=0
where the dimensions of the cohomologies are finite because of the coherence and
properness conditions.

Let X — S be a finite type morphism of noetherian schemes, and let L be a line
bundle on X. Let F be any coherent sheaf on X whose schematic support is proper
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over S. Then for each s € S, we get a polynomial ®; € Q[\] which is the Hilbert
polynomial of the restriction F; = F|x, of F to the fiber X; over s, calculated
with respect to the line bundle Ly = L|x,. If F is flat over S then the function
s — @, from the set of points of S to the polynomial ring Q[A] is known to be
locally constant on S.

This shows that the functor Quotg,x/s naturally decomposes as a co-product

QUOtE/X/S: H QUOtz’/[;(/S
QN

where for any polynomial ® € Q[)\|, the functor Quot%’/LX/S associates to any T

the set of all equivalence classes of families (F,¢) such that at each ¢ € T the
Hilbert polynomial of the restriction F;, calculated using the pull-back of L. is
®. Correspondingly, the representing scheme Quotg,x,g, when it exists, naturally
decomposes as a co-product

QuotE/X/S: H Quotz’/LX/S
QN

Note We will generally take X to be (quasi-)projective over S, and L to be a
relatively ample line bundle. Then indeed the Hilbert and Quot functors are repre-
sentable by schemes, but not in general.

Elementary examples, Exercises

(1) P} as a Quot scheme Show that the scheme P} = Proj Z[xy, ..., z,] repre-
sents the functor ¢ from schemes to sets, which associates to any S the set of all
equivalence classes (F, ¢) of quotients g : "' Og — F, where F is an invertible Og-
module. As coherent sheaves on S which are S-flat are the same as the locally free
sheaves, ¢ is the functor QuoténHOPO. This shows that QuotiBnHOPO = P%. The uni-

versal family on QuotiBnHOPO = Pj is the tautological quotient ®"*'Opy — Opx(1)
More generally, show that if E is a locally free sheaf on a noetherian scheme S,
the functor Quot%E/S/S is represented by the S-scheme P(E) = ProjSym,, (£), and

the universal family on Quot}E/S/S is the tautological quotient 7*(£) — Opg)(1) on
P(E).

(2) Grassmannian as a Quot scheme For any integers r > d > 1, an ex-
plicit construction the Grassmannian scheme Grass(r, d) over Z, together with the
tautological quotient u : &" Ogqrass(r,ay — U Where U is a rank d locally free sheaf
on Grass(r,d), has been given at the end of this section. A proof of the proper-
ness of 7w : Grass(r,d) — SpecZ is given there, together with a closed embedding
Grass(r,d) < P(m, detU) = Py where m = (}).
Show that Grass(r, d) together with the quotient u : @®" OGrass(r.a) — U represents
the contravariant functor

Orass(r, d) = Quoter Og,en/ Spec/SpecZ
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from schemes to sets, which associates to any T the set of all equivalence classes
(F,q) of quotients ¢ : & Op — F where F is a locally free sheaf on T of rank d.
Therefore, Quoter o ., /specz/specz €Xists, and equals Grass(r, d).

Show that for any ring A, the action of the group GL,(A) on the free module &"A
induces an action of GL,(A) on the set Grass(r,d)(A), such that for any ring ho-
momorphism A — B, the set-map Grass(r,d)(A) — Grass(r,d)(B) is equivaraint
with respect to the group homomorphism GL,(A) — GL,(B). (In schematic terms,
this means we have an action of the group-scheme GL, 7 on Grass(r,d).)

Using the above show that, more generally, if S is a scheme and F is a locally
free Og-module of rank r, the functor &rass(E,d) = QuotdE/S/S on all S-schemes
which by definition associates to any 7" the set of all equivalence classes (F,q) of
quotients ¢ : Fr — JF where F is locally free of rank d, is representable. The
representing scheme is denoted by Grass(E,d) and is called the rank d relative
Grassmannian of F over S. It parametrises a universal quotient 7*F — F where
7 : Grass(F,d) — S is the projection. Show that the determinant line bundle A%F
on Grass(E,d) is relatively very ample over S, and it gives a closed embedding
Grass(E,d) < P(r. A? F) C P(A?E). (The properness of the embedding follows
from the properness of 7 : Grass(E,d) — S, which follows locally over S by base-
change from properness of Grass(r,d) over Z — see Exercise (5) or (7) below.)

By locally expressing a coherent sheaf as a quotient of a vector bundle, show that
QuotdE/S/S is representable even when FE is a coherent sheaf on S which is not
necessarily locally free.

(3) Grassmannian as a Hilbert scheme Let ® =1 € Q[A]. Then the Hilbert
scheme Hilby, is P itself. More generally, let ®, = ("7*) € Q[\] where r > 0. The
Hilbert scheme Hilbgr is isomorphic to the Grassmannian scheme Grass(n+1,7+1)
over Z. This can be seen via the following steps, whose detailed verification is left
to the reader as an exercise.

(i) The Grassmannian scheme Grass(n+ 1,7+ 1) over Z parametrises a tautological
family of subschemes of P* with Hilbert polynomial ®,. Therefore we get a natural
transformation Agrass(n+1,0+1) — ﬁilbgﬁ.

(ii) Any closed subscheme Y C P} with Hilbert polynomial ®,, where £ is any field,
is isomorphic to [P, embedded linearly in P} over k. If V is a vector bundle over
a noetherian base S, and if Y C P(V') is a closed subscheme flat over S with each
schematic fiber Y; an r-dimensional linear subspace of the projective space P(Vj),
then Y is defines a rank r + 1 quotient vector bundle V' = 7,.0pn (1) — 7.0y (1)
where 7 : P(V)) — S denotes the projection. This gives a natural transformation
ﬁllbgﬁ — hGrass(n+1,r+1)-

(iii) The above two natural transformations are inverses of each other.

(4) Hilbert scheme of hypersurfaces in P" Let ®; = (":’\) — ("_z“) € Q[A]
where d > 1. The Hilbert scheme Hilb>? is isomorphic to P where m = (”;’d) -1
This can be seen from the following steps, which are left as exercises.

(i) Any closed subscheme Y C P} with Hilbert polynomial ®4, where £ is any field,



is a hypersurface of degree d in P}. Hint: If Y C P} is a closed subscheme with
Hilbert polynomial of degree n — 1, then show that the schematic closure Z of the
hight 1 primary components is a hypersurface in P} with deg(Z) = deg(Y).

(ii) Any family ¥ C P? is a Cartier divisor in P%. It gives rise to a line subbundle
Tu(Iy ® Opn(d)) C m.Opn(d), which defines a natural morphism fy : S — P37 where
m = (”;’d) — 1. This gives a morphism of functors ﬁilb;ﬁ — P™ where we denote
hpyp simply by P™.

(iii) The scheme P7' parametrises a tautological family of hypersurfaces of degree d,
which gives a morphism of functors P — ﬁilb;ﬁ in the reverse direction. These are
inverses of each other.

(5) Base-change property of Hilbert and Quot schemes Let S be a noethe-
rian scheme, X a finite-type scheme over S, and F a coherent sheafon X. f T — S
is a morphism of noetherian schemes, then show that there is a natural isomor-
phism of functors QuotET/XT/T — QuotE/X/S X pohr. Consequently, if QuotE/X/S
exists, then so does Quoty, /x, . , which is naturally isomorphic to Quoty, y/g X 57"

One can prove a similar statement involving Quotz’/LX /5" In particular, Hilbx /s and

Hilb;};’/LS, when they exist, base-change correctly.

(6) Descent and effective descent Show that the functor Quotp x/g satisfies
descent and effective descent in the fpqc topology.

(7) Valuative criterion for properness When X — S is proper, show that the
morphism of functors Quoty, x/s — hg satisfies the valuative criterion of properness
with respect to discrete valuation rings, that is, if R is a discrete valuation ring
together with a given morphism Spec R — S making it an S-scheme, show that the
restriction map Quotg,x/s(Spec R) — Quoty,/x/s(Spec K) is bijective, where K is
the quotient field of R and Spec K is regarded as an S-scheme in the obvious way.

(8) Counterexample of Hironaka Hironaka constructed a 3-dimensional smooth
proper scheme X over complex numbers C, together with a free action of the group
G = Z/(2), for which the quotient X/G does not exist as a scheme. (See Example
3.4.1 in Hartshorne [H] Appendix B for construction of X. We leave the definition
of the G action and the proof that X /G does not exist to the reader.) In particular,
this means the Hilbert functor $ilbxc is not representable by a scheme.

Construction of Grassmannian

Note The following explicit construction of the Grassmannian scheme Grass(r, d)
over Z is best understood as the construction of a quotient GLg7z\V, where V is
the scheme of all d x r matrices of rank d, and the group-scheme G L4z acts on V'
on the left by matrix multiplication. However, we will not use this language here.

The reader can take d = 1 in what follows, in a first reading, to get the special case
Grass(r,1) = P!, which has another construction as Proj Z[z1, .. ., z,].

Construction by gluing together affine patches For any integers » > d > 1,
the Grassmannian scheme Grass(r, d) over Z, together with the tautological quotient
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U1 @ Ograss(rgy — U where U is a rank d locally free sheaf on Grass(r,d), can be
explicitly constructed as follows.

If M is adxr-matrix, and I C {1,...,r} with cardinality # (/) equal to d, the I th
minor M; of M will mean the d x d minor of M whose columns are indexed by 1.

For any subset I C {1,...,r} with #(I) = d, consider the d x r matrix X whose
I the minor X7 is the d x d identity matrix 1444, while the remaining entries of X’
are independent variables z = over Z. Let Z[X"] denote the polynomial ring in the
variables 2] , and let U" = Spec Z[X], which is non-canonically isomorphic to the

affine space AdZ(T_d) .

For any J C {1,...,r} with #(.J) = d, let P! = det(X?}) € Z[X'] where X7 is the
J th minor of X’. Let Ul = Spec Z[X’,1/P}] the open subscheme of U’ where P!
is invertible. This means the d x d-matrix X! admits an inverse (X])~* on UL.
For any I and J, a ring homomorphism 6; ; : Z[X”7,1/P{] — Z[X',1/P}] is defined
as follows. The images of the variables xz‘iq are given by the entries of the matrix
formula 07 ;(X7) = (X)~' X!, In particular, we have 6; ;(P/) = 1/P!, so the map
extends to Z[X7, 1/P/].

Note that 6;; is identity on U} = U’, and we leave it to the reader to verify that
for any three subsets I, J and K of {1,...,7} of cardinality d, the cocycle condition
Or,x = 01,505k is satisfied. Therefore the schemes Ul as I varies over all the (Z)
different subsets of {1,...,7} of cardinality d, can be glued together by the cocycle
(6r.s) to form a finite-type scheme Grass(r,d) over Z. As each U’ is isomorphic to

A%(T_d), it follows that Grass(r, d) — Spec Z is smooth of relative dimension d(r —d).

Separatedness It can be seen that the intersection of the diagonal of Grass(r, d)
with U’ x U7 is the closed subscheme A;; C U’ x U’ defined by entries of the
matrix formula X7 X7 — X7 = 0, and so Grass(r,d) is a separated scheme.

Properness We now show that 7 : Grass(r, d) — Spec Z is proper. It is enough to
verify the valuative criterion of properness for discrete valuation rings. Let R be a
dvr, K its quotient field, and let ¢ : Spec  — Grass(r, d) be a morphism. This is
given by a ring homomorphism f : Z[X!] — K for some I. Having fixed one such
I, next choose J such that v(f(P})) is minimum, where v : K — Z U {oc} denotes
the discrete valuation. As P/ = 1, note that v(f(P})) < 0, therefore f(P}) # 0 in
K and so the matrix f(X7) lies in GL4(K).

Now consider the homomorphism ¢ : Z[X’] — K defined by entries of the matrix
formula
g(X7) = f((x7) "t x)

Then ¢ defines the same morphism ¢ : Spec X — Grass(r, d), and moreover all
d x d minors X3 satisfy v(g(Pj-)) > 0. As the minor X7 is identity, it follows
from the above that in fact v(g(z; )) > 0 for all entries of X”/. Therefore, the map
g : Z[|X’] — K factors uniquely via R C K. The resulting morphism of schemes
Spec R — U’ — Grass(r,d) prolongs ¢ : Spec K — Grass(r,d). We have already
checked separatedness of Grass(r,d), so now we see that Grass(r,d) — SpecZ is
proper.



Universal quotient We next define a rank d locally free sheaf U on Grass(r, d)
together with a surjective homomorphism ®" Ograss(r,gy — U. On each U I we define
a surjective homomorphism u’ : " Opyr — ©¢ Op: by the matrix X!. Compatible
with the cocycle (0r,5) for gluing the affine pieces U, we give gluing data (g; s) for
gluing together the trivial bundles @& Oy by putting

910 = (X))~ € GLy(Uy)

This is compatible with the homomorphisms !

phism u : ®" Ograss(r,a) — U.

, S0 we get a surjective homomor-

Projective embedding As U is given by the transition functions g; ; described
above, the determinant line bundle det(/) is given by the transition functions
det(gr,7) = 1/P! € GL,(U%). For each I, we define a global section

o; € I'(Grass(r, d), det(U))

by putting o;|ys = P/ € T(U?,Opv) in terms of the trivialization over the open
cover (U”7). We leave it to the reader to verify that the sections o; form a linear
system which is base point free and separates points relative to Spec Z, and so gives
an embedding of Grass(r, d) into P%' where m = (7)) — 1. This is a closed embedding
by the properness of 7 : Grass(r,d) — Spec Z. In particular, det(i/) is a relatively
very ample line bundle on Grass(r, d) over Z.

Note It is possible to show that the sections oy in fact form a free basis of I'(Grass(r, d), det(/)).
The homogeneous coordinates on P}’ corresponding to oy are called as the Pliicker coordinates, and
it is known that the image of the above closed embedding of Grass(r, d) into P} is the subscheme
defined by certain quadratic polynomials in the Pliicker coordinates known as the Pliicker relations.
We will not need these facts.



2 Castelnuovo-Mumford regularity

Mumford’s deployment of m-regularity led to a simplification in the construction
of Quot schemes. The original construction of Grothendieck had instead relied on
Chow coordinates.

Let k be a field and let F be a coherent sheaf on the projective space P* over k. Let
m be an integer. The sheaf F is said to be m-regular if we have

H'(P*, F(m — i)) = 0 for each i > 1.

The definition, which may look strange at first sight, is suitable for making inductive
arguments on n = dim(PP") by restriction to a suitable hyperplane. If H C P" is a
hyperplane which does not contain any associated point of F, then we have a short
exact sheaf sequence

0= Fm—i—1)>F(m—i)— Fyglm—i)—=0

where the map « is locally given by multiplication with a defining equation of H,
hence is injective. The resulting long exact cohomology sequence

o= HY(P"  F(m —14)) — H(P", Fy(m — i) = H (P, Fm—i—1)) — ...

shows that if F is m-regular, then so is its restriction Fg (with the same value for
m) to a hyperplane H ~ P"~! which does not contain any associated point of F.
Note that whenever F is coherent, the set of associated points of F is finite, so there
will exist at least one such hyperplane H when the field % is infinite.

The following lemma is due to Castelnuovo, according to Mumford’s Curves on a
surface.

Lemma 2.1 If F is an m-regular sheaf on P"* then the following statements hold:
(a) The canonical map H°(P™, Opa(1)) @ HY(P", F(r)) — HY(P", F(r + 1)) is sur-
jective whenever r > m.

(b) We have H'(P", F(r)) = 0 wheneveri > 1 and r > m —i. In other words, if F
is m-reqular, then it is m'-reqular for all m' > m.

(c) The sheaf F(r) is generated by its global sections, and all its higher cohomologies
vanish, whenever r > m.

Proof As the cohomologies base-change correctly under a field extension, we can
assume that the field & is infinite. We argue by induction on n. The statements
(a), (b) and (c) clearly hold when n = 0, so next let n > 1. As k is infinite, there
exists a hyperplane H which does not contain any associated point of F, so that the
restriction Fy is again m-regular as explained above. As H is isomorphic to ]P’Z_l,
by the inductive hypothesis the assertions of the lemma hold for the sheaf Fy.

When r = m — i, the equality H'(P", F(r)) = 0 in statement (b) follows for all
n > 0 by definition of m-regularity. To prove (b), we now proceed by induction on
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r where r > m — i 4+ 1. Consider the exact sequence
HY(P", F(r — 1)) — H'(P", F(r)) — H'(H, Fu(r))

By inductive hypothesis for r — 1 the first term is zero, while by inductive hypothesis
for n —1 the last term is zero, which shows that the middle term is zero, completing
the proof of (b).

Now consider the commutative diagram

HO(P™, F(r)) @ HO(P", Opn(1)) = H(H,Fy(r)) ® H'(H,Oy(1))
Lu br
HO(P™, F(r)) 3 HO(P™, F(r +1)) g HO(H, Fy(r+1))

The top map o is surjective, for the following reason: By m-regularity of F and
using the statement (b) already proved, we see that H*(P*, F(r—1)) = 0 for r > m,
and so the restriction map v, : HY(P", F(r)) — H°(H, Fy(r)) is surjective. Also,
the restriction map p : H(P", Opn(1)) — H°(H, Og(1)) is surjective. Therefore the
tensor product ¢ = v, ® p of these two maps is surjective.

The second vertical map 7 is surjective by inductive hypothesis for n —1 = dim(H).

Therefore, the composite 7 o ¢ is surjective, so the composite v, 1 o u is surjective,
hence HO(P", F(r + 1)) = im(p) + ker(v,,1). As the bottom row is exact, we get
HO(P", F(r + 1)) = im(u) + im(a). However, we have im(a) C im(u), as the map
« is given by tensoring with a certain section of Opx(1) (which has divisor H).
Therefore, H*(P", F(r + 1)) = im(g). This completes the proof of (a) for all n.

To prove (c), consider the map H°(P", F(r)) @ H(P*, Opx(p)) — H°(P", F(r +p)),
which is surjective for 7 > m and p > 0 as follows from a repeated use of (a). For
p > 0, we know that H*(P", F(r + p)) is generated by its global sections. It follows
that H°(P", F(r)) is also generated by its global sections for r > m. We already
know from (b) that H*(P", F(r)) = 0 for i > 1 when r > m. This proves (c),
completing the proof of the lemma. O

Remark 2.2 The following fact, based on the diagram used in the course of the
above proof, will be useful later: With notation as above, let the restriction map
vy HO(P*, F(r)) — H°(H, Fy(r)) be surjective. Also, let Fy be r-regular, so that
by Lemma 2.1.(a) the map H(H,Oy(1)) ® H*(H, Fy(r)) — H°(H, Fy(r+ 1)) is
surjective. Then the restriction map v,y : H*(P", F(r + 1)) — H*(H, Fg(r + 1))
is again surjective. As a consequence, if Fy is m regular and if for some r > m the
restriction map v, : H(P", F(r)) — H°(H, Fg(r)) is surjective, then the restriction
map v, : H'(P", F(p)) — H°(H, Fy(p)) is surjective for all p > r.

Exercise Find all the values of m for which the invertible sheaf Op«(r) is m-regular.

Exercise Suppose 0 - F' — F — F” — 0 is an exact sequence of coherent
sheaves on P". Show that if 7' and F” are m-regular, then F is also m-regular, if
F'is (m—+1)-regular and F is m-regular, then F” is m-regular, and if F is m-regular
and F" is (m — 1)-regular, then F' is m-regular.
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The use of m-regularity for making Quot schemes is via the following theorem.

Theorem 2.3 (Mumford) For any non-negative integers p and n, there exists a
polynomial F,,, in n+ 1 variables with integral coefficients, which has the following
property:

Let k be any field, and let P* denote the n-dimensional projective space over k. Let
F be any coherent sheaf on P", which is isomorphic to a subsheaf of & Opn. Let the
Hilbert polynomial of F be written in terms of binomial coefficients as

o)=Y (])

i=0
where ag, . ..,a, € Z.

Then F is m-reqular, where m is given by the formula

m = Fpa(ag,...,a,).

Proof (From Mumford’s Curves on a surface.) As before, we can assume that k
is infinite. We argue by induction on n. When n = 0, clearly we can take I,  to
be any polynomial. Next, let n > 1. Let H C P" be a hyperplane which does not
contain any of the finitely many associated points of &Opn/F (such an H exists as
k is infinite). Then we have

Torg,, (O, ®Opn/F) =0

and so the sequence 0 — F — @POpn — @POpn/F — 0 restricts to H to give a
short exact sequence 0 — Fy — ®*Oy — POy /Fy — 0. This shows that Fy
is isomorphic to a subsheaf of @pOPZ—l (under an identification of H with P} 1),
which is a basic step needed for our inductive argument.

Note that F is torsion free if non-zero, and so we have a short exact sequence
0 - F(-1) = F — Fyg — 0. From the associated cohomology sequence we get
X(Fr() = x(F(r) = x(Fr - 1)) = XL a(]) - Zina(’) = Zinai(i) =
Z;:& b; (’J") where the coefficients by, ..., b,—1 have expressions b; = g;(ao,...,ay)
where the g; are polynomials with integral coefficients independent of the field &
and the sheaf F. (Ezercise : Write down the g; explicitly.)

By inductive hypothesis on n — 1 there exists a polynomial F),,_i(zo,...,Zn-1)
such that Fpy is mg-regular where mg = F,, 1(bo,...,b,_1). Substituting b; =
gilag, ..., a,), we get mg = G(ao,...,a,), where G is a polynomial with integral
coefficients independent of the field £ and the sheaf F.

For m > my — 1, we therefore get a long exact cohomology sequence

0— HYF(m—1)) - H°(F(m)) ™8 H (Fg(m)) - HY(F(m — 1)) = HY(F(m)) - 0— ...

which for i > 2 gives isomorphisms H*(F(m — 1)) = HY(F(m)). As we have
H'(F(m)) = 0 for m > 0, these equalities show that

H'(F(m)) =0 for all i > 2 and m > mg — 2.

12



The surjections H'(F(m — 1)) — H*(F(m)) show that the function h'(F(m)) is
a monotonically decreasing function of the variable m for m > my — 2. We will in
fact show that for m > my, the function h'(F(m)) is strictly decreasing till its value
reaches zero, which would imply that

HY(F(m)) = 0 for m > mg + h*(F(my)).

Next we will put a suitable upper bound on h'(F(my)) to complete the proof of
the theorem. Note that h'(F(m — 1)) > hY(F(m)) for m > my, and moreover
equality holds for some m > my if and only if the restriction map v, : H*(F(m)) —
H°(Fy(m)) is surjective. As Fp is m-regular, it follows from Remark 2.2 that
the restriction map v; : HY(F(j)) — H*(Fu(j)) is surjective for all j > m, so
RMF( —1)) =AY (F(j)) for all j > m. As h'(F(4)) = 0 for j > 0, this establishes
our claim that h'(F(m)) is strictly decreasing for m > my till its value reaches zero.
To put a bound on h'(F(mg)), we use the fact that as F C @POpn. we must
have h®(F(r)) < ph®(Opa(r)) = p(")"). From the already established fact that

n

R (F(m)) = 0 for all 1 > 2 and m > mgy — 2, we now get

W (F(me)) = hY(F(mo)) — x(F(mo))

n+ my - o
< — a;
< (") -2 ()

= Plag,...a,)
where P(aq,...,a,) is a polynomial expression in ay, . .., a,, obtained by substitut-
ing my = G(ay, ..., a,) in the second line of the above (in)equalities. Therefore, the
coefficients of the corresponding polynomial P(zy,...,x,) are again independent of

the field k and the sheaf F. Note moreover that as h'(F(mg)) > 0, we must have
P(ao,...,an) 2 0.

Substituting in an earlier expression, we get
HY(F(m)) =0 for m > G(ag,...,a,) + Plag,...,a,)

Taking Fj, (%, ..., zs) to be G(zg, ..., x,)+ P(zo, ..., z,), and noting the fact that
P(ag,...,a,) > 0, we see that F is F}, ,(ao, ..., ay)-regular.

This completes the proof of the theorem. U

Exercise Write down such polynomials F, ,,.
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3 Semi-continuity and base-change

Base-change without flatness

The following lemma on base-change does not need any flatness hypothesis. The
price paid is that the integer ro may depend on ¢.

Lemma 3.1 Let ¢ : T'— S be a morphism of noetherian schemes, let F a coherent
sheaf on P%, and let Fr denote the pull-back of F under the induced morphism
Pr — P%. Let g : Pé — S and np : Pp — T denote the projections. Then there
exists an integer ro such that the base-change homomorphism

¢*7TS* f(T) — Ty, fT(T)
s an tsomorphism for all v > ry.
Proof As base-change holds for open embeddings, using a finite affine open cover

U; of S and a finite affine open cover V;; of each ¢ '(U;) (which is possible by
noetherian hypothesis), it is enough to consider the case where S and T are affine.

Note that for all integers ¢, the base-change homomorphism
QS*WS*OPg(i) — WT*O]}»%(Z)

is an isomorphism. Moreover, if a and b are any integers and if f : Opz(a) — Opz(b)
is any homomorphism and fr : Opz(a) — Opz(b) denotes its pull-back to P, then
for all + we have the following commutative diagram where the vertical maps are
base-change isomorphisms.

QS*WS*O]P’E(G—FZ') @ WS%f(Z) QZS*?TS*OPg(b—FZ)

3 +

WT*OP%(CZ + 2) WT*—];T(Z) WT*OPTTL(I) + Z)

As S is noetherian and affine, there exists an exact sequence
&’ Opr(a) = @0pa(b) = F — 0

for some integers a, b, p > 0, ¢ > 0. Its pull-back to P} is an exact sequence
B’ Opy (a) =5 ®*Opy(b) 5 Fr — 0

Let G = ker(v) and let # = ker(vr). For any integer r, we get exact sequences

Tg, OF Opg(a +7) = 7g, BT Opg(b +7) = 75, F(r) = R'mg,G(r)
and
Try ® Opp(a+7) = 77, 1 Opp(b+71) = 70, Fr(r) — R'mr H(r)

14



There exists an integer ry such that R'7s,G(r) = 0 and R'mp,H(r) = 0 for all
r > rp. Hence for all » > rq, we have exact sequences

ﬂ—S*U(T)

75, & Opn(a+r) S @10m(b+r) "5 10, F(r) = 0

and

WT*UT(T) WT*UT(T)

TP @p OP%(G + 7') — TTT % @q OP%(Z) + 7') — WT*fT(T) — 0

Pulling back the second-last exact sequence under ¢ : T — S, we get the commuta-
tive diagram with exact rows

¢ s, @ Opnla+71) 5" g @ Om(b+r) U me.F(r) -0
+ + b

T, BF (’)]p%(a + ) WT*g(T) Tr, DI (’)]p%(b +7) WT*g(r) mrFr(r) —0
in which first row is exact by the right-exactness of tensor product. The vertical
maps are base-change homomorphisms, the first two of which are isomorphisms for
all . Therefore by the five lemma, ¢*7g,F(r) — 7, Fr(r) is an isomorphism for
all 7 > rg. O

The following elementary proof of the above result is taken from Mumford [M]: Let M be the
graded Os-module @,z 75, F(m), so that F = M™~. Let ¢*M be the graded Op-module which
is the pull-back of M. Then we have Fr = (¢* M)™~. On the other hand, let N = @ ez 7. Fr(m),
so that we have Fpr = N™. Therefore, in the category of graded Or|xzg, ..., z,]-modules, we get
an induced equivalence between ¢*M and N, which means the natural homomorphisms of graded
pieces (¢* M), — N, are isomorphisms for all m > 0. O

Flatness of F from local freeness of 7. F(r)

Lemma 3.2 Let S be a noetherian scheme and let F be a coherent sheaf on IP%.
Suppose that there exists some integer N such that for all r > N the direct image
. F(r) is locally free. Then F is flat over S.

Proof Consider the graded module M = ®,>yM, over Og, where M, = m F(r).
The sheaf F is isomorphic to the sheaf M~ on P% = Projg Os|xy, ..., z,| made
from the graded sheaf M of Og-modules. As each M, is flat over Og, so is M.
Therefore for any z; the localisation M,, is flat over Og. There is a grading on
M,,, indexed by Z, defined by putting deg(v,/z!) = p — ¢ for v, € M, (this is
well-defined). Hence the component (M, ), of degree zero, being a direct summand
of M,,, is again flat over Og. But by definition of M™, this is just I'(U;, F), where
U; = Specg Oglxo/x;, ..., 2y /x;] C PL. As the U; form an open cover of P%, it
follows that F is flat over Og. [

Exercise Show that the converse of the above lemma holds: if F is flat then 7, F(r)
is locally free for all sufficiently large r.
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Grothendieck complex for semi-continuity

The following is a very important basic result of Grothendieck, and the complex K*
occurring in it is called the Grothendieck complex.

Theorem 3.3 Let w: X — S be a proper morphism of noetherian schemes where
S = Spec A s affine, and let F be a coherent Ox-module which is flat over Og.
Then there exists a finite complex

0K s K 5 ...5K" =0

of finitely generated projective A-modules, together with a functorial A-linear iso-
morphism
HY(X,F®4 M) H' (K ®4 M)

on the category of all A-modules M.

The above theorem is the foundation for all results about direct images and base-
change for flat families of sheaves, such as Theorem 3.7.

As another consequence of the above theorem, we have the following.

Proposition 3.4 ([EGA] 7.7.6) Let S be a noetherian scheme and 7 : X — S a
proper morphism. Let F be a coherent sheaf on X which is flat over S. Then there
exists a coherent sheaf C on S together with a functorial Og-linear isomorphism

Og : m(F Qox ©°G) — Hom, (C,G)
on the category of all quasi-coherent sheaves G on S. By its universal property, the

pair (C,0) is unique upto a unique isomorphism.

Proof If S = Spec A, then we can take C to be the coherent sheaf associated to
the A-module C which is the cokernel of the transpose 0" : (K')¥ — (K°)V where
0 : K° — K!is the differential of any chosen Grothendieck complex of A-modules
0+ K°— K!' - ... 5 K" — 0 for the sheaf F, whose existence is given by
Theorem 3.3. For any A-module M, the right-exact sequence (K')¥ — (K%Y —
C — 0 with M gives on applying Hom(—, M) a left-exact sequence

0— Homus(C,M) - K°@s M — K'®4 M
Therefore by Theorem 3.3, we have an isomorphism
05 HY(X 4, Fa®a M) — Hom4(C, M)

Thus, the pair (C,64) satisfies the theorem when S = Spec A. More generally, we
can cover S by affine open subschemes. Then on their overlaps, the resulting pairs
(C,0) glue together by their uniqueness. O
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A linear scheme V — S over a noetherian base scheme S is a scheme of the form
Spec Symy, (C) where C is a coherent sheaf on S. This is naturally a group scheme.
Linear schemes generalise the notion of (geometric) vector bundles, which are the
special case where C is locally free of constant rank.

The zero section Vo C V of a linear scheme V = Spec Sym,_(C) is the closed
subscheme defined by the ideal generated by C. Note that the projection Vo — S
is an isomorphism, and Vj is just the image of the zero section 0 : S — V of the
group-scheme.

Proposition 3.5 ([EGA]7.7.8,7.7.9) Let S be a noetherian scheme andm : X — S
a proper morphis Let S be a noetherian scheme and m : X — S a projective mor-
phism. Let £ and F be coherent sheaves on X. Consider the set-valued contravariant
functor Hom(E, F) on S-schemes, which associates to any T — S the set of all Ox..-
linear homomorphisms Homx,(Er, Fr) where Er and Fr denote the pull-backs of €
and F under the projection Xo — X. If F is flat over S, then the above functor is
representable by a linear scheme V over S.

Proof First note that if £ is moreover a locally free Ox-module, then $om(E, F)
is the functor T — H®(Xr, (F ®o, £Y)7). The sheaf F @0, £V is again flat over
S, so we can apply Proposition 3.4 to get a coherent sheaf C, such that we have
To(F oy €Y ®oy 7*G) = Hom (C,G) for all quasi-coherent sheaves G on S. In
particular, if f : Spec R — S is any morphism then taking G = f,Or we get

Mors(Spec R, SpecSym,, (C)) = Homog -mod(C, frOr)
= H%X,f@@x &Y @0, 7 f.Or)
= H°Xg, (F®oy £)R)
= Homx,(Er, Fr).

This shows that the linear scheme V = Spec Sym,_ (C) is the required linear scheme
when & is locally free on X. More generally for an arbitrary coherent &£, over any
affine open U C S there exist vector bundles £’ and E” on Xy and a right exact
sequence £ — E" — £ — 0. (This is where we need projectivity of X — S.
Instead, we could have assumed just properness together with the condition that
locally over S we have such a resolution of £.) Then applying the above argument,
we get linear schemes V' and V" over U, with a linear morphism ¢ : V' — V'
induced by E/ — E". Let Vy = ker(¢), which is the closed subscheme of V’
obtained as the inverse image of the zero section of V”. More directly, if C' and C”
are the coherent sheaves on U made as above, we have a homomorphism C" — (',
and take Cy to be its cokernel, and put Vi = SpecSymg, (Cy). The scheme Vi
has the desired universal property over U. Therefore, all such Vy, as U varies over
an affine open cover of S, patch together to give the desired linear scheme V. [

Remark 3.6 In particular, note that the zero section Vy C V is where the
universal homomorphism vanishes. If f € Homx.,.(Er, Fr) defines a morphism
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;T — V, then the inverse image f 'V is a closed subscheme 7" of T with
the universal property that if U — T is any morphism of schemes such that the
pull-back of f is zero, then U — T factors via T".

Base-change for flat sheaves

The following is the main result of Grothendieck on base change for flat families of
sheaves, which is a consequence of Theorem 3.3.

Theorem 3.7 Let 7 : X — S be a proper morphism of noetherian schemes, and let

F be a coherent Ox-module which is flat over Og. Then the following statements
hold:

(1) For any integer i, the function s — dimy,) H' (X, F) is upper semi-continuous
on S.
(2) The function s — > .(—1)" dim,s) H (X, Fs) is locally constant on S.

(3) If for some integer i, there is some integer d > 0 such that dimyy) H'(X,, Fy) = d
Jor all s € S, then R'm,F is locally free of rank d, and (R*™'m.F)s — H™YX,, Fy)

is an isomorphism for all s € S.

(4) If for some integer i and point s € S the map (R'm.JF)s — HY(X,,F,) is
surjective, then it is an isomorphism and the same is true for all s' in an open
neighbourhood of s in S.

(5) If for some integer i and point s € S the map (R'm.JF)s — H'(X,, Fs) is
surjective, then the following conditions (a) and (b) are equivalent:

(a) The map (Rm.F)s — H™YX;, Fy) is surjective.
(b) The sheaf Rim,F is locally free in a neighbourhood of s in S.

Proof See for example Hartshorne [H] Chapter III, Section 12. O
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4 Generic flatness and flattening stratification

Lemma on Generic Flatness

Lemma 4.1 Let A be a noetherian domain, and B a finite type A algebra. Let M
be a finite B-module. Then there exists an f € A, f # 0, such that the localisation
My is a free module over Ay.

Proof Over the quotient field K of A, the K-algebra By = K ®,4 B is of finite
type, and Mx = K ®4 M is a finite module over Bg. Let n be the dimension
of the support of Mg over Spec Bx. We argue by induction on n, starting with
n = —1 which is the case when Mg = 0. In this case, as K ® 4 M = S™'M where
S = A — {0}, each v € M is annihilated by some non-zero element of A. Taking a
finite generating set, and a common multiple of corresponding annihilating elements,
we see there exists an f # 0 in A with fM = 0. Hence M; = 0, proving the lemma
when n = —1.

Now let n > 0, and let the lemma be proved for smaller values. As B is noetherian
and M is assumed to be a finite B-module, there exists a finite filtration

0O=M,C...C M, =M

where each M; is a B-submodule of M such that for each ¢ > 1 the quotient module
M;/M; 1 is isomorphic to B/p; for some prime ideal p; in B.

Note that if 0 — M’ — M — M" — 0 is a short exact sequence of B-modules,
and if f" and f” are non-zero elements of A such that M}, and M}, are free over
respectively Ay and Agv, then My is a free module over A; where f = f'f". We
will use this fact repeatedly. Therefore it is enough to prove the result when M is
of the form B/p for a prime ideal p in B. This reduces us to the case where B is a
domain and M = B.

As by assumption K ®4 B has dimension n > 0 (that is, K ® B is non-zero),
the map A — B must be injective. By Noether normalisation lemma, there exist
elements by, ..., b, € B, such that K ®4 B is finite over its subalgebra K[bi, ..., b,]
and the elements by,...,0b, are algebraically independent over K. (For simplicity
of notation, we write 1 ® b simply as b.) If g # 0 in A is chosen to be a ‘common
denominator’ for coefficients of equations of integral dependence satisfied by a finite
set of algebra generators for K @4 B over Kby, ..., b,], we see that B, is finite over
Aglbr, ..., by).

Let m be the generic rank of the finite module By over the domain Ay[by,...,b,].
Then we have a short exact sequence of Ay[by, ..., b,]-modules of the form

0— Aglbr, ..., b,]*" = B, =T — 0

where 1" is a finite torsion module over Ay[by,...,b,]. Therefore, the dimension of
the support of K ®4, T as a K ®4, (B,)-module is strictly less than n. Hence by
induction on n (applied to the data Ay, By, T), there exists some h # 0 in A with
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Ty, free over Ay,. Taking f = gh, the lemma follows from the above short exact
sequence. O

The above theorem has the following consequence, which follows by restricting at-
tention to a non-empty affine open subscheme of S.

Corollary 4.2 Let S be a noetherian and integral scheme. Letp: X — S be a finite
type morphism, and let F be a coherent sheaf of Ox-modules. Then there exists a
non-emply open subscheme U C S such that the restriction of F to Xy = p *(U) is
flat over Oy.

Exercise Show by an example that the above result does not hold without the
assumption of integrality of S.

Existence of Flattening Stratification

Theorem 4.3 Let S be a noetherian scheme, and let F be a coherent sheaf on the
projective space P over S. Then the set I of Hilbert polynomuals of restrictions of
F to fibers of PG — S is a finite set. Moreover, for each f € I there exist a locally
closed subscheme Sy of S, such that the following conditions are satisfied.

(i) Point-set: The underlying set |Sy| of Sy consists of all points s € S where
the Hilbert polynomial of the restriction of F to P? s f. In particular, the subsets
|S¢| C |S]| are disjoint, and their set-theoretic union is |S|.

(ii) Universal property: Let S’ = [[ Sy be the coproduct of the Sy, and let
i: 8" — S be the morphism induced by the inclusions Sy — S. Then the sheaf i*(F)
on P% is flat over S'. Moreover, i : 8" — S has the universal property that for any
morphism ¢ : T — S the pullback o*(F) on P} is flat over T if and only if ¢ factors
through i : S" — S. The subscheme Sy is uniquely determined by the polynomial f.

(iii) Closure of strata: Let the set I of Hilbert polynomials be given a total

ordering, defined by putting f < g whenever f(n) < g(n) for all n > 0. Then the
closure in S of the subset |Sy| is contained in the union of all |S,| where f < g.

Proof It is enough to prove the theorem for open subschemes of S which cover S,
as the resulting strata will then glue together by their universal property.

Special case: Let n =0, so that P4 = S. For any s € S, the fiber F|; of F over
s will mean the pull-back of F to the subscheme Spec k(s), where k(s) is the residue
field at s. (This is obtained by tensoring the stalk of F at s with the residue field
at s, both regarded as Og -modules.) The Hilbert polynomial of the restriction of
F to the fiber over s is the degree 0 polynomial e € Q[A], where e = dimy) F|s.

By Nakayama lemma, any basis of F|; prolongs to a neighbourhood U of s to give
a set of generators for F|y. Repeating this argument, we see that there exists a
smaller neighbourhood V' of s in which there is a right-exact sequence

ogm 4 0% 4 F 0
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Let I. C Oy be the ideal sheaf formed by the entries of the e x m matrix (; ;) of

the homomorphism OP™ LA OF°. Let V, be the closed subscheme of V' defined by
I,. For any morphism of schemes f : 7" — V', the pull-back sequence

ogm LY oze LY x5 0

is exact, by right-exactness of tensor products. Hence the pull-back f*F is a locally
free Op-module of rank e if and only if f*i) = 0, that is, f factors via the subscheme
Ve = V defined by the vanishing of all entries ¢; ;. Thus we have proved assertions
(i) and (ii) of the theorem.

As the rank of the matrix (v ;) is lower semicontinuous, it follows that the function e
is upper semicontinuous, which proves the assertion (iii) of the theorem, completing
its proof when n = 0.

General case: We now allow the integer n to be arbitrary. The idea of the proof
is as follows: We show the existence of a stratification of S which is a ‘g.c.d.” of the
flattening stratifications for direct images 7, F(¢) for all ¢ > N for some integer N
(where the flattening stratifications for m,F (i) exist by case n = 0 which we have
treated above). This is the desired flattening stratification of F over S, as follows
from Lemma 3.2.

As S is noetherian, it is a finite union of irreducible components, and these are closed
in S. Let Y be an irreducible component of S, and let U be the non-empty open
subset of Y which consists of all points which do not lie on any other irreducible
component of S. Let U be given the reduced subscheme structure. Note that
this makes U an integral scheme, which is a locally closed subscheme of S. By
Corollary 4.2 on generic flatness, U has a non-empty open subscheme V such that the
restriction of F to Py, is flat over Oy. Now repeating the argument with .S replaced
by its reduced closed subscheme S —V, it follows by noetherian induction on S that
there exist finitely many reduced, locally closed, mutually disjoint subschemes V; of
S such that set-theoretically || is the union of the [V;| and the restriction of F to Py,
is flat over Oy,. As each V] is a noetherian scheme, and as the Hilbert polynomials
are locally constant for a flat family of sheaves, it follows that only finitely many
polynomials occur in V; in the family of Hilbert polynomials Ps(m) = x(P%, Fs(m))
as s varies over points of V;. This allows us to conclude the following:

(A) Only finitely many distinct Hilbert polynomials Ps(m) = x(P%, Fs(m)) occur,
as s varies over all of S.

By the semi-continuity theorem applied to the flat families Fy, = ]—"|p$_ parametrised

3

by the finitely many noetherian schemes V;, we get the following:

(B) There exists an integer Ny such that R"7,.F(m) = 0 for all » > 1 and m > Ny,
and moreover H" (P, F,(m)) =0 for all s € S.

For each V;, by Lemma 3.1 there exists an integer r; > N; with the property that
for any m > r; the base change homomorphism

(e (m))lv; = (mi) o Fy; (m)

21



is an isomorphism, where Fy; denotes the restriction of F to Py, and m; : Py, — V;
the projection. As the higher cohomologies of all fibers (in particular, the first
cohomology) vanish by (B), it follows by semi-continuity theory for the flat family
Fv, over V; that for any s € V; the base change homomorphism

() Fy; (m))]s = HO(Py, Fy(m)

is an isomorphism for m > r;. Taking N to be the maximum of all r; over the finitely
many non-empty V;, and composing the above two base change isomorphisms, we
get the following.

(C) There exists an integer N > N; such that the base change homomorphism
(m.F(m))]s — H(PY, Fo(m))
is an isomorphism for all m > N and s € S.

Note We now forget the subschemes V; but retain the facts (A), (B), (C) which
were proved using the V;.

Let 7 : P¢ — S denote the projection. Consider the coherent sheaves Ej, ..., E, on
S, defined by
E,=mnF(N+i)fori=0,...,n.

By applying the special case of of the theorem (where the relative dimension n of
P?% is 0) to the sheaf Ey on P = S, we get a stratification (W,,) of S indexed by
integers eg, such that for any morphism f : T'— S the pull-back f*Fj is a locally
free Op-module of rank e if and only if f factors via W,, — S. Next, for each
stratum W,,, we take the flattening stratification (We,.,) for Eilw, , and so on.
Thus in n 4 1 steps, we obtain finitely many locally closed subschemes

Weo,...,en C S

such that for any morphism f : T'— S the pull-back f*FE; fori = 0,...,nis a locally
free Op-modules of of constant rank e; if and only if f factors via W, . < 5.

For any integer N and n where n > 0, there is a bijection from the set of numerical
polynomials f € Q[A] of degree < n to the set Z"' given by

f—(eg,...,e,) where e; = f(N +14).

Thus, each tuple (eq,...,e,) € Z"™ can be uniquely replaced by a numerical poly-
nomial f € Q[A] of degree < n, allowing us to re-designate W, . C S asW;CS.

Note that at any point s € S, by (B) we have H"(P?, F;(m)) =0 for all » > 1 and
m > N. The polynomial P;(m) = x(P?, Fs(m)) has degree < n, so it is determined
by its n+ 1 values P;(N), ..., Ps(N +n). This shows that at any point s € Wy, the
Hilbert polynomial Py(m) equals f. The desired locally closed subscheme Sf C S,
whose existence is asserted by the theorem, will turn out to be a certain closed
subscheme S; C Wy whose underlying subset is all of [Wy|. The scheme structure
of Sy (which may in general differ from that of W;) is defined as follows.
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For any ¢ > 0 and s € S, the base change homomorphism
(me F(N + )]s — H(P?, Fo(N + 1))

is an isomorphism by statement (C). Hence each 7, F(N + i) has fibers of constant
rank f(N + i) on the subscheme W;. However, this does not mean 7. F(N + i)
restricts to a locally constant sheaf of rank f(N + ). But it means that W has a
closed subscheme W}, whose underlying set is all of |W;|, such that m,F(N + i) is

locally free of rank f(N +14) when restricted to W}i), and moreover has the property
that any base-change 7' — S under which 7, F (N + 7) pulls back to a locally free
sheaf of rank f(N + ¢) factors via W} The scheme structure of W;i) is defined by
a coherent ideal sheaf I, C (’)Wf. Let I C wa be the sum of the I; over ¢ > 0. By
noetherian condition, the increasing sequence

Lhchy+ L cly+ L+, C...

terminates in finitely many steps, showing I is again a coherent ideal sheaf. Let
Sy C Wy be the closed subscheme defined by the ideal sheaf I. Note therefore that
|Sy| = |W¢| and for all ¢ > 0, the sheaf 7, F (N + 1) is locally free of rank f(N + i)
when restricted to S.

It follows that from their definition that the Sy satisfy property (i) of the theorem.

We now show that the morphism [] ;Sr — S indeed has the property (ii) of the
theorem. By Lemma 3.1, there exists some N’ > N such that for all ¢ > N’, the
base-change (m.F(i))]s, — (7s;)+Fs,(i) is an isomorphism for each Sy. Therefore
Fs, is flat over Sy by Lemma 3.2, as the direct images 7,7 (i) for all ¢ > N' are
locally free over Sy. Conversely, if ¢ : T" — S is a morphism such that Fr is flat,
then the Hilbert polynomial is locally constant over T'. Let T} be the open and
closed subscheme of T where the Hilbert polynomial is f. Clearly, the set map
|T¢| — |S| factors via |Sy|. But as the direct images (7y) * Fp(i) are locally free of
rank f(i) on T}, it follows in fact that the schematic morphism 7y — S factors via
Sy, proving the property (ii) of the theorem.

As by (A) only finitely many polynomials f occur, there exists some p > N such
that for any two polynomials f and ¢ that occur, we have f < g if and only if
f(p) < g(p). As Sy is the flattening stratification for 7,.F(p), the property (iii) of
the theorem follows from the corresponding property in the case n = 0, applied to
the sheaf 7, F(p) on S.

This completes the proof of the theorem. U

Exercise What is the flattening stratification of S for the coherent sheaf Ogrea on
S, where S7¢ is the underlying reduced scheme of S?
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5 Construction of Quot schemes

Notions of projectivity

Let S be a noetherian scheme. Recall that as defined by Grothendieck, a morphism
X — S is called a projective morphism if there exists a coherent sheaf F on
S, together with a closed embedding of X into P(E) = ProjSym,(FE) over S.
Equivalently, X — S is projective when it is proper and there exists a relatively
very ample line bundle L on X. These conditions are related by taking L to be the
restriction of Op(g)(1) to X, or in the reverse direction, taking £ to be the direct
image of L on S. A morphism X — S is called quasi-projective if it factors as an
open embedding X — Y followed by a projective morphism ¥ — §.

A stronger version of projectivity was introduced by Altman and Kleiman: a mor-
phism X — S of noetherian schemes is called strongly projective (respectively,
strongly quasi-projective) if there exists a vector bundle F on S together with
a closed embedding (respectively, a locally closed embedding) X C P(F) over S.

Finally, the strongest version of (quasi-)projectivity is as follows (used for example
in the textbook [H| by Hartshorne): it requires that X admits a (locally-)closed
embedding into P} for some n.

Exercises (i) Gives examples to show that the above three notions of projectivity
are in general distinct.

(ii) Show that if X — S is projective and flat, where S is noetherian, then X — S
is strongly projective.

(iii Note that if every coherent sheaf of Og-modules is the quotient of a vector
bundle, then the above three notions of projectivity over S are equivalent to each
other. In particular, show that this is the case when L admits an ample line bundle
(for example, if S is quasi-projective over an affine base).

Main Existence Theorems

Grothendieck’s original theorem on Quot schemes, whose proof is outlined in [FGA]
TDTE-1V, is the following.

Theorem 5.1 (Grothendieck) Let S be a noetherian scheme, m : X — S a pro-
jective morphism, and L a relatively very ample line bundle on X. Then for any

coherent Ox-module E and any polynomial ® € Q[N], the functor Quotz’/LX/S is
L

representable by a projective S-scheme QuotE/X/S.

Altman and Kleiman gave a complete and detailed proof of the existence of Quot
schemes in [A-K 2]. They could remove the noetherian hypothesis, by instead as-
suming strong (quasi-)projectivity of X — S together with an assumption about
the nature of the coherent sheaf F, and deduce that the scheme Quotz’/LX/S is then
strongly (quasi-)projective over S.

For simplicity, in these lecture notes we state and prove the result in [A-K 2] in the
noetherian context.
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Theorem 5.2 (Altman-Kleiman) Let S be a noetherian scheme, X a closed sub-
scheme of P(V) for some vector bundle V' on S, L = Opuyy(1)|x, E a coherent
quotient sheaf of 7 (W)(v) where W is a vector bundle on S and v is an integer
and ® € Q[\|. Then the functor QuotE/LX/S is representable by a scheme QuotE/X/S

which can be embedded over S as a closed subscheme of P(F') for some vector bundle
F oonS.

The vector bundle F' can be chosen to be an exterior power of the tensor product of
W with a symmetric powers of V.

Taking both V' and W to be trivial in the above, we get the following.

Corollary 5.3 If S is a noctherian scheme, X is a closed subscheme of P§ for some
n >0, L= 0p(1)|x, E is a coherent quotient sheaf of ®*Ox(v) for some integers
p >0 and v, and ® € Q[)\|, then the the functor Quoth)’/LX/S is representable by a

scheme Quotz’/LX/S which can be embedded over S as a closed subscheme of P for
some r > 0.

The rest of this section is devoted to proving Theorem 5.2, with extra noetherian
hypothesis. At the end, we will remark on how the proof also gives us the original
version of Grothendieck.

Reduction to the case of Quot T WB(V)/S

It is enough to prove Theorem 5.2 in the special case that X = P(V') and F = #* (1)
where V' and W are vector bundles on S, as a consequence of the next lemma.

Lemma 5.4 (i) Let v be any integer Then tensoring by L gives an tsomorphism of
functors from Quotqé’/LX/S to Quot (1)/X/S where the polynomial ¥ € Q[A] is defined
by W(A\) = (A +v).

(i1) Let ¢ : B — G be a surjective homomorphism of coherent sheaves on X. Then
the corresponding natural transformation QuotG/X/S — QuotZ’/LX/S 15 a closed em-

bedding.

Proof The statement (i) is obvious. The statement (ii) just says that given any
locally noetherian scheme T and a family (F,q) € QuotE/X/S(T), there exists a
closed subscheme 77 C T with the following universal property: for any locally
noetherian scheme U and a morphism f : U — T, the pulled back homomorphism
of Ox,-modules ¢y : By — Fy factors via the pulled back homomorphism ¢y :
Ey — Gy if and only if U — T factors via T" — T. This is satisfied by taking T’
to be the vanishing scheme for the composite homomorphism ker(¢) < E % F of
coherent sheaves on Xr (see Remark 3.6), which makes sense here as both ker(¢)
and F are coherent on X and F is flat over 7. [

Therefore if Quot™% W/P(V)/S is representable, then for any coherent quotient E of

W (v)|x, we can take QuotE/LX/S to be a closed subscheme of Quot Wpv)/s-
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Use of m-regularity

We consider the sheaf ' = 7*(W) on X = P(V') where V is a vector bundle on S,
and take L = Opy,(1). For any field £ and a k-valued point s of S, we have an
isomorphism P(V), ~ P} where n = rank(V) — 1, and the restricted sheaf £, on
P(V'), is isomorphic to ®?Op(v,), where p = rank(W). It follows from Theorem 2.3
that given any ® € Q[A], there exists an integer m which depends only on rank(V),
rank(W) and @, such that for any field £ and a k-valued point s of S, the sheaf
Es on P(V), is m-regular, and for any coherent quotient g : E;, — F on P(V);
with Hilbert polynomial ®, the sheaf F and the kernel sheaf G C E; of ¢ are both
m-regular. In particular, it follows from the Castelnuovo Lemma 2.1 that for r > m,
all cohomologies H' (X, Fs(r)), H (X,, F(r)), and H*(X,,G(r)) are zero for i > 1,
and H°(X,, E,(r)), H*(X,, F(r)), and H°(X,,G(r)) are generated by their global
sections.

From the above it follows by Theorem 3.7 that if T is an S-scheme and ¢ : By — F
is a T-flat coherent quotient with Hilbert polynomial ®, then we have the following,
where G C Er is the kernel of ¢.

(*) The sheaves 7r,G(r), mr.Ep(r), mp.F(r) are locally free of fixed ranks de-
termined by the data n, p, r, and ®, the homomorphisms mr*mr,.(G(r)) — G(r),
mr*mr (Er(r)) — Er(r), mp*mr, (F(r)) — F(r) are surjective, and the higher direct
images R'nr,G(r), Rinp, Er(r), Rimp, F(r) are zero, for all > m and i > 1.

(**) In particular we have the following commutative diagram of locally sheaves
on X, in which both rows are exact, and all three vertical maps are surjective.

0— mp*mr(G(r)) — mr*mr(Er(r)) — #ap*mr(F(r)) —0

S S S
0— G(r) — E(r) — F(r) —0

Embedding Quot into Grassmannian

We now fix a positive integer r such that 7 > m. Note that the rank of 7p, F(r)
is ®(r) and 7. E(r) = W ®p, Sym" (V). Therefore the surjective homomorphism
mr.Er(r) — mp,F(r) defines an element of the set &rass(W ®o,Sym" (V'), @(r)) (7).
We thus get a morphism of functors

o Quoth)’/LX/S — Grass(W ®p, Sym" (V), ®(r))

It associates to ¢ : Ep — F the quotient 7w, (q(r)) : mr Er(r) — mp F(r).

The above morphism « is injective because the quotient ¢ : E7 — F can be recovered
from 7p, (¢(r)) : m7r Er(r) — 77, F(r) as follows.

If G = Grass(W @4 Sym" (V), ®(r)) with projection pg : G — S, and v : (pg)*E —
U denotes the universal quotient on G with kernel v : K — (pg)*E, then the
homomorphism 7r*77,(G(r)) = 7r*mr, Er(r) can be recovered from the morphism
T — G as the pull-back of v : K — (pg)*E. Let h be the composite wp*mr,(G(r)) —
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mr*mr.(Er(r)) — Er(r). As a consequence of the properties of the diagram (**),
the following is a right exact sequence on Xp

mrt i (G(r) B Er(r) D F 0

and so ¢(r) : Ep(r) — F(r) can be recovered as the cokernel of h. Finally, twisting
by —r, we recover ¢, proving the desired injectivity of the morphism of functors
o QuotZ’/LX/S — Grass(W ®@pg Sym"(V), ®(r)).

Use of flattening stratification

We will next prove that « : Quot%’fx/s — &rass(W e, Sym" (V'), ®(r)) is relatively
representable. In fact, we will show that given any locally noetherian S-scheme T'
and a surjective homomorphism f : Wr Qe, Sym" (Vr) — J where J is a locally
free Op-module of rank ®(r), there exists a locally closed subscheme 7" of 1" with
the following universal property (F) :

(F) Given any locally noetherian S-scheme Y and an S-morphism ¢ : Y — T, let
fv be the pull-back of f, and let Ky = ker(fy) = ¢*ker(f). Let 7y : Xy — Y be
the projection, and let h : (7y)* Ky — Fy be the composite map

(Wy)*le — (Wy)*(W ®Os SymT(V)) = (Wy)*(ﬂ'y)*Ey — EY

Let ¢ : Fy — F be the cokernel of h. Then F is flat over Y with its Hilbert
polynomial on all fibers equal to ® if and only if ¢ : Y — T factors via Y’ — Y.

The existence of such a locally closed subscheme 71" of T' is given by Theorem 4.3,
which shows that 7" is the stratum corresponding to Hilbert polynomial ® for the
flattening stratification over T for the sheaf F on X7.

When we take 7' to be Grass(W ®o, Sym” (V), ®(r)) with universal quotient wu :

(pg)*E — U, the corresponding locally closed subscheme T’ represents the functor
Quot%’/LX /s by its construction.

Hence we have shown that Quotz’/LX /5 is represented by a locally closed subscheme
of Grass(W ®o, Sym"(V), ®(r)). As Grass(W ®e, Sym'(V), ®(r)) embeds as a
closed subscheme of P(A®™MW ®4, Sym” (V)), we get a locally closed embedding of
S-schemes

Quotz’/LX/S C P(A* (W @0, Sym™(V)))

In particular, the morphism Quotz’/LX/S — S is separated and of finite type.

Valuative criterion for properness

The original reference for the following argument is EGA IV (2) 2.8.1.

The functor Quotz’/LX /s satisfies the following valuative criterion for properness over
S: given any discrete valuation ring R over S with quotient field K, the restriction
map

Quotz’/LX/S(Spec R) — Quotz’/LX/S(Spec K)
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is bijective. This can be seen as follows. Given any coherent quotient ¢ : Ex — F
on Xp which defines an element (F, ¢) of Quotz’/LX/S(Spec K). Let F be the image
of the composite homomorphism Er — j.(Ex) — j.F where j : Xx < Xp is the
open inclusion. Let § : Fgr — F be the induced surjection. Then we leave it to
the reader to verify that (F,¢) is an element of Quot%’/LX/S(Spec R) which maps to
(F,q), and is the unique such element. (Use the basic fact that being flat over a

dvr is the same as being torsion-free.)

As S is noetherian and as we have already shown that Quot%/LX /s S is of finite

type, it follows that Quot%/LX/S — S'is a proper morphism. Therefore the embedding

of QUO@’/LX/S into P(A®(") (W ®04 Sym”(V))) is a closed embedding.
This completes the proof of Theorem 5.2. O

The version of Grothendieck

We now describe how to get Theorem 5.1 from the above proof. As S is noetherian,
we can find a common m such that given any field-valued point s : Spec k£ — S and
a coherent quotient ¢ : E; — F on X with Hilbert polynomial ®, the sheaves E(r),
F(r), G(r) (where G = ker(q)) are generated by global sections and all their higher
cohomologies vanish, whenever » > m. This follows from the theory of m-regularity,
and semi-continuity.

Because we have such a common m, we get as before an embedding of Quotz’/LX /5
into the Grassmannian functor &rass(m.E(r), ®(r)). The sheaf 7, E(r) is coherent,
but need not be the quotient of a vector bundle on S. Consequently, the scheme
Grass(m, E(r), ®(r)) is projective over the base, but not necessarily strongly projec-
tive.

Finally, the use of flattening stratification, which can be made over an affine open

cover of S, gives a locally closed subscheme of Grass(m, E(r), ®(r)) which represents

Quot%’/LX /8> which is in fact a closed subscheme by the valuative criterion. Thus, we

get Quotqé’/LX /5 As a projective scheme over S.
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6 Some variants and applications

Quot scheme in quasi-projective case

Exercise Let 7 : 7 — S be a proper morphism of noetherian schemes. Let Y C Z
be a closed subscheme, and let F be a coherent sheaf on Z. Then there exists an
open subscheme S’ C S with the universal property that a morphism 7' — S factors
through S’ if and only if the support of the pull-back Fr on Zy = Z x 5T is disjoint
from Yr =Y xgT.

Exercise As a consequence of the above, show the following: If 7 : 7 — S is a
proper morphism with S noetherian, if X C Z is an open subscheme, and if £ is a
coherent sheaf on Z, then QuotE|X/X/S is an open subfunctor of QuotE/Z/S.

Corollary 6.1 Let S be a noetherian scheme, X a locally closed subscheme of P(V')
for some wvector bundle V on S, L = Opp(1)|x, £ a coherent quotient sheaf of
(W) (v)|x where W is a vector bundle on S and v is an integer, and ® € Q[A].
Then the functor Quotqé’/LX/S 1s representable by a scheme Quotqé’/LX/S which can be
embedded over S as a locally closed subscheme of P(F') for some vector bundle F
on S. Moreover, the vector bundle F' can be chosen to be an exterior power of the
tensor product of V' with a symmetric powers of W.

Proof Let X C P(V) be the schematic closure of X C P(V), and let E be the
coherent sheaf on X defined as the image of the composite homomorphism

T (W)W)lx = 4(m"(W)(W)|x) = J.E

Then we get a quotient 7*(W)(v)|x — E which restricts on X C X to the given
quotient 7*(W)(v)|x — E. Therefore by the above exercise, Quotg,x/s is an open
subfunctor of Quotg x,s. Now the corollary follows from the Theorem 5.2. U

Scheme of morphisms

We recall the following basic facts about flatness.

Lemma 6.2 (1) Any finite-type flat morphism between noetherian schemes is open.
(2) Let w : Y — X be a finite-type morphism of noetherian schemes. Then all
y €Y such that « is flat at y (that is, Oy, is a flat Ox r,)-module) form an open
subset of Y.

(3) Let S be a noetherian scheme, and let f: X — S and g:Y — S be finite type
flat morphisms. Let w:Y — X be any morphism such that g = fon. Lety € Y, let
z=m7(y), and let s = g(y) = f(x). If the restricted morphism 75 : Yy — X between
the fibers over s is flat at y € Yy, then 7 is flat at y € Y.

29



Proof See for example Altman and Kleiman [A-K 1] Introduction to Grothendieck
duality theory, Chapter V. The statement (3) is a consequence of what is known
as the local criterion for flatness. 0

Proposition 6.3 Let S be a noetherian scheme, andlet f: X =S andg:Y — S
be proper flat morphisms. Let m :' Y — X be any projective morphism with g = fom.
Then S has open subschemes Sy C Sy C S with the following universal properties:

(a) For any locally noetherian S-scheme T, the base change wp : Yr — Xp is a flat
morphism if and only if the structure morphism T — S factors via Sy. (This does
not need 7 to be projective.)

(b) For any locally noetherian S-scheme T, the base change mr : Ypr — Xr is an
wsomorphism if and only if the structure morphism T — S factors via Ss.

Proof (a) By Lemma 6.2.(2), all y € Y such that 7 is flat at y form an open
subset Y' C Y. Let S; = S —g(Y —Y'). As g is proper, this is an open subset
of S. It follows from the local criterion of flatness (Lemma 6.2.(3)) that S; exactly
consists of all s € S such that the restricted morphism 7, : Y, — X, between the
fibers over s is flat. Therefore again by the local criterion of flatness, S; has the
desired universal property.

(b) Let m; : Y7 — X be the pull-back of 7 under the inclusion S; — S where S}
is given the open subscheme structure. Let L be a relatively very ample line bundle
for the projective morphism 7 : ¥ — X. Then by noetherianness there exists an
integer m > 1 such that 7, L™ is generated by its global sections and Rim, L™ =0
for all © > 1. By flatness of my, it follows that =;,L™ is a locally free sheaf. Let
U C X, be the open subschemes such that 71, L™ is of rank 1 on U. Finally, let
Sy = 51 — f(X1 — U), which is open as f is proper. We leave it to the reader to
verify that Sy has the required universal property (b) . O

If X and Y are schemes over a base S, then for any S-scheme 7', an S-morphism
from X to Y parametrised by 7' will mean a T-morphism from X xg 1 to
Y xg T. The set of all such will be denoted by Morg(X,Y)(T). The association
T — Mors(X,Y)(T) defines a contra-functor Morg(X,Y) from S-schemes to Sets.

Exercise Let £ be a field, let S = Speck[[t]], X = Speck = Spec(k[[t]]/(t)), and
let Y =P§. Is Mors(X,Y) representable?

Theorem 6.4 Let S be a noetherian scheme, let X be a projective scheme over S,
and let Y be quasi-projective scheme over S. Assume moreover that X is flat over S.
Then the functor Mors(X,Y) is representable by an open subscheme Morg(X,Y)

Of HileXsY/S'
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Proof We can associate to each morphism f : X7 — Y7 (where T is a scheme over
S) its graph T'p(f) C (X X5 Y)r. This defines a set-map I'y : Morg(X, Y )(T) —
$ilbx yyv/s(T) which is functorial in 7', so we obtain a morphism of functors

[ Morg(X,Y) = Dilbxyey/s

Given any element of $ilbx . y;s(T), represented by a family Z C (X xgY)p, it
follows by Proposition 6.3.(b) that 7" has an open subscheme 7”7 with the following
universal property: for any base-change U — T, the pull-back Zy C (X xgY)y
projects isomorphically on Xy under the projection p : (X x5 Y)y — Xy if and
only if U — T factors via 7”. Then over 1", the scheme Z;v is the same as the graph
of a uniquely determined morphism X7 — Y.

This shows that I' : Mors(X,Y) = Hilbxyv/s is an open embedding, and therefore
the scheme Morg(X,Y") exists as an open subscheme of Hilby, ;y/s. d

Exercise Let S be a noetherian scheme, and let X — S a flat projective mor-
phism. Then show that there exists an S-scheme of automorphisms of X. In other
words, consider the set-valued contravariant functor 2lutx,s on locally noetherian
S-schemes, which associates to any 7" the set of all automorphisms of X¢ over 7.
Show that this functor is representable.

Exercise Let S be a noetherian scheme, andlet f : X — Sand g:Y — S be proper
flat morphisms. Let 7 : Y — X be any quasi-projective morphism with ¢ = f o 7.
Consider the set-valued contravariant functor functor Ily,x,s on locally noetherian
S-schemes, which associates to any T the set of all sections of 7y : Y — X7. Show
that this functor is representable.

Quotient by a flat projective equivalence relation

Let X be a scheme over a base S. A schematic equivalence relation on X over
S will mean an S-scheme R together with a morphism f : R — X xg X over §
such that for any S-scheme T the set map f(T) : R(T) — X(T) x X(T) is injective
and its image is the graph of an equivalence relation on X (7). (Here, we denote by
Z(T) the set Morg(T,Z) = hz(T') of all T-valued points of Z, where Z and T" are
S-schemes.)

We will say that a morphism ¢ : X — Y of S-schemes is a quotient for a schematic
equivalence relation f : R — X xg.X over S if ¢ is a co-equaliser for the component
morphisms fi, fo: R= X of f: R — X x5 X. By definition, this means that given
any S-scheme Z and an S-morphism g : X — Z such that go f; = go f5, there exists
a unique S-morphism h : Y — Z such that ¢ = h o ¢. By its universal property,
note that a quotient is unique upto a unique isomorphism.

Caution FEven if ¢ : X — Y is a schematic quotient for R, for a given T the
map ¢(T) : X(T) — Y(T') may not be a quotient for R(T) in the category of sets.
The map ¢(7") may fail to be surjective, and moreover it may identify two distinct
equivalence classes. Exercise: Give examples where such phenomena occur.
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We will say that the quotient ¢ : X — Y is effective if the induced morphism
(f1, f2) : R = X xy X is an isomorphism of S-schemes. In particular, it will ensure
that distinct equivalence classes do not get identified under ¢(7T) : X(T) — Y/(T).
But ¢(7') can still fail to be surjective, as can happen in the following example.

Exercise Let S = SpecZ, and let X C A7 be the complement of the zero section
of A7. Note that for any ring B, a B-valued point of X (element of X (B)) is a
vector 4 € B™ such that at least one component of v is invertible in B. Show that
X Xg X has a closed subscheme R whose B-valued points for any ring B are all
pairs (u,v) € X(B) x X(B) such that there exists an invertible element A € B*
with Au = v. Show that a quotient ¢ : X — Y exists, and that R is an effective
equivalence relation on X over S. Show that ¢(Y) : X(V) — Y (V) is not surjective.

The idea of using Hilbert schemes to make quotients of flat projective equivalence
relations is due to Grothendieck, who used it in his construction of a relative Picard
scheme. (This is much simpler than the GIT construction of moduli of stable vector
bundles applied to the rank 1 case.) The following strongly projective form of the
theorem was proved by Altman and Kleiman in [A-K 2.

Theorem 6.5 Let S be a noetherian scheme, and let X — S be a strongly quasi-
projective morphism. Let f: R — X xXg X be a schematic equivalence relation on
X over S, such that the projections fi, fo : R 3 X are proper and flat. Then a
schematic quotient X — Y exists over S. Moreover, the equivalence relation R is
effective, the morphism X — Y is faithfully flat and strongly projective, and Y 1is
strongly quasi-projective over S.

Proof Using the projections f; and fo, we can regard R as a proper flat family of
closed subschemes of X parametrised by X. Let H be the union of components of
the Hilbert scheme Hilby s with the finitely many Hilbert polynomials which occur
in this family. Then H is a strongly quasi-projective scheme over S by the basic
existence theorem on Hilbert schemes (see Corollary 6.1).

Let D C X xXg¢ H be the universal closed subscheme. Note that the projection
p: D — H is is proper and faithfully flat. The family f; : R — X corresponds to a
classifying morphism ¢ : X — H, with (idx x5 ¢9)*D = R.

Consider the graph morphism (idy, g) : X — X xg H, which is a closed embedding.
It factors through D C X xg H, giving a closed subscheme Z C D. It can be seen
from the associated functor of points that the closed subscheme Z C D satisfies
the condition necessary for the descent of a closed subscheme under the fppf cover
D — H, so there is a closed subscheme Y C H such that Z is the pull-back of Y
under D — H. The composite morphism X — Z — Y is the the required schematic
quotient. Being a closed subscheme of H, the scheme Y is strongly quasi-projective
over S. It follows from general properties of faithfully flat descent X — Y has all
the stated properties. U
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