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electrons + ions

#(r,p,R,P) = T/(P)+Te(p)

Wc/(r,R)

r = f i , . . . ,riVj R = -Ri, • • • ,RM,

3(N + M) variables

Exactly solvable: Hydrogen atom, harmonic oscillator.
Numericaly solvable: single-particle problems.

Nevertheless

• GS geometry within 1-2 %

• elastic constants within 5-10 %

• lattice vibrations within a few %

• phase transitions under pressure correctly described

• and much more ...

Thanks to

• Adiabatic Approximation

• Density Functional Theory

• Powerful Computers and Efficient Algorithms
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FIG. 1. Spherically averaged density n{r) in ground state of
carbon atom as a function of distance r from nucleus.

FIG. 6. Density of metallic Fe and Cu as a function of the ra-
dius r. The density n is expressed in terms of the parameter rst

where n =(4irr//3)~'.
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FIG. 4. Relative magnitudes of contributions to total valence
energy of Mn atom (in eV).
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SELF-CONSISTENCY IN DENSITY FUNCTIONAL THEORY
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.FIG. 5.' Exchange hole n j ( r . r ' ) for a neon atom. The

full .curves show exact results and the dashed curves
show the results inthe LD approximation. The curves
in (a) and (b) are for two different values of r.'

rVa. 1.0

FIG. 7.. Spherical average of the neon excRange-
hole lEq. (17)] times r" for (a) r=0.09 a. u. and (b).
r=.0.4 a.u.-' The full curves give the exact results and

• the dashed curves are obtained in the LD approxima-
tion. . . . "
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. FIG. 4. ffrrhiriy <x>rrelatton h o l e » x c (r,P) ... ;.
(Eq. IS) for a Ujdiufu atomj. The full curve shows - ..
the exact hole, While the dashed curves depict the hole .

- In the LD approximation [Eq. (16)) for .various positions'
of the electron (0,1, and 2 a.u. from the proton), using
the dielectric function of Slngwt ft at (R«f. 37): The
x-axis gives .the distance from the'nucleus.. • •':"

'FIG. 6. Spherical average of the hydrogen XC hole
(Eq. (16)] times r" for r= 1 and 2 a.u. as a function of
r". The full curves give the exact results and the
dashed curves are.calculated in the LD approximation.
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Filippi, Umrigar, and Taut: Density functionals for a soluble model

.:• . Perdew-Wang '91 exchange functional:11

1295

1/3

'=WP' r'\^~p) "

All the parameters that appear in the following functionals
are in atomic units.

LDA exchange functional:

^ A = ^ p 4 / 3 , (A2)

where Ax= - (3/4) (3/ir) m.
LDA correlation fnnctio—l (Puwtew-Waag13):

Xlog 1 +

(A3)

where a=0.0310907, a t=0.213 70, £,=7.5957,
j82=3.5876, ^ 3 = 1.6382, and j34=0.492 94.

Langreth-Mehl exchange-correlation functional:10

(A4)

(A5)

where F=6|Vp|/p7/6, 6=(9ir)1 /6/, a=^/(16(3ir2)4/3),
and /=0.15.

Perdew-Wang '86 exchange functional:14

/ s2 \ m

ex=£DA(.p)\l+0.0S64—+bs*+cs6) , (A6)
\ m I ' .

where m=1/15, 6=14 and c=0.2.

Perdew-Wang '86 correlation functional:15

(A7)

where

* - . . 7 4 5
Ce(p) P7/6 »

(A8)

and /=0.11, ^=0.001667, C2=0.O02 568,
C3=0.023 266, C4=7.389Xl0-«, Cj=8.723, Q=0.472,
C7=7.3S9X1O~2.

where a^O.196 45, 02=7.7956,
a4=— 0.1508, and aj=0.004.

Perdew-Wang '91 correlation functional:11

where

(A9)
a3=0.2743,

(ATO)

2a

P

and a=0.09, ^=0.066 726 3212, 05=15.7559,
Ccl=0.003 521. The function Cc(p) is the same as for the
Perdew-Wang '86 correlation functional. ec\p) is denned

(All)

Becke '88 exchange functional:8

where x= 2(67T2)1 /3J=21 /3 |Vp|/p4 /3 ,
1/3, and JS=O.OO42.

Wilson-Levy correlation functional:12

ap+b\Vp\/pm

(A12)

where a=-0.748 60, 6=0.06001, c=3.60O73, and
J=0.90000.

Qosed shell Lee-Yang-Parr correlation functional:16

p+bp -in

2 v 2 p) r
,.-1/3

1

(A13)

where

^ = o ( — V2p), (A14)
8\ p )

and Q=3/10(37r2)2/3, a=0.049 18, 6=0.132, c=0.2533,

'P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).
2W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1976).
3N. R. Kestner and O. Sinanoglu, Phys. Rev. 128, 2687 (1962).
4P. M. Laufer and J. B. Krieger, Phys. Rev. A 33, 1480 (1986).
5S. Kais et oL, J. C3iem. Phys. 99, 417 (1993).
*M. Taut, Phys. Rev. A (in press).
7C. Umrigar and X. Gonze (unpublished).
'A. D. Becke, Phys. Rev. A 33, 3098 (1988).
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TABLE IV. Known properties of the exact density functional

Property pLDA
"'-'xc

r-LM
•^xc

£"PW9l

«l. |36) R i t

£.WL

R*l. (39)

CD

//>c(r,r')c/r' =

Ex [p]<0

E< [p] < 0
0

e
E, x] < XEC [p], A < 1 '

—oo Ec-,\px] > -<*>

- o x ^ 1/»A] > - C O

0
0

CD o

•G-

^oo JE7X [pi) > - o o c

- o #x [PA] > - ° °

- » jEx [pf] > -co

-o i^x [pll] > -co

pl] > - c o

0

jsE* [pll) > -co 0
— 57, r —* 00 VN »

cs(;-),t'c(j') —» finite vahie, r —» 0

LDA^lixiiit for constant p(r)

° 1 . 4 4 < c < 1.G8
6 PA(r) = A3/>(Ar); e />J(r) = A/)(A?) y, r ) ; rf pAA(r) =

* Note that £ c [A>A] < A£ c {/?], A < 1 is equivalent to Ec [p*] > XE,; [p], A > 1.

^ But it diverges t o + o o -

" '-Y" for exponential /?(r), but ttN" in general, e.g. f^S8(>-) —> - l / r . for a gaussian.
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