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I. INTRODUCTION AND MOTIVATION

Much recent research on modifications of spacetime.

CLE.
e cxtra dimensions
e the subject here: noncommutative spacetime
Motivations:

e General Relativity can be taken to suggest there is a minimum sensible length scale. Po-
sition uncertainty also suggested by noncommutation of coordinate operators, so explore

separately consequences of such noncommutation (Doplicher, Fredenhagen, and Roberts).

e String theory can be solved in a background field. The solution gives coordinate operators
that do not commute. (Ardalan, Arfaei, and Sheikh-Jabbari; Seiberg and Witten; Connes,

Douglas, and Schwarz)

Both of these suggest/lead to the commutation relation for spacetime coordinate operators,

(3%, 8Y] = i0" (1.1)

2
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although for the string theory version (“canonical version™) the 4 x 4 array on the RHS is a

set of constants and not something that transforms like a Lorentz tensor.

e An early (Snyder, AD 1947!) motivation for noncommutation of coordinates was the hope
that field theory based on coordinates that could not be so sharply localized would have
fewer divergence problems. This motivation no longer stands, but the commutator algebra

suggested by Snyder in that era remains interesting and potentially useful.

e Final motivation: this is basic research in field theory

Elaborate on first two motivations:



A. General relativity

Measurements pack energy into the region we measure: Heisenberg.
Find: below a certain size, cannot see what we localize. [t becomes a black hole.

Radius of black hole,

Gmeff
= 1.2
52 (1.2)
Packed energy, if size scale is a,
he
E=— (1.3)
a
and of course m.;; = E/c?.
If a 1s big, we are fine. At limit, R = a,
G h
@ — — (1.4)
ce ac
& = (1.5)

Might have guessed: the answer is the Planck length.
Point: Effectively, there is a minimum length scale. Uncertainty is position is also a consequence
of non-commuting coordinate operators. Abstract the principle and try to see what follows just

from idea that coordinates are operators that don’t commute.
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1. Note on shrinking size of Planck scale if there are extra dimensions

A = Planck length
¢ = gravitational potential (potential energy/unit mass)
Hereleti= 1, ¢ = 1.
In 4D,
= — MM . (1.6)

r

where ) is just what we had above with the % and ¢ in place,

Gh

3

)\0:

~ 107% em = (1/10"° GeV) (1.7)

c

Suppose we have n extra dimensions. The extra dimensions have radius /. At short distance in
4 4+ n dimensions, the potential falls like (radius)_(”“), but at long distances, the falloff in the
extra dimensions saturates and the falloff is just in the dimensions we see, and is just the (1/7) that

we normally see,

An+2 Af
— Zn-l—l P << I
B=0 s (18)
— 7}% T > R
e



Matching the long distance results,

Ayt
38 = - (1.9)
which may be manipulated into
R n/(n+2)
0

This says that the length scale associated with gravity could get much larger than the 10~ cm we
are used to, if there are extra dimensions and their length scale is not too small. For example, say

there are 2 extra dimensions and that their length scale R is 1 mm = 10~! ¢cm. Then

1
Ay =107 em & Ty (1.11)

getting the scale for length uncertainty into the region where we should be thinking about it now.

10



B. String theory

String theory solved in the presence of a background field leads to noncommutative coordinates.
Not as hard to follow the manipulations as I once thought.
Standard Nambu-Goto string action, with extra term. B*” = background field. Will be taken
constant: uniform and static.
1
g = /dadr {g”’bnwaaX“ObX” B 6”’bBW0aX“05X”} (1.12)

2o

For open string, the o integral runs between endpoints at o = 0 and o = 7.
To get the equations of motion, we do the standard variational principle calculation. Let 6.5 = 0

when X* — X* + §X*, and integrate by parts,

= — /dcrdT {g“bnw&)(“aaab)(” 1 6“bBW5X“(‘)a05X”}
+ /dr 1= XP B X” + B dX*@ X"} o (1.13)
(Useful to write out (eg; = —€’t = 1)
L 0 [0, X0, X" — 0,X"0,X"] + 2B, 0, X*0, X" ) (1.14)

11



Thus, including a background field does not change the string equation of motion,
(8 —82)X* =1 (1.15)
but it does change the boundary condition,
e Xy — Byt X" =01, o=0x (1.16)

The equation of motion means that we can expand the string position X* in terms of functions
e~ cos no and e~ sin no plus constants and linear terms. To satisfy the boundary conditions,
we arrange the coefficients as,

—inT

€

X# ::zjg—l—p“T—I—B“”pl,a—l—Z
n#£0

(1a¥ cosno + B a’ sinno) (1.17)
n

[Reality of X means that a* = (a” n)T.] To verify the boundary conditions, write out,

J, X" = B p" + Z e (—iak sinno 4+ B*a” cosno) , (1.18)
n#0
and
0. X" =p” + Z e T (aq’; cosno — 1B a} sin na) . (1.19)
nZ0

12



In the boundary condition equation, the momentum term and the cosine terms cancel, leaving the
sine terms. But they are o.k., since the b. c¢. equation only has to workat ¢ = 0 and o = 7.
kaxkA%* Do quantum mechanics

Find the commutation relations of the expansion coefficients of X*. The basic rule is
[X*(o,7), P"(o',T)] = in*"§(0 — o) (1.20)

and we shall also use

[P, ), T r)] = 0. (1.21)

The definition of the canonical momentum density is

oL
= 1.22
0(0.-X,) (1.22)
and this gives
2ra' P = 0, X" — B0, X" (1.23)

or

27TO/PU — pl/ o Bypoﬁpﬁ
n Z ominT (a; cosno — iB"al sinno + iB”al sinno — B”pB”ﬁag cos na) (1.24)
n#£0

13



or

with

2ra’ PY = 5P —I—Z R ”ﬁa cos no
n#0
M= (1 B,

Easy to show that M*” is symmetric.
Hence from [ X* PY]...,

Integrate over o and ¢’ using

Get

{xg—l—p“T—I—B“pppa—l—Z

—inT

n#£0

- B P g
(zan cosno + Bf ay, sin na) g

"aD —I—Z e ”ﬁa COSTLO‘}

nZ0

= 2mia'n* (o — o')

i a3
/ do cosno = / do sinnc=0, n#0
0 0

&

+p” T+23“p B

14

] = staa-ye

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)



Since this has to work for any 7,

[p*,p"] =0
and
26, p"] = 2ia’ (M™H)*
Then use
/ do cosn’'o cosno = g (Onnr + Opmrr)
0
Get

1 2 ik - 2 i e !
e : - / ERRNTY
|:_ (6 il b In'T > e zmTa;/n/_I_ezmTalim/ = 4 <M )

" ; n! —n!
To make the 7 dependence work,

poov |
an? a—m

a” a”] = 4Ana' 8, (M_1>W

—n.3 m,

Now use [P#, P”] = 0. Same manipulations lead to

i
atva’ |+ el a; | =0
Thus,
o | _ ! _1\
atval | =2na'dy —m (./\/l )

15

(1.30)

(131)

(132)

(1.33)

(1.34)

(1.35)

(1.36)



Can also show
0| = 0= |28, 2] (137)

Now examine [X*, X"].

[(X#(o,7), X"(c,7)] =

—inT

€

o [T
(zan cosno + B oy, S0 na) ,

:z:g—l—p“T—I—B“pppa—l—Z
nZ£0

n

—imT

€

(iafr’n cos mo’ + B”ﬁag sin ma') }

zg +p'T + B”ﬁpﬁal—l— Z

m#£0

m

-

= [2§, z5] + [26,p'T + Bp’c’] + [p'1 + Bp’o, zp)
1 1 7
+ 2¢/ E —{ — (J\/l_1>w cos no cosno’ — 1 (B/\/l_l)W sin no cos no’
n
B0

+1 (./\/l_lB)W cosnosinno’ + (BM™'B)" sin nosin na'} (1.38)

Useful information: BM™! = M~'B,and (M~!B)"" is antisymmetric (both easy to prove).
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Get

[(X*(0,7), X" (0, 7)] = [2f, 2] + 2ia’ (M'B)" {0‘ +o' + Z % sinn(o + U')} (1.39)
n#£0

The function has the values

0 c=0"=0
1
U-l-(f/-l-z—sinn(a—l—al): o c=0o =n (1.40)
n#£0 " s
T otherwise

(Hint on proving the above: Expand functions f(x) = x and f(«) = 1 in a sine series on the
interval # = (0, 7). Examine the result ... .)
Thus
0 c=0"=0
[(X*(0,7), X" (o, 7)] = [af, xg) + 2ima’ (1 — B*)7'B)" < 2 F=0 =47 (1.41)
1 otherwise

Have no information on the zy commutator, but no matter what its value, we have noncommuta-

tivity somewhere. Suppose zero, define the CM of the string,

1 ™
a4 = —/ do X" (1.42)
0

™
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and find
[##,4"] = 2ira (1 — B*)™'B)" = i (1.43)

Summary: There is noncommutativity of coordinates if we quantize a string in the presence of a

background field.
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II. MULTIPLYING FIELDS: MOYAL PRODUCTS

Coordinates z* are operators.

The fields f are now mappings (“functions”) f () of arguments that do not mutually commute.
Hence in general, fields f and g don’t commute, not just because of canonical commutation rela-
tions between fields and canonical momentum densities, but because of the & themselves.

We don’t know how to calculate with Lagrangians that depend on products of fields when the fields
are not, at least classically, ordinary functions. We have to learn how. The way is to establish a
mapping between fields and ordinary functions.

But ordinary functions, again not thinking of the quantum mechanics, commute if we multiply
using the ordinary product. When we map products of fields to products of ordinary functions, the

product will not turn out to be the ordinary product.

A. Multiplying fields

Deal with fields f(#) by relating them to ordinary functions f(z) of ordinary variables.

#() = / (dp)e* f(p) @.1)

19



with

f(w) = / (dp)e™" f(p) (2.2)
where f(p) and f(z) are an ordinary functions and (dp) = d*p/(2m)™.
Multiply fields,

@) (@) = (Fog) @) o (fg) (@)

= / (dp)e™"* f(p) / (dk)e™"* g(k) (23)

The two exponentials don’t commute, so we use the Baker-Campbell-Hausdorff-... theorem,
ah B €A+B+%[A,B]-|—... (2.4)

For A = —ips, B = —ik#, and if [2*,2"] = 0" where the §* are just ordinary numbers, then

the series terminates. One can manipulate,

= = /(dp)(dk) e~ % exp {—%pﬂ“”ku} F(p)g(k)

— [ i) ) O gl ex | 0503 e

20



= / (dp)(dk)(dz)(dy) e~ PR 7™ exp {Edﬁa] f(x)a(y)

- / (dp)(dq)(dx)(dy) e = 17PW exp {%@iﬁ“”aﬂ f(@)g(y)

= /(dq) ok /(d:r) €' exp {%8;;9“”@3} flx)g(y) (2.5)

Looking at the Fourier transform in the last line, realize the correspondence

—

fog— exp [%aje“”ag] fl@)g(y) =(f*g)(x) (2.6)

y==
Alternative writing, .

(F9)(a) = f(o) exp (57,070,) g(0) @)
Thus, work with ordinary functions with unusual multiplication rule. Multiplication rule mimics
noncommutative multiplication in the operator algebra.
Called “Moyal product” or “Weyl-Moyal product” or “star-product.”
Query: What is [z# ¥ 2¥]? (Definition: [z# % 2] = a* x 2 — 2¥ x 2. Note the absence of the hat,

so that these are just the ordinary X’s.)
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B. Lagrangians, using example of QED

Keep the Lagrangian the same. But: fields are operators dependent upon noncommutative coordi-
nates. For QED,
; 1. A
L = _ZFWFW +p(i —ed—m)p (2.8)

S=TrL (2.9)

although in practical terms we shall define the trace from the integral of the ordinary space corre-
spondent of the Lagrangian.

The Lagrangian as a ordinary function becomes
il =
,C:—ZFW*F“”—I—;ZJ*(Z'ﬁ—ez;(—m)*;/) (2.10)

with
= /(d:z;) L (2.11)
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C. Mini-theorems

f % g* h is associative (2.12)

/(d:z;) Jlaz) *glz) = /(d:z;) g(x)x f(x) (at least for bosons) (2.13)

[ o) @) g() = [(ds) o) @14

/(d:z;)f*g*h:/(d:z;)f*gh:/(d:z;)fg*h (2.15)

D. Gauge transformations

If U is a unitary operator, the Lagrangian should be invariant under field redefinitions that follow

from acting with U in the field ). Now, however, multiplications are done using star products.
= = Uxp = 5y (2.16)
With ordinary multiplication, compensate for the derivative acting on ¢’ by having a shift in the

23



electromagnetic field under a gauge transformation, so that A, — A, — (1/e)d,cv.

But now U and A, don’t commute, and what works is:

AM%AL:U*AM*UT—I—E(@LU)*UT (2.17)
to make

(0, —ieA)) * ' = Ux (0, —ieA,)x v (2.18)
The more complicated A,, transformation also means that the usual QED definition of F,,, namely

F. =0,A,—0,A,, is not gauge invariant or gauge covariant. Instead, use
F,, = 8,A, — 0,A, +ie[A, 5 A, (2.19)
Then under a gauge transformation
Foo = Fl, =UxF,xU' (2.20)

Hence the QED action, Eq. (2.11), is gauge invariant.

E. Limitations of gauge transformations

We have a gauge transformation ¢ — ¢’ = U % ¢» = €"*(*) x 4. This is for a given charge. Taking

that charge as the elementary unit, it is for ¢) = 1.
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Say there is second matter field with different charge, a field ¢ with charge () # 1.
Expect
b= ¢ =e%xdp=U%x¢. (2.21)

The covariant derivative for charge () is
D,¢=(0,+iQeA,)* ¢ (2.22)
and a gauge transformation is should change like
Dy — D¢ =U°%x Do (2.23)
The photon already has its gauge transformation behavior fixed, so we just have to try it:

(Ou +iQeAy) xd — (9 + iQeAL) * ¢ = U9, + (9,U°) xp +

+ iQeU A, »U % —QO,U)x U x4 (2.24)

The red would be perfect if the multiplications commuted, and the purple terms would cancel. But
things don’t commute, and we get the correct result only for () = 1.

() = —1 also possible. Let the gauge transformation be
p— ¢ =pxe = gxU" (2.25)

25



and let the covariant derivative be

D,é = dx (%M + iQeAM> (2.26)

Try it and succeed for () = —1, fail for other ().

Something new: for neutral particles one has to make a choice. A neutral particle can be invariant
under gauge transformations and have no electromagnetic interaction, exactly as in the commuta-
tive case. But nontrivial gauge transformations and electromagnetic interactions are possible even
for neutral particles.

Let the gauge transformation for a neutral particle be
b= d = kpre " =UxpxUT (2.27)
and let the covariant derivative be
Dy = 0,6+ ie[A, % ] (2.28)
One can work through the gauge transformation for the covariant derivative and find

Dy — D¢ =UxD,o*UT (2.29)
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III. FEYNMAN RULES AND PHENOMENA

A. Feynman rules for QED

1 ~
,C:—ZFW*F“”—I—;ZJ*(Z'ﬁ—ez;(—m)*;/) (3.1)
Perturbation theory.

Lowest order,

Lo = —i (O A, — Dy AL) % (DM AY — 0" A*) + b * (1 @ —m) 3.2)
Quadratic in fields. Only action matters. In action, can remove star for terms that are quadratic in
fields.
Hence same as commutative case.
Hence propagators same as commutative case.
Also fourier expansions of LO fields same as commutative case.

Interactions: “matter”

L=—epxy'A,x¢ (3.3)

27



same as
L= —epy* A, x3p = —erhpy” {Au exp {%%09’”’&,} ;b} (3.4)

Recall the field expansions,
plz) =) /[dp] (a(p, Mu(p, \)e™™" +bT(p, v (p, A)e ™) (3.5)
X

(where [dp] = d°p/((27)?2F) and X is a spin or helicity index), with similar expansions for A,
and 1.

A derivative d, on this field becomes (ip,) inside the expansion, for an outgoing particle. For
writing the Feynman rules, let all the momenta be outgoing.

Then with abuse of notation,
L=—epyA,xtp = —epy" A exp {;qﬂp”py} P (3.6)
Hence we can read off the Feynman rule for the yee vertex (remembering the vertex goes like 1.£),
vertex = —ie’y“eip//\p (3.7)

which is the standard commutative vertex times a phase factor.
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The notation is standard,

pPAp= %p’ﬂ””pu (3.8)
and we changed the writing by using momentum conservation, ¢ = —p' — p.
Interactions: the triple photon vertex
One of the interaction terms is
L.
L3, = g (0,A, — 0,A,)*[A" % AY] (3.9)

which, dropping the first » and again abusing the notation, can become
Lo o) ; . ; ;
Ly = —gte (1GapAy — 1Gu Ay) AP AY [exp(—iqp A q.) — exp(+igy A q.)] (3.10)

which leads to a Feynman rule (there is only a common sine function, since we can use momentum

conservation to show ¢; A g2 = g2 A g3 = g3 A q1)

Vay = —2esin(qr A q2) { g (01, — @2,) + Gup(G2p — 63,) + Gpu(a3 — qu,) } (3.11)

The triple photon vertex violates charge conjugation invariance (i.e., violates Furry’s theorem).

Interactions: the quadruple photon vertex

29



The final interaction terms 1S
1
L, = 3 [A# * AY] % [A, T AL (3.12)
which leads to a 4 photon vertex that is,
Vi, = —4i€? Sin(QI A Q2) sin(q3 A Q4) (gmusguzw - gmwguzus)

+ sin(gs A qu) sin(qz2 A Ga) (G pa Guons — G p2Griopa)

+ Sin(ql A Q4) Sin((h A q3) (gﬂ«lﬂ«2g#«3#«4 - g#«l#«sg#«wﬂ) (3'13)

Clearly O for *" — 0.

B. Loop integrals

We will talk about loops more below.

One early hope of NCFT was that divergences would be less severe if we “fuzzed out” the space-
time points. However, it was not so. For many loop calculations in ordinary QED and other
theories, the calculations are unchanged by the noncommutativity and the divergences are the

same. [Give example.] Some loops, however, become less UV divergent with noncommutativity.
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But there is a surprise: the §*” — 0 behavior is often unexpected and not continuously connected
to what one would expect for §# = 0. An example comes later when we look at NCQED in a

supersymmetric context, but the IR problem is neither helped nor hurt by the supersymmetry.

C. Scattering and decay phenomena

e Noncommutative field theories hot topic among formal field theorists

e There has been effort trying to see connection to experimental world.

e So far, have only discussed canonical version, which has Lorentz violation. We will soon discuss
bounds which appear to make canonical NC unobservable in accelerator experiments. But the
arguments for the bounds use expansions in O(#) or need cutoffs; there are those who argue that
full theory may give looser bound, allowing discussion of accelerator Lorentz violating signatures
of NC (and also CP violation from NC).

References (partial):

Hewett, Petriello, & Rizzo Hinchliffe & Kersting
Liao & Grosse Godirey & Doncheski
Baek, Ghosh, He, & Hwang Mahajan

Chaichian, Sheikh-Jabbari, & Tureanu [Itan
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Typically, the idea is that the 4 x 4 array #*" defines two fixed directions, one electric field-like,
0° and one magnetic field-like g 0 ;1. As earth turns, these vectors turn in the laboratory frame,
and so one may see effects that have a 24 hour [23"56™] period.

Give two examples

Example 1: Bhabha scattering, e"et — e~e™

(Hewett, Petriello, & Rizzo)

In the canonical version of NCQED, the only changes to the vertices are the phases. Hence, the

only change will be in the interference of the two diagrams. The t-channel diagram gets a phase
exp (i(—p2) A pa+ips A (—p1)) (3.14)
and the s-channel diagram has a phase,
exp (ips A ps +ipa Ap1) . (3.15)
Keep only 0% = —0*° = ()" and get the t-channel phase to be (in the CM)
exp [—1E Cg - (Ps — P2)] (3.16)
while the s-channel phase is just the opposite.
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Easy setup to visualize: accelerator at equator, beam heading north, ¢z perpendicular to earth
rotation axis but fixed in direction, scattered particle heads east—a direction rotating with the

earth and at angle ¢ to ¢g. The phase is
exp [—i E|@s| || cos 6(1)] (3.17)
and the cross section has a term with time dependence
cos [...cos o(t)] , (3.18)

whose effect is visible in the plot borrowed from Hewett ef al.

IV. BOUNDING CANONICAL NC THEORIES

Best bounds: from low-energy already-done experiments that searched for Lorentz non-invariance.
Reminder: 0# is a fixed matrix in the canonical version of NCFT,
0°° and ¢/*0,,, are fixed three-vectors that define preferred directions in a given Lorentz frame.

By loops and HO corrections, can define operators like
01 — me()“”;/jauygb
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FIG. 1: Bhabha scattering

Oy = 09D,y
O3 = O F, F
Oy = 007 F,, F,, (4.1)

These are all Lorentz violating, if §*” is fixed.

Where do they come from. Ans.: Loops, for example Fig. 3.
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Canonical NC possibilities for Bhabha scattering at 3 TeV

20000 [— ~
i |cos 8| < 0.9 _
10000 E
7000 E—- —
E lcos 8] < 0.7 3
5000 o
3 = = -
3000 - —
Z icos B/ < 0.5 ]
2000 — —
"o T I m T T m |

L 1 1 L 1 L L 1 I L F ¥ I i

0 2 4 6

¢

FIG. 2: Bhabha possibilities for 3 TeV and integrated luminosity 1 ab=*.
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{a)v e) ]
— —

FIG. 3: Two-loop diagrams.

Consider O;.
Approach 1

Can do the integrals without a cutoff! Will show how. For now quote result,
5 T 0"

V(=1/2)Tr 62
Like coeff. x & - f, where 7 is unit vector pointing in direction of ¢“/%¢,;..

Calculated coeff. = im0 = TR, ~ 10 eV

4.2)

1
amplitude = émea

Experimental bound < O(107'?) eV
Can’t be right!
Approach 2
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Cut off the integrals at some scale A. Motivation: belief in some “new physics” above this scale
that alters and physically cuts off the interactions.
new result = %me/\2 (ﬁ)z Ty

From the experimental bound above,

OA* < 10717 (4.3)

where 6 is some scale size for 0+

For collider experiment in process without a loop, there would be a factor
O F* (4.4

where F is some energy scale in the experiment. At most, £ is about a TeV; at least A is about a
TeV. So, if above is right, cannot expect to see much in collider experiment.

But a cutoff:
1. Violates gauge invariance
2. Has imprecise physical interpretation

Approach 3

Find a cutoff that is physical and preserves gauge invariance.
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Consider ”softly” broken supersymmetric NCQED.

(”Softly” means the supersymmetry breaking is only in the mass terms.)

In the supersymmetric limit [13], the dangerous Lorentz-violating operator is forbidden:

show either by explicit calculation, loops involving the superpartners of the known electron and
photon exactly cancel loops involving only already discovered particles

or by showing that there is no supersymmetric way to write down an operator like Oy =
MO pa 0.

Giving the superpartners a mass M different from the electron and photon mass, the dangerous
operator 1s again generated; however, supersymmetric cancellations eliminate contributions from
the ultraviolet part of the loop integrals. Thus, M serves as an effective cutoff that preserves the
gauge invariance of the theory.

but too bad: the bound gets stronger.

A. The Dangerous Operator in Supersymmetric NCQED

Operational primer on supersymmetric QED

“Old” particles: electron and photon
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New particles:

Photino— the partner of the photon.

e Spin 1/2 Majorana fermion (meaning self conjugate under charge conjugation)

e Count degrees of freedom: a photon has two degrees of freedom (polarizations) and so does

a self conjugate spin-1/2 particle

e Represent as wavy line with straight line core on Feynman diagram (see actual diagrams).

Selectron—the partner of the electron

e Spin-0

e One scalar for left-handed electrons, another partnering right-handed electrons. Hence “left-

handed scalars” and “right-handed scalars.”

Represent as dashed lines

Charged, so put arrow on line to indicate direction of charge flow

Count degrees of freedom: they match
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There are Feynman rules for the interactions of the the supersymmetric particles. For the NC case,
the rules for the new vertices are summarized in Figure 4.

Calculate the two-loop contribution to the operator in Eq. (4.1). In ordinary NCQED, there is no
one-loop diagram that contributes to ;. Two-loop diagrams that contribute are shown in Figs. 5
and 6.

We will extract the terms proportional to o, and work on shell (i.e., we evaluate the diagrams
between spinors u(p) and u(p) and use pu(p) = m.u(p).) For each of the 8 diagrams, the o,
terms are proportional to the electron mass m.. After extracting the overall electron mass factor,
we set the electron mass and momentum p to zero in the integrals as a simplifying assumption. This
leads to corrections in the final result that are wholly negligible as far as our numerical analysis is
concerned.

Each of the diagrams with only electrons and photons, (a) and (e), give identical results, and the

sum of the twois '
ezl~€~ko.ﬂykulu
KAk + 1)t
where (dk) = d*'k/(2m)* and - 0 - k = [,6""k,. The result (using techniques shown below) is

M, + M, = 24im, e /(dk)(dl) (4.5)

1 GH
M, + M, = —m.a? l

N =Y

(4.6)
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41
FIG. 4: Feynman rules for superpartners in noncommutative supersymmetric QED. The rules for the right-
handed scalars can be obtained from the left-handed ones shown by 75 — —75. % and A represent electrons

and photinos, respectively. Our sign conventions are based on those of Ref. [20].



FIG. 5: Two-loop diagrams with two gauge multiplet propagators. Solid lines represent electrons, wavy
lines represent photons, wavy lines with a solid core represent photinos, and dashed lines represent selec-

trons.

Now consider the diagrams with superpartners. The four diagrams with three superpartner propa-
gators all give the same result, at least to the operator 7,,,0"”, and similarly for the two diagrams

with four superpartner propagators. We will give some detail of how the diagrams are evaluated.
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FIG. 6: Two-loop diagrams with three gauge multiplet propagators.

Using diagram (h), as an example, we have

et l~€~ko.uykulu

My, = —dim ' /(dk>(dl)k2(lz — M2)2((k+1)2 — M?)? ) 4.7)

where M is a common superpartner mass. We can combine denominators using a Feynman pa-
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rameter, and shift one of the integration momenta to obtain

1 eil~€~k0. /kulu
My, = —24imee4/ deaz(l — ) /(dk)(dl) “' p (4.8)
0 212+ 2(1 — 2)k? — M?]
Say that only 6,2 = —f5; = 6 # 0. Then
0
My, = dm.e'ory—2dn (4.9)

00

where after rescaling k& and Euclideanizing, we have
llkg l2k1 9/\/ 1 l’
Jh_6/ d:z;/ (dk)(dl) . (4.10)
k2 l2_|_k2 —|—M2]

Now the dlydl; integrals can be done. After combining the remaining denominators using another

Feynman parameter and rescaling the remaining components of [, we get
ll k2 12 kl 9/1 /Y 1 l’
=33 / d:z;/ dyy/ dk)dl dl2 e . (4.11)

+ 0+ By
Now do the dkodks integrals, and put the denominators into the exponential using a Schwinger

parameter. After one more rescaling of the remaining momenta, we have

F = 2567T6 / da / dy y / dz / dhey dkydlydl

« VMR —k2 =8B —B+i(liks—lak1) )8/ (24 /yz(1—2))
4z%yx(l — x) iR
= d d dz THEE 4.12
256#4/ :1;/ yy/ 482 y:z;l—:z;)—l—@Qe 1%
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Thus,

_mea® o? 42 y:z;(l —x)f e
= d d al~ B 4.13

The end result for M is a 31m11ar expression, but Wlth the f1 ont integrals reading

1 1
/ d:z;:z;/ dy(l—y).... (4.14)
0 0

Noting that the rest of the integrand is symmetric under inversion about « = 1/2, we can replace
“2” in the line above by “(z — 1/2) + 1/2,” and keep only the “1/2.” The 6 graphs involving

superpartners sum (o

422y (1 — z)8 )
AM; +2My = — = 012/ d:z;/ dy/ P L U)LY (4.15)

(422yx(1l — x) + 6%)2
In the supersymmetric limit M — 0, the integrals can be done exactly. For general M, it is

convenient to rescale z,

S 42%2(1 — ) _
) ) _ d d i . 416
My +2My =~ (OM2)? / x/ y/ e gt

The y and x integrals can both be done, and the full result for the two-loop contributions to O,

becomes

J 1 o0
M=> M;=-mno? 2 L(0x) 4.17
2 Mi=gme Cipne M) i
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FIG. 7: The function L(8xz).
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where 0y, = M*\/(—1/2)Tr 62 and

oe] 2 02
L) =1 2 42 ey VZ Tyt e (4.18)

e )
2 Jo Z\/Z2—|-(9]2\4 x/zz—l—ﬁjzw—z

The z integral can be computed analytically, but the answer is not enlightening and we do not

show it. Function L satisfies (0) = 0 and L(co) = 1 and is shown in Fig. 7.
For the choice 8% = 0 [14], #"* defines a 3-vector in a fixed direction # (where 7 is a unit vector)

and the result (4.17) can be written as a effective LLagrangian
1 -
Leg = 5]%00 LOy)T -0, (4.19)

where R., = m.a?/2 = 13.6 eV. Searches for such a term in magnetic systems [15] show that
matrix elements of L.g are below 1071% ¢V. Doing without any cutoff, L. — 1, is impossible. One
must get a severe suppression from L(6y), requiring 6y, = M?/A%, < 1. The slope of L near
the origin is infinite, meaning that (#,,) has a nonanalytic behavior for ); — 0. Numerical
evaluations suggest

L(0y) = 3 (0x)™ (4.20)

for small argument. From this we estimate 0, < 1072% or Aye 2 1013 M.

47



B. Conclusions

e can use supersymmetry-breaking mass as a gauge-invariant regulator

e The bound that follows from searches for Lorentz violation in magnetic systems (Bluhm ez

al)is OM?* < 10726

e If nature uses noncommutative coordinates, it need not be done with a Lorentz-violating

implementation . ...

V. NCQED FOR ANY CHARGE

Problem: the group is commutative,
But: NC multiplication does not respect the commutation properties of the group.
That is, we should have

UpxUgxp =UgxUy* (5.1)

where U,

U, = e (5.2)

but we don’t.
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Easier to present the problem and solution (JurCo ef al.) in infinitesimal form. Have
dath = tax (5.3)

and the problem that
00a0 = ta* 18 x1h # d,0p¢ = 1B x 1 x P (5.4)
What we shall do is change the transformation to

5oz77b - Z.Aoz * ¢ (55)

where A, = « in the commutative limit, but is otherwise yet to be determined using the require-
ment that

(0005 — dgda) b =0, (5.6)

New: implement the gauge transformation with the gauge function A having some dependence on

the gauge field A,, A, = A,[A,]. Then,
(Sﬁ(%ﬂl) = (Sﬁ (iAa * 77/)) = iAa*55¢+i ((SﬁAa)*@/) = iAa*iAﬁ*¢+i ((SﬁAa)*@/) = (oz L4 ﬁ) (5.7)

or

—Aa * Aﬁ + i(SﬁAa = —Aﬁ * Aa + iéa/\ﬁ (58)
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Solve by expansion,

Ay = a+6b"™A0a+...
dghe = ¢10"0,00,a (5.9

The product A, x Az has a number of terms, but keeping just the ones that matter from the Moyal

product gives

AaxAp = af + %0“”@@&,[3 (5.10)
and one can get a solution using ¢; = —1/2, so that
1
Ao = — 50“”/1“8”@ o Siar o A (5.11)

Have to make the gauge transformation work for the matter field also. Expect,
dath = Ao % (5.12)
Need to modify and expand ¢ also,
p=y[A]=¢"+¢' .., (5.13)
where 1° is the usual field in the commutative limit, with ,° = iae).
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To first order in 6,
i2
S0 + 89t = i(a + A % (° + ¥Y) = i)’ + %ewauaayw FiALY + iyt (5.14)

Try a solution in the form

Pt = 10" A,0,4° (5.15)
(other terms are possible, but turn out unneeded), and find it works for ¢; = —1/2. Hence the
matter field has become
1
P =9°— 50“%“&;&0 (5.16)

Make sure the gauge field has the correct gauge transformation also.
A, = Ux A« UM =i (0,U)xUT (5.17)
becomes

ol = Ol +i[Aa % A

4

dua + DAY +%2070,00,A, + ... (5.18)
Again, we need an expansion,
A=A+ AL 4. = A+ 07 (1 A0, A) + 2 A0,A)) + ... (5.19)
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which we discover does give a solution, with ¢; = —1 and ¢; = —1/2. The gauge field has become

1
A, = A0 467 (5 A,0,A° — A@Aﬁ) + ... (5.20)

Get the Feynman rules, in the context of an expansion in § of the (by now) usual

S:/(d:z;){—iF“”*FW—l—;/;*(iﬁ—m)*;b} (5.21)

Use the modified fields in the QED Lagrangian. “Free” fields are ¢»° and Aﬁ, and the expansions
give new interaction terms and additional Feynman rules.

Comments

e Can show this works for a field ¢ of any charge @, by letting §,¢° = iQa¢ and inserting
A, — QA, wherever A, appears.

e Similar procedure works for SU(N) non-Abelian gauge theories. Listed the Feynman rules for
this case on next page.

e Clear disadvantage of expansion: cannot do divergent loops, so cannot fully discuss renormal-
ization.

e Will drop this discussion here. For QED, will discuss loops in the context of just electrons

and photons, where an unexpanded NC theory does work. Regarding this expansion, we will
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see what use can be made of something clearly inspired by it when we try Lorentz covariant

noncommutative field theory.
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‘ Revised Feynman rules (QCD version), O(#) parts only (Carlson, Carone, & Lebed)

q,.u.arg g1 [(ep)“ L — ) —
P P

—_—

(0" (§+ m) — <p'ep>w]

) L T 0 09005 +0))

e ~TT 0 4 0 (-4 )]

Grve = QPP L VPR L rrAY

%gdabc{(TGQ) {(q — gt + .. }

+ long expression}
rp,c so,d
/ \ ( longer expression >
gv,.b  ppa
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VI. LORENTZ COVARIANT NCFT
A. Lorentz covariant noncommuting coordinates

Canonical version of noncommutative spacetime
A AV ¢ v
[@%, &% =48 (6.1)

where #*” is a real, constant matrix of ordinary c-numbers. Found trouble with Lorentz nonin-
variance. Solution would seem simple: find a Lorentz covariant operator to replace §*”. Question
becomes what operator to choose, and how to realize the algebra in practice.

H. Snyder (1947) had an idea, carried through in context of quantum mechanics. (Motivation in

1947 was hope that this would lead to a divergence free field theory.) He proposed an algebra
[A w g szW 7
{MW AA} . (i,p,guk _ i,yg;M) 7
e, 1170 = i (g 4 Rpoged — fivoged _ o) ©2)
where the operators M" were the Lorentz group, including angular momentum, generators. Sec-

ond two commutators standard for Lorentz group, first was new; ¢** = diag (+, —, —, —).
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(By the way, M and & /a generate an SO(4,1) group.)

Snyder’s explicit realization: use a 5-dimensional space with coordinates
o— and metric diag (+,—,—,—,—) (6.3)

Let n, = (10,11, m2,m3), 1 = (M0, =1, —N2, —13), and

9 8
L .
o <n4am L a774) ’
. VW 9 )
M* =gt —gr— ). (6.4)
(” an, " o,

[t is easy to check that this gives the CR of Eq. (6.2). Transformations that leave both 7, and
ng — ni — na — n3 — n; invariant induce ordinary Lorentz transformations on the coordinates
&, (Also, [rom Eq. (6.4), one can show that the spatial coordinate operators Z* do not have a
continuous spectrum, but have eigenvalues that are integers times the length scale a. The time
coordinate z°, on the other hand, has a continuous spectrum.)

The Snyder algebra, for very unsubtle technical reasons, is hard to work with. The Baker-
Campbell-Hausdorff formula that we use to deal with products of functions involves series that

do not terminate. Instead work with a contracted algebra.
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The contraction of an algebra is a simpler one obtained by taking the limit of some parameter. Let

M™ =0 b (6.5)
and let
b—0,a—0, (6.6)
with
Cl2
— %1, (6.7)
b
The result is the Lie algebra,
8", &"] = 8"

{éﬂ”, éaﬁ} — 0. (6.8)

This is the contracted Snyder Lie algebra; it is identical to the Lie algebra suggested by Doplicher,
Fredenhagen, and Roberts (DFR), based on General Relativity considerations reviewed in the first
lecture.

Importantly, we still have
{MW, éﬂ _ <é“ﬁg”a 4 e gt _ et _ é”ﬁg“a> , (6.9)
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which establishes that ## transforms as a Lorentz tensor and that Eq. (6.8) is Lorentz covariant.
(Since a — 0 1s part of the limit, the contracted algebra is a continuum limit of Snyder’s quantized

spacetime.)

B. Fields depending on new variable

Have a new fundamental operator g1, Elements of the group defined locally by Eq. (6.8) [fields]
arenow f = f (&, 0) Relate to ordinary c-number functions f(z,#) with a Fourier transform,

using more variables.

f= / (da)(dB) D fa, B (6.10)
with
f(a,B) = /(d:z;)(d@) T tBY) (5 9) . (6.11)
Definitions of measures: (do) = (27) " *d*a, (dB) = (27)7%d°B, (dz) = d*x and (df) = d°0,
the B, and " are antisymmetric parameters, and oz = o, 2%, B0 = B,,,0" /2.
The measure

d6B — dBlgnggngldB()ldBodeog (612)

is Lorentz invariant (if B, transforms like a second-rank Lorentz tensor).
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The z* are ordinary commuting coordinates; the #*” (no hat) are a set of new commuting parame-
ters in ordinary function space that correspond to the 0. While the operators & and 0 are related
through commutation relations, the commuting parameters x and ¢ are completely independent of
each other.

The mapping from the operator algebra to the space of ordinary functions allows one to define a

star-product through the requirement Eq. (2.3) [ f §= f/*\g]. The derivation begins as usual,
fo= [ am ) aa) s 0 o, myge,a), 613
and continues using the Baker-Campbell-HausdorfT . . . formula,

cAeB — €A+B-|—%[A,B]{—%[A,[A,B]]-|—%[B,[B,A]]+... ‘ (6.14)

The expansion terminates after the first commutator and, after some manipulation, one obtains the

same *-product as in the canonical case except for the presence of the extra argument 6:

7 = —

(fxg)(x,0)= f(x,0) exp[§ 0, 0" 9,] g(x,0) . (6.15)

This star product is Lorentz covariant; the Lorentz transformation properties of § are identical to

those of 0, as one can show via the mapping defined in Egs. (6.10) and (6.11).
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C. Gauge Theory

To start, if the field ¢ transforms as some representation of a gauge group (7, it is not possible
to choose ¢ to be a function of = only. A # dependence is introduced via the noncommutative

generalization of the gauge transformation. Consider NCQED. The transformations are

P(x,0) = ' (2,0) = Uxip(x,0) (6.16)
Au(w,0) = Al(2,0) = Ux Ay(z,0)« U™ + U x8,U" (6.17)
&
where
U =(eh), . (6.18)
The Lagrangian
1 _
A —ZFW*F“”—i—;/;*(i@—m)*;b (6.19)
is gauge invariant provided
D,=0,—1ieA, , (6.20)
and
F. =0,A,—0,A, —ie[A, % A]. (6.21)
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Superficially, Egs. (6.19-2.20) are the same as in the case of canonical noncommutative QED [29],
aside the trace average over §. However, that the fields here are functions of both x and §, and so
are not the same as the ordinary quantum fields ¢»(z) and A*(x).

To proceed, expand the fields as a power series in the variable 4. It will look like the work in Jurc¢o
et al. and Calmet et al. although the context is different.

Begin with the gauge parameter A and the gauge field A*

Ao(2,0) = a(z) + (9“”/\211/)(:1;; a)+ (9“”(9770/\221,)770(:1;; a)+ -, (6.22)
Ay(2,0) = Ay(2) + 0™ ALY (2) + 00 AQ)  (2) + -+ . (6.23)

Identify the first term in each expansion as the ordinary gauge parameter and ordinary gauge field.
In ordinary Abelian gauge theory, expect two gauge transformations parameterized by o(x) and

[(x) to commute

(6005 — 850,)0(x) =0, (6.24)

where ¢ transforms infinitesimally as
dot0(z) =i afx)(a) . (6.25)

61



Just so, in the noncommutative theory, expect the field ¢>(x, #) to still satisfy
(0005 — 050,)00(2,0) =0 (6.26)

where

dat(,0) =1 Ap(x,0) xp(x,0) . (6.27)
Like manipulations we have already seen
10alg —195A, + [Aa 5 A5l =0, (6.28)

which can be solved by (going to second order this time):

Aill,)(x;oz) = gauoz(x)Ay(x) ; (6.29)
2
A (z30) = —%%a(:ﬁ)An(x)@gAy(x) . (6.30)

We next need to make the gauge field transform as it should:

daAs = O, Ny +i[As % Ag] (6.31)
which works if
€ ) .
AL(@) = =5 Au(0u A, + F,) (632)
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€

[\

*45121/)7;@(1') = ?(-’4;[447180 Fg,o - au“qpa//AuAU 5= ‘4#'1;1?'{/1;4?;») ’ (6.33)
where
FO —8,A,—8,A, . (6.34)

We will look at photon self interactions first, and so shall pause here before looking at the fermion

expansion.

D. Generalizing the operator trace, i.e., ...

We need generalize the operator trace, since we have extra variables. A trace maps from an
operator algebra to numbers and is linear, positive (Tt f f T>0), and cyclic (Tr f g = Trg f). We
propose

Tef = /d4:1; dCOW(0) f(x,0) . (6.35)

The weighting function W (#) will allow us to work with power series expansions of functions of

0. We assume that the weighting function is positive and for any large |§*¥| falls to zero quickly
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enough so that all integrals are well defined. Also, let
/d60 W) =0.

Field theory actions are like Eq. (2.9) [S = Tr /j],

5 = / d*x d°OW(0) L(¢p, D), .
Also useful is W(0) = W(40,,0"),

[ Eow e = S eng - )
for any Lorentz-invariant weighting function, and where
(0*) = / d°OW(0)0,,0" .
Of course, we normalize by
/ dOW () =1.

Note that £(¢, d¢), depends in general on both « and 4, but we can think of

L(x) = /d60 W(8)L(p, D), .
as playing the role of the ordinary Lagrangian.
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E. Lagrangians and Feynman rules

The Lagrangian, again, is
1 ~
L(x) = /d60 W(9) [_ZFW * F" +px (1 P —m) %) (6.42)

The noncommutative field strength tensor can be written out in terms of the ordinary gauge field

A#(«). For the record,

urt v v n

2
K € K
Fu = F), +e0™(FO,F) — A0\F),) + 79 MPEL FYED — FFYFY
+ AL(2F O\F,), — 2F) O\F? + FY 8, F), — 0, 0\A,) + A A,0,0,F) ). (6.43)

Photon self-interactions may be isolated by substituting this result into the Lagrangian above and
integrating over 6.
Photon self-interaction terms that are odd in ¢ vanish. The lowest-order nonstandard vertex is

given by:

T
12
This will give for example, a new contribution to photon-photon elastic scattering.

By the way, Eq. (6.44) reduces to

L= —(0*F,, F""F) Fo" — (Fp, F**)] . (6.44)

&= 7T6—O‘<92>[—(E2 — B2)?2+2(E-B)] (6.45)
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in comparison to the famous Euler-Heisenberg low-energy effective Lagrangian following at the

one-loop level in QED [40]

[(B* — B*)*+ 7(E-B)Y] . (6.46)

66



FIG. 8: Four-photon vertex.

F. Phenomenology

e [ ots of new vertices.

e Seek deviations in observable scattering cross sections from expectations within standard model.
e Focus on vy — v7.

¢ Potential window on physics beyond the standard model.

Quote the Feynman rule for the for-photon vertex Fig. 8,
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H2 M1, H4 ) 13 M2 M3 M4 K1 M2 M4 M1 K3

1.

M3 M4 K1 K2 M3 M1 M4 K2 M3 H4 12 M1

—Apy Py P5 Py PPy PSPy PPy PSPy
=Py py Py Py + PP Py + Py PSPl
+ <g“l“2 { (P P54+ P Py ) pa - pa + APS7 P51 - p2
N SR R U A IR R A A R TR U i -m}
+[(12)(34) — (34)(12) ]
+[(12)(34) — (13)(42) | + [ (12)(34) — (42)(13) ]
+[(12)(34) — (14)(23) ] + [ (12)(34) — (23)(14) ])
+ <g“1“2g“3“4 { —4p1-paps-pat+pr-pap2-ps+p1cpspe -m}
+[(12)(34) — (13)(42) | + [ (12)(34) — (14)(23) ])} . (6.47)

Calculate do /dS2 for vy — ~~ in the photon CM.
The NC amplitude is 90° out of phase to the leading log contributions to the standard model
background (coming), so

o X~ oNc + osM - (648)
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Find (no polarization)

donc 197 ((\{7‘2>

d cos O - 128 12

2

) a?s%(3 4 cos? ©%)? | (6.49)
/s = CM energy

©* = CM scattering angle

Total cross section (0° < ©* < 180°),

ONC = 1337T(1253 (<9~>> . (6.50)

80 12
For the standard model, we quote amplitudes from Gounaris et al. for light-by-light scattering for

s, [t], |u| > mj;. For reference, here are the relevant results. The differential cross section is

given by
i (1M Fyoy)? + (Im Fyy )2 4 (Im By )] (6.51)
= ——/|(Im m Py m Py ; :
dcos©* /o, 1287s T =+ =t 2
the dominant helicity amplitudes are mostly imaginary and
S u S t
Im F_|__|__|__|_ = —167'['0[2 |:; In m—2 4+ ;h’l m—2 :| 5 (652)
w w
—t 2 t
mF, , =127 _167a? |Lin ||+ Lin ||| | (6.53)
ot u S m? st m?
w w
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FIG. 9: Total cross sections on¢ and gy for 30° < ©* < 150°. Noncommutative results are labeled by

the value of Anc, defined in the text.

and

Im F1_|____|_(S7 t, u) = Im F1_|___|__(S7 u, t) . (654)
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FIG. 10: Differential cross sections for /s = 0.75 TeV and Axc = 1.0 TeV, normalized to ¢(30° < ©* <
150°). The dashed line indicates the standard model background and the solid line indicates the result when

both the standard model and Lorentz-invariant NCQED interactions are present.
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Figs. 9 and 10 show the comparison between our noncommutative result and the expectation in
the standard model. Since the scale of new physics An¢ is characterized by a root-mean-square

average of the components of §*”, we define

12 1/4
Anc = <@> ’ (6.55)

We hope it is clear from the present example that our scenario may lead to potentially distinctive

collider signals, and defer a complete investigation of these phenomenological issues to future

work.
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G. Conclusions

e [ orentz covariant:

[2#, Y] = i6" . (6.56)

e There is an explicit realization: contracted Snyder algebra, or DFR algebra.

¢ Tight bounds on noncommutativity parameter not present in Lorentz conserving case.

e Fields become functions of additional variable, that we deal with by expansion and integrate out.
e Looked at the Lorentz invariant version of NCQED. including two-fermion-two-photon and
four-photon interactions However, no three-photon vertex is present.

e Had predictions from total and differential cross sections that were distinct from the standard

model.
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FIG. 11: Bhabha

[1] J. L. Hewett, E J. Petriello and T. G. Rizzo, Phys. Rev. D 64, 075012 (2001); S. Godfrey and
M. A. Doncheski, Phys. Rev. D 65, 015005 (2002); N. Mahajan, hep-ph/0110148; S. w. Baek,
D. K. Ghosh, X. G. He and W. Y. Hwang, Phys. Rev. D 64, 056001 (2001); H. Grosse and Y. Liao,

Phys. Rev. D 64, 115007 (2001); Phys. Lett. B 520, 63 (2001).

74



FIG. 12: pair annihilation

FIG. 13: vertex3
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