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Introduction

m Weare construction computer codeson 3D numerical
relativity.

m Themain target isto study the evolution of coalescing
binary neutron stars and theradiation of gravitational
waves from the merger.

last three miliseconds

2003/9/24 The Source of Gravitational Waves at ICTP



Basic Equations

m Wewritethe4D metric as
ds®=—g*dt” +7i; (dx' + g'dt)(dx’ + gidt)
a . thelapsefunction

S' theshift vector
y;; - theintrinsic metric of 3-space

m Hamiltonian constraint
R+ K?-K; K" =167p,,
@ Momentum constraint
D, (K’ -6",K)=8xJ,
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m Theevolution equations
at7/ij = —205Kij + Di:Bj + DjIBi

1
atKij :a|:Rij —87Z'{Sij +§(pH _Skk)}j|_ DiDja
+a(KKij _2KikKkj)+ Kiijﬂk"‘ KjkDi,Bk"‘,BkaKij

R;; : the 3-D Ricci tensor, R=y"R,
Kj: theextrinsiccurvature K ="K,
o, - theenergy density

J. : themomentum density

: the stresstensor

measur ed by the observer moving along theline
normal to the spacelike hypersurface of t = const.
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General Relativistic Hydrodynamics Equations

= Weassumethat the matter isthe perfect fluid,
T,=(p+pe+P)uu, +Pg,
where
o . theenergy density
e . thegspecificinternal energy (per unit mass)

P : thepressure
measur ed by the observer moving with thefluid

u . the4-velocity of thefluid
Py =n*n"T,, I, =-h"n"T , S;=h"h"T,

where n, iIsthe unit timelike normal vector
and hﬂv =g, +nh,n,
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GR Hydrodynamics Equations (2)

m Therdativistic hydrodynamics equations ar e obtained
from V,(pu#)=0 and V,T#" =0.
N J. Cou al' :

0 =Jyau’p, u'=—=5-— V'=—= =
pN \/; p I auop uo P+pH ﬁ

* 0.p, +0,(p V') =0

* at(pNuiN)+al(pNuiNVI):_\/;aaip_\/;(P_I_pH)éia

Jradkd' ,
+ 0.7, ++/7J,0.
2(P+pH) I7k| \/; | Iﬂ

* 0.(pne)+0,(pyeV') =~Pa,(Jrau®)

2003/9/24 The Source of Gravitational Waves at ICTP



Evolution Equations of the Metric

m Tosolvetheevolution of the metric tensor, we definethe
following variables:

1
$=y?

- —4
Vij =¢ Vi
F =77,

/K\ij :¢_4(Kij )STF
K=y"K,

Where(Kij)STF =%(Kij + Kji _g;ij;kl Kklj
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¢ 04-Fog=-L(aK-0,p"

© 0.7y-Pory=-2| aKy—(r40,8)" |

® 0,F'-p'9,F'=20,(aK ‘J’)—}Jkajakﬂ‘—%;”ajakﬂk
° 0,Ky-p'0,Ky=¢"|a(R]" -87S]")-(D,D;a)" |

2 ~

ra(KKij—2KaK' )+ Kud ,f'+ K 10,5’ —gKija,ﬁ'

* 5. K-p'9,K =0(|:/K\ij/K\ij+%K2+47z(pH +s‘i)}— D'D.
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m Several kindsof thereformulation of the Einstein equation
In numerical relativity have been proposed.

m Our formulation isthe simplest one.

m Themotivation to usethe formulation isthat we
encountered numerical instability and suppose that
numerical errorsin the second derivatives of the metric
tensor needed to calculate the Ricci tensor arelikely to
causetheinstability.

m Wedecided to compute F' asan Independent variable and
calculate Ricci tensor using it.
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Coordinate Conditions

m The choice of the shift #' and the lapse function «is
Important because

o thestability of the code depends on them
and

o Itisintimately related to the extraction of physically
relevant infor mation such as gravitational radiation.

m Thecondition

~

Dj(@,7")=0

produces the minimal distortion shift vector, but givesan
equation too complicated to be solved numerically.

2003/9/24 The Source of Gravitational Waves at ICTP



Shift Vector

m Instead we usethe pseudo—minimal distortion condition;

~

0;(0,7")=(8,F")=0

= The shift vector S' obeys

VB 20,0, = zaj(aR‘i)—hjkajakﬂ‘—%h”ajakﬂk

~

where h' =y - 5"

®m Inthiscondition, we can simply set
F'=0 sinced, F'=F (t=0)=0.
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Lapse Function

m Asfor the dlicing condition, we choose the maximal dlicing,
K =0, which yields
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The Conformal Factor ¢

m Theevolution of ¢ isgiven by
0.4 plop=-%
m From the Hamiltonian constraint, it obeys
5 N s —~
Ap = —%(167[,0,_, +KijK'"-¢™R)

m Wefirst make ¢ evolve using the former equation, then
calculate theright-nand side of the latter one and solveit.

(aK—@,ﬂ')
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The Riccl Tensor

= Wemust take special careto calculatethe Ricci tensor.

R, =Ry +R!

Rf =-2¢"(D;Dig+y;Ad) + 24| A(Dig)(Dig) - 7y;(Drs)(D “¢)

ﬁ___il:'vkl'v ~ ~ ~ Kkl o7 ~ ] krl
=5 /4 (7|i,jk+7|j,ik_7/ij,k|)+7’ ,|(7ki,j T Vi~ 7uk) li

1 - o o
=§(Fi,j +Fii=7 " V=7 V=7 Vi)
+Ek(77ki,j+;kj,i_;ij,k)_fﬁfljk

—~ .

1~ ~ .
== Fak 7 Tty i) -TECY if F'=0
2
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The Riccl Tensor (2)

2

-~ : o0°h ~
=y, . includestermssuch as ey (hy =74 —364)

whose accuracy in numerical calculation isnot so good.

o’h, @%h, o’h, ., oh,
i n i n i +h ij
ox>  oy® 0z’ ox“ox'

] Thetel’m ;kl;ij,k| =

includes the second derivatives, but inaccuraciesin h*h, ,,
isnot so serious, if both h* and h, ,, are small.
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Boundary Conditions on the Metric

m We apply outgoing conditions for ;ij and K :

Y.
Q(t, x') = H(at—¢°r) rl=x24y?4z?
o,H+c'9,H =0, c‘=0[x2
re
: a
0,Q+Cc0,Q=- r¢2Q
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Numerical Methods

m We solvethe hydrodynamics equationsusing van Leer’s
scheme with the minmod limiter.

m Theevolution equations of the metric are solved using the
CIP (Cubic-Interpolated Propagation) method.

m Toachieve second-order accuracy both in timeaswell asin
space, we use a two-step predictor-corrector scheme.

0,Q=F

Q(t+,At)=Q(t)+,At- F(t)
Q(t+At)=Q(t)+At- F(t +,At)
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Elliptic Equations

2
m Vp=3,
0 Vzazsa

2 nli 1 k I
« VB +20,0.8° =S,

They are solved with a pre-conditioned conjugate gradient
method.

Themost CPU hoursare consumed for solving these
equations.

e 50% for pB
e ~10% for each of a and ¢
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Code Tests (Oscillation of a Spherical Star)

m Put aspherical star of
M=15M,, R=77M,
p.=21x107° My’
P=IT-Dpes, I'=2

m Reducethe pressure and the star begin to oscillate.
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Hamiltonian Constraint

107 ¢ . , .

A IR+ K?- KK -167p,|

167,

I-J
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Momentum Constraint

107! ¢

107°

I~
o |
Lh

0 0.5 1 1.5
[

D, (K, -61,K)-87J,
8|9

am, -
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Convergence Tests (1)

107 ¢ . | .

10—5 1 | | 1
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Convergence Tests (2)

107! : . . . :

-2

10

10~°

0 0.2 0.4 0.6 0.8 1
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Coalescing Binary Neutron Stars

m Grid properties: 4/5x475x 238, AX=Ay =Az=1M,
m Weassumethe symmetry wrt the equatorial plane.

m [nitial data:

o 2spherical starsof rest massM =1.5M,
radius R =7.7GM_,/c?=11.6km

located at x = 2R, y=z=0

o Theinitial rotational velocity is
given so that the circulation of
the system vanishes.
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Hamiltonian Constraint

107 ¢ . :

1.5

I-J
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Momentum Constraint

10~
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Numerical Precision

m Weneed not solvefor K since we use the maximal slicing,
but it issolved to monitor the numerical precision.
Thevalue of K iskept assmall as0.1% of thetypical value
of Kj; , but it becomes large from the numerical boundary
region in thefinal stage of smulation. It isdueto a small
reflection of GW at the numerical boundary.

0 Smcewe use the pseudo-minimal distortion condition,
F' =5 mustbezero. It issatisfied within a few % of the
derlvatlve of 7ij. Theeror growsinthesameway asK in
thefinal stage of ssmulation.

m Thetotal ADM massisconserved within 10% error.
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Coalescing Binary NS (density x))

uuuu " UTEB

0.985 1.108
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Gauge-Invariant Wave Form Extraction

m QOutside of the star, we consider the total spacetime metric

g,,asasum of a Scwar zschild metric and non-spherical
perturbation parts:

_ ~(B) (e) (0)
9, =9, +hﬂv +hﬂv

(_CN20 0 0 )
0 A20 O
0 OR? O

\ 0 0 OstinZH/

(B) —_
gﬂv -

(in the spherical coordinates)
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(N°H_ Y H, Y hey hoy,
hfv) :Z : AZHjImYIm | h;fnivlmﬂz h:(fnivlm,¢
I.m rik_+G, o]y rG_»X._
.t ' ' o

(0 0 -h@y, [sne  hOY, sng )
o . (o) .

h(O)_Z * 0 _hl(ln:Ylm,¢Sln9 hlImYIm,egnH

oo xS hP)I X, Tsng - hPI W, sing

2lm 2lm

11+ (0) .
\* * * _§h2?mxlmsme Y,
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m From thelinearized theory about perturbations of the
Schwar zschild spacetime, the gauge invariant quantities
aregive by

r’ o ( hy
\Pfr?])(t,r)=\/2A(A—2)N2 h{® + o 2im

r
2
POt 1) = \/2(1\ 2) 4rN kZ,m+Ar2k1,m
A (A+1-3N?)

A=1(1+1)
K, =K, +NrG,_ -2N°h} /r

11

. _H,. 1 a(rK)
SA] VAR INEI TR N
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B P© and ¥© satisfy the Regge-Wheeler and the Zerilli

eguations, respectively.
® Two independent polarizations of the gravitational waves

are given by

. 1 ) .
h, —ih, = E;(\me)(t, N+¥ () Y,
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Wave Form

x10722 (1OMPe)

10

rh, o

0 0.5 1 1.5
f—r (msec)
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r*h. o

10 ¢
_15 L
200 . . .
0 0.5 1 1.5

f (msec)
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= hincludes a non-wave mode proportional tor =3,
which correspondsto the quadrupole part in the
Newtonian potential.
It decreasesfast asthe merger of stars proceeds.

m |t becomessmall for larger even beforethe merger.
m Toediminatethe non-wave part,
F(t-r) N G(t)

h(t-r)=h, —ih_= .
I I
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m Fourier componentsof h arewritten as

e F (r) G,(t)
* 3
r r

h,(r)=

F (r)= %j F(t,r)e''dt, G, (r)= %J‘G(t, re 'dt

m Fromthevaluesh (r)inr,andr,,
rzsha;(rz)_ rlsha)(rl)

F (r)= . .
w( ) l,.zze—la)r2 . rlze—la)rl
| ﬁw(r)ze rl-:a)(r)’ h(t’r)zjﬁw(r)eiwtdw
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f—r (msec)

Wave formsalong z-axisas a function of t —r. The curves are average
of rh estimated at r=110 ~200M and error bar denote 2¢ .
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Coalescing Binary NS (energy of GW x))

The "energy density of grav. waves r2pg,,.
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Energy of the Gravitational Waves

2.0 Luminosity

1.0

dE;w/dt (M c2/sec)

1.0

Ecw (10°M, c2)

0.5 0.0 0.5 1.0 1.5

t— r(msec)

de,, 1
dt 327z ™

+[o, P

(\a po)*

)
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Energy Spectrum of the GW

100 b

dE 10 |
de>

D_l [ [ [ [ 1 1 1 [
0 5 10 15 20 25 30 a5 40 45 50
@ (msec—1)

Thecurvesare average of dE/dw estimated at
r=110~200M, and error bar denote 2o .

dEGW _ 1 a)Z(‘\P(O) ‘2_'_‘\11(6) 2)
do 327 me Ime
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Concluding Remarks

m \Weobtained a stable 3-D code for coalescing binary
neutron stars.

m Theinitial data used hereisnot realistic, but we are ready
to perform scientific ssimulation for coalescing binary
neutron stars.

m Shibata and Uryu (2002) has presented resultsfor it using
different code. Comparison must be made soon.
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