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The Z4 formalismThe Z4 formalism
in Numerical Relativityin Numerical Relativity



Numerical RelativityNumerical Relativity

nn Theoretical issuesTheoretical issues
nn Discrete algorithmsDiscrete algorithms
nn Computer scienceComputer science
nn VisualizationVisualization

nn Data analysisData analysis

nn Gravitational Wave DetectionGravitational Wave Detection

Present NetworkPresent Network

Proposed NetworkProposed Network



NR Theoretical issuesNR Theoretical issues

nn Structure of the field equationsStructure of the field equations
nn Initial dataInitial data
nn Boundary conditionsBoundary conditions
nn Waveform extractionWaveform extraction
nn PerturbativePerturbative (analytical) methods(analytical) methods

nn Matter modelling (Hydrodynamics)Matter modelling (Hydrodynamics)
nn MicrophysicsMicrophysics



The Z4 system The Z4 system 
Physical Review D67,Physical Review D67, 104005  (2003)104005  (2003)

10 Field equations10 Field equations

RRµνµν + + ∇∇µµZZνν + + ∇∇ννZZµµ

= 8= 8ππ (T(Tµνµν –– T/2 gT/2 gµνµν ))

14 dynamical fields14 dynamical fields

ggµνµν ,  ,  ZZµµ



General covarianceGeneral covariance

Unknown fieldsUnknown fields

nn Up to four Up to four coordinatecoordinate
conditions allowedconditions allowed

nn Four Four kinematicalkinematical
fieldsfields

nn Ten dynamical fields Ten dynamical fields 
leftleft

Field equationsField equations

nn Six second order Six second order 
evolution equations on evolution equations on 

ggµνµν

nn Four first order Four first order 
evolution equations on evolution equations on 

ZZµµ



Recovering Einstein’s solutionsRecovering Einstein’s solutions

Einstein’s solutionsEinstein’s solutions

ZZµµ =  0=  0

Algebraic Algebraic 
error trackingerror tracking

Covariant!Covariant!

BianchiBianchi identities identities 
ðð ZZµµ + R+ Rµνµν ZZνν =  0=  0



time

Time slicing of Time slicing of spacetimespacetime



3+1 decomposition3+1 decomposition

dsds22 = = -- αα22 dtdt22 + + γγijij ((dxdxii + + ββii dtdt) () (dxdxjj + + ββ j j dtdt))

KKijij = = --1/21/2αα ((∂∂tt -- LLββ) ) γγijij (extrinsic curvature)(extrinsic curvature)

t + t + dtdt

tt
αα

ββii

γγijij ,   ,   KKijij



ADM system ADM system ((Yvonne Yvonne FourésFourés--BruhatBruhat, 1956, 1956))

nn Matter terms decompositionMatter terms decomposition

ττ ≡≡ 88ππ nnµµnnννTTµνµν SSkk ≡≡ 88ππ nnµµTTµµ
k      k      SSijij ≡≡ 88ππ TTijij

nn ConstraintsConstraints
22ττ = = (3)(3)R  + (R  + (trtrKK))22 -- trtr(K(K22))

SSii = = ∇∇k k ((KKkk
ii -- trtrKK δδkk

ii))

nn Evolution equationsEvolution equations
((∂∂tt -- LLββ) ) KKij  ij  = = -- ∇∇iiddjj αα + + αα [[(3)(3)RRijij + + trtrK KK Kijij -- 2 K2 K22

ijij

-- SSijij + + ½½ ((trtrSS -- ττ) ) γγijij ]]



Evolution eqs.
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Free evolutionFree evolution

ConstrainedConstrained
InitialInitial datadata

UnconstrainedUnconstrained
InitialInitial datadata

NonNon--covariant!covariant!Subsidiary system Subsidiary system 
(constraints evolution (constraints evolution 

from Bianchi identities)from Bianchi identities)



Z4 evolution equationsZ4 evolution equations

nn ((∂∂tt -- LLββ) ) KKij  ij  = = -- ∇∇iiddjj αα + + αα [ [ (3)(3)RRijij + + ∇∇iiZZjj + + ∇∇jjZZii
-- 2 K2 K22

ijij + (+ (trtrKK -- 22ΘΘ) ) KKijij -- SSijij + + ½½ ((trtrSS -- ττ) ) γγijij ]]

nn ((∂∂tt -- LLββ) ) ZZii = = αα [[∇∇k k ((KKkk
ii -- trtrKK δδkk

ii) ) -- 2 2 KKii
kk ZZkk

++ ∂∂i i ΘΘ -- ΘΘ ααii//αα -- SSii ]]

nn ((∂∂tt -- LLββ) ) ΘΘ = = αα/2 [/2 [(3)(3)R + (R + (trtrKK -- 22ΘΘ) ) trtrKK -- trtr(K(K22) ) 
+ + 2 2 ∇∇kkZZkk –– 2 2 ZZkk ααkk//αα -- 22ττ] ] 

ΘΘ ≡≡ nnµµZZµµ = = αα ZZ00



Harmonic slicingHarmonic slicing
nn ββii ‘‘arbitraryarbitrary’’ (space (space 

coordinates free)coordinates free)

nn Harmonic timeHarmonic time

ðð xx00 = 0= 0
((∂∂tt -- LLββ) ) √γ√γ//αα = 0= 0

nn Collapse of the lapseCollapse of the lapse
αα ~~ √γ√γ

Singularity Singularity 
avoidanceavoidance

SingularitySingularity
HorizonHorizon

t=150t=150

t=100t=100

t=50t=50

t=0t=0

Collapsing StarCollapsing Star



nn 3+1 covariance:3+1 covariance:

tt’’ = f(t)= f(t) xx’’ = g(x,t)= g(x,t)

nn (3+1)(3+1)--covariant covariant generalizationgeneralization::

((∂∂tt -- LLββ) ) lnln αα = = -- αα ( ( ff trtrKK -- λλ ΘΘ ))

GeneralizedGeneralized harmonic harmonic slicingsslicings



HyperbolicityHyperbolicity analysisanalysis
KreissKreiss & & OrtizOrtiz, , grgr--qcqc/0106085/0106085

nn LinearizedLinearized Fourier modes:Fourier modes:

γγijij = = δδ ijij + 2 + 2 expexp(i (i ωω··x) x) γγijij((ωω,t),t)
aa = 1 + = 1 + expexp(i (i ωω··x) x) aa ((ωω,t),t)

KKij  ij  = i = i ωω expexp(i (i ωω··x) x) KKijij((ωω,t),t)
ΘΘ = i = i ωω expexp(i (i ωω··x) x) ΘΘ((ωω,t),t)
ZZkk = i = i ωω expexp(i (i ωω··x) x) ZZkk((ωω,t),t)

nn uu = (= (a  a  ,, γγijij , , KKijij ,, ΘΘ ,, ZZkk)) (17 (17 fieldsfields, no , no shiftshift))



Characteristic Matrix & Characteristic Matrix & EigenfieldsEigenfields
∂∂tt uu = = -- i i ωω AA··uu

nn 3 3 standing eigenfieldsstanding eigenfields::
aa –– f f tr tr γγ + + λλ ( ( tr tr γγ -- γγnnnn -- ZZnn ), ), γγnn

⊥⊥ + + ZZ⊥⊥

nn 12 light cone 12 light cone eigenfieldseigenfields (speed  (speed  ±±1):1):
KK⊥⊥⊥⊥±± γγ⊥⊥⊥⊥ KKnn

⊥⊥ ±± ZZ⊥⊥ ΘΘ ±± ( ( tr tr γγ -- γγnnnn -- ZZnn ))
nn Gauge Gauge eigenfieldseigenfields (speed  (speed  ±±√√f f ):):
√√f [f [trtrKK + (2 + (2 -- λλ)/(f )/(f -- 1)  1)  ΘΘ ] ] 

±± [[aa + (2f + (2f -- λλ)/(f )/(f -- 1)  (1)  (trtr γγ -- γγnnnn -- ZZnn)])]
f > 0f > 0

λλ = 2  if  f = 1= 2  if  f = 1
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Evolution eqs.
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Strong Strong HyperbolicityHyperbolicity



Robust stability testRobust stability test

nn Random values the dynamical fieldsRandom values the dynamical fields
nn Full 3D code with small data (linear regime)Full 3D code with small data (linear regime)
nn Finite Finite differencingdifferencing: Method of lines: Method of lines

–– Standard Standard centeredcentered 2nd order in space2nd order in space
–– Standard 3rd order Standard 3rd order RungeRunge--KuttaKutta in timein time

nn Periodic boundary conditions (space 3Periodic boundary conditions (space 3--
TorusTorus))



Strong Strong vsvs Weak Weak HyperbolicityHyperbolicity



ICN resultsICN results



Exploring gauge parameterExploring gauge parameter spacespace

f > 0f > 0

λλ = 2  = 2  
if if 

f = 1f = 1



(partial) Symmetry Breaking(partial) Symmetry Breaking

nn Original systemOriginal system ((a  a  , , γγijij , , KKijij , , ΘΘ , , ZZkk))

nn FamillyFamilly of reduced of reduced systemssystems ((a  a  , , γγijij , , KKijij , , ZZkk))

Dynamical Fields recombinationDynamical Fields recombination
KKij  ij  ≡≡ KKij  ij  -- n/2 n/2 ΘΘ γγijij

+ + Supressing Supressing extra extra quantityquantity ΘΘ



Z3 evolution Z3 evolution systemssystems

nn ((∂∂tt -- LLββ) ) γγijij = = --22αα KKij ij 

nn ((∂∂tt -- LLββ) ) KKij  ij  = = -- ∇∇iiddjj αα + + αα [ [ (3)(3)RRijij + + ∇∇iiZZjj + + ∇∇jjZZii

+ + trKtrK KKijij -- 2 2 KK22
ijij -- SSijij + + ½½ ((trtrSS -- ττ) ) γγijij ]]

-- nn αα/4 /4 γγijij [[(3)(3)R + 2 R + 2 ∇∇Z + (Z + (trKtrK))22 -- trtr(K(K22) ) -- 2 2 ααkk//αα ZZkk -- 22ττ]]

nn ((∂∂tt -- LLββ) ) ZZi  i  = = αα [[∇∇k k ((KKkk
ii -- trKtrK δδkk

ii) ) -- 2 2 KKii
kk ZZkk -- SSii ]]

QuasiequivalentQuasiequivalent toto
PhysPhys. Rev. D66, . Rev. D66, 084013 (2002)084013 (2002)



Roadmap to BSSN systemRoadmap to BSSN system
((quasiequivalencequasiequivalence))

nn Select  n = 4/3  from the Z3 Select  n = 4/3  from the Z3 famillyfamilly

nn Perform cPerform conformalonformal decomposition:decomposition:
∗∗γγijij ≡≡ ee-- 44φφ γγijij detdet((∗∗γγ) = 1) = 1
KK ≡≡ γγijij KKijij

∗∗AAijij ≡≡ ee-- 44φφ ((KKijij -- KK//3 3 γγijij)) trtr ∗∗A = 0A = 0

nn TranslatTranslate to BSSN additional quantitiese to BSSN additional quantities

2 2 ZZii = = ΓΓii + + ∗∗γγikik ((∂∂jj
∗∗γγkjkj))



Collapsing Collapsing GowdyGowdy waveswaves

nn Cosmological solution (vacuum)Cosmological solution (vacuum)
dsds22 = t= t--1/2 1/2 eeQQ/2/2 ((--dtdt22 + dz+ dz22) + t (e) + t (ePP dxdx22 + e+ e--PP dydy22) ) 

PP(t,z), Q(t,z)  periodic in z(t,z), Q(t,z)  periodic in z (pp wave)(pp wave)

nn Harmonic slicingHarmonic slicing

t = tt = t00 exp(exp(--tt //tt 00))

nn Test model for collapse of a 3Test model for collapse of a 3--torus torus 
(periodic boundaries)(periodic boundaries)



Lapse collapse (Harmonic slicing)Lapse collapse (Harmonic slicing)



Oscillation & CollapseOscillation & Collapse



Z3 parameter space: nZ3 parameter space: n



First order version of Z4First order version of Z4
grgr--qcqc/0307067/0307067

nn 1rst order variables1rst order variables
((αα , , γγijij , , KKijij , , ΘΘ ,, ZZkk , , AAkk , , DDkijkij))

AAkk ≡≡ ∂∂kk((lnlnαα)) DDkijkij ≡≡ ½½ ∂∂kk γγijij

more constraints!more constraints!

nn supplementary evolution equations supplementary evolution equations 
∂∂tt DDkij  kij  + + ∂∂k k [[αα KKij ij ] = 0] = 0

∂∂tt AAk  k  + + ∂∂k k [ [ αα (f (f trtrKK -- λλ ΘΘ) ] = 0) ] = 0



Ordering ambiguityOrdering ambiguity

nn ∂∂rr DDsij  sij  ≠≠ ∂∂ss DDrijrij more constraints!more constraints!

nn RicciRicci tensor decompositiontensor decomposition
(3)(3)RRijij = = ∂∂k k ΓΓ kk

ijij -- ∂∂((iiDDjj))kk
kk + + …… (standard)(standard)

(3)(3)RRijij == -- ∂∂kkDDkk
ijij + + ∂∂(i(iΓΓj)j)kk

kk + + …… ((deDonderdeDonder--FockFock))

nn Ordering parameter Ordering parameter ζζ one one more more 
parameter!parameter!

((ζζ))RRijij ≡≡ (1+(1+ζζ)/2)/2 (standard)(standard)RRijij + + (1(1--ζζ)/2)/2 (Fock)(Fock)RRijij



Three main optionsThree main options

nn ζζ = = --1:1: -- Everybody is using itEverybody is using it
–– Closer to wave equationCloser to wave equation

nn ζζ = 0:= 0: -- Textbook alternativeTextbook alternative

–– ∂∂ [[rr DDss] ] ij ij disappearsdisappears

nn ζζ = +1:= +1: -- Geometrical interpretation of         Geometrical interpretation of         
transverse traceless eigenfieldstransverse traceless eigenfields

–– Difficult boundary problemDifficult boundary problem



HyperbolicityHyperbolicity conditionsconditions

nn Strong Strong HyperbolicityHyperbolicity ( for all ( for all ζζ ) ) 

f > 0,f > 0, λλ = 2  if  f = 1= 2  if  f = 1

nn Symmetric Symmetric HyperbolicityHyperbolicity forfor
f = 1 , f = 1 , λλ = 2  = 2  (harmonic slicing)(harmonic slicing)

andand
ζζ = = --1 1 (deDonder(deDonder--Fock decomposition)Fock decomposition)



α, Ai 

Evolution eqs.
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Strong Strong HyperbolicityHyperbolicity



(full) Symmetry Breaking(full) Symmetry Breaking

nn Original systemOriginal system ((a  a  , , γγijij , , KKijij , , AAkk , , DDkijkij , , ΘΘ , , ZZkk))

nn FamillyFamilly of reduced of reduced systemssystems ((a  a  , , γγijij , , KKijij , , AAkk , , ddkijkij))

Dynamical Fields recombinationDynamical Fields recombination
KKij  ij  ≡≡ KKij  ij  -- n/2 n/2 ΘΘ γγijij

ddkijkij ≡≡ 2D2Dkijkij + + ηη γγk(ik(i ZZjj)) + + χχ ZZkk γγijij

+ + Supressing Supressing extra extra quantitiesquantities ΘΘ, , ZZkk



55--parameter parameter famillyfamilly of KST of KST systemssystems
(dynamical gauge version)(dynamical gauge version)

nn ∂∂tt lnlnαα = = -- ff αα trKtrK ∂∂tt γγijij = = -- 22αα KKijij

nn ∂∂t t KKij  ij  = = -- ∇∇(i(i[[αα AAjj))] + ] + αα [[((ζζ)) RRijij + + trKtrK KKijij -- 2 2 KK22
ijij -- SSijij

++ ½½ ((trtrSS -- ττ)) γγijij ] ] -- nn αα/4 /4 γγijij [[((ζζ))R + (R + (trKtrK))22 -- trtr(K(K22) ) -- 22ττ]]

nn ∂∂tt AAk  k  + + ∂∂k k [ [ αα ff trKtrK ] = 0] = 0

nn ∂∂tt ddkij  kij  = 2 = 2 ∂∂k k ((αα KKijij ) + ) + χχ αα γγijij ((∂∂rr KKrr
kk -- ∂∂kk trKtrK))

+ + ηη/2 /2 αα [[γγkiki ((∂∂rr KKrr
jj -- ∂∂jj trKtrK) + ) + γγkjkj ((∂∂rr KKrr

ii -- ∂∂ii trKtrK)]  +  ...)]  +  ...



ConclusionsConclusions

nn General covariant frameworkGeneral covariant framework
nn Algebraic constraintsAlgebraic constraints
nn Constraint violation allowedConstraint violation allowed
nn Strongly hyperbolic Strongly hyperbolic systemssystems (1st & 2(1st & 2ndnd order)order)
nn Z3Z3--BSSN recovered (partial symmetry breaking)BSSN recovered (partial symmetry breaking)
nn Z3Z3--BonaMassóBonaMassó recovered (recovered ( ““ ))
nn KST recovered (full symmetry breaking)KST recovered (full symmetry breaking)



Why to use it?Why to use it?

Evolution equationsEvolution equations

RRµνµν + + ∇∇µµZZνν + + ∇∇ννZZµµ = 8= 8ππ (( TTµνµν –– T/2 gT/2 gµνµν ))

Subsidiary system (Bianchi identities)Subsidiary system (Bianchi identities)

ðð ZZµµ + R+ Rµνµν ZZνν =  0=  0 no ‘adjustment’ neededno ‘adjustment’ needed

ConstraintConstraint--preservingpreserving
Boundary conditionsBoundary conditions




