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212 Annals New York Academy of Sciences

FIGURE 3. Contour plots of the stream function \p for the two-dimensional Navier-Stokes
simulation. Lines of constant \p are parallel to v, and the magnitude of v is inversely proportional
to the line spacing. Shown are streamlines at t = 0 (a), t = 1000 (b), and / = 3000 (c).

plots of constant stream function \p (recall that Vfy = — o>), showing the progressive
disappearance of the high k components and the gradual smoothing of the stream-
lines.

Other runs have been carried out with R = 200 and 1000, with similar results.

TWO-DIMENSIONAL MHD

An incompressible conducting fluid obeys a more complicated but very similar set
of equations.32 First, an electric current force term gets added into (1):

dv
—

1 ,
B + — V2v. (15)
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FIGURE 3. Contour plots of the stream function \p for the two-dimensional Navier-Sto
simulation. Lines of constant \p are parallel to v, and the magnitude of v is inversely proportio
to the line spacing. Shown are streamlines at / = 0 (a), t = 1000 (b), and / = 3000 (c).

plots of constant stream function \p (recall that V2\p = — w), showing the progress
disappearance of the high k components and the gradual smoothing of the strea
lines.

Other runs have been carried out with R = 200 and 1000, with similar result

TWO-DIMENSIONAL MHD

An incompressible conducting fluid obeys a more complicated but very similar
of equations.32 First, an electric current force term gets added into (1):

dv 1 ,
h v • Vv = - V p + j x B H V2v.
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FIGURE lb. The time history of energy (£), enstrophy (fi), and palinstrophy (P) are shown,
each normalized to its initial value. The dramatic increase in P occurs in one or two turnover
times of the large eddies; this is entirely due to the nonlinear interactions. The enhancement of P
causes Q to decay rapidly, which, in turn, lessens the rate of energy decay.
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(24)

The quantity Hm = / A - Bd3x is called the magnetic helicity and is basically a
measure of the amount of electric current that flows along the magnetic field.

Once again, we consider what might happen as R, Rm —* <». On the basis of the
consideration that the dissipation rate might remain finite for those quantities whose
decay integrands contain the highest number of spatial derivatives, it is again natural
to assume that energy might decay while magnetic helicity is conserved.

In this discussion, as in the section that discusses two-dimensional MHD, the
assumption that cross helicity, Hn decays on the same time scale as the energy E is

FIGURE 7. Contour plots of the vector potential field, a(\). Shown are lines of a(x) = const.
Since B • Va = 0, these are instantaneous magnetic field line plots, with the field line strength
inversely proportional to the line spacing. The plots are for times t = 0 (a), I = 500 (b), / = 1000
(c), and t = 2500 (d).
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FIGURE 8. Contour plots of the electric current,y(x). The plots are times t = 0 (a), t = 500 (b),
/ = 1000 (c), and / = 2500 (d). Complicated small scale dynamics involving localization of
current are apparent.

implicit. There are some subtleties, however, because the decay of Hc and Hm are not
necessarily monotonic: the right-hand sides of (20) and (24) are not negative definite.
Recently, there has been a suggestion by Grappin, Frisch, Leorat, and Pouquet that
cross helicity may decay less rapidly than energy,34 which, if true, will alter the
conclusions presented here. If energy were to decay, but not Hc or Hm, then the decay
could be to a finite-velocity equilibrium that might support a pressure gradient, as will
be seen after the following considerations are made clear.

Suppose first that E were to decay to its minimum value compatible with
conservation of Hm, unconstrained by any conservation or partial conservation of Hc.
Then the kinetic energy would be zero and the resulting variational problem would
involve magnetic quantities alone.

The minimum of E, subject to the constraint Hm = const., leads to the Euler
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d

and

dt

dHc _ d

dt dt

(19)

(20)

The three nondissipative invariants £, /I, and Hc, are the total energy, the mean
square vector potential, and the "cross helicity," respectively. The possibilities for
selective decays as R, Rm -— oo are more numerous, but we might explore first the

2 5 0 . CO

FIGURE 5. The time evolution of mean square vector potential, energy, and the sum of
enstrophy and mean square current, each divided by its initial value, for the MHD simulation
with R = Rm = 200.

consequences of assuming decay of E to its minimum value compatible with
conservation of A. The spectral representations of (18), (19), and (20), by analogy with
the Navier-Stokes considerations of the previous section, suggest a dissipation range in
which the spectra of w andy peak at higher and higher values in order to keep dE/dt of
0(1).

If £ is minimized subject to conservation of A, then the kinetic energy will have all
been dissipated and the magnetic energy will have decayed to its minimum value
compatible with the initial value of A The Euler equation for this minimum problem
is

V2a - Xa = 0, (21)

where X is a Lagrange multiplier, which, for periodic boundary conditions, must be



Current at t = 1540.0
L
Vorticity at t = 1540.0

FIG. 21. Current and vorticity fields from ao.N=2S6 solution at t= 1540.

By r~300 in this solution, the last coalescence between
vortices has taken place, and the remaining dynamics are
primarily dissipative. Figure 21 shows the current and vor-
ticity at t = 1540, after most of the nonaxisymmetric tran-
sients from the coalescence have been removed. To our
knowledge, this is the first report of such an end-state for
high Reynolds number MHD turbulence. The current is in a
magnetic dipole state, with one vortex of either sign, but
there is a noticeable asymmetry. The positive (blue) vortex is
larger and stronger and is surrounded by a negative ring,
which the negative vortex lacks. The vorticity extrema have
the same sign, but also differ in size and strength.

It is possible to express a stationary state of 2D MHD in
terms of functions of the vector potential

(23)

In figure 22(a), we show a scatter plot of iff vs. a in the final
state. There remains an appreciable amount of noise which is
dying away very slowly, but iff does appear to be converging
to a single-valued function of a. Notice that the magnitude
of iff is much smaller than a because of the conservation of
A. Figure 22(b) shows scatter plots of j and f vs. a, in which
both fields are nearly single-valued functions of a. The mag-
nitude of f relative to j is much greater than that of iff rela-
tive to a. At £=300, when the dynamics begin to be domi-
nated by dissipation, the vorticity in the stronger vortex is
16% of the current. The vorticity, however, dissipates more

rapidly due to being distributed over smaller scales, and the
ratio of extrema in the strong vortex has decreased to 8% by
the time of this figure.

In predicting the end-state of turbulent evolution, one
constraint on the functions ^ and J is that the state must be
stable. Sufficient conditions for nonlinear stability in 2D
MHD have been derived by Lyapunov techniques.39 For a
purely magnetic state, this condition is J'^0. Our state
clearly has regions where J'>0, and so does not satisfy
these stability conditions, even when finite ¥ and £ are taken
into account. Maximum entropy statistical arguments also
give rise to predictions of fluid end-states. In the case of
neutral turbulence, one prediction is that
f = - 1 yolsinhdyjl^),40 or that iff satisfies the "sinh-Poisson"
equation. Because solutions of neutral 2D turbulence at very
long times inevitably evolve towards a final dipole state,
with a single vortex of either sign,41'42 the final state is al-
ways qualitatively similar to a sinh-Poisson state. Discrepan-
cies may arise in the relative positioning of the vortices or
from differences in size and shapes of the final vortices,
though the latter can be accommodated by refinements to the
entropy argument at the cost of increasing the number of free
parameters.43

Because of the formation and interaction of magnetic
vortices, MHD should always reach a magnetic dipole in its
final state. Furthermore, the relative positions of the vortices
is predetermined due to the repulsive force between them.
Therefore, statistical predictions of MHD44 should enjoy the

Phys. Plasmas, Vol. 2, No. 10, October 1995 Kinney, McWilliams, and Tajima 3637
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FIG. 22. Scatter plots of ft vs. a (a) and ; and f vs. a (b) at t= 1540. For
clarity, a uniform subset of the points are shown in (a).

same qualitative agreement with the final states of particular
solutions. However, our state clearly does not resemble the
"selective decay" predictions6 iff « a, j « a, and there
remains a significant degree of asymmetry between the final
vortices. We believe that the specific shape of the final state
of a particular solution is sensitive to its initial conditions,
which determine the initial sizes and strengths of the mag-
netic vortices as well as, ultimately, their subsequent interac-
tion history. During the course of interacting with other vor-
tices, the final survivors may or may not acquire rings and
may end up with a range of sizes and strengths. The vorticity
profile of a final vortex is particularly sensitive to initial
conditions because the vorticity is carried nearly passively
by structures whose interaction is primarily magnetic.

We have computed solutions of decaying 2D MHD at
high Reynolds number for a variety of initial conditions with
initial spectra which are peaked in a narrow band at a wave-
number well separated from the minimum wavenumber. We
have observed a long-lived period of self-similar evolution
which occurs for all Reynolds numbers considered and all
initial configurations with magnetic energy above a certain
threshold. The self-similar evolution is characterized by
power-law time dependencies of second-order moments,
fixed ratios of enstrophy production conversion and dissipa-
tion, and an energy partition at intermediate scales in which
Ev(k)<**0AEB(k). Measures of the intermittency of the cur-
rent field and local measures of alignment between the mag-
netic and velocity field at mid-to-small scales grow consis-
tently during the self-similar evolution. The fluid is
dominated by coherent magnetic vortices, which control the
turbulent cascade indirectly through current sheets generated
during close encounters between the vortices.

When the initial ratio of kinetic to magnetic energy is
sufficiently large (3= 1000), the dynamics are that of a neutral
fluid with the magnetic potential, a, a passive scalar. When
the initial ratio is 100, the magnetic field is active, but mostly
at small scales. Spectrum shapes are close to those in the
magnetically passive cases, and the dynamics are predomi-
nantly neutral, but the enstrophy production rate continues to
be significant, and dissipation is strongly enhanced over the
magnetically passive solutions. All other solutions eventually
reach magnetic dominance at all scales. Solutions with initial
energy ratios ^ 1 quickly reach such a state while those with
ratios > 1 and < 100 reach it only after undergoing a slower
phase of spectrum adjustment.

During the self-similar evolution, the kinetic and mag-
netic enstrophies decay with the same power-law time de-
pendence. The energies do not decay at the same rate; there
is consistent loss of Ev relative to EB. This is because ener-
gies are strongly influenced (in different ways) by the finite
size of the system, but the enstrophies are not. The enstrophy
budget may be broken down into three simultaneous pro-
cesses: production of magnetic enstrophy, conversion of
magnetic to kinetic enstrophy, and dissipation of magnetic
and kinetic enstrophies. The rates of all these processes may
be fit to the form G r ' l 9 + G , r 2 3 in which the coefficients
G are such that the t~19 terms give no contribution to Wj
and W^, which consequently evolve as t~23. This suggests a
powerful foreground process in which enstrophy is produced
and dissipated with no net contribution to the total enstrophy.
Overwhelmed by this is a subtler background process which
actually determines the net enstrophy evolution.

The fluid is intermittent; probability distributions of cur-
rent and vorticity are exponential rather than Gaussian. Fur-
thermore, the intermittency of the current grows during the
self-similar evolution. Alignment of the velocity and mag-
netic fields at large scales is weak, but alignment at smaller
scales (i.e., between current and vorticity gradients) grows
along with the degree of intermittency. The spectrum shape
acquires a k ~3'2 shape near the time of maximum dissipation
but afterwards steepens considerably towards a k ~5/2 depen-

3638 Phys. Plasmas, Vol. 2, No. 10, October 1995 Kinney, McWilliams, and Tajima



Turbulent relaxation 309

FIGURE 7. Three-dimensional plot of 0-45 x jZmax(x, y,t = 74-4).

magnetic) spectra are plotted vs. wavenumber in a somewhat unconventional
way. The energy spectrum E{k'x, k'y, k'z), say, is summed over all mode numbers
k'x,k'y=j, kin the two poloidal directions and over all values of k'z up to kz — kz.
The result has to be a monotonically increasing function of kz which may be
called the 'accumulated spectrum'. A similar accumulated spectrum can be
computed for dissipation, upon multiplying the magnetic energy spectral
contributions by 2(k'x+k'y+kz

2)/S and summing again. A computation which
had resolved all dynamically-participating wavenumbers would show a per-
fectly flat accumulated spectrum immediately to the left of the maximum kz (in
this case, 32). Figure 11 shows, at time t = 19-7, the accumulated energy and
dissipation spectra for the S = 250 run under discussion (for accumulated
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FIGTJKE 9. (a) Three-dimensional perspective plot in the (x, y) plane at z = 2n of the alignment cosine, j . B to t/( jBtoi).
(a) t = 0, (b) 12-0, (c) 39-3, (d) 74-4; relaxation toward a force-free state is apparent.
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FIGURE 10. Three-dimensional perspective plot in the (x, y) plane at z — 2n of A = j . Btot/(j?£ot).
(a) t = 0, (b) 12-0, (c) 39-3, (d) 74-4.
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