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n(r)� EC (r)
“Poisson” Equation

EC (r)� n(r)
Transport Equation

Boltzmann Transport Equation

Schrödinger Equation

NEGF

etc.

I)  Introduction: device simulation

�1

gate

µµ1 µµ2LDOS(x,USCF ,E)

�2

1) Compute USCF

2) Compute LDOS

Fill LDOS
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I)  Introduction: nanowire MOSFET

coaxial gate

n+ n+p

tins

L

twire
x
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I) Introduction: semiclassical

E

k

E
F2

E
F1

x

E
n
er
g
y

x0

EC (x)

LDOS(x,E) ~
1

E �EC (x)

�TOP
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I)  Introduction: semiclassical ballistic transport

E

k

E
F2

E
F1

x

E
n
er
g
y

x0

n(x0) = � LDOS1 (E, x0) f EF1( ) +LDOS2 (E,x0 ) f EF2( )[ ]dE

�(x)

�TOP

ID =
2q

h
� T (E) f EF1( ) � f EF2( )[ ]dE

VGS=VDS = 0.6
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II) Solving the Wave Equation

�
h
2

2m*

d2�

dx 2
+ EC (x)� = E�

d 2�

dx 2
+ k 2� = 0

k �
2m* E � EC (x)[ ]

h

�(x,t) =�(x)e�iEt / h
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II)  Solving the Wave Equation: Bound States

EC(x)

1
x

32 4 N(N-1)

a

�
h
2

2m*

d2�

dx 2
+ EC (x)� = E�

finite differences

E
n
e
rg

y
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II) Solving the Wave Equation:  Discretization

1
x

32 4 N(N-1)

a

�
h
2

2m*

d2�

dx 2
+ EC (x)� = E�

d 2�

dx 2
i

=
� i�1 �2� i +� i+1

a2

�t0� i�1 + 2t0 +ECi( )� i � t0� i+1[ ] = E� i

i = 2, 3….N-1

t0 �
h
2

2m*a2

�(0) = 0 �(L) = 0
N-2 unknowns
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II) Solving the Wave Equation

�t0� i�1 + 2t0 +ECi( )� i � t0� i+1[ ] = E� i

H�� = E��

N-2 x N-2 (N-2) x 1

(i = 2, 3…N-1)

�t0 (2t0 + EC1) �t0

�

�

�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�

�t0 (2t0 +ECi) � t0 = E
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II) Solving the Wave Equation

EC(x)

1
x

32 4 N(N-1)

a

H�� = E��

�1

�2

�3

�4eigenvalue

problem
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II)  Solving the Wave Equation: open systems

0 L

x

device contact 2contact 1

1eik1x

re�ik1x
teik2x

EC (x)� �qV (x)
SOURCE

contact in

thermal

equilibrium

DRAIN

contact in

thermal

equilibrium

source injection:  “scattering states”
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II) Solving the Wave Equation

0 L
x

device contact 2contact 1

te�ik1x

r e�ik2 (x�L )
1eik2 (x�L )

EC (x)� �qV (x)
SOURCE

contact in

thermal

equilibrium

DRAIN

contact in

thermal

equilibrium

drain injection:  “scattering states”
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II) Solving the Wave Equation: A 1D Device

1
x

device contact 2contact 1

1eik1x

re�ik1x
teik2x

0 32 4 N(N-1) N+1

a

�
h
2

2m*

d2�

dx 2
+ EC (x)� = E�

E � Ĥ( )� = 0

Ĥ� = E�
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II) Solving the Wave Equation

E�i � �t0� i�1 + 2t0 + ECi( )� i � t0� i+1[ ] = 0

EI �H( )�� = 0

N x N N x 1

but there is a problem at the first node (i = 1) and the last

node, (i = N) because they couple to nodes outside  the device.

(i = 1, 2…N)

�t0 (2t0 + EC1) �t0

�

�

�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�

�t0 (2t0 + ECi ) � t0
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II) Solving the Wave Equation: Open boundary conditions

1 x

device contact 2contact 1

1eik1x

re�ik1x
teik2x

 0 32 4 NN-1 N+1

a

E�1 � �t0�0 + 2t0 + EC1( )�1 � t0�2[ ] = 0 (i = 1)
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II) Solving the Wave equationn: Treatment of i = 1

1 x

1eik1x

re�ik1x
teik2x

 0 32 4 NN-1 N+1

a

�(x) =1eik1x + re� ik1x x � 0

E�1 � �t0�0 + 2t0 + EC1( )�1 � t0�2[ ] = 0 (i = 1)

�(x = 0) =�1 =1+ r

�(x = �a) =�0 = e
�ik1a + reik1a
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II) Solving the Wave Equation: Open boundary conditions

�0 =�1 e
ik1a � eik1a �e�ik1a( )

E�1 � �t0�0 + 2t0 + EC1( )�1 � t0�2[ ] = 0

to account for the open boundary condition at x = 0, we

1) add                 to the diagonal

2) add                          to the first column of the RHS

�t0 e
ik1a

t0 e
ik1a �e�ik1a( )
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II) Solving the Wave Equation

EI�H ��1��2[ ]�� = S = i�

�t0 (2t0 + EC1) �t0

�

�

�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�

N x N Hamiltonian

�t 0e
ika�

�

�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�

�t0 e
ika

�

�

�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�

N x N lead “self-energies”

0

0

0

� �1(1,1) � � 1

* (1,1)[ ]
0

0

M

0

�

�

�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�

N x 1
“broadening”

�1
�2

M

�N

�

�

�

�

�

�

�

�

�

�

�

�

�

�

N x 1
wavefunction

0

�t0e
ik1a

�t0e
ik2a
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II)  Solving the wave Equation: The solution

EI�H ���11 ��� 22[ ]�� = S

�� =GRS

formal solution:

GR (E) = EI�H ��1��2[ ]
�1

(N x N retarded Green’s function)

(not an eigenvalue problem - energy continuous)
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II) Solving the Wave Equation: The self-energies  and k

x

1eik1x

re�ik1x
teik2x

EC (x)� �qV (x)

�t 0e
ika�

�

�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�

0

�t0e
ik1a

�1 =
E � EC0 = h

2k 2 2m*

k1 = 2m E �EC 0( ) h

there is NO E(k)
in the device!
k refers to the
leadk2 = 2m E �ECL( ) h
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II) Solving the Wave Equation: Ek in the leads

x

a

infinite lead

n (n+1)(n-1)

�
h
2

2m*

d2�

dx2
+ EC� = E� �

h
2

2m*

�n+1 �2�n +�n�1

a2
�

�

�

�
= E � EC( )�n

�n = e
ikna Ek = EC + 2t0 1� coska( )

t0 �
h
2

2m*a2
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II) Solving the Wave Equation: Ek in the leads

E = EC + 2 t0 1� coska( ) t0 �
h
2

2m*a2

E

Ek =
h
2k 2

2m*

� a�� a
k

4t0

be sure!

E << 4t0
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III) Computing n(x): in the bulk

n(xi) = �k (xi)
k

�
2
f E �µ( )

L

�k =
1

L
eikx

xi

x

n(xi) =
1

L k

� f E �µ( )

(normalization length)
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now attach a device to a bulk contact …..

L

�k =
1

L
eik1x

x

n(x) = �k1
(x)

k

�
2
f E �µ1( )

absorbing
contact

devicecontact

k of injected
electron

computed
wavefunction
within device

Fermi
function

of contact

III) Computing n(x)
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III) Computing n(x)

n1(xi) =
1

L
�k1
(xi)

k1

�
2
f E �µ1( )

sum over the distribution
of injected k’s from
source contact

computed assuming
unit amplitude
injected wave

weight by Fermi
function of the
source

normalization length
in the contact

�k =
1

L
eik1x
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n1(xi) =
1

L
�k1
(xi)

k1 > 0

�
2
f E �µ1( )

n1(xi) =
1

L

L

2�
� 2 dE

dk1
dE

�k1
(xi)

2

0

�

� f E �µ1( )

Electron density in the device due to injection from contact 1.

We can write this as:

III) Computing n(x)
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n1(xi) =
1

�

dk1
dE

�k1
(xi)

2�

�	
�


�
f0 E �µ1( )dE

0

�

�

this is the portion of the local density-of-states within the device due
to injection from the source.

LDOS1(xi,Ek ) � 2 �
A1(xi,Ek )

2�

III) Computing n(x)
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n(xi) = LDOS1(xi,E) f0 E �µ1( )dE
0

�

� + LDOS2(xi,E) f0 E �µ2( )dE
0

�

�

III) Computing n(x)

can be computed semi-classically
or

quantum mechanically
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II) Computing n(x): local DOS in a MOSFET

LDOS1(xi ,E) =
1

�

dk1
dE

�k1
(xi)

2�

��
�

��
LDOS2(xi ,E) =

1

�

dk2
dE

�k2
(xi)

2�

��
�

��

LDOS (E,x)

quantum

interference

quantum

tunneling
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III) Computing n(x)

(on-state, VDD = 0.4 V)

LDOS(x,E) = LDOS1 (x,E) + LDOS1 (x,E)

n1(x,E) = f1(E)LDOS1 (x,E)

n2(x,E) = f2(E)LDOS2(x,E)

LDOS(x,E) n(x,E)
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III) Computing n(x): bound states again

�1

1eik1x

re�ik1x
teik2x

� = h �

“broadening”
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IV) Computing ID

I1�2 =
q

L
T1�2 E( )� k

k>0

� f E �µ1( )

2� L

1 k32 4  NN-1

dk

(2� /L )
�2

states in dk

let’s derive the current expression beginning with:
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IV) Computing ID

I1�2 =
q

L
T1�2 E( )� k

k>0

� f E �µ1( )

I1�2 =
q

�
T1�2 E( )� k f E �µ1( )� dk�

•
k>0

� �
L

�

�

�
�

�

�
	 • dk
k>0
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IV) Computing ID

I1�2 =
q

�
T1�2 E( )� k f E �µ1( )

k>0

� dk

=
q

�
T1�2 E( )

dE

d(hk)
f E �µ1( )

k>0

� dk

I1�2 =
2q

h
T1�2 E( ) f E �µ1( )

0

� dE
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ID = I1�2 � I2�1

IV) Computing ID

I1�2 =
2q

h
T1�2 E( ) f E �µ1( )

0

� dE

I2�1 =
2q

h
T2�1 E( ) f E �µ2( )

0

� dE
can show:
T1�2(E) = T2�1(E)

(ballistic)

ID =
2q

h
T E( ) f E �µ1( ) � f E �µ2( )[ ]

0

� dE
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IV) Computing ID: Finding T1-2(E)

1eik1x

re�ik1x

t eik2x

device

0 L
x

Jinc

Jrefl

Jtrans

Jtrans = Jinc � Jrefl

T1�2 (E) =
Jtrans
J inc

= 1�
Jrefl
J inc

= 1� r
2

Jinc =
hk1
m*

Jrefl =
hk1
m*

r
2
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IV) Computing ID: Finding T1-2(E)

T1�2(E) =1� �1 �1
2

1eik1x t eik2x

1 x

re�ik1x

 0 32 4  NN-1 N+1

a

�(x) = 1eik1x + re�ik1x x � 0

�(x = 0) =1+ r =�1
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IV) Computing ID: T1-2(E) for a MOSFET

EC (x)E
ne

rg
y

EnergyPosition

T
(E

)

T1�2(E) =1� �1 �1
2
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V)  Discussion: The wavefunction approach

EC (x)

position

en
er

gy

1) Guess EC (x)

2) For each energy:

3) Determine n (x):

4) solve Poisson for EC (x)

5) go to 1

6) Determine ID

EI�H ���1��� 2[ ]�� = S

n(xi) = n1(xi) + n2(xi)

ID = I1�2 � I2�1
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V)  Discussion: Key Results

EI �H ��1��2[ ]
NxN
��Nx1 = i ��Nx1 ��Nx1 = iGNxN��Nx1

GNxN = EI �H ��1 ��2[ ]
NxN

�1
n1 (xi) = 2 �

A1(Ek,xi)

2�0

ETop

� f EF � Ek( )dEk

A1(xi,E)

2�
=
1

2�

dk

dE
�k (xi)

2�

�
�

�

�
�

I 1�2 =
2q

h
T (E)

0

ETop

� f Ek( ) dEk

T (E) =1� �1 �1
2

Can we do everything
with the  Green’s

function?
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V)  Discussion: density matrix

We need �*� at each node. 

We have:

�� =

�1
�2

�N

�

�

�

�

�

�

�

�

�

�

�

�

�

�

����H = G��1( ) ��1
��GH( )

�1
*�1

�2
*�2

�3
*�3

�N
*�N

�1
*�2 �1

*�3 L

�2
*�1

�3
*�1

M
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V)  Discussion: density matrix

n1(xi) =
1

�

dk

dEk0

ETop

� �k (xi)
2
f Ek( )dE

��1 =
1

�

dk

dEk0

ETop

� G��1��1
��GH{ } f E( )dE(N x N)

(N x 1)

��1 =

i �1(1,1) � �1
*(1,1)[ ]

M

0

�

�

�
�
�
�

�

�

	
	
	
	

=

2t0 sinka

M

0

�

�

�
�
�
�

�

�

	
	
	
	

��1 ��1
H =

4t0
2 sin2 ka K 0

M O

0 0

�

�

�
�
�
�

�

�

�
�
�
�
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V)  Discussion: density matrix

��1 =
1

�

dk

dEk0

ETop

� G��1��1
��GH{ } f E( )dE

��1 ��1
H =

4t0
2 sin2 ka K 0

M O

0 0

�

�

�
�
�
�

�

�

�
�
�
�

E k( ) = 2t0 1� coska( )

dk

dE
=

1

2at0 sin ka
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V)  Discussion: spectral function

��1 NxN
= � 2 �

A1 NxN

2�
f EF � E( )dE

A1 =G��1G
H

a

�

dk

dE
�� ���� � ��1 =

2t0 sinka L 0

M O

0 0

�

�

�
�
�
�

�

	






= i 

1 � 

1
H( )
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V)  Discussion: transmission

EC (x)

1eik1x t eik2x Jinc =1�1

Jtrans = t
2
�N

T = t
2 �N

�1

�

�
� �

�
�

�1 =
2at0
h
sink0a =

a

h

�

�
�

�

�
��1(1,1)

�N =
2at0
h
sinkNa =

a

h

�

�
�
�
�2(N ,N) �N =G(N ,1)�1(1,1)

t
2
= �N

2
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V)  Discussion: transmission

T (E) = t 2
�N
�1

= �N

2 �2 N ,N( )
�1 1,1( )

= G N ,1)( )�1(1,1)
2 �2 N ,N( )
�1 1,1( )

T (E) =G N ,1( )�
1

* 1,1( )GH N ,1( )�2 N ,N( )

more generally, for transmission from contact 1 to 2:

T (E)= trace �1G�2G
H[ ]
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V) Discussion: key results in NEGF form

G = EI�H ��1��2[ ]
�1

��1 = 2 �
dE

2�
A1(E)� f EF � E( )

A1(E) =G��1G
H

I1�2 =
2q

h
T1�2(E )� f EF � Ek( ) dE

T 1�2(E ) = trace ��1G�� 2G
H[ ]

��1 =

�t 0e
ik1a 0 ...

0 0 ...

... ... ...

�

�

�

�

�

�

�

�

��2 =

... ... ...

... 0 0

... 0 �t0e
ikNa

�

�

�

�

�

�

�

�

��1 = ��1 � ��1
H

�� 2 = ��2 � ��2
H
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V) Discussion: What else?

1) scattering

2) two and three dimensions

3) atomistic basis

4) boundary conditions

5) many body effects

6) …
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1) The NEGF provides  a convenient formalism for
solving the Schrödinger equation with open boundary
conditions.

2) NEGF also provides a rigorous basis for going beyond
the  single electron Schrödinger equation.

3) NEGF is rapidly becoming an essential tool for device
engineers.

4) For more information, see

www.nanohub.org


