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) Introduction: device simulation

“Poisson” Equation

n(r) — E.(r)

/ '
\ Transport Equation

E.(r) — n(r)

Boltzmann Transport Equation
Schrédinger Equation

NEGF

etc.

. _gate g

LDOS(x,U -, E)
N B
" Y

2

1) Compute Uge

2) Compute LDOS
Fill LDOS




) Introduction: nanowire MOSFET

coaxial gate

wire




l) Introduction: semiclassical

% LDOS(x,E) ~ !
g E-Eq(x)




l) Introduction: semiclassical ballistic transport

A E VGS=VDS =06

Ballistic peaks

Energy

n(x) = | [LDOS,(E,x,) f(E,,) +LDOS,(E,x,) f(Ey, )JdE

I, = %f T(E) f(Ep)- f(Er,)]dE
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2) Solving the Wave Equation
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II) Solving the Wave Equation

1I’(x,t) _ w(x)e—iEt/h

! o dy

—-— + E
2m dx’ (XY
d*y
o +k*y=0




II) Solving the Wave Equation: Bound States

Energy

nod*y
2m dx’

+ EC(X)IP = EyY

| a |
ey
12 3 4 (N-1) N

___________________________________

finite differences

v




II) Solving the Wave Equation: Discretization

nod*y
"o di’ + E.(x)y = Ey [_tol/%'—l +(2t0 +ECi)wi - tol/Jm] =Ly,
1=2,3....N-1

d*y _ Vi~ 2+, ‘= n’

dx’ ; a’ " om'a?
N-2 unknowns

vo=o e W(L)=0
\ - a 7

___________________________________

v




II) Solving the Wave Equation

[_towi—l + (2% + ECi)lpi - to¢i+1:| =Ly, (i=2,3..N-1)

Hy = Ey N

AVARERN

N-2xN-2 (N-2)x 1

fy (24+Eg) —1
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II) Solving the Wave Equation

eigenvalue

problem

___________________________________

v




II) Solving the Wave Equation: open systems

source injection: “scattering states”

«— contact 1 < device »— contact2 —»
ik ik
161: T e — te'

re +—

DRAIN
SOURC!E E o v contact in
contact in c(x) x—qV(x) thermal
th_e_rm_al equilibrium
equilibrium

| O L

v
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II) Solving the Wave Equation

drain injection: “scattering states”

y

«— contact 1 < device »— contact 2 —»
te_iklx y “—— o 1eik2(x—L)
—ik,(x-L)

p e
e coDnT:c::lin
contact in E.(x)x —qV(x)
thermal thermal
equilibrium equilibrium
| | R
1 | >
0 L

13




II) Solving the Wave Equation: A 1D Device

«— contact 1 » device »— contact2 —»
1 iklx . > N l- lk2x
-k x —
i PR |
ﬁ—'—o—'—.—o—o—o—o—c—o—c—*_—b
04 2 3 4 (N-1) N N+1 X
W d*
- *d";+EC<x>w=Ew A
m. ax (E—H)w=0
Hy = Ey

14




II) Solving the Wave Equation

sz' - [_towzq + (2t0 + ECi)lpi - towm] =0 (i=1,2...N)

(EI-Hpp=0 3.

AVAERN X

N xN N x 1

but there is a problem at the first node (i = 1) and the last
node, (i = N) because they couple to nodes outside the device.

15




II) Solving the Wave Equation: Open boundary conditions

<« contact 1 < device »— contact2 —»
leiklx o > Z_elkzx
re_iklx ——
M | a
<+>
L 01234 NN N+ x

| .~ .

E'/H_"' (Zto +Ec1)w1_towz]=0 (i=1)

16




II) Solving the Wave equationn: Treatment of i = 1

leik‘;{x . > — ™
re "t em————

! I a

| <«

|

| 012 34 N-1 N N+1 X

EW1_+(2t0+E01)UJ1_t0 2]=O (i=1)

P(x=0)=y =1+7

Yx)=1le™ +re™ x<0 ika

Y(x=-a)=y,=e

+re™

17




II) Solving the Wave Equation: Open boundary conditions

El/ﬁ - [_tOWO + (Zto + ECI )Uﬁ - towz] =0

I,U() =1/J1€ikla _(eikla _e—ikla)

to account for the open boundary condition at x = 0, we
1) add -z,¢““  to the diagonal

2) add 7,(¢"“ —¢™“)  to the first column of the RHS

18




II) Solving the Wave Equation

EI H - 21 EZ]IP=S=i)/

AN

\\o

“t, (U, +E.) -,

NN

N x N Hamiltonian

7

0

N x N lead “self-energies

~t,e

ikya

|
||
n

N x 1
» wavefunction

-[zan-2 ]|

0
0

0

N x 1

“broadening”

19




II) Solving the wave Equation: The solution

[EI_H_21 —22]11’ =S
(not an eigenvalue problem - energy continuous)

formal solution:
P =G*S
G*(E)=[E1-H-3,-3,]"

(N x N retarded Green’s function)

20




Il) Solving the Wave Equation: The self-energies and k

ikyx

1eik1x

» e

>
—

E.(x) < -qV(x)

s »
| >

X
_ ika ] — = 212 ’
. fye E-Eq=TNk /2m there is NO E(k)
= in the device!
0 ki = \/2m(E - ECO)/ f k refers to the

ky=2m(E-Eg)/n  lead
21




II) Solving the Wave Equation: E,in the leads

infinite lead

~a,
» . . . . . ’ >
(n-1) n (n+1) X
n duy ne Y, =20, +9,.]
~ FE =F ‘ _ n+1 n n-1 — _
2m dx’ HEcy v 2m*|_ > | (E Ec)%
Y =e"" wmp E, = E.+2t,(1-coska)
h2

. =
0 * 02
2m a 22




II) Solving the Wave Equation: E, in the leads

E A
212
E, - h k* |
2m \‘\
~
I \
~mfa

E=FE- + 2t0(1 - coska)
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[Il) Computing n(x): in the bulk

“F(E - p)

n(x) =Y |y, (x)

n(x)= 3 F(E-p)

L |
(normalization length)

v
x

X; 25




l1I) Computing n(x)

now attach a device to a bulk contact .....

contact device

A
N\l ™

>
6=

4

| F(E-w)

‘ L k of injected absorbing
contact
. X electron
computed Fermi
wavefunction function

within device of contact




[II) Computing n(x)

sum over the distribution
of injected k’s from
source contact

F(E-u)

m(x) =7 3 [, ()

e |

normalization length computed assuming weight by Fermi
in the contact unit amplitude function of the
1 ik x injected wave source

Ve 77 ¢ -




l1I) Computing n(x)

1 >

m(x) = 3 |w, G| f(E - )
n(x.)=l£x27dE%\w ) F(E-m)
I\ £2J‘L’ g dE ky !

Electron density in the device due to injection from contact 1.

We can write this as:

28




[II) Computing n(x)

) - flldk

'

LDOS,(x,E,)=2x

2}fo(E - M)dE
Alx,E,)
27T

this is the portion of the local density-of-states within the device due
to injection from the source.

29




[II) Computing n(x)

n(x,) = }LDOSI(xi,E)fO(E - w,)dE + }LDOSz(xi,E)fO(E — ,uz)dE

~ 7

can be computed semi-classically
or
gquantum mechanically

30




II) Computing n(x): local DOS ina MOSFET

1 dk 1 dk,
LDOS,(x,,E) = l ‘wkl ] LDOS,(x,,E) = [ \wkz }
quantum
tunneling
3
2 0.1 quantum
interference

ATE](

31




[II) Computing n(x)

(on-state, V, = 0.4 V)

0.1 0.1
B
I
. >
£ K
- z
3—0.1 ....... 2 =041
=, ur’
ul c
<
-0.3 -0.3
0.5 I — -0.5
-10 0 X (nm) 10 20 -10 0 X (nm) 10 20

LDOS(x,E) = LDOS, (x,E) + LDOS, (x,E)

n,(x,E) = £ (E)LDOS, (x,E)

ny(x,E) = f,(E)LDOS,(x,E)




[Il) Computing n(x): bound states again

D E— l}/=h/r

“broadening”

te

ikyx

33
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4) Computing I,
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V) Computing |

let’s derive the current expression beginning with:

I, = QE (E :“1)

k>0
2a' L
—*—o—o—o—o—o—:—_—:—t—o—t—c—+—>
12 3 4 N-1 N k
< >
dk 2
Qn/!L)

states in dk 35




V) Computing I,

36




V) Computing |,

q
11—2 =
T k>0
_4d
2q
Il 2 =

37




V) Computing |,

ID = 11—2 _12—1
2 ™
I, _Zq{ 7;—2<E)f(E_‘ul)dE
5 > can show:
I, = qu T,,(E)f(E -u,)dE T, ,(E) =T, (E)
0 _/ ) )
(ballistic)

1, =24 [ T(E)[A(E - 1) - F(E - )]

0

38




V) Computing I5: Finding T, ,(E)

ik x Jinc Jtrans "
le ° > lel x
device
Jreﬂ
I ! > X
0 L
hk hk | e
= - Jine = 4} e =— 17
S irans = Jine Jreﬂ m on= I

J ‘]l’e
TI—Z(E)=%=1— 7 /! =1—|r|2

mnc inc

39




V) Computing I5: Finding T, ,(E)

leiklx . > " ikyx
—ik x
T T T T | a
: I «—>
ﬁﬂ—o—o—o—o—o—o—o—o—o—o—o—ﬁ-—»
|
L 01234 N-1 N N+1  x
Y(x) = 1™ 4 re ™ x=0

Yx=0)=1+r=y,
2
TI—Z(E) =1—|¢1 _1|

40




V) Computing I5: T,,(E) fora MOSFET

Energy

T, (E) =1-|y, -1’

Position

-0.4

-0.2

Energy

0.2

41
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V) Discussion: The wavefunction approach

1) Guess E,(x)
2) For each energy:

[F1-H-3,-3,Jp -5
3) Determine n (x):
n(x,)=n(x,)+n,(x,)

4) solve Poisson for E(x)

ARRARRRRRRARRARNAR IR e

energy
FEEEEEEre g e e e —

5) goto1
— = ——— +
position 6) Determine I,

ID = 11—2 - 12—1
43




V) Discussion: Key Results

[EI -H _El _Ez]NxNWle = iYle Yy = iGNxNYle

1

A(E,x) Gy =[EI-H-3,-3, ]«

27 f(EF _Ek)dEk

)

Er,p
n (x;) = f2><
0

A (x,E) _(1 oo
- k\7Vi

27 2w dE
Can we do everything
with the Green’s
function?

-2 =7‘1 fT(E)f E,)dE,

T(E)=1-\¢1-1\

44




V) Discussion: density matrix

We need 'y ateachnode. wy" =(Gy,)(v}G")

M v v )
I"’ZI TRV
V=) Yy %%\
] :
{%‘ \_ Usiby

45




V) Discussion: density matrix

Erp 1 dk
2
(Nx1) n(x;)= ;dE ’UJk(xi) f(Ek)dE
0 k
e gk
(N x N) o= [ ———1Gyy2GH f(E)dE
‘{J‘L’dEk{ i } ( )
[5,0.0-2aD]| [2sinka] 412sin’ka ...
V1= : - . Y1Y1H=
0 0 0

46




V) Discussion: density matrix

Ez,p
P = { %j—é{lev?GH}f(E)dE

RN

E(k)=2t,1- coska) 417 Si‘n2 ka -

dk 1 YYo=
dE 2at,sinka 0

47




V) Discussion: spectral function

2t,sinka -+

A,
2

JT

A, =GIG"

=i(z, -2

o= 2ax—LNf(E, - E)dE

48




V) Discussion: transmission

1 e ik x te iy ‘]inc = 1ﬁUl

>

‘Itrans = ‘t ‘ Uy

E.(x) )
T =l
2at, . a 2 2
v, = hO s1nk0a=(h)rl(1,1) |l‘| =‘¢N‘
2
v, =20k ( N ¥y =G(N,DT,(1,1)

Uy

U,

|

49




V) Discussion: transmission

I,(N.N)
I(L1)

I,(N,N
T(E)=\42U_N=|¢N|2 2(N.N)
1

-lG(v)ranf
v, T (L1) =[G(v-D)ra,

T(E)=G(N1) (L1)G"(N,1)I,(N,N)
more generally, for transmission from contact 1 to 2:
T (E)= trace [I‘IG I‘zGH]

50




V) Discussion: key results in NEGF form

-1 [—toeikla 0 -l
G=[FI-H-3,-3,] ==l 0o o .l
- fon o, - I |
P 1

A(E)=GI'|,G" 2, =].. 0 |
[ 0 —toeikN“J

1 2

fT‘ (E)f(E, - E,)dE

T'7(E) = trace [I‘l GI’ 2GH]

51




V) Discussion: What else?

scattering

two and three dimensions

boundary conditions

)
)

3) atomistic basis
)
) many body effects
)

52




Spring College on Science at the Nanoscale - Trieste, Italy, June 2004

6) Summary
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The NEGF provides a convenient formalism for

solving the Schrédinger equation with open boundary
conditions.

NEGF also provides a rigorous basis for going beyond
the single electron Schrédinger equation.

NEGF is rapidly becoming an essential tool for device
engineers.

For more information, see

www.nhanohub.orqg
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