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2001 — Remarkable progress in the studies
of vr— mixing and oscillations

e June, 2001: SNO CC data 4 SK data — v, and/or v, , in ®g(ve)

e April, 2002: SNO NC data — evidences for v,, and/or 7, in
®r(ve) strengthen

e December, 2002: KamLAND

— First compelling evidence for v—oscillations in an experiment
with terrestrial v's

— Evidence for v.,—mixing in vacuum
— ve: LMA solution (CPT)
— KamLAND “massacre’:

VO, QVO, LOW, SMA MSW, RSFP, FCNC, WEPV, L1V,...

e September, 2003: SNO salt phase data,

higher precision measurement of ® (1)



Evidences for v—QOscillations

—Vatm: SK UP-DOWN ASYMMETRY

0z—, L/E— dependences of u—like events
Dominant  Vy, — Ut K2K; MINOS, CNGS

— UV - Homestake, Kamiokande, SAGE, GALLEX/GNO
Super-Kamiokande, SNO; KamLAND

Dominant Ve —7 Vy,T BOREXINO,...
— LSND

Dominant  Vy, —* Ve MiniBOONE

yL = Zl Ujvie l=eu,7 (1)
j:
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g.3 Exclusion plot for neutrino oscillation parameters summarizing the results that
volve coupling to v,. The excluded regions are to the right of the curves. Sensitivi-
:s of the proposed experiments are shown by dotted curves. For references see text.
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MUMERICAL CALCULATIOAS HAVE SHOWA
THAT Ve CAN VADERGO BITH TYPES
OF TRANSITIONS AND THAT
SOLAR MATTER EFFECTS /A

VO~ OSCLLATIOANS CAN BE SUBSTANTIAL
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MSW Transitions of Solar Neutrinos in the Sun
and the Hydrogen Atom

7,—d— ( Ax(t, to) > — < —e(t) €' (t) > ( Aa(t, to) ) (11)
dt \ Ap(t,to) e(t) e(t) Ap(t,to)

where

e(t) = % [ %"2 cos 260 — V2GrN,(t)],

€'(t) = 8% sin 29, with Am? = m3 — m3.

¢ Standard Solar Models

To

N.(t) = N.(to) exp {—t—to}, ro ~ 0.1R, Ro = 6.96 x 105 km

- Introducing the dimensionless variable

t—~tg

Z = iTo\/Q_GFNe(to)e— o, Zo = Z(t = to),
and making the substitution

(Z—Zo)+i ft; e(t)dt

Ae(t,to) = (Z/Zo)cﬂa e Aé(t,to),

we find that the amplitude A/(¢, o) satisfies the confluent
hypergeometric equation (CHE):

{ ZEdZQE_I_(C_Z) Eld?_a}A,e(tatO) —'-——O,

where

. 2 . . 2
a=1+4irg %};—sm%, c=1+41irg %’g




In the case of vy, N.(t) = 0, and

A(Ve — vy)

= Lsin 20 {cb(a —¢,2— ¢, Z0) — el D (g — 1, ¢ Zo)},
S.T.P, 1988; T. Kaneko, 1987; S. Toshev, 1987.

®P(a—-1,¢c;Z) and Z17¢ d(a—c¢,2 —¢; 2Z) -

linearly independent, specified by:

d(a',d;Z —>0)—>1, ad,/#0,-1,-2,...

e Vacuum limit: N.(tg) = 0, or Zg = irgvV2GpN.(to) = O,
dP(a—1,c;0) =1, ®(a—c,2—-¢;0) =1,

and one recovers the vacuum expression for A(ve. — v,).

e Standard Solar Models
20 cm3Na < Ne(to) £ 100 cm—3Na, 1o = 0.1Rg,
which implies

| Zo| = 70vV2GFNe(to) & 500



Using the asymtotic series expansion of ®(d/,c’; Zg) one
finds:

S.T.P, 1988
Po(ve = ve; t,t0) = Po + PY*¢ + P9 + P + Pge,
where
Po = % 4 (5 — P") cos 26m(to) cos 26,

is the average probability and

Ppse = —\/P'(1 — P') cos 20,,(to) Sin 20 cos(®da; — $o2),

onsc —_ \/P’(l — P’) sin 20m(t0) Cos 26 COS((DQI + C"322)v
Pgsc

—2P'sin 20, (to) sin 26 (cos 2P21 + cos2d22),

Pgsc = Lsin 26, (t0) Sin 26 cos 2Py,

are oscillating terms,

P' = |A(v]*(to) — 12)|* = |ATL|? = | A5y %, ®2j = arg(AL)).

In the exponential density approximation

Am?2

24 e "0k
Am2 4
1—e 70 2E

2 o Am2
sincg e 2r9 S

o — Py =S L+ & =22(L — Re) + &sun,

—d = Pp1 — P2 —l—- 2(,03 -+- TO—%%QZTL(T'O\/—Q-GFNe(tO))y

w1 =argl(a—1), oo =argl(a —c), p3 =argl (1 —c).

The expression for Pp(ve — v t, tg) In terms of P/, &5, doy, follows
from general QM considerations.

S.T.P, 1997



The confluent hypergeometric equation describing the v. oscilla-
tions in the Sun, coincides in form with the Schroedinger (energy
eigenvalue) equation obeyed by the radial part, (), of the non-
relativistic wave function of the hydrogen atom, |

W(r) = Ly (r)Yim(0', ¢'),

r, 8 and ¢’ are the spherical coordinates of the electron in the
proton’s rest frame, [ and m are the orbital momentum quantum
numbers (m = —I,...,1), k is the quantum number labeling (together
with /) the electron energy (the principal quantum number is equal
to (k+1)), Ey (Ey <0), and Y;,,(0',¢') are the spherical harmonics.
The function

W, (Z) = Z7/% €2/2 opy(r)

satisfies the confluent hypergeometric equation in which the vari-
able Z and the parameters a and ¢ are in this case related to the
physical quantities characterizing the hydrogen atom:

r
4 =2 — ——Ekl/EI, a=ay=I1+1-— \/——E]/Ekl, cC = :2(l+ 1),

ao

ap = h/(m.e?) is the Bohr radius and E; = mee4/(2ﬁ2) = 13.6 eV is
the ionization energy of the hydrogen atom.

It is quite remarkable that the behavior of such different physical
systems as solar neutrinos undergoing MSW transitions in the Sun
and the non-relativistic hydrogen atom are governed by one and
the same differential equation.

S.T.P.,, 1997
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Ppy=e?™m0, (26)
where
€2(t = tpes) Am? sin®26
|€(t = tres)] : "0 OF cos28

Ang = An(t = tyes) = (27)

is the adiabaticity parameter, which is just the value of the -adia-
baticity function 4n(t) at the resonance point,

nt) = B5 =BT (€2(t) + (1))
| 2 |0m(t)] le(t)€'(t) — e(t)e't)]
] ez (1 — Ner:s 2 %
- ﬁGF(IJA\;e (t§| tan® 26 1+( tan;g 9) , (28)

where N,(t) = 4 N,(t) = £ N,(z). In order for a given type of tran-
~ sition to befad the inequality(4n(t) > 1 should be fulfilled
at each pomt of the neutrino trajectory.SLhe analytic expressmn—for
the “jump” probability, derived for matter (electron, neutron num-
ber) density changing exponentially along the neutrino trajectory
P ezpy Provides a more accurate description of the matter- enhanced
neutrino transitions in a medium (e.g., transitions of solar neutrinos
in the Sun) than PLZ |
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(HS] TIARKUNE  IMVORTRATINY, FALAZEY  S.1. -, <vUvy

vvhere(p = x/ RQ,\zand V(z) is given by Eq. (5). In particular, the effective value of To (in
the limMt"of small k) is given by 277! Rg Im(Z,), namely,

: 1 1 :
@ro —R@ [ dosin (/ dp'\/iGFNe(p@ (29)

+p e’

independently of w (i.e., both in the first and in the second octant).

The above perturbative results show that the asymptotic (k — 0) effective value for g
depends upon a well-defined integral over the density profile N, (3:) Using the SSM profile
for Ne(z) [9,10], we find that

AT

The same value is obtained through exact numerlcal calculations.

The appearance of integrals over the Whole density profile indicates that, for small &, the
behavior of P, becomes nonlocal, as was also recently noticed in [36]. We further elaborate
upon the issue of nonlocality in Sec. VI, where we show that the O(k) perturbative results
are actually dominated by matter effects in the convective zone of the Sun (z/Ry 2 0.7),
where the function N,(z) resembles a power law rather than an exponential.

“In order to match the usual resonance prescription [rg = 7o(Zres)] With the value ry =
R /18.9 in the regime of small &, we observe that, for the SSM density distribution [9,10] it
is ro(z) = Rp/18.9 at z = 0.904 Ry. Thus, we are naturally led to the following “modified
resonance prescription,”

z ro { T0(Tres)  if Tres < 0.904 Ry

R@ /189 0therw1se
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where “otherwise” 1ncludes cases with w > 7 / 4, for Wh1ch Tres 18 not defined. Such a simple
recipe provides a description of P, which is continuous in the mass-mixing parameters, and
is reasonably accurate both in the QVO range (dm?/E < 1072 eV2/MeV) and in the lowest
MSW decade (m?/E =~ few x 1078-10"7 eV2/MeV).

Figure 1 shows isolines of P, in the bilogarithmic plane charted by the variables® ém?/FE €
[10710,107"] eV2/MeV and tan?w € [1073,10].1° The solid lines refer to the exact numerical
calculation of P,, while the dotted lines are obtained through the analytical formula for P,
[Eq. (22)], supplemented with the modified resonance prescription [Eq. (31)]. Also shown
are, in the first octant, isolines of resonance radius for Zres/ Ro = 0.6, 0.7, 0.8, and 0.904.
The maximum difference between the exact (numerical) results and those obtained using
the analytic expression for P, Eq. (22), amounts to |AP,| ~ 7.5 x 1072, and is typically
much smaller. Since P, is not a directly measurable quantity, we propagate the results of

9In all the figures of this work, we extend the dm2 /E interval somewhat beyond the QVO range,
in order to display the smooth transition to the MSW range.

10The variable tan? w was introduced in [39] to chart both octants of the solar v mixing angle w
in logarithmic scale.



