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	 ←→ � �� � � ���

x2 + y2 = 1
�
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(x2 − y2)x2 + y6 = 0
�
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• � 9 $ " � ax+ by = c

• � 9 $ " � �
{
ax+ by = c
a′x+ b′y = c′

� , " � " "�� C *  9 �5$G� 04*-$ " *)� 9 . @ �%" � �5. ; ")( * . 
D " � � *:9 04*-.7. @ �
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• � 9 $ "  �-. *-$4" �
{ {

a1x+b1y+c1z=d1
a2x+b2y+c2z=d2
ax+ by+ cz = d

• � . *-$4"  �-. *-$4" � { a1x+ b1y+ c1z = d1
a2x+ b2y+ c2z = d2
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��� � � � � � � ��� � � �

� � � � � � � �

� " *-.-� �5. C  9 ��$)� �
y2 = f(x)

/ ��. C  9 �5$G� �
y =





0
9 � f(x) = 0

±
√
f(x)

9 � f(x) > 0

− 9 � f(x) < 0
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• x2 + y2 = 1 ⇐⇒
y2 = 1− x2 = (1− x)(1 + x)

H
x ∈ [−1,1]

�

• y2 = x3−1 = (x−1)((x+1/2)2+3/4)
H

x ∈ [1,∞[
�

• y2 = x3 − x = (x− 1)x(x+ 1)
H

x ∈ [−1,0] ∪ [1,∞[
�
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��� � � � � � � ��� � � �

� � � ��� � � � � �

y2 = x
H
x, y ∈ C �������	��
 � �5. ;3*��-. " �

� C �  , ":� 6 �+� " �

Lemma 0.1 Let f :U → C∗ be a continuous
from an open subset of C and γ: [a, b] → U

also continuous. Then for any c ∈ C with c2 =

f(γ(a)) there is a unique continuous ρ: [a, b]→
C∗ with

• ρ2(t) = f(γ(t)) for all t ∈ [a, b],

• ρ(a) = c.

7



& $=( �%� 9 $  , �56 �2 #� �%9 0 0 C � ; " �
C

*-$=(
D
�

C

D

Lemma 0.2 If f as in Lemma 0.1,
γ, γ′: [a, b] → U are end point homotopic and
ρ2 = γ, ρ′2 = γ′ with ρ(a) = ρ′(a) then
ρ(b) = ρ′(b).
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y2 = 1− x2 H x, y ∈ C
�

1− x2:C \ {±1} → C∗

� �+� �3*G� " �%� 9 $  0:,4� � � "
0
�

y:C \ {±1} → C∗
� "%.7. ( "�� $4")( ��$=0 " �! *��� 

9 $ D ;3*-. C " ±1
*-$ ( * , �56 �2 #� � @ 0:. *)� � � ���*  ,G� � � �56 1
 #�

x
,3*G� �%" "%$ 02, � � "%$ �

±1→ ∓1⇒ y → −y
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E

C D

−1 0 1

� , � � � " y(0) = 1
�

y(D)
�

B � � C $=(
1
H
x − 1 = eiθ

H
θ ∈ [0,2π]

H � �
√
x− 1 = eiθ/2

�
−x− 1 = (

√
−x− 1)2

� $ 0 " *�� � C $ ( D 9<;=" �
ei2π/2 = −1

*-$ ( , ":$=0 "
 ,4" �
� C *�� " � � �2 02,3* $ D " � � 9 D $ �

� * 0:' * $=( � �+�� , D 9 ; " � � * 6 " � " � C .  � �  ,3*  
y(D) = −1

/ 9 6 9 . * � . @
y(C) = −1

�
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9 � ,4�56 �2 #� �%9 0  #�  , " 0 ��6 �%�%�>9? #" H
D ◦ C H � � C *-$ (

D
�

� "%$ 0 "
y(E) = 1

�

� ,%9 � D 9<;=" �  ,�*  � C  �>9 ( " � �  ,4" 0 C  #� C  H
|z| ≥ 2

� * @ H

−1 10

x2 − 1
,�*)�  � � 0 �5$  9 $ C � C � �
� C * � " � � �2 � �
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� , ":� " � �+� " H  , " � C �)� "  � �  ,4" 0 C � ;="
{(x, y) ∈ C2 | x2 + y2 = 1 } � �+��� ,:9 02, |x| ≥
2
0 �5$)� 9 �! � � �  � � 0 � �:9 " � � � |z| ≥ 2

�
� ,�*  *��%� C  � ,4" 9 $)�>9 ( " |z| ≤ 2

� � C  C �  ,4"
( 9 � 0 *-. �5$ D

[−1,1]
� B D *:9 $  ,4" �
� C * � " � � �3 �

* � " � ":.7. !( "�� $ "G( * � * @ � � �56  , " 0 C  � C  * � "
9 $  #"%� 02,3* $ D ")( � ,4"%$ �3*G�#�>9 $ D  ,-� � C=D ,  , "
0 C  �

D 9<; 9 $ D *)� 9 $ ; "%��� " 9 6 * D " � �56 "  ,%9 $ D . 9 ' "

12



� �2 #"  ,3*   ,4" � " "%6 9 $ D 9 $  #":��� "G0  9 �5$ 9 $  , "
6 9 (-(1. " 9 � $ � 9 $  #"%� � ")0> 9 �5$ �
� , "  #� � ��*��� 6 * @ �%" � C � , "G(  ,-� � C=D , 9? 
� "%. � �
� � �%�#� � "G0> 9 ��$
�

� " � C .  9 $ D 9 $ * 0 @-. 9 $ ( ":� �

⇐⇒
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{(x, y) ∈ C | x2 + y2 = 1 } �
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{
x2 + y2 = 1
y = k(x+ 1)

(−1,0)

(x, y)

/ ��. C  9 �5$ �

k 7→
(
1− k2
1 + k2

,
2k

1 + k2

)

(x, y) 7→ y

x+ 1� 9 � �>9 $ D �%� 9 $  ���

{
k=±i

(x,y)=(−1,0) ; � �����	��
������� ������� �������
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y2 = x4 − 1 = (x± 1)(x± i)

� � � 0 C  #� C  � �

−1

i

−i

1

� "%$ 0 "

� �5. ( 9 $ D  #� � � . * $ " �
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� ":$  � * . ��� � � ")0> 9 �5$
�

� *�� * 6 "  � 9 �>9 $ D * � . * $ " 9 $
K3 �

K
* � "%. ( � �

K2 → K3

(s, t) 7→ sv1 + tv2 + v3

� "%$4"%� *-. � ��� 6 � ��� 0 ":$  � *-. � � � � "G0  9 �5$�:"  � " "%$ �3* � *-6 "  � 9 � ")( �-. *-$4" � �

(s, t) 7→
(
a11s+ a12t+ a13

a31s+ a32t+ a33
,
a21s+ a22t+ a23

a31s+ a32t+ a33

)

� �2 * . � * @4� ( "�� $ "G( �
� �+� $3*  C � * .�� " *)� ��$)� �
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Definition 0.3 i) The n-dimensional projective
space over a field K, Pn(K), is the set of 1-
dimensional linear subspaces of Kn+1.

ii) A k-dimensional projective subspace of Pn(K)

consists of the 1-dimensional linear subspaces
contained in a linear subspace of dimension k+
1.

P2(F2)
�
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� � � � � � � � �

� � � � � � � � � � �

L ⊆ Kn+1 H dimL = 1 ⇒
L = Kv

H
0 6= v = (a0, a1, . . . , an)

Kv = Kv′ ⇐⇒
(a′0, a

′
1, . . . , a

′
n) = λ(a0, a1, . . . , an)

H
λ 6= 0

(a0 :a1 : . . . :an) :="�� C 9<;2* . ":$=0 " 02. *G�#� � � (a0, a1, . . . , an)

a0 6= 0
�

(a0 :a1 : . . . :an) = (1:a1/a0 : . . . :an/a0)
8 $%9 � C " � {(a) ∈ Pn(K) | a0 6= 0 }= Kn �
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z 6= 0
�

/  * $=(+*�� ( *�� $4" �3*  02, " � �

(x :y :1) = (x/y :1:1/y) = (1:y/x :1/x)
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� � � � � � � � � � � � � � � � � �

� �5. @L$4�56 9 *-.?� $4�2 � ":. . ( " � $4")( �5$
Pn(K)

�
{v ∈ Pn(K) | f((v)) = 0 } 9 � � ":.7. ( "�� $ "G( 9 �
f
9 � � � � � � ��� � � � 
 H 9 � " ��H

f(λx0, λx1, . . . , λxn) = λdf(x0, x1, . . . , xn).

f(x, y, z) = y2+x2−z2 � B � $4" �3*  0:,
z 6= 0

0 = f(x, y,1) = y2 + x2 − 1 ⇐⇒
y2 + x2 = 1

� � ��� ��� � � ����� � � � � �
0 = f(x, y,0) = x2 + y2

H
(±i :1:0)

� � 
 
�� ��� � � � � � 

	

(x :y :z) = (x/z :y/z :1)

f(x, y, z) = z2f(x/z, y/z,1)
� � � � ��� � � � � � 
 � � ∞
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� � � � � � � � � � � � � � � �

P1(K) = {(x :1) | x ∈ K } ∪ {∞ := (1:0)}

P1(K) = {x | x ∈ K } ∪ {y | y ∈ K } H
y = 1/x

H
x = 1/y

25



� � � ��� � ��� � � � � � � � � �

� C  

Q := {(x :y :z) ∈ P1(K) | x2 + y2 = z2 }

	 $ ; "%� � " 6 * �)� �

P1(K) → Q

(k :`) 7→ (k2 − `2 :2k` :k2 + `2)
* $=(

Q → P1(K)
(x :y :z) 7→ (y :x+ z)

� � �
(−1:0:1) 7→ (0:0)

H $4�2 ( " � $4")( �
� �+�

K = C (−1 : 0 : 1) 7→ (1 : 0)
D 9 ; " � *

0 �5$  9 $ C � C � "��  #"%$G�>9 �5$ �
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� � � � � � � � � � � � �

B � $ "
n
!( 9 6 ":$)�>9 ��$3*-. ���3* 0 " �

An(K) := Kn

{ϕ:K[x1, . . . , xn]→ K | ϕ K
 *-. D � ,4�56 � }

l
An(K)

ϕ↔ (ϕ(x1), . . . , ϕ(xn))

f ∈ K[x1, . . . , xn]

f(a1, . . . , an) ⇐⇒ ϕ(f) = 0 ⇐⇒ ϕ
;3*-$ 

9 � ,4" � �5$  , " 9 ( " *-. D "%$4"%� *  #")( � @
f
�

/ @)�  #":6 � � "�� C *  9 �5$G� {fi} ↔ K[x1, . . . , xn]/(fi)
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� � � � � � �

x2 = 0 ↔ K[x]/(x2)
x = 0 ↔ K[x]/(x)
K[x]/(x2) 6∼= K[x]/(x)

� 9 � ")0> 9 �5$ �
t = x/y

� �

A1(K) → {(x, y) ∈ K2 | y2 = x3 }
t 7→ (t2, t3)

K[t] 6∼= K[x, y]/(y2 − x3)
� , " � � 9 $ D �>9 ( " � 9 � 9 $  , " � 9 D ,  �

y2 = x3
�

-1

-0.5

0

0.5

1
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� � � � �

� � �  #� ,�*�� ( !0 ��� " �%��� $ � D � *�� , @ � 	
� ,�*-.7.-$4�2  #�1(�* @ *   #":6 �  � C �� , ":�� #�( " � $4"  , " ' 9 $=(%� � � 6 *  #":� 9 *-. 	 C $ 
( "%���! *-$=(  #� �%" ":6 � � * 0 "G( � 9< ,:9 $
 ,�*  � ,4���  ,3*-$ ( ( " � 02� 9��  9 �5$ 	+* $=( �%":� 
,�*��)� 	 0 � C . ( $ " ;=":� � C 0 0 "G"G( 9 $ 9 $ 
 #":.7. 9 D 9 � . @ ( � 9 $ D � � � � C  	 '�$ ��� 9? 
� , ":$ 	 � " " 9< H � � �

���������
	��������������������� ������� �"!#�%$�&'�����

B � $ "
K
 � 02, ":6 " � �

� , " � � �%� � 9< #" 04*  #" D �+� @ � �  , " 04*  #" D �+� @ � �
K
 *-. D " ��� *)� �

SpecR
 , " *�� $4"

K
 � 02, ":6 " � � R �

An H  , " �
( ���

n ) 
 � � � � H 9 � SpecK[x1, . . . , xn]
�

SpecK
H ��� D ":$ ":� * .7. @ H

SpecL
H
L
*
K
 " �  #":$)�>9 �5$

�5"%. ( H * � " �%� 9 $  � �
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Definition 0.4 If L is an extension field of K,
then an L-point of a K-scheme X is a map
SpecL → X. The set of L-points of X is de-
noted X(L).

An(L) = An(L)
� �

8 $ � C *-. 9 � "G( � � 02, ":6 " � � � , " � � �%� �>9? #" 04*  
" D �+� @ � � 0 ��6 6 C  *  9<;=" � 9 $ D � �

SpecZ(L) ↔ Z → L
H " �2*=0> . @ �5$4" � ��� "=* 0:,

L
�

SpecZ[x](L)↔ Z[x]→ L
�

• charL = 0
H
Q[x]→ L↔

Q[x]/(f(x)) ↪→ L
H
f = 0

���
f
9 � � ")( �

• charL = p > 0
H
Z/pZ[x]→ L↔

Z/pZ[x]/(f(x)) ↪→ L
H
f = 0

�+�
f
9 � � ")( �
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� � � ��� � � � � � � �

Remark: The actual gluing maps that can be
used to construct schemes are more general
than those we shall consider here.

� "�� C 9 � "%6 ":$  � �

• B $ * � $ " � 0:,4"%6 " H
SpecR

H 9 � * � 0:,4"%6 " �

• B $ 9 $  #":��� "G0  9 �5$ � � � � �%":$ � * � $ " � 0:,4"%6 " �
� ,�*-.7. �%" *�� $4" �

• B � 02, ":6 " 9 � * C $%9 ��$ � � � �:"%$ * � $ "
� 02, ":6 " � �
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X =
⋃

i

Ui, Ui = SpecRi

�
∪ijUij

�
∪iUi

�
∪jUj

X

Uij := Ui ∩ Uj

Uij = SpecRij
H
Uij ↪→ Ui↔ Ri → Rij

� ,4"%$ 9 �
Uij ↪→ Ui

� �%"%$ �
��� � � � � � � Rij = Ri[r

−1
ij ]

H
rij ∈ Ri

�

� �5.7. ��� 9 $ D � "G":6 � � "=*G� �5$�*��-. " �

SpecK[x, x−1]

SpecK[x] SpecK[x−1]

P1
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� ��� " ��� ")0 9 � "%. @
� 	 � �56 �+� �-,:9 � 6 �
ψij:Ri[r

−1
ij ]→

Rj[r
−1
ji ]

� 9< , 0 �56 �3*  9��:9 . 9? A@ 0 ��$=( 9? 9 �5$ �

P1 �

K[x][x−1] → K[y][y−1]

x 7→ y−1

Remark: Could have chosen x 7→ y. That would
identify K∗ with itself but getting two zeroes.
This is a non-separated scheme. Topologically
(over R or C) for instance (1/n) converges to
both zeroes.
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� � � � � � � � � � � � � �

Ui := SpecK[x0/xi, . . . , xn/xi]
H

K[x0/xi, . . . , xn/xi] ⊂ K(x0, . . . , xn)

Uij = SpecK[x0/xi, . . . , xn/xi][(xj/xi)
−1]

ψij
D 9<;=":$ � @
K[x0/xi, . . . , xn/xi][(xj/xi)

−1] =

K[x0/xj, . . . , xn/xj][(xi/xj)
−1]

/ " �3* � *  9 $ D  , " � 9 $ D � 6 ��� "
Ui := SpecK[xi0, . . . , x̂ii, . . . , xin]
Uij = SpecK[xi0, . . . x̂ii, . . . , xin][x

−1
ij ]

ψij(xik) = xjk/xji

Remark: Even more natural is to take
Ui = SpecK[xi0, . . . , xin]/(xii − 1).

B
K
 �%� 9 $  

SpecK → Pn
. * $=(%� 9 $ ��$ "

Ui� 0 �:; ":� 9 $ D � � �
Hom(SpecK,Ui) = {(a0, . . . , âi, . . . , an)}

�
� 9���"%� ":$  

i
�
Hom(SpecK,Uij)

ψij
=

Hom(SpecK,Uji)⇒ (a0 : . . . :1: . . . :an)� ":. . ( " � $4")( �
34



� � � � � � � � � � � � � � � �

� "  R =
⊕
iRi

�%" * D � * ( "G(
K
 *-. D " ��� * �

B �#� C 6 " � � �+� � 9 6 �-. 9 0 9< @ �  ,�*  
R

9 � D ":$ ":� 
*  #")( � @ * � $:9< #" � "  {fi} � � �%�%�>9? 9<;=":. @ D � *=( ")(
":. "%6 ":$  � H

di := deg fi
�

� , ":$
R[f−1

i ]
9 � * D � *=( ")( � 9 $ D H . "  

R[f−1
i ]0�:"  ,4" � C � � 9 $ D � � ( " D � " " 0

":. "%6 "%$  � �

Ui := SpecR[f−1
i ]0

Uij := SpecR[f−1
i ]0[(f

di
j /f

dj
i )−1]

ψij:R[f−1
i ]0[(f

di
j /f

dj
i )−1] = R[(fifj)

−1]0 =

R[f−1
j ]0[(f

dj
i /f

di
j )−1]

� , " � 
 ��� ��� � ��� � 
 � ��� � 
 � � �

ProjR := ∪iUi
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� � � � � �

• R = K[t]
H
deg t = 1

�
{t} � "  �� � D ":$ ":� *  #�+��� � R[t−1] = K[t, t−1]

�
R[t−1]0 = K

H
ProjR = SpecK

�

• R = K[x0, . . . , xn]
H
degxi = 1

�
{xi}

D ":$ ":� *  #�+��� �
R[x−1

i ]0 = K[x0/xi, . . . ,
̂xi/xi, . . . , xn/xi]

�
ProjR = Pn

�

• R = K[x, y, z]
H
deg(x, y, z) = (2,3,1)

�

◦ R[x−1]0 = K[z2/x, y2/x3, yz/x2] =

K[r, s, t]/(rs− t2) H
� � � * �:�5. @L$4�56 9 *-.I� 9 $ D �

◦ R[y−1]0 = K[z3/y, x3/y2, xz/y] =

K[a, b, c]/(ab− c3) H
� � � * �:�5. @L$4�56 9 *-.I� 9 $ D �

◦ R[z−1]0 = K[x/z2, y/z3] = K[u, v]
�

ProjR =: P(2,3,1)
H * � � � � � � � � � 
 � )

� ��� � ��� � 
 � � � �
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� � � � � � �
P(2,3,1)

• Ux(K) = {(r, s, t) ∈ K3 | rs = t2 } �

• Uy(K) = {(a, b, c) ∈ K3 | ab = c3 } �

• Uz(K) = {(u, v) ∈ K2}

� . C 9 $ D �

• Ux(K) ∩ Uy(K)
�
bs = 1,

r = c2/b, t = c/b, c = t/s, a = rt/s

• Ux(K) ∩ Uz(K)
�
ru = 1,

v = t/r2, s = v2/u3, t = v/u2

• Uy(K) ∩ Uz(K)
�
av = 1,

u = c/a, b = u3/v2, c = u/v
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� "�9 D ,  #")( , ��6 � D ":$ " � C � 0 � ��� ( 9 $3*  #" � �

(x :y :z) = (λ2x :λ3y :λz)
H
λ ∈ K∗ �

• x 6= 0
�

(x :y :z) 7→ (z2/x, y2/x3, yz/x2) ∈ Ux(K)

• y 6= 0
�

(x :y :z) 7→ (z3/y, x3/y2, xz/y) ∈ Uy(K)

• z 6= 0
�

(x :y :z) 7→ (x/z2, y/z3) ∈ Uz(K)

� ,%9 � D 9<;=" � * �%9 � ")0> 9 �5$ H
,4�56 � D "%$4"G� C � 0 � �+� (�� � ↔ P(2,3,1)(K) �

�

K
9 � *-. D " ��� *%9 0 * .7. @ 0:. �%� ")( �
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� � � ��� � � � � � � � � � � �

� � � � � � � � � � �

Definition 0.5 R as before, X := ProjR,
A gradedK-algebra homomorphismR→ K[t],
deg t = 1, is irrelevant if it is zero on positive
elements.

R→ K[t]
$4�2 9 � � ":. " ;3*-$  ⇒ � �56 "

fi 67→ 0

; R[f−1
i ]→ K[t, t−1] ; R[f−1

i ]0 → K

; x ∈ Ui(K)

� 	 $=( " �:"%$ ( ":$  � � � i ; x ∈ X(K)
�

λ ∈ K∗ � ϕλ:K[t]→ K[t]
H
ϕλ(t) = λt

�
f :R→ K[t]

*-$=(
ϕλ ◦ f

D 9<; " � *-6 "
x
�

Proposition 0.6 IfK is algebraically closed then
this gives a bijection between X(K) and non-
irrelevant R → K[t] modulo the action of the
ϕλ.
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� � � ��� � � � � � � � � � � � � � � �

Definition 0.7 i) Let R be a commutative ring.
A quasi-coherent sheaf on X := SpecR is an
R-module M and similarly for morphisms be-
tween them. A global section of M is a mod-
ule homomorphism R → M . The set of global
sections is denoted M(X).

ii) If f :R→ S is a ring homomorphism (of com-
mutative rings) and M a quasi-coherent sheaf
on SpecR, then f∗M := S

⊗
RM .

� �2 #" �
R→M ↔ m ∈M � @

1 7→ m
�
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Definition 0.8 LetX = ({Ui}, {Uij}, ψij), Ui :=
SpecRi, Uij := SpecRij, ψij:Uij

∼= Uji, be a
scheme. A quasi-coherent sheaf on X consists
of the choice of a quasi-coherent sheaf Mi on
Ui and the following data

• isomorphisms ρij:Mij → ψ∗ijMji, where
Mij := s∗Mi with s:Uij → Ui the “inclu-
sions”,

• a compatability ρik = ρjk ◦ ρij on Uijk :=

SpecRij
⊗
RjRjk.

Ui

Uj

Uk

UjkUij

Uik

Uijk

ρij

ρik

ρjk
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� � � � � �

• Mi = Ri
� � ,:9 � 9 �  , " 
 � 
 �����	��
� 
 � � �

�

( "%$4�2 #"G( OX
�

• B . .�0 �5$G�  � C 0> 9 �5$G� � � 6 �1( C . " �  ,�*  � 0 �56 
6 C  #" � 9? , � C .7. ��*=02' � � � 9 � " ��H � 9< ,

f∗
� �

� , " @ 9 $ 0:. C ( " � � 
� ��� 
 � � H
(M,N ) 7→ M⊕N *-$ ( � � � 
 � 
 ��
 � � ��� � 
 H
(M,N ) 7→ M⊗

OXN
� � , " � " *�� " 0 �5$ 

�  � C 0> #")( � "�� C 9 � 9 $ D � ��� 9 $G�  *-$ 0 "
(M⊕N )i =Mi

⊕Ni
�

• � "  x ∈ X(L)
� � " ( " � $4"

kx
*)� � �5. . ��� � � 	 � x ∈ Ui(L)

 , ":$
(kx)i := Ri/mi

H
� , ":� "

mi
9 �  , " '�"%� $4"%. � � Ri → L

�
	 � x /∈ Ui(L)

H
(kx)i = 0

� / 9 6 9 . * � . @
mx ⊆ OX

9 � ( "�� $ "G( � @
(mx)i = mi� " ��� �

Ri
�
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� � � ��� � � � � � � � �
� , " 0 *  #" D ��� @ � � � C *G�>9 !0 ��, ":� ":$  � , " * ; " �
,�* ; " 6 � �  � �  ,4" ��� � �%":�� 9 " � � �  ,4" 0 *  #" 
D ����@ � � R �6 �1( C . " � �

• B �%"%. 9 *-$ 04*  #" D �+� @
�
0→M→N → P → 09 � " �2*=0> � � "G0�9 � ":. @ � , ":$
0→Mi → Ni → Pi→ 0

9 � �

• & $4� C D , 9 $ � "G0> 9 ; " � � � "G0> � �

• & �2*=0> ( 9 � "G0  #"G( . 9 6 9? � �

• � � � ":$ � C D , � � � � ")0> 9<;=" � � � "G0> � � 9 $ D ":$�
":� *-. � �

� . � �3* .+� "G0  9 �5$G� �
Γ(X,M) =M(X) := Hom(OX ,M)

�
	 $ D "%$4"%� *-. � � � "��2*=0> �
0→M→N → P → 0

"��:* 0  ⇒
0→M(X)→ N (X)→ P(X)

"��2*=0> �
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� � � � � � � � � � � � � � � �

U1 := SpecK[x]
H
U2 := SpecK[x−1]

�

M �
M1 K[x]

�6 � ( C . " H
M2 K[x−1]

�6 �1( C . " H
ρ:M1[x

−1] ∼= M2[x]
�

• x = (0:1)
�

(kx)1 = K[x]/(x)
H
(kx)2 = 0

�

• x = (1:0)
�

(kx)1 = 0
H
(kx)2 = K[x−1]/(x−1)

�

• x = (λ :1)
H
λ 6= 0

�
(kx)1 = K[x]/(x− λ) H
(kx)2 = K[x−1]/(x−1 − λ−1)

H
ρ = id

�
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M = OP1(n)
�

M1 = K[x]
H M2 = K[x−1]

H
ρ(1) = x−n

�

s:OP1 → OP1(n)
D . � �3* .+� "G0  9 �5$ �

s(1) =: p(x) ∈ M1
H
s(1) =: q(x−1) ∈ M2

H
q(x−1) = ρ(p(x)) = x−np(x)

�

• n < 0
�
x−np(x) ∈ xK[x]

H
q(x−1) ∈ K[x−1]

H
p = q = 0

�

• n ≥ 0
�
x−np(x) ∈ x−nK[x]

H
q(x−1) ∈ K[x−1]

H
deg q ≤ n �

• n = 0
�
q = 1

D 9<;=" � 9 � ��6 �+� � ,%9 � 6
OP1

∼= OP1(0)
�
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Proj
� � � � � ��� �

R
D � * ( "G(

K
 * . D " ��� * � *)� �:" � ��� "�� *-$ (

M
*

��
 � � ��� R
�6 �1( C . " �

X := ProjR,M = ProjM
�

Mi := M [f−1
i ]0

H

ρij:M [f−1
i ]0[(f

di
j /f

dj
i )−1] = M [(fifj)

−1]0

M [f−1
j ]0[(f

dj
i /f

di
j )−1]

�

& �:* 6 � . " � � �+� P1 �

• / ,:9 �  � � M H
M(n):M(n)i = Mn+i

H
R = K[x, y]

H
M = K[x, y]

H
ProjM(n) = OP1(n)

�

• R = K[x, y]
H
M = K[t]

H
x · 1 = at

H
y · 1 = bt

H
(a, b) 6= (0,0)

H
ProjM = kx

H
x = (a :b)

�

m ∈Mk ; m/1 ∈ Γ(X,ProjM(k))
�
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& �:* 6 � . " � � �+� Pn
�
R = K[x0, . . . , xn]

� �

• M = K[x0, . . . , xn]
H

OPn(k) = ProjM(k)
H

K[x0, . . . , xn]k → Γ(Pn,O(k))
H

K[x0, . . . , xn]k
,4�56 � D ":$ " � C �

�%��. @L$4�56 9 * .?� � � ( " D � "G" k �

• M D � *=( ")(
R
�6 � ( C . " �

ProjM(k) = (ProjM)
⊗
OPn
OPn(k)

�

• OPn(k)
⊗
OPn
OPn(`)

∼= OPn(k+ `)
�

• OPn
∼= OPn(0)

�
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� � � � � � � � � � � � � � � �

X := ProjR
H
R

D � *=( ")( � *)� �%" � �+� " � �

• M 7→ ProjM
9 � � � � � � �

• ProjM = 0 ⇐⇒
∀m ∈Mk, f ∈ R+∃n: fnm = 0

�

• 	 � M 9 � � � D �  , ":$ Mk → Γ(X,ProjM(k))9 � ��6 �+� �-,:9 � 6 � �+� k � 0
�

• &J; ":� @ � C *G�>9 !0 ��, ":� ":$  � , " * � �5$ X 9 � � � ,4" � �+� 6 ProjM
�
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� � ��� � � � � � � � � ��� � � �

R K
 * . D " ��� * �

R
�6 � ( C . "

ΩR/K
�

� "%$4"%� *  #�+���
df, f ∈ R � � "%. *  9 ��$)� �

• d(f + g) = df + dg
�

• d(fg) = fdg+ gdf
�

• dλ = 0, λ ∈ K �

f ∈ R �
ΩR[f−1]/K = ΩR/K[f−1] ; ΩX/K

H
X K

 � 0:,4"%6 "
�
d(g/fn) = f−ndg − ngf−n−1df

� �
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� � � � � � � � � � � � � � � �

R = K[x]
�
d(p(x)) = p′(x)dx

H
ΩK[x]/K

� � " " ��$
dx

�

ΩP1/K
�
K[x]dx

H
K[x−1]d(x−1)

H
d(1/x) = x−2dx

H
ρ(dx) = x2d(1/x) ; ΩP1/K

∼= OP1(−2)
�
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� � � � � ��� � � � � �



Definition 0.9 i) A scheme is noetherian if it
can be given by noetherian gluing data (U, V, s, t),
i.e., U = SpecR for a noetherian ring R.

ii) A quasi-coherent sheaf on X is coherent if it
is the form (M,ρ) with M a finitely generated
R-module for some noetherian gluing data.

B �#� C 6 "
U =

�
∪iUi

�
$4� "  , ":� 9 *-$ ⇐⇒ � $:9< #" 9 $ ( "�� � "  *-$ (

Ri$4� "  , ":� 9 *-$
0 �5,4"%� "%$ 0 " ⇐⇒ Mi

� $:9< #":. @ D ":$ ":� *  #"G( �

� 
 ��� � � � � � � � 
 � ��� � � 
	
 � � � ��� � � ��� �

 � � � � � 
 � 
� � � ������� 
 � � ���
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� ��� � � � � � ��� �

Definition 0.10 A line bundle or invertible sheaf
on a scheme X is a quasi-coherent sheaf L
such that there is another quasi-coherent sheaf
L∗ so that L∗⊗OXL

∼= OX .

� "G04*-.7. � OPn(k)
⊗
OPn
OPn(`)

∼= OPn(k+ `)
H

k := −`

R � ��� ��� � � � 
 � ��� � n � � *=0> 9 ��$3* � @ 9 ( " *-.
n
−1 := {r ∈ FracR | rn ⊆ R }

n
−1⊗

Rn → n
−1

n

r ⊗ s 7→ rs
9 � *-$ 9 � �56 ��� � ,%9 � 6 ⇒ n

. 9 $4" � C $ (�. "
�
n
−1

n = R ⇐⇒ R
9 � � ")( "%' 9 $=( �

Pic(X) :=
9 � � 02. *)�#� " � � � . 9 $4" � C $ (�. " � �

� � � C � C $=( "%� ⊗
OX
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Proposition 0.11 Line bundles are coherent.

� 9 $ " � C $=(1. " � ��$ � ")( "%' 9 $=( � 9 $ D
R
�

� � * 0  9 �5$�*���@ 9 ( "=* .?�
;

Pic(SpecR) = C`(R)

� 9 $ " � C $=(1. " � ��$
A1 � � $-. @ OA1

� ��	 � � �

� 9 $ " � C $=(1. " � ��$
P1 �

� " �  � 9 0> 9 �5$  #� ��*  02, " �  � 9 ;%9 *-.
ρ:K[x, x−1] ∼= K[x, x−1], ρ(1) = λxn� C .  � � @

λ
��$ � ���! �3*  0:,

; ρ(1) = xn ;

OP1(n)⇒ Pic(P1) = Z
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� � � � � � � � ��� �

B �#� C 6 " D . C 9 $ D (+*  * �
(

�
∪iUi,

�
∪ijUij, s, t)

H
s:Uij → Ui

H
t:Uij → Uj

�

B �#� C 6 " L . 9 $ " � C $=(1. " � � �

L|Uui ∼= Riei
H
Ui = SpecRi

H
ρij(ei) = uijej, eij ∈ R∗ij, Uij = SpecRij

H
� �10 @ 02. " 0 ��$=( 9< 9 ��$
�
uik = ujkuij ∈ Rijk := Rij

⊗
RjRjk

�

e′i = uiei ; u′ij = uju
−1
i uij

uij
*-$ (

u′ij
( " � $4" � *-6 " . 9 $4" � C $=(�. "
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� � � � � � � � � � � � � �

M = K[x0, . . . , xn](m)
�

M [x−1
i ]0

� D "%$4"%� *  #�+�
x−mi

ρij(x
−m
i ) = (xi/xj)

mx−mi

Γ(Pn,OOPn
(m))

�

s ∈ Γ(Pn,OOPn
(m))⇒ si = pix

−m
i ,

pi ∈ K[x0/xi, . . . , xn/xi]

sj = ρij(si)⇒
pj = (xi/xj)

mpi ⇒ xmj pj = xmi pi
deg pj ≤ m
K[x0, . . . , xn]m = M0 → Γ(Pn,OOPn

(m))⇒

Γ(Pn,OOPn
(m)) = K[x0, . . . , xn]m
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� 9 $ " � C $=(1. " L ��$
Pn

�

� 9 $ " � C $=(1. " �5$
An  � 9 ;%9 *-. �

K[x0, . . . , xn]
8 � � �

⇒ L ( "  #"%� 6 9 $ "G( � @
uij ∈ K[x0/xi, . . . , xn/xi][(xj/xi)

−1]

uij = λij(xi/xj)
nij , λij ∈ K∗

� �10 @ 02. " 0 ��$=( 9< 9 ��$
;

λij = λj/λi ; uij(xi/xj)
nij

� �10 @ 02. " 0 ��$=( 9< 9 ��$ ⇐⇒
(xi/xk)

nik = (xj/xk)
njk(xi/xj)

nij ⇐⇒



nik = nij
nik = njk
njk = −nij

⇐⇒ nij = m, i < j

� �5$ 0:. C �>9 �5$ L ∼= OPn(m)
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� � � � � � � � � � � � � � � � � � � �

V ⊂ Kn+1 H � � � ��
 � � � � � � 9 � " � H
dimV = n

� H
V 7→ V ⊥ := {u ∈ Kn+1 | ∀v ∈ V : 〈u, v〉 = 0 }. 9 $ " � ↔ , @��%"%� �-. *-$4" �

X K
 � 0:,4"%6 " H

L . 9 $4" � C $ (�. " �5$
X
H
s0, . . . , sn ∈ Γ(X,L) ;

ϕ:On+1 (s0...,sn)−→ L

Definition 0.12 The si generate L if
ϕ is surjective.

	 ( " *
�
x ∈ X(K),Lx := x∗(L) 1

!( 9 6 ":$)�>9 �5$�*-. H
x∗(ϕ):Kn+1→ Lx

� C � � ")0> 9<;=" ⇒'�":� $ ":.�, @��%":� �-. * $ "
Hx ;

X(K) → Pn(K)

x 7→ H⊥x� , � C . ( 0 �56 " � � ��6 X → Pn

Remark: For this reason sometimes
Pn(K) := {hyperplanes ⊂ Kn+1}
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� ��� " 0 �5$ 0:� "  #":. @
�
sxi ∈ Lx,dimLx = 1⇒
∃i0: sxi0 6= 0⇒ Lx = Ksxi0

⇒ sxi = λis
x
i0
:

z 7→ (λ0 : . . . :λn)

Xi
� � �%":$ � C �G� 0:,4"%6 " � ,4"%� "

si:OX → L
9 � 9 � � �

X = SpecR,L = OX ⇒
si ∈ R⇒ Xi = SpecR[s−1

i ]

	 $ D "%$4"%� *-.�"�� 9 �  � D . C 9 $ D (�*  *
(

�
∪kUk,

�
∪k`Uk`)

� C 02,  ,�*  
L|Uk

∼= OUk ⇒ Xi ∩ Uk = SpecRk[s
−1
i ]

� $
Xi L = Osi ⇒ sj = f ijsi, f

i
j ∈ Γ(Xi,OXi)

f ∈ Γ(Y,OY )↔ f : Y → A1 �
f ↔ K[t]→ R↔ SpecR→ A1
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� 9<;=" �
f i:Xi

(f i0,...,f
i
n)−→ An ⊂ Pn

� @L6 �%�5. 9 04*-.7. @��
x 7→ (f i0(x), . . . , f

i
n(x)). 9 " � 9 $

i
�  , * � $ " �3*  0:, �

f ii = 1
�

� $
Xi ∩Xj f i = f j ; f :X → Pn

�

� � � �%":�� 9 " � �

• f∗OPn(1) = L �

• xi ∈ Γ(Pn,OPn(1))
H
si = f∗xi

�

• � ,%9 � 02,3* � *=0> #":� 9 � " �
f
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� � � � � �

• X = P1 H L= OP1(n)
H
xn0, x

n−1
0 x1, . . . , x

n
1

(s : t) 7→ (sn :sn−1t : . . . : tn)

• x = (a0 :a1 : . . . :an) ∈ Pn(Q)

ai ∈ L := Za0 + · · ·+ Zan� "  � � D "%$4"%� *  #�+��� ;

SpecZ→ Pn
� �  � 0 �56 �%� � 9< #"

SpecQ→ SpecZ→ Pn
"�� C *-.?�

x

; Pn(Q) = Pn(Z)
�

g := gcd(a0, a1, . . . , an), L = Zg ⇒
x = (b0 :b1 : . . . :bn), bi := ai/g,

bi ∈ Z,gcd(b0, . . . , bn) = 1 ;

SpecZ =

{(a0, . . . , an) ∈ Zn+1|
gcd(a0, . . . , an) = 1}/{±1}
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� � � ��� � � � � � � � �

• X = SpecR
H
R

� ")( "%' 9 $ ( � 9 $ DIH
K := FracR

x = (a0 :a1 : . . . :an) ∈ Pn(K)

ai ∈ L := Ra0 + · · ·+Ran� "  � � D "%$4"%� *  #�+��� ;

SpecR→ Pn
� � �

L
6 * @ � � � �%" *  � 9<;%9 * .G. 9 $ " � C $ (�. " H

" � D ��H
R = Z[

√−5], x = (2:1 +
√−5)

• X = Pm ×Pn
H L1 := π∗1OPm(1)

H
L2 := π∗2OPn(1)

H L := L1
⊗L2

H
xij := π∗1xi ⊗ π∗2xj,
((x0 : x1 : . . . : xm), (y0 : y1 : . . . : ym)) 7→
(x0y0 : . . . :x0yn : . . . :xmyn)� ,%9 � H  , " � � � 
� � � � ����� � ��� H9 ( ":$  9 � " �

Pm ×Pn
� 9? , *

02. � � "G( � C �)� 0:,4"%6 " � � Pmn+m+n �
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Definition 0.13 i) A module over a
commutative ring is projective if it is a direct fac-
tor of a free module.

ii) A quasi-coherent sheaf (M,ρ) with respect to
gluing data (SpecR,SpecS, s, t) on a scheme
X is a vector bundle or a locally free sheaf if M
is a finitely generated projective R-module.

& �:* 6 � . " � �

• � 9 $ " � C $=(1. " � * � " ;="G0> #��� � C $=(�. " � �

• � 9 � ")0> � C 6 � � � ; ")0> #��� � C $ (�. " � * � " ;="G0  #�+� � C $ (�. " � �

• � �+� " D "%$4"%� * .7. @ H " �  #":$)�>9 �5$G� � � ; ")0> #�+�
� C $=(1. " � *�� " ; ")0> #�+� � C $=(1. " � �

• Ω1
Pn/K

9 � * ; "G0  #�+� � C $ (�. " � 	  � � " �  � 9 0 
 9 �5$  #� *-$ *�� $ " ��*  02, 9 �

Ω1
An/K

*-$ (

Ω1
K[x1,...,xn]/K

,�*)�
dx1, dx2, . . . , dxn

*G�
��*)�>9 � �
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• � , "  #":$)� �+� ��� � ( C 0> � � ;="G0> #��� � C $=(1. " �9 � * ; ")0> #�+� � C $=(1. " �

• M R
�6 �1( C . " H

ΛnM :=

M⊗n/{a1 ⊗ · · · ⊗ ai ⊗ ai ⊗ · · · ⊗ an−1}
H

� � � � 
 � � 
 � � � ��


E ; "G0  #�+� � C $=(1. " ⇒ ΛnE ; � � �

• � � � � ��� 
 � � � � � � 
 
 � � ;="G0> #��� � C $=(1. " �
* � " ; ")0> #��� � C $=(1. " � �

63



� � � � � � � � � � � � � � � �

� 9 $%9? #"%. @ D "%$4"%� *  #")( 6 �1( C . " � �:; "%� ��	 �
R
�

& �:* 0  � "�� C ":$=0 "

Rm
A−→ Rn →M → 0

m× n  6 *  � 9 �
A& . ":6 "%$  *�� @ � ��� * $=( 0 �5. C 6 $ � �%":� *  9 ��$)�

;

A = NDM,M ∈ SLm(R), N ∈ SLn(R),

D
( 9 * D �5$�*-.

;

M
9 � * � C 6 � � 0 @ 02. 9 0 6 �1( C . " � � 9 � " � H

∼= R/(f)
�

� �+���>9 �5$ � � " " ⇒ * . .
f
� � � ":� � ⇒ M � � "G" �

M ; ")0> #��� � C $=(1. " �:; ":�
P1 ↔

M1
��� � � ")0> 9<;="

K[x]
�6 � ( C . " H

M2
��� � � ")0> 9<;="

K[x−1]
�6 � ( C . " H

ρ:M1[x
−1] ∼= M2[x]

�

M1
∼= K[x]n,M2

∼= K[x−1]n

ρ = R ∈ GLn(K[x, x−1])

R ∼ NRM,M ∈ GLn(K[x]), N ∈ GLn(K[x−1])
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& . ":6 "%$  *�� @ � ��� �
/K[x−1]

� *-$ (
0 �5. C 6 $ �

/K[x]
� � �G�

;

�
R = NDM,M ∈ GLn(K[x]),

N ∈ GLn(K[x−1]),

D
( 9 * D ��$3* . � � ":$  � 9 " �

xki ⇒M ∼= ⊕
iOP1(ki),

k1 ≤ k2 ≤ . . . ≤ kn

� , "
ki

( "  #":� 6 9 $4")( �

M⊗O(m) ∼= ⊕
iOP1(m+ ki)

dimΓ(P1,M⊗O(m)) =
∑
m+ki≥0m+ ki

Remark: Krull-Schmidt also
does the trick
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x, y ∈ Γ(P1,O(1)) ;

0→ L −→ O⊕O −→ O(1)→ 0

L ∼=?

rk E,det E := Λrk EE,
0→ E −→ F −→ G → 0⇒
detF ∼= det E⊗detG ⇒
OP1

∼= L⊗OP1(1)⇒ L ∼= O(−1)

q1, q2, q3 ∈ Γ(P1,O(2))
D "%$4"%� *  9 $ D O(2)

�

0→ E −→ O3 −→ O(2)→ 0

E ∼= O(k1)
⊕O(k2)⇒ k1 + k2 = −2

0→ Γ(P1, E)→ K3 (q1,q2,q3)−→ K[x, y]2

(q1, q2, q3) = (x2, xy, y2)⇒
Γ(P1, E) = 0⇒
k1, k2 < 0⇒ k1 = k2 = −1

(q1, q2, q3) = (x2,0, y2)⇒
Γ(P1, E) = K ⇒ (k1, k2) = (−2,0)
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� � � � � � � � � � � � � � � � � �

R = K[x0, . . . , xn]

∂/∂xi:Ω
1
R/K → K(−1)

H
df 7→ ∂f/∂xi ;

Ω1
R/K

∼= R(−1)n+1

Proj ; Ω1
Pn/K → O(−1)n+1

& C . "%� � �  , " ��� ":6 �
Ef :=

∑
i xi∂f/∂xi =

deg f ·f ⇒ f ∈ K(x0, . . . , xn)0 ⇒ Ef = 0 ;

� �56 �-. "�� �

0→ Ω1
P1/K

→ OPn(−1)n+1 (x0,...,xn)−→ OPn → 0

B $ "��2*=0> � "�� C "%$ 0 " �
Ω1

P1n/K

9 $=( "G0 �56 �%� � * �-. "
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� � � � � � � � � � � �

• � ��� ��� � � � 
 � ��� � � �
� . C 9 $ D (�*  *

(SpecR,SpecS, s, t)
H

R
� ")( "%' 9 $ (

• � � � � � � � � � K ) 
 � ��� � � �
� . C 9 $ D (�*  *

(SpecR,SpecS, s, t)
H

R
� $:9< #":. @ D ":$ ":� *  #"G(

K
 *-. D " � � *

• 
�� � � ��� � ��
 � � �
� ")( "%' 9 $=(

K
 � 02, ":6 " H � $:9? #"  A@��:"

• � 
 ��� � ��� ��� � K ) 
 � ��� � � �
X = ProjR

• � � ����� ��� � � 
 � � � � � �
$4�2 * $ ��$�  � 9 ;%9 *-. ( 9 � � � � 9 $  C $%9 ��$
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B �#�#� C 6 "
K = K

C
� � � � � � 6 � �2 , 0 �5$-$4")0> #"G( 0 C � ; "

Proposition 0.14
∃!grp hom deg:Pic(C)→ Z s.t.
L ⊆M⇒ deg(M)−deg(L) = lengthM/L

/ �:")0 9 *-. 04*)� " �
s:OC → L

H
lengthM/O = #

� � � ":� � " �
deg(M)− deg(O) = deg(M)

F 0 �5,4"%� ":$  � , " * � /C ⇒ h0(F) :=

dimH0(C,F) <∞

� 9 ":6 * $-$ � �  , " ��� "%6 �

∃g ≥ 0:L ∈ Pic(C)⇒

h0(L) ≥ degL+ 1− g

Ω1
C/K ∈ Pic(C), g = h0(Ω1

C/K)
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Proposition 0.15
H0(C,OC) = K

PROOF:
OC coherent⇒
T = H0(C,OC) fin. alg.

Non-trivial idemp.: C non-conn.
T ⊂ R, Dedekind⇒ no nilp.
K = K ⇒ T = K

� �5$G� "�� C ":$=0 " �
L ∈ Pic(C)⇒ H0(C,L) = K
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� � � � � � � � � � �
0

g = 0
�

x ∈ C(K),O(x) := m−1
x ,;

0→ OC
s−→ O(x) −→ kx → 0⇒

deg: (x) = 1⇒
h0(O(x)) ≥ 1 + 1− 0 = 2⇒
∃t ∈ H0(C,O(x)): tx 6= 0⇒
s, t

����*-$ O(x) ;

C → P1,

degO(x) = 1⇒ 9 � 9 � �56 �

B � D�C 6 ":$  D 9<; " � �
∃L ∈ Pic(C): h0(L) ≥ 2⇒ C ∼= P1
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� � � � � � � � � ��� � �

charK 6= 2

E := ProjK[x, y, z]/(y2z − F (x, z))

F (x, z) = z3f(x/z), f
,4�56 � D � � ( " D  H

f
$4� 6 C .  � � � �3 �

z 6= 0
�3*  0:, �

y2 = f(x)

� �56 �-. "�� 0 *G� " �
� � 9 $ D * � � C $=( ∞ �%"%� 6 C  #" � � � �3 �

;� �+� C � � �
1

6 9 �#�>9 $ D �  �

z = 0
�
F (x,0) = 0⇒ (0:1:0)� 9 � �>9 $ D �%� 9 $  �
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� � � � � � � � � � � � � � � � ��� �

dx/y ∈ Γ(E,Ω1
E/K)

�

y2 = f(x)⇒ 2ydy = f ′(x)dx

• z 6= 0
�

◦ y 6= 0
�
dx/y

H
B .?� �

f ′(x) 6= 0⇒ dx/y = 2dy/f ′(x)

◦ f ′(x) 6= 0
�

2dy/f ′(x)

◦ y = 0, f ′(x) = 0⇒ f(x) = 0⇒
� � C �-. " � � �2 

• y 6= 0
�
(x′ :1:z′) = (x′/z′ :1/z′ :1)⇒

dx/y = (d(x′/z′))/(1/z′) = dx′−x′/z′dz′
g(x′, z′)z′ = x′3, g(0,0) 6= 0⇒� * @ *)� � C 6 "

h = g−1 " � 9 �  � ⇒
z′ = gx′3⇒ x′

z′dz
′ = x′hdg+ 3dx′

• y = 0, z = 0⇒ 0 = F (x,0)⇒ x = 0

dx/y ��� � � � � � � � ⇒ g = 1
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� � � � � � � � � �

∞ := (0:1:0),

x ∈ E(K): O(x) := m−1
x

Pic0(E) := ker deg

Theorem 0.16 The map

E(K) → Pic0(E)

x 7→ O(x)
⊗O(∞)−1

is a bijection.

PROOF:
Injectivity:
O(x)

⊗O(∞)−1 ∼= O(y)
⊗O(∞)−1 ⇐⇒

O(x) ∼= O(y):
sx ∈ Γ(E,O(x)), sy ∈ Γ(E,O(y))

g 6= 0⇒ h0(O(x)) ≤ 1⇒ x = y

Surjectivity:
L ∈ Pic0(E)⇒
h0(L⊗O(∞)) ≥ 1⇒
0→ OE −→ L

⊗O(∞) −→ x→ 0 ;

L⊗O(∞) ∼= O(x)
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� � � � ��� � � � � � � �

x, y ∈ E(K)⇒ ∃!z ∈ E(K):

O(x)
⊗O(y) ∼= O(z)

⊗O(∞)

� ,:9 02, 9 � 9? �

q ∈ Γ(P2,O(n))
�

� " �  � 9 0> 9 �5$
q:OE → O(n)|E

,�*)� � "%� � " �
x1, . . . , xm

� 9< , 6 C .  9��-. 9 0�9? A@ �

• m = 3n
� � " � � C  � �  , " ��� ":6 �

• O(n)|E
∼= OE(x1)

⊗ · · · OE(xm)
� *=0> #��� 9 ��*  9 �5$ 9 $  #� ��� 9 6 " 9 ( " *-.?� �

� �5$G� "�� C ":$=0 " �
OE(x1)

⊗ · · · OE(xm)
9 $=( " � � � � q
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n = 1, q = z
�

z = 0 ∧ y2z = F (x, z)⇒ (x :y :z) =∞⇒
x1 = x2 = x3 =∞

� "%$4"%� *-.
` ∈ Γ(P2,O(1))

�
� ":� � " �

x1, x2, x3
OE(x1)

⊗OE(x2)
⊗ · · · OE(x3)

∼=
OE(∞)

⊗OE(∞)
⊗ · · · OE(∞)/ @-6 �%�5. 9 0 * .7. @
�
x1 + x2 + x3 ≡ 3∞

` = x− λz ⇒
(λ :µ :1) + (λ :−µ :1) +∞ ≡ 3∞

p1

p2

p1+p2

P1 + P2 +Q ≡ 3∞∧
Q+ (P1 + P2) +∞ ≡ 3∞⇒
P1 + P2 ≡ (P1 + P2) +∞
∞↔ 0: (P1, P2) 7→ P1 + P2
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Theorem 0.17 There is a (unique)
commutative group operation
+:E(K)×E(K)→ E(K) s.t.
O(x)

⊗O(y) ∼= O(x+ y)
⊗O(∞)

(x1 :y1 :1) + (x1 :y1 :1) = (x3 :y3 :1)
�

{
y23 = f(x3)

y3 = y2−y1
x2−x1(x3 − x1) + y1

k :=
y2 − y1
x2 − x1

k2(x3 − x1)2 = x33 + bx23 + cx3 + d

x1 + x2 + x3 = b− k2 ⇒
x3 = b− k2 − x1 − x2,
y3 = k(x3 − x1) + y1 ;

B . D " ��� *:9 0 D � � C � � 02, ":6 " �

+:E × E → E

Remark:
i) Associativity non-obvious!
Clear from previous results

ii) Projective group scheme
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� � � ��� � � � ��� � � � � � � � � � �

f(x) ∈ Z[x]
�

E Z
 � 0:,4"%6 " ��� � 02, ":6 " �

P2(Q) = P2(Z)⇒
E(Q) = E(Z)

Z→ Z/Zp ; E(Q)→ E(Z/Zp)

f(x) = x3 + 4x− 1

(1/8:1/4:1) ∈ E(Q) :

(1/8)2 = (1/4)3 + 4 · 1/4− 1 = 0

(1:2:8) ∈ E(Z) ;

(1:−1:−1) = (−1:1:1) ∈ E(Z/Z5)

E(Q)→ E(Z/Zp)
� 
 � � � � � � � � � 
 � � � 
�� �

� 9 $ " � � "G( C 0 "  #� . 9 $4" � � 


f :X → Y ⇒ L; f∗L
f∗(L⊗M) = f∗L⊗f∗M
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� � � � � � � � � � � � � � �
g = 1

g(C) = 1
�

� 9 02'
p ∈ C(K),0 6= z ∈ Γ(C,O(p)),

x2 := x⊗ x ∈ Γ(C,O(2p)),

O(2p) := O(p)
⊗O(p)� 9 ":6 * $-$ �

h0(O(2p)) ≥ 2 + 1− 1 = 2⇒
x ∈ Γ(C,O(2p)), x2

*-$ (
y
. 9 $ � 9 $ ( " � �

xp 6= 0
�

xp = 0⇒ x = zt, t ∈ Γ(C,O(p)),

Γ(C,O(p)) = Kx
*)�

degO(p) = 1⇒
h0(O(p)) ≤ 1⇒ x ∈ Kzt = Kz2

� �5$ 0:. C �>9 �5$
� x *-$ (
z2

D ":$ ":� *  #" O(2p)
�

h0(O(3p)) ≥ 3 + 1− 1 = 3⇒
y ∈ Γ(C,O(3p)), y /∈ Kxz+Kz3

y2, yxz, yz3, x3, x2z2, xz4, z6 ∈ Γ(C,O(6p))
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� � � � � � � � � � � � � � � � � � �

� � � � � � � )
� � � �

⇒ h0(O(6p)) = 6 + 1− 1 = 6⇒
y2, yxz, yz2, x3, x2z, xz, z3. 9 $ " * � . @ ��� � ������� � � �

;

y2 + a1yxz + a3yz
3 =

x3 + a2x
2z + a4xz

4 + a6z
6

x, y
$ �3 ( "  #"%� 6 9 $ "G( �

{
y 7→ uy+ rxz + sz3

x 7→ vx+ tz2

charK 6= 2⇒
y2 = x3 + a2x

2z+ a4xz
4 + a6z

6

� �56 � D ":$ " � C � 9 �
deg x = 2,deg y = 3,deg z = 1

�
� � � � � � � � � 
 � � � ��� ��� � 
 � � � � �

z 6= 0
�
(x :y :1)⇒ y2 = f(x)

z = 0
�
y2 = x3 ; (1:1:0)

� �5$ 0:. C �>9 �5$
� � �56 �-. "  #" � � @ ��$ " �%� 9 $  �
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� � � � � � � � �

• � ; "%�
C

 #��� C � H
E = C/Zω1 + Zω2

�

ω1

ω2

• � �5$G�  � C 0> 9 $  #":� " �  9 $ D � � � ) � ��� � � � � � � � �* . D " � � *G� � � � � � � � � � � � ��� � 
 � 
 � �

• f(x) ∈ Q[x]
H
E(Q)

� $:9? #"%. @ D ":$ ":� *  #")(
D � � C � �

• f(x) ∈ Fq
H |Fq|= q

H |#E(Fq)− q−1| ≤
2
√
q
�
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• � * 6 * $ C � *-6 � � 0 ��$ � ")0> C � " �
q
∏
i(1− qn)24 =

∑
n τ(n)q

n ⇒
|τ(n)| ≤ σ0(n)n

11/2

σ0(n) =
∑
d|n1

• /  � 9 $ D  ,4"G�+� @

• � � �5$)�! � � C � 6 � �5$G� ,%9 $ " �

• B � 9? ,-6 "  9 0 � �  #�+���>9 ��$ �%� 9 $  � �
{x ∈ E(Q) | nx = 0 }

• & .7. 9��  9 0 0 C � ; " 0:��@��  #� D � *��-, @
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� � � � � � � � � ��� � � � � � ��� � �

C
� 6 � �3 , H � � � �%":� H 0 ��$-$4")0> #")( 0 C � ; "

F ⊆ E  � � ;="G0> #��� � C $=(�. " � �5$
C
�

F 9 � * 
 � � � ��� � � � 9 �
E/F 9 � * ; "G0  #�+� � C $ (�. " �
F ⊆ E � C ��� C $ (�. " ⇐⇒
F ⊆ F ′ ⊆ E ∧ rkF = rkF ′⇒ F = F ′

L ⊂M H . 9 $4" � C $ (�. " � H
L � C ��� C $ (�. " ⇐⇒ L=M �

E ; "G0  #�+� � C $ (�. " H 
 � � � � H
s(E) := deg E/ rk E,deg E := degdet E

Definition 0.18 A vector bundle E on C is sta-
ble resp. semi-stable if for every subsheaf F ⊂
E we have s(F) < s(E) resp. s(F) ≤ s(E).

Ss :=
0 *  #" D ����@ � � � "%6 9  �  * �-. " ; ")0> #���

� C $ (�. " � � � � � "G( � . � �%"
s
�
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Lemma 0.19 b, d > 0, ab ≤
c
d ⇒

a
b ≤

a+c
b+d ≤

c
d

� �5$G� "�� C ":$=0 " �
0→ E −→ F −→ G → 0

" �2*=0> ⇒
degF = deg E+degG, rkF = rk E+rkG ⇒
t := max(s(E), s(G)), r := min(s(E), (G))
⇒ r ≤ s(F) ≤ t
� � � ��� ��� � � � � �

Proposition 0.20 Ss is an abelian subcategory
of the category of quasi-coherent sheaves. Ev-
ery object has finite length and the simple ob-
jects are the
stable sheaves.

� ��� ��� �
� "  f : E → F H E,F ∈ Ss
G := ker f,H := Imf,/ ":6 9 �! *��%9 . 9? A@ � � E ⇒
s(G) ≤ s(E)⇒ s(H) ≥ s(E) = s/ ":6 9 �! *��%9 . 9? A@ � � F ⇒
s(H) ≤ s(F) = s� � D "  , ":� �

s(G) = s = s(H)
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� � � � � � � � � � �

s(ker f) = s(Imf) = s(coker f) = sB �#� C 6 "
E,F ∈ Ss, E ↪→ F , rk E = m = rkF
⇒ deg E = ms = degF
E → F 9 � � ⇐⇒ ΛmE → ΛmF 9 � �
⇐ (det(A)

9 $ ;=":�� � ⇐⇒ A
9 $ ; "%�  �

)

E ↪→ F ⇒ det E ↪→ detF
0 = degdet E−detF = lengthdetF/det E ⇒

E ↪→ F 9 � �

� �5$ 0:. C �>9 �5$
� E,F ∈ Ss, E 6⊆ F
⇒ rk E < rkF ⇒ � $%9? #" . ":$ D  , �

� . "=* � � /  * �-. " ⇐⇒ �>9 6 � . "
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� � � � � � � � � � � � � � � �

� � � ��� � � � �

E ; "G0  #�+� � C $ (�. " ��$
C

smax(E) = s := max {s(F) | F ⊆ E }
s
"�� 9 �! � �

� 9 ":6 * $-$ � �  , " ��� "%6 � ��� ;="G0  #�+� � C $ (�. " � �
h0(G) ≥ degG + rkG(1− g)
s(F)

C $��%� C $ ( "G( ⇒ h0(G) C $��%� C $ ( "G( � C  
h0(F) ≤ h0(E) <∞

� "  F ⊆ E, s(F) = s
H 6 * � 9 6 * .�� *-$ '

B �#� C 6 " G ⊆ E, s(G) = s

0→ G ∩ F −→ G −→ G/G ∩ F → 0

s(G ∩ F) ≤ s⇒ s(G/G ∩ F) ≥ s
G/G ∩ F = G + F/F ⇒ s(G + F) ≥ s⇒
rkG + F = rkF ⇒ detF ↪→ det(G + F)

degF = det(G+F)⇒ F = G+F ⇒ G ⊆ F

86



� � � � � � � � �

Es := F . * � D " �  � C �G� , " * � � 9? , � . � �%"
s
�

• Es
� C � � C $ (�. " � 	 � $4�2 

Es 6⊆ F ⊆ E, rk Es = rkF ⇒
s(F) > s(Es)

• smax(E/Es) < s
� 	 � $ �2 

Es 6⊆ F ⊆ E, s(F/Es) ≥ s⇒ s(F) ≥ s �

• Es
� "%6 9  �  * �-. " � 	 � $ �3 H

0 6= F 6⊆ Es
H
s(F) > s

� " �%" *  9 $ D �

Proposition 0.21 E vector bundle /C
Unique filtration by subbundles:
0 6⊆ E1 6⊆ E2 6⊆ . . . 6⊆ En = E
s(E1) > s(E2/E1) > . . . > s(E/En−1)

Ei/Ei−1 semi-stable
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� � � � � � � � � � � � � � � �

L ∈ Pic(C)
� E � � ":6 9  � �  *�� . " ⇐⇒ E⊗L

(−)
⊗L "��:* 0  � 9? , 9 $ ; "%��� "

(−)
⊗L−1

det(E⊗L) = det E⊗L⊗ rk E ⇒
s(E⊗L) = s(E) + degL� 9 ":6 * $-$ �
h0(E)
rk E ≥ s(E) + 1− g

C = P1 H E �  *�� . " �

E ↔ E(m)
� −1 < s(E) ≤ 0

h0(E)/ rk E > −1 + 1− 0 = 0⇒
OP1 ⊆ E

H
s(O) = 0 = s(E)⇒ E = O

/ ":6 9  �  *�� . " �
E = On 9 $=( C 0> 9 �5$ �2;=":� � *-$ '
F ⊆ E H F �  *�� . " � � � . � �%" 0

�
E/F ∼= On−1

� "%$4"%� *-. � *=0> � �
0→ E −→ F −→ G → 0↔ α ∈ Ext1(G, E)
F ∼= E⊕G ↔ 0

Ext1(G⊕G′, E) = Ext1(G, E)⊕Ext1(G′, E)
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� � � � �

� C *)�>9 !0 �5,4"%� "%$  � ,4"=* ;=" � ��$
C
�

L,M ∈ Pic(C),

dimK ExtOC(L,M) = h0(L⊗M−1⊗Ω1
C/K)

dimK ExtO
P1

(O,O) =

h0(Ω1
P1/K

) = h0(O(−2)) = 0 ;

E ∼= On ⇒ E � "%6 9  �  * �-. " E ∼= O(m)n,m =

s(E)

E D "%$4"%� *-. �
Ei/Ei−1

∼= O(si)
ni
H
s1 < s2 < . . . < sn

s < t⇒ dimExtO
P1

(O(t),O(s)) =

h0(O(−2 + s− t)) = 0

Remark:
0→ O(−1) −→ O2 −→ O(1)→ 0

non-split
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� � � � � � � � � ��� � �

E
":.7. 9��  9 0 0 C ��;=" H E �! *��-. " ; ")0> #�+� � C $=(1. "

E ↔ E⊗L � � * @ *)�#� C 6 "
degL= 0⇒ h0(E⊗L) = 0

∃M ∈ Pic(E): degL ∧ h0(E⊗M) > 0

� 9 ":6 * $-$ �
0 = h0(E)

rk E ≥ s(E) + 1− 1⇒
s(E) ≤ 0

O → E⊗M↔M−1 → E ⇒
−1 = s(M−1) < s(E)

B �#� C 6 "
rk E = 2

� ⇒
s(E) = −1/2 ∨ s(E) = 0

s(E) = −1/2
�

M−1 ⊂ E � C ��� C $=(1. " H
9 � $ �3 M−1 6⊆ L ⊂ E ⇒
s(L) > s(M−1) = −1
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� � � � �
s(E) = −1/2

M ∼= O(x), x ∈ E(K)
H O(−x) := O(x)−1

0→ O(−x) −→ E −→ L → 0

−1 = deg E = −1 + degL ⇒
degL= 0

0→ O(−x) −→ E −→ L → 0

� �5$� ���-. 9? �

� �5$ ;=":��� ":. @ H Pic(E) 3 M ⊂ E,degM≥ 0

M→ E → L H $4�5$� � "%� � ⇒ 9 � � ⇒ ��� . 9< ⇒
M→O(−x) H $4�5$� � "%� � ⇒
− 1 = degO(−x) ≥ degM≥ 0

& � 9 �  � �
dimExtOE(L,O(−x)) =

h0(O(x)
⊗L⊗Ω1

E/K) = h0(O(x)
⊗L)

degO(x)
⊗L= 1⇒ h0(O(x)

⊗L) = 1

det E = O(−x)⊗L ∼= O(−y) H
� " �%"%$ (%� �5$-. @ �5$

y ⇒�3* � * 6 "  #"%�
y ∈ E(K)
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s(E) = 0
�

& �:* 6 � . " �
dimExtOE(OE,OE) = h0(Ω1

E/K) = 1 ⇒
� �5$� ���-. 9? �

0→ OE −→ F −→ OE → 0

� � � � ) 
 � � � � �

/  * �-. " E �
O(−x) ↪→ E H � C � � C $=(�. " ⇒

0→ O(−x) −→ E −→ O(y)→ 0

; ∃L ∈ Pic(E): E ∼= F⊗L H��$-. @ � ":6 9  �  * �-. "

� �5$ 0:. C �>9 �5$
� / ":6 9  �! *��-. " � C $ (�. " �
Slope Form
0 O(x−∞)

⊕O(y −∞)

0 E/O(x−∞) ∼= O(−x+∞)

−1/2 E/O(−∞) ∼= O(∞− x)
O(∞− x) := O(∞)

⊗O(x)−1
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� � � ��� � � � � � � �

C
� 6 � �3 , � � � �%"%� 0 ��$-$4")0> #")( 0 C � ; "

E � "%6 9  �  *�� . " H
n := rk E, d := deg EB 0> 9 ��$

Pic(C)
� E 7→ E⊗L;

0 ≤ s(E) < n
H
det E � �=")(

gcd(d, n) = 1⇒ E �! *��-. "
� " � C .  � � �+� �  * �-. " � C $=(1. " � �

• g = 1, (n, d) = (2,−1)
�

det E � �=")( ⇒ E C $%9 � C " � C �  #� 9 � �
�

• g = 1
� � ":$ ":� *-.7. @ E "�� 9 �  � ⇐⇒ gcd(d, n)* $=(  , ":$ 9? 9 � C $%9 � C " �

• g > 1
� E " � 9 �  � � ��� *-.7. (d, n) �

� / 6 � �3 , �3* � *-6 "  #":��� 02, ":6 " � � �( 9 6 ":$)�>9 �5$
(n2 − 1)(g − 1)

• d = 0
� � ; "%�

C E ↔ � 

��� ��� � � � �� " � � " � "%$  *  9 �5$G� � �  ,4" � ����� � � � � � ���
��
 � � � � � C 9 $

SUn
C �  #� 0 ��$ � C=D *  9 �5$
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