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MOTIVATION

e Recent interest in quantum gravity as a source of tiny
modifications to dynamics in flat space. In particular, modified
dispersion relations would arise [Amelino-Camelia et. al., Nature
393,(1998)763]

k3
w? (k) = k° :’c&— : photons
2 2 2 P3
E“(p) = »p " +m —I_nR’L]_\/[— : fermions

[Gambini, Pullin (1999); Alfaro, Morales, Urrutia (2000);
Thiemann, Salhmann, Winkler (2001) Elhs et. al (2000)
Myers, Pospelov (2003),..... SRR R

e Very stringent bounds upon the parameters &£, 7, ©

e Atomic Physics: |03 + ©4/2] < 107, [Sudarsky, Urrutia,
Vucetich (2002)]

e Polarization measurements from astrophysical sources:
¢ < 107 %, [Gleiser, Kozameh (2001)];
£ <1071%/dg 5, [Jacobson, Liberati, Mattingly, Stecker
(2003)] 2

e Synchrotron radiation (SR) from CRAB nebulae: either
one of g, > —7 x 1078, [Jacobson, Liberati, Mattingly
(2003)]. Based on reasonable extrapolation of standard SR
to LIV case.

e Measure of linear polarization II = 80 4 20% in GRB021206 ’f?'
— SR models for emission [Coburn, Boghs (2003)]. Also SR
models for BL Lac objects: Markarian 421,501 with electrons
[Konopelko et. al. (2003)] or with protons [Aharonian (2000) ;
Mucke, Protheroe (2000)]

e Possibility that SR, for other astrophysical objects , would
impose constraints upon the photon LIV parameter £.
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(Phys. Rev. Lett. 90(2004)211601)

e Actions

Sscalar — /d4le {apﬁo (9”(,0“#2@ 90+ZYM90 (V av)g 90:’ 3

1
Sphoton = /d% [-—ZFWF’“’ —4r JH A,

+-]\% (VEFos) (Vva,,)(vﬁﬁ’ﬁfs)] .

e Work in coordinate system where V* = (1,0).

e Maxwell’s equations:

V-E =d4rp,

OF £ 0 ( 8B)
L vxB+ 22 vxE+ L2} =43
ot YV P T ya : o1 4

e Particle in constant magnetic field (v 1 B)

3 9 2
P2 1———’7—E+——E2(—"—> (v x B).
E oM~ T4 \Mm




e Energy-momentum tensor

1 /1 ¢ OB
70 = —[Z(E?1+B>)- >1E. )
0 477(2( +B7) M 8t )’
s - L(ExB_iEx.‘ZE_).
4 M ot

e Work with usual potentials in the standard radiation gauge

e Equation for A
(—w2 +k? — 2i—]\%w2 k x) Akw) =4n Ir(k,w).

e Can be diagonalized in the circular polarizacion basis

(birrefringence)

(-& + k% + 2%@72]@) A* =473%.

e Each mode propagates with velocity (¢ = 1)

1
UA:n(/\z)’ A=+, z:——f\zw, n(Az) = v/ 1+ 22 + Az

o We call £ = ¢/M in the sequel
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e The Green function is defined
[(—w‘? + k2> §it, — 2i€w” €4k kj} Gri(k,w) = &5
where

1

4€2 4
Gri(k,w) = o ((kZ — w8k — :

(k2 = u?)

ik, — 27;£wzeklmkm>
U= (w?(1-2kE) — k%) (w? (1+2k€) — k?)

e The causal Green function is obtained by w — w + i¢

e The potential in the radiation approximation is

1
Z n(Az)ezn(Az)erA(w k)\)

A(w n) = \/1_1_2_

ky = wn(Az)n.

e The corresponding electric and magnetic fields are

1
Z n(AZ)ezn(Az)wr‘])\(w k}\)

E(w,b) = m

B(w,f1) = 4/1+ 22 (i X E(w, 1)) — iz E(w, )



e Simplification of the Poynting vector
1 E
S=— (EXB—E—EX 8_)
4

with the relation

3 _ 1 : _ €
i X E(w,r) = A B(w,r) +izE(w,r)], z= Y
In Fourier space 0/0t = —iw, and
S = ﬁ (E(—w) X B(w) — —]\%E(—w) X (——iw)E(w))
S = f;E(—w) X [B(w) 4+ izE(w)]
s = i 1+ 22 B(—w) x (8 x E(w))
S = /1122 (B(w) Bw) A, B(~w) = (Bw)"

e Recalling that

1+ = n(z) + n(=2)

2

we can rewrite

g 1 (n(z) + n(—z)
4 2

) (B(-w) - B@) 5,

e In a standard medium we have

8:57—? n (E(—w) - -E(w)) f



e General power spectrum

dZP(T> 1 ——in z
dwdQ  Am2 /1 F 22 —~
x [n?(X2)J7 (T +7/2,k») P}k Jr (T —7/2,ky)]
1 - .
P;z: = 2 (5zk — kiky, + Azeijkkj) .
e Circular orbit
Ji(t, k) = qv(t)e * T®)  y(t) = (—Bsinwot, Bcoswot, 0)

e Averaged angular distribution of the m*® harmonic

2 dP,,
(E20) -3 3 o= man P22

A== m=0

dPp, B w?q? 1

ds) - 47 /1_*_27271

Wiam = mn(Azm)Bsin b, Zm = gmwo

(A8 (Azm) Tl (W) + €0t 0 T (Wirm)]

e Integrated power in the m*® harmonic

q2 mwg

Poa = Brn(Azm,) [QJém@m Bn(Azm))

24/1+ 22

1 2m Bn(Azm)




e We are in the regime 1 — [3n]? > 0
e Integrated power in the m'® harmonic

2 0 2/3
q° mwo 1 3 )
P m — d K
A V3rR 1 +n2(>‘zm) {/ v (2?'7% 5/3 (2)

m/me

3 \*4/3 m
-2 K — .
(%c) 28 (m)}

e The cut-off frequency

_ 3 -3/
Me = 5 (1 — [Bn(Azm)]2) 3/2

because for m > me
_m/mc

Py, ~e

e Integrated total power in the m*® harmonic to second

order in £
2
q“muwg Me m 2 m
P, = - K
/37 R~? { m (mc> y2 23 (mc>
~ g 5 m\? 1 m
+2€ © (mwo8) (—> — 5| Koy3 ( ) )
Y 2 Me
e = 3
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e Let us assume that the relativistic electrons have an
energy distribution of the type

N(E)dE = CE"PdE, 2<p<3

e Let us define the circular degree of polarization as

_ (Py(w) ~ P_(w))
(P (@) + P_(w))

where P4 (w) is the total power distribution per unit

II

frequency and polarization A = 41, so that
P
Py(w) = —22
wo

e The result is (p # 1)

;IH@ = 2 (?> (;;J—r D 132 (%f)(zz;+ 1) TI(p)

2
i+ 53) T (P + 55)

1 19 1 1
r(ip+13)T (37— %)
e This is the analogous expression for the average of the

I(p) =

degree of linear polarization

p+1

My = ———
N )3
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e We start from

_ qzw 2 1
B = S m T Ve (“

3 4/3 m
—2 K

e Most of the radiation comes from m ~ m. >>> 1 where
Ks/3(1) = 0.49, k(1) ~ 0.65. The dominant term is

2/3 g
Py(w) = D ( ~1 > — k(m/m.)

&

3 ~ B
Me = 5(1 - ’I’L(Z)2,62)—3/2, z=XNw m= ia wo = _('_Z_

e We are interested in
~ dP> (w
Py(w) = [Py(w)],_q + Aw (—;\—(2> 4 s
z=0

to calculate

+ O(&?, ¢k, .....)

<(dPAmo>z:mR:O>
(

[PA ()], 20,0 )

HOR
e It is convenient to change the derivative to

d 2n? B d

dz 1+n2nds

because now we can directly take n = 1



to obtain

dP (w) . d 1 \2/% m,
(-————-—dz )n:LH:O =D dﬂ {(mc> . Kl(m/mc)} )

3 3
’Y

3
Me = 'Zf(l ‘52)—3/2 =

e Now we go to the variable z

2 2 E B 2

M 3 ¢B % 3 gB
3 _ d d d
me = ~ A2 z73/2 =By = 2A%
2 dp dy dzx
e Then
dPA(w)> _ §A 3> —2/3 D o2 dr(x)
dz n=1.r=0 2 dz

3 .\ 2/3
INC)) (§A ) D x(z)

e Finally we get

I

38 (Z) o

Y

foo p(P—3)/2 é_':i(_w_) dr
O xr

fOoo x(P=3)/2 k(z) do .

HO

F(p) =

where the energy average is translated into

(G(z)) = gmm—p“ / 2 P73/ G () da.
J 0



e The phase in the Green function is

- L 1 72
2 w2

r r 2 r2

@ (2)

we can neglect only the term quadratic in r’and both

n(Az)w ir — r'] ~ wr (1 -

o If

¢-dependent terms remains in the phase:
n(Az)w lr - r'l ~ n(Az)w(r — - r)
e Other possibility is that
1\ 2 /
<T—) < Jéw| < -
T r
which leads to

n(Az)w lr - r'l ~ n(Az)wr —A-r’

€] < (%)2

all the dependence on £ is negligible in the phase, which

e Finally, if

reduces to

n(/\z)wlr—r" ~wr—f-r
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