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e Standard space-time = a manifold M;

points * € M <« finite number of real coordinates

o* e R4

e Usual quantum mechanics:

zi, il =0, |p,pj| =0,

[xi,pj_ — Zh&l] .
Wigner’s contribution: change of canonical com-

mutation relation of Heisenberg with special at-

tention to its group theoretical properties.

e This picture of space-time is likely to break
down at very short distances ~ Planck length
Ap ~ 1.6 x 1073 em.

e A possible approach to description of physics
at short distances is QFT in a NC space-time.
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The generalization of commutation relations for

the canonical operators of the type
ot — [zH "] £ 0,
was suggested long ago, in particular, by

Snyder (1947); Heisenberg (1954);

Golfand (1962)

According to a survey by J. Wess, Heisenberg
conveyed to R. Peierls his idea that noncommutat-
ing space coordinates could resolve the problem of
infinite self-energies. Apparently, Peierls also de-
scribed it to Pauli, who pursued further this idea
by explaining it to Oppenheimer who told it to
Snyder, the latter having written the first paper

on the subject.



e Practical motivation: the hope that QFTs in

NC space-time have an improved UV-behaviour.

e Physical motivations:

— black hole formation in the process of mea-
surement at small distances (~ Ap) = addi-

tional uncertainty relations for coordinates
Doplicher, Fredenhagen, Roberts (1994)

—open string + D-brane theory in the back-

oround with antisymmetric tensor
Ardalan, Arfaei, Sheikh-Jabbari (1998);

Seiberg, Witten (1999).



x boundary conditions for open string in con-

stant B-field background:

[Grmn(0—0) X" +270] By (0+0) X ™), = 0
* corresponding propagator

< X"z, 2) X" (w,w) >=

— a'(g""log|z — w| — g""log|z — w|

1 _
+ G"™og|z — w|* + ,Hm”l()g(—f w)
T Z—w

x 1n the limit when both z and w approach

the real axis: z =2 — 71, w = W — 7o,

the propagator becomes:

< Xm<7_1)Xn<7_2) > = —a/Gmnl09(7'1 — 7’2)2

[/ .
+ 29mnszgn(7'1 — 1)

implying the commutation relation:
XM X" =4i0"",
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NC space-time and field theory;

*-product
Heisenberg-like commutation relations
(XH XY = 9HY

O - constant antisymmetric matrix.

QFT — NC-QFT: &(z) — P(2).

1 A

SDip] = [ d*s [ (01D)(,D) —2m2<I>2 - 4'<1>4]
Y
0)5 I 929 Asy
SOP] = [ (019)(0u®) — m*®* — 7] .

The NC analogs c%(f) of field derivatives 0,9 :

f |
de ,LL @[ijjq}]

b}

P@-D

O,



The perturbative field theory formulation can be
based on operator (e.g. Weyl) symbols &(x) =
functions on the commutative counterpart of

the space-time:

N AN

O(X) e O(z) ;

AN

B(X) = [N p(a)da,
O(z) = [P (a)da,

where « and x are real variables. Then, using

the Baker-Campbell-Hausdorff formula:

AN AN AN

HX)I(X) = [ X 3(a)ePXp(8)dads
= MOHIX 30X Xl g )y (8)dad



hence the Moyal x-product is defined:

AN AN AN

O(X ) (X) — (D * ) (z),

(@ % W) () = ()2 mPrudup (y) —y

Thus, all the multiplications (e.g. in the La-

grangian) must be replaced by the x-product

4

S0 = J d%[;(8“61))*((%@)—;mQCD*CD—i'CD*CD*CD*CD]

Moyal bracket will replace the commutators:

P(x), V()| g = Px) * V(x) — W(x) % P(x).

Quantization of the theory: using path integrals



CPT and Spin-Statistics Theorems
in Axiomatic Approach to NC QFT

CPT and spin-statistics theorems in NC QFT in Lagrangian formalism
M.C., K. Nishijima and A. Tureanu (2002)

Consider NC space-time (coming from string theory and other argu-

ments) with the commutation relation:

[, 2] =6, (1)

where 0, is an antisymmetric constant matrix = Lorentz invariance is

violated.

Take

0p; = 0 (otherwise unitarity is violated)
912 = —921 =0 (2)

= theory is invariant under SO(1,1) x SO(2).
Translational invariance preserved.

Causality condition: corresponding to SO(1, 1)

(Alvarez-Gaumé et al., 2001)

(), oY) = o(x) * ¢(y) — d(y) * o(x) =0,
for (a?() — y0)2 — (1)3 — y3)2 < 0. (3)

Spectral condition: physical momenta in forward light-wedge

pP=p5—p3>0 and pg>0. (4)



Noncommutative Wightman functions

Wz, o, ..., xy) = (0|@d(x1) * d(x2) % ...p(2,)|0) | (5)

where (5) is the Weyl form of the operator-valued Wightman functions
W (1, &g, ..., &), with

.9
oyY

b(@) * dly) = p(a)e?™ I g(y) | (6)

the most natural generalization of the x-product for noncoinciding points.

(M.C., M. Mnatsakanova, K. Nishijima,
A. Tureanu, Yu. Vernov, 2003)

e Another approach:
W1, za, ..., xn) = (0l(x1)p(2)...0(20)|0) (7)
but uses the SO(1,1) x SO(2) symmetry.
(Alvarez-Gaumé et al., 2003)

CPT theorem in commutative case: CP'T invariance condition

in terms of Wightman functions, e.g. in the case of a neutral scalar field,
W(xy, zo, ..., xn) = W(—zp, ..., —x2, —11) , (8)

for any values of x1, 9,...,x,, is equivalent to the weak local commuta-

tivity (WLC) condition,
W(xy, zo, ..., xn) = Wixy, ..., x9, 1) , (9)

where x1 — x9, ....x,—1 — X, 1s a Jost point, i.e. it satisfies the condition

- 2
that (nZi )\j(xj — $j+1)> < 0, for all )\j > () with Z)\j > ().
j=

9



CPT invariance condition in terms of NC Wightman func-
tions

Use antiunitarity of CP'T" operation:
(OD|OV) = (VD) . (10)
Take the vector states as
(P = (0] = (¥

and
(U) = ¢(x,) * ... x p(x2) *x d(x1) | Vo)
and express both sides of (10) in terms of NC Wightman functions.

CPT invariance condition will read:
Wiz, 29, .. xy) = W=y, ..., —To, —1) . (11)

WLC condition in terms of NC Wightman functions (conse-
quence of the locality condition (3)):

Remark that the x-products contained in the definition of the Wight-
man functions do not influence in any way the coordinates involved in
defining the light-wedge in (3), i.e. xy and x3. Consequently, at space-
like separated points in the sense of SO(1,1) (denoted by z; ~ =z,
i,7 =1,2,...,n) we can permute the field operators in (5) in accordance

with (3), until we obtain the reversed order of operators compared to the

order in (5):

Wz, xo,.ccsxn) = Wilxy, ..., x2, 11)

for z; ~ z;,4,7=12,...,n. (12)

10



Proof of the CPT theorem
e Show that the WLC condition (12) implies the CPT invariance con-
dition (11).

e Rewrite (12) in terms of relative coordinates:

W€, €y s En1) = Wil=Eni1, ..., —E2, —E1) . (13)

The functions W, (&1, ..., &n—1) and Wi(—=E€,_1, ..., —&1) satisty the spec-
tral condition (4) and are invariant under O(1, 1) transformations. Thus,
in accordance with the previous arguments, they are both analytical func-
tions of the complex variables u; in the above-mentioned extended do-
main. Moreover, since they are equal at Jost points, they are also equal
in the whole domain of analyticity.

e Using the invariance of W, (i1, f12, .-, fin—1) and Wi(—pin_1, ..., — i,
under the complex SO(1,1) group, which includes the inversion p! —

—pd and p? — —p? we arrive at the equality

W*(,Ltl,...7/1n_1) = W*<—/L;,L_1,...,—,LLI1) , (14)

where ,ng = <—,u?, ,UJ%, /«5227 _,LL?) = (_/J'?a Tz'la Ti27 —:u?)

e Performing a SO(2) rotation by 7 in the (71, 7%) plane and subse-

quently going to the real limit, we obtain that

W*(&, 527 ceny gn—l) - W*(fn—h ey €27 gl) ) (15)

which is equivalent to the CPT invariance condition (11) in terms of 1,
x9,...,T,. Thus CPT invariance is the consequence of WLC. By similar

considerations the converse can also be proven.

11
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Spin-statistics theorem: The wrong statistics, for a neutral scalar

field,
{6(@), 6(y)}« = 0, (z0 — yo)* — (23— y3)* <0, (16)
leads to ¢(z) = 0.
e Start by proving that, if ¢(z)|0) = 0 and ¥(x) is a local field
operator, then ¢ (z) = 0. To show this, take at the Jost points &1 —

L2,..., L5

—Z,T—Tj41 ,...,Tp—1 — Tp, the arbitrary NC Wightman function

(0]@(21) * ... x §(Z;) * Y(T) * (T j11)... * (T )|0)
= (0|¢(21)...0(Z5) * (T j41)...0(Zn) x P(2)|0) =0 . (17)
By analytically continuing the first line of (17), one obtains (0|¢(z1) *
k() %P (), D(Tj41)... xP(2,)]0) = 0, i.e. all the matrix elements of
the operator ¢ (z) between a complete set of states (0|¢(x1) * ... x p(x;)
and ¢(xj11)... * ¢(x,)|0) are zero and thus (x) = 0.
e Consider W,(x,y) = (0|¢(x) * ¢(y)|0). According to (16) we have

Wz, 9) +W.(y,2) =0 (18)

Eq. (18) can be analytically continued, as in the previous section, into
the extended domain. Performing a space-time inversion and taking the

real limit for the coordinates, we obtain for the second term of (18)
Wy, z) = Wiz, y). Thus, Wi (x,y) = 0. At y = = we get

(Ofp(z) x ¢(2)|0) =0, (19)
which is equivalent to (V|W) = 0, with |U) = ¢(x)|0), if one adopts the

definition for the norm of a state as in (19), or equivalently as (U|W) =

(0]¢(2)o(2)[0).
e Then ¢(x)|0) = 0 and, due to the result first derived, ¢(z) = 0.

12



High-energy bounds on total cross-section in NC QFT

1. Analyticity of the scattering amplitude in cos © (derived on the ba-

sis of the Jost-Lehmann-Dyson integral representation). Lehmann ellipse.

2. Extension of the analyticity domain to Martin ellipse, using unitar-

ity constraint on the partial-wave amplitudes and dispersion relation.

3. Derivation of analog of Froissart-Martin bound on total cross-

section.

13



I. Jost-Lehmann-Dyson Representation
(M.C. and A. Tureanu, 2004)

Scattering process k +p — k' +p/
The JLD representation (1957, 1958) is the integral representation for

the Fourier transform of the matrix element of commutator of currents:

flg) = [ d'ze" f(a), (20
where
Fla) = W) o =5)lp) (21)

satisfying the causality and spectral conditions.
Consider now NC space-time (coming from string theory and other

arguments) with the commutation relation:
[x/m CUV] = ieuu ) (22)

where 0, is an antisymmetric constant matrix = Lorentz invariance is

violated.

Take

8p; = 0 (otherwise unitarity is violated)

@12 = —821 =6 (23)

= theory is invariant under SO(1,1) x SO(2).

Translational invariance preserved.

14



Causality condition: corresponding to SO(1, 1)

(Alvarez-Gaumé et al., 2001)

f(x)=0 for o5 — a3 =3"<0. (24)
Spectral condition: physical momenta in forward light-wedge

p*=ps—p5>0 and py> 0. (25)

Due to translational invariance, region where

flg) =0

can be written analogously to usual case (in Breit frame, 1(p + p/) =

(po,0,0,0)), as the region outside the hyperbola:

po— @3 +m3 < qo < —po+ g3 +mi, (26)

where m? < m?,i = 1,2. Incase m? = m?,1 = 1,2, the condition (26) is

stronger than the usual one, which contains |g]? instead of ¢3. In general,
~ 2 .

m

;= f(m;,p. + p;); in Lorentz invariant case, m7 = m; — (p3 + p;,).

e To derive the JLD representation, take the 6-dimensional space with
the same metric (+, —, —, —, —, —). Define vector z = (xq, x1, T2, T3, Y1, Y2 ).

Introduce also the 2-dimensional vector & = (z, x3). Define the function:

F(z) = f(x)d(z” — y*) = f(2)d(2%), (27)
where
z = (20, 23, 24, 25) = (T0, T3, Y1, Y2).
(Note however that F(z) depends on all 6 coordinates!)

15



When the causality condition in the sense of SO(1, 1) is fulfilled, f(z)

and F'(z) determine each other, since

r ~2
pd() = foe) = T 2T ey

e Take the Fourier transform of F'(z):
F(r)= /d6zemF(z) (29)
and, using (27) and (28) obtain:

F(r) = [dqD:(r —¢)f(q), (30)
where, denoting 7 = (rg, 73,74, 75)
D1(r) = /d6zem(5(§2) = 0(r1)o(rs) = §(r1)d(ra) D1(T). (31)

72
: 1
Obviously, D1(7) = =.
Defining ¢ = (qo, q1, 2, g3, 0, 0) and in view of causality condition (24):

F(q) = [ d'zf(2)0(z%)e™ = f(q) (32)
e Dy(7) satisfies the equation
O4D1(7) =0, (33)

d’Alembertian defined with respect to coordinates rg, r3,r4,75. Then,

due to (30), it follows that
O4F(r) = 0. (34)
Note that F'(r) depends on all 6 variables rg, ...75:

F(r) = [ d'qf(q)Di(F—q)6(r1i—q)0(ra—q2) = [ dqf(g,r1,ra) Di(F—q),

16



where q~ = (CJ(), qs, 0, O)
e Write the solution of (34)

F(r'y = [d*S, [ [ dridrs[F(r) oD ((;a_ ") p—#)

where

D(r) = /d6ze_izre(20)5(22) = €(r0)S6(FH)(r1)6(r2)
= D(7)4(r1)d(r2). (35)

Note that the surface Y. is 3-dimensional and not 5-dimensional as in

commutative case!

Express f(q) using (32):

fla)=F(q) = /iiﬁdfﬂs(?“l — q1)0(r2 — o)
< | d32a[F(r)aDg;_ D _ p—g) ag%(f'a)]. (36)

After integrating over r, and r;, changing the notation of variables r; to

u; and using the explicit form of D(7) from (35), we obtain:

flq) = [ durdusd(uy — q)6(us — ga) [ d'S;dk’

P ) e = a0)8((@ 0 = )
el = a3 — 0 = ) ) 7

17



After integration by parts in ug, we get the JLD representation:

flg) = [d'udr’e(qo — u0)d[(go — uo)® — (g3 — us)* — K7

X 0(qr — w)d(ga — ua)¢(u, £7), (38)
where ¢(u, k%) = _aF(ng;?) .

Analogously, with @ = (ug, u3), (38) can be written as:

fq) = [ dudr’e(qo — uo)8[(G — @)* — K’)(T, q1, g2, %) . (39)

e The region in which ¢(1, g1, q2, s*) = 0 [otherwise ¢(u, q1, g2, K°) is
an arbitrary function] is outside the region where the § function in

(39) vanishes,
(¢ — )" — K" =0, (40)
but with ¢ in the region given by (26), where f(q) = 0. Putting together

(40) and (26), we obtain the region out of which ¢(, q1, ga, K%) = 0:

1
a) 2(}5 +p') £ @ are in the forward light-wedge: (41)

~ ~ 2 ~ ~/ 2
o,ml—J(p“) +a) ,mQ—J(p“’ —a) } |
2 2
For the retarded commutator
fr(z) = 0(z0) f()

one obtains straightforwardly the JLD representation for NC QFT:

b) kK > mazx

_ 2 gb(’&, d1, g2, KJ2)
ula) = /dUOdugdli (g0 — up)? — (g3 — u3)* — K> (42)

Compare with usual JLD representation:

. Loy o(u, ’fQ)
frle) = /d ! (g0 — u0)* — (7 — 1)* — v*

(43)

18



II. Analyticity of scattering amplitude in cosO.
Lehmann’s ellipse
e Scattering process k +p — k' + p';

e Scattering amplitude in terms of JLD representation [recall @ =
(’U,O,’UB)]:

(U, K%k +p, (K —p')12)

M(E,cos©) = @‘/d&dﬁl B(]%/ — )+ 11]2 — K2

(4

where ¢(1, x%,...) is a function of its SO(1,1) x SO(2)-invariant vari-
ables: u3 — u3, (ko + po)® — (k3 — p3)?, (k1 + p1)? + (kg + p2)?, (K] —
PP+ (K — )2

¢ is zero in a certain domain, determined by the causality and spectral
conditions, but otherwise arbitrary:.

e For the discussion of analyticity of M(FE,cos©) in cos©, it is of
crucial importance that all dependence on cos© be contained
in the denominator of (44). But, as the arbitrary function
¢ depends now on (k' — p’)1 2, it also depends on cos©. This
makes impossible the mere consideration of analyticity of
the scattering amplitude in cosO!

e However, all perturbative scattering calculations performed in NC
QFT show that the scattering amplitude respects the Froissart-Martin
bound!

= the causality and spectrality hypotheses used for the

present derivation of JLD representation are too weak, in

the sense of their physical implications.
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e Challenge the causality condition

Y A x ~
J (2)732(—2)] =0 for 23 —25=3"<0, (45)

which takes into account only SO(1,1) variables.
This causality condition would be suitable in the case when nonlocality

in NC variables x1 and x» is infinite, which is not the case:
0
[x1,29) =10 = Az1Axy > 5 = (Az1)* 4 (Azp)* >0 .

e Consequently, we propose as locality condition:

VS X
[J (2)732(—2>] =0, for x% — :1:?) — (SL’% +x§ — 12) <0,

or, equivalently,

R . i
1(5) (=2 =0, for af—ai—(+ad) <. (16)

e Admitting that the scale of nonlocality in z; and xq is [ ~ V0,
then the propagation of interaction in the noncommutative coordinates
is instantancous only within this distance [. Tt follows then that two
events are correlated, i.e. f(z) # 0, when x% + 235 < [? (where 2% + 23 is
the distance in the NC plane with SO(2) symmetry), provided also that
x3 — 23 > 0 (the events are time-like separated in the sense of SO(1,1)).

Adding the two conditions, we obtain that

. XL . i
0 oD £0, for ad—ad— (@t +af—2)20.  (4)

20



The negation of condition (47) leads to the conclusion that the locality
condition should indeed be given by:

1(5) 2= =0, for &—(af+a3—1%) = af—ai—(ai+a3—1) <0,
or, equivalently,
AN 2 2 2 2 2
J (2)732(—2)]:07 for x5 — a3 — (27 + 23) < =17, (48)

where [? is a constant proportional to NC parameter . When [? — 0,
(48) becomes the usual locality condition.

e When z?+123 > [?, for the propagation of a signal only the difference
x? + 23 — [? is time-consuming and thus in the locality condition it is the
quantity 22 — 3 — (2} + 23 — [*) which will occur. Therefore, we shall
have a again the locality condition in the form:

P x
J (2)792(—2)] =0, for :U%—asg— (513%4—56% —l2) <0,

which is equivalent to (48).

e Strong support for the new causality condition (48)
(Seiberg, Susskind and Toumbas, 2000)

There it was shown, through the study of a scattering process, that
space-space NC ¢* in 241 dimensions is causal at macroscopical level.

”Solid rod” argument: the scattered wave appears to originate
from a position shifted by %Qp, where p is the momentum of the incoming

wave packet.

21



Physical interpretation: the incident particles should be viewed
as extended rigid rods, of the size fp, perpendicular to their momentum.
In other words, the noncommutativity introduces a scale 8 of the spatial
nonlocality. The effect is actually an amplification at macroscopic scale
of the (micro)causality condition (48).

Note: if one admits the causality condition in the form (45) for 341-
dimensional NC QFT, then for the 2+1-dimensional theory one simply
could not write any (micro)causality condition, since all (two) spatial
coordinates are noncommutative and the signal should propagate instan-
taneously in all directions.

e Correspondingly, the spectral condition will read:

Py —p3— (pi+p3) >0, po>0, (49)

due to the twisted-Poincaré symmetry of noncommutative space-time.
(For details see the paper hep-th/0408069, which is also reproduced in
the end of these transparencies.)

e Now in the literature there exists an old result, highly
mathematical and extremely involved (more than the ”edge
of the wedge” theorem).

This theorem states that the causality condition

[.] (aj)7]2(_x>] =0 , for Qfg — ,CU% — Qfg — l’g < _l2

2 2
implies
. Ly X
J (2)7]2(—2)] =0, for x% — x% — $% — x% <0.

22



This question had been first posed by Wightman (1960) and

rigorously proven later by

V.S. Vladimirov (1960), D.Ya. Petrina (1961)
A.S. Wightman (1962)

The proof utilizes translational invariance, spectral condition and math-
ematically the properties of functions of several complex variables.

The proof goes through also in our case, i.e.

R A T
J (2)732(—2)] =0, for af—a5— (27423 < 1%,
N3
AN 2 2 2, 9
J (2)7]2(—2)]207 for xy— a3 — (21 +23) <0 (50)

e With the locality condition (50) and spectral condition (49) we find
the analog of JLD representation, which we use to derive analyticity
domain in cos © = Lehmann ellipse for NC case, which behaves
at high energies I/ the same way as in the commutative case,

i.e. with the semi-major axis as
const
A
e With the new causality conditions, dispersion relations, both

yr =1+

forward and nonforward, can be proven. Note that with the causality

condition

LT, ox i
J (2)7]2(—2)} =0, for #=a5—25<0.

forward dispersion relations cannot be derived.

(Y. Liao and K. Sibold, 2002)
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II1. Enlargement of the domain of analyticity in cos © and

use of unitarity - Martin’s ellipse

In NC case the number of variables in the 2 — 2 scattering amplitude
is bigger than in the commutative case: 5 variables in the most general
NC case versus 2 variables in the commutative case.

Partial-wave expansion:

Ak+p—=K+p)= X apmrm(E)Yim(O12, ¢12) Yy (Os4, d34) -

LU m,m!
M. C., C. Montonen, A. Tureanu (2003)
Here we take the specific situation with 6y, = 0 (compatible with uni-
tarity) and the incoming particle orthogonal to the NC plane, 71|5]|0=
(B = €ji0k), when the NC scattering amplitude depends again only on
2 variables, E and cos ©.
- In this case, the unitarity constraint on the partial-wave expansion

is the same as in commutative case,
Im aw(E) > |a(E)? . (51)

Enlarging the analyticity domain of scattering amplitude to Martin’s

ellipse with the semi-major axis at high energies as
const

2
and using unitarity constraint on partial-wave amplitudes, together with

Ypm = 1—|— (52)

the assumption of polynomial boundedness, we obtain the NC analog

of the Froissart-Martin bound on the total cross-section (among other

bounds):

E
(B <c In?= .
O'tt()_C HEO

24



- For the incoming particle momentum not orthogonal on the NC
plane, a simple unitarity constraint on partial-wave amplitudes can not
be found. However this does not exclude the possibility of obtaining

high-energy bounds for this case.
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Conclusions
e In space-space NC QFT with 619 = —fy; = 6, on the basis of the
causality condition

XX N
j (2)7]2(—2)] =0 for a5 —ax3=1"<0. (53)

analyticity domain in cos © for scattering amplitude can not be obtained.
e Physical arguments compel us to change this causality condition to

R . €T
[]1(2)7]2(_2)] =0 ) for I(Q) o QZ§ o (:U% + x%) < _l2 ) (54)

leading to the same domain analyticity in cos © as in commutative case
(Lehmann ellipse).

e For incoming particle momentum orthogonal to the NC plane, uni-
tarity constraint on partial waves is the same as in commutative case and
enlargement of analyticity domain to Martin ellipse is possible, leading
finally to the analog of Froissart-Martin bound.

e For incoming particle momentum not orthogonal to NC plane, simple
unitarity constraint on partial waves can not be derived. The possibility
of enlarging analyticity domain and obtaining any high-energy bound is

not yet clear.
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1 Introduction

Quantum field theories on noncommutative space-time have been lately thoroughly investi-
gated, especially after it has been shown [1] that they can be obtained as low-energy limits
of open string theory in an antisymmetric constant background field (for reviews, see [2],
[3]). However, the issue of the lack of Lorentz symmetry has remained a challenge to this
moment, since the field theories defined on a space-time with the commutation relation of

the coordinate operators

(2,2, =0, , (1.1)

where 0, is a constant antisymmetric matrix, are obviously not Lorentz-invariant.

In spite of this well-recognized problem, all fundamental issues, like the unitarity [4],
causality [5], UV/IR divergences [6], have been discussed in a formally Lorentz invariant
approach, using the representations of the usual Poincaré algebra. These results have been
achieved using the Weyl-Moyal correspondence, which assigns to every field operator ¢(z)
its Weyl symbol ¢(x) defined on the commutative counterpart of the noncommutative space-
time. At the same time, this correspondence requires that products of operators are replaced

by Moyal x-products of their Weyl symbols:

P(2)Y(2) = p(x) * Y(x), (1.2)

where the Moyal x-product is defined as

iguv _0 __0

o(x) x P(x) = D)t TTATY(y) |1z (1.3)

Consequently, the commutators of operators are replaced by Moyal brackets and the equiv-



alent of (1.1) is

[Tp, ] =2 %0y — 2y x T, =10, , (1.4)

In fact, admitting that noncommutativity should be relevant only at very short distances,
the noncommutativity has been often treated as a perturbation and only the corrections to
first order in # were computed. As a result, the NC QFT was practically considered Lorentz

invariant in zeroth order in 6,,, with the first order corrections coming only from the x-

s
product.

Later the fact that QFT on 4-dimensional NC space-time is invariant under the SO(1, 1) x
SO(2) subgroup of the Lorentz group was used [7] (for several applications, see [8], [9], [10],
[11]). However, a serious problem arises from the fact that the representation content of the
SO(1,1) x SO(2) subgroup is very different from the representation content of the Lorentz
group: both SO(1,1) and SO(2) being abelian groups, they have only one-dimensional uni-
tary irreducible representations and thus no spinor, vector etc. representations. In this
respect, one encounters a contradiction with previous calculations, in which the representa-
tion content for the NC QFT was assumed to be the one of the Poincaré group.

In this letter we shall show that indeed the transformation properties of the NC space-time
coordinates x, can still be regarded as the transformations under the usual Poincaré algebra,
with their representation content identical to the one of the commutative case. At the same
time, the commutation relation (1.4) appears as the consequence of the noncommutativity of
the coproduct (called noncocommutativity) of the twist-deformed (Hopf) Poincaré algebra

when acting on the products of the space-time coordinates z,x,. As a consequence, the

QFT constructed with x-product on such a NC space-time, though it explicitly violates the



Lorentz invariance, possesses the symmetry under the proper twist-Poincaré algebra.

2 Twist deformation of the Poincaré algebra

The usual Poincaré algebra P with the generators M), and P, has abelian subalgebra of
infinitesimal translations. Using this subalgebra it is easy to construct a twist element of the
quantum group theory [12] (for detailed explanations, see the monographs [13], [14]), which
permits to deform the universal enveloping of the Poincaré algebra U(P)*.

This twist element F € U(P) ® U(P) does not touch the multiplication in U(P), i.e.

preserves the corresponding commutation relations among M, and F,,

[Puv P,,] = 0,
[Ml“” Ma,@] = _i(n,uaMuﬁ - nuﬁMua - nuaM,uﬁ + nu,BMua) )
[Muua Poe] - _i(nuapl/ - nuoepu) ) (21)

with the essential physical implication that the representations of the algebra U(P) are the
same. However, the action of U(P) in the tensor product of representations is defined by

the coproduct given, in the standard case, by the symmetric map (primitive coproduct)

Ao :UP) = UP)@U(P)

A(Y)=Y®1+1QY (2.2)

for all generators Y € P. The twist element F changes the coproduct of U(P) [12]

Ao(Y) = A(Y) = FA(Y)F . (2.3)

*For a deformed Poincaré group with twisted classical algebra, see [15].



This similarity transformation is consistent with all the properties of U(P) as a Hopf algebra

if F satisfies the following twist equation’:
F(Ay®id)F = F(id @ Ag)F . (2.4)

Taking the twist element in the form of an abelian twist [16],

F = ezp(%é"“’PM ® P, , (2.5)

one can check that the twist equation (2.4) is valid.
Since the generators of translations P, are commutative, their coproduct is not deformed

(A; = Ag is primitive)
Ay(P,) =A¢(Py) =P, ®1+1® P, . (2.6)

However, the coproduct of the Lorentz algebra generators is changed:

A(M,,) = Ad e3% P22 A (M) = 39" Pa®Fs Ng(M,, e~ 50" Pa®Fs (2.7)

Using the operator formula Ad ePC = P C e = 5 +[B,[B,..[B,C]| = 5 “dBr ¢
N=0 " N —— n=0 :

and the commutation relation between M,, and P, (last line of (2.1)), we obtain the explicit

form of the coproductt A;(M,,):

Af(M,) = Ades* PSP Ni(M,,)

1
= M,®1+1®M, — 59“5[(%#3, — N P) ® Ps

TSee more detailed explanations in monographs on quantum groups (e.g. [13], [14]).

tAfter the submission of the present work to the hep-th Archive, we were informed that the result (2.8)
appears also in [17], which is an extended version of the talk given by Julius Wess in the ”Balkan Workshop

2003”.



+ Pa ® (nﬁ,upu - nﬁyp,tt)] : (28)

It is known (cf. [13], [18]) that having a representation of a Hopf algebra H in an

associative algebra A consistent with the coproduct A of H (a Leibniz rule)
h(a-b) = hi(a) - ha(b) ,  A(h) = hy @ ha (2.9)

the multiplication in A has to be changed after twisting H. The new product of A consistent

with the twisted coproduct A; is defined as follows: let F =Y fi ® fs, then

axb="7> (fi(a)) (f2(b)), (2.10)

where F =Y f1 ® f denotes the representation of F~! in A® A, and the action of elements
f € H on elements a,b € A is the same as without twisting.

Let us now consider the commutative algebra A of functions, f(x), g(x),..., depending on
coordinates x,, p = 0, 1,2, 3, in the Minkowski space M. In A we have the representation

of U(P) generated by the standard representation of the Poincaré algebra:

Puf(x) = Zauf(z) ) M/wf(x) = i(zuau - xuau)f(z) ) (2'11)

acting on coordinates as follows:
Py, =10, , Muwz, =My — Tulyup) - (2.12)

The Poincaré algebra acts on the Minkowski space z,, p = 0,1,2,3 with commutative

multiplication:

m(f(x) @ g(x)) = f(x)g(x) . (2.13)



When twisting U(P), one has to redefine the multiplication according to (2.10), while

retaining the action of the generators of the Poincaré algebra on the coordinates as in (2.12):

m(f(x) @ g(x)) = f(w)*gle) =moe 2" FE(f(z) @ g(x))

= moes? %% (f(2) @ g(z)) . (2.14)

Specifically, one can now easily compute the commutator of coordinates:

l’u (%9 zu)
) o
= mo [x“®x,,+§9 Uap@”lﬁu]
l o
= Tuy + 59 ﬁnaunﬁl/ ;

7
my(z, @ x,) = T,*x, =1T,2,+ 56’“577QV775# ) (2.15)

Hence,

T, )
[xuvxv]* - 59 ﬁ(naunﬁu - Uaﬂ?ﬁu) =10 , (2.16)

which is indeed the Moyal bracket (1.4).

3 QFT on space-time with twisted Poincaré symmetry

Comparing (1.3) and (2.14) (or equivalently (1.4) and (2.16)), it is obvious that building up
the noncommutative quantum field theory through Weyl-Moyal correspondence is equivalent
to the procedure of redefining the multiplication of functions, so that it is consistent with the
twisted coproduct of the Poincaré generators (2.6), (2.8). The QFT so obtained is invariant
under the twisted Poincaré algebra. The benefit of reconsidering NC QFT in the latter
approach is that it makes transparent the invariance under the twist-deformed Poincaré
algebra, while the first approach highlights the wviolation of the Lorentz group.

7



To show this invariance, let us take, as an instructive example, the product f,,(z) = z,2,.
In the standard non-twisted case, the action of the Lorentz generators on this product reads

as:
My froo = {(2,0, — 2,04) foo = i fruovp = Fuoluo + Fovlpo — Foullve) (3.17)

expressing the fact that f,, is a rank-two Lorentz tensor. In the twisted case, f,, should be
replaced, according to (2.14), by the symmetrized expression? f;a = Typ* Ty = %(:)sp * Ty +
T, xT,), and correspondingly the action of the Lorentz generator should be applied through
the twisted coproduct:

MIZV ;0 =my o (Ay(Mw) (7, @ 2,)) - (3.18)

In the above equation, Mfw denotes the usual Lorentz generator, but with the action of a

twisted coproduct. A straightforward calculation gives:

M/il/ ;a = Z( ;tanP o fﬁaﬁup + f;VnHU o ;unWT) ) (319)

which is analogous to (3.17), confirming the (expected) covariance under the twisted Poincaré
algebra. This argument extends to any symmetrized tensor formed from the x-products of
x’s. For example, the invariance of Minkowski length s7 = z, x 2# = z,2# is obvious:

multiplying (3.19) by 7”7, one obtains M}, s7 = 0.

$We use the symmetrization because, due to the commutation relation [z, xu]x = 90, (where 0, is
twisted-Poincaré invariant, as shown also in the consistency check performed below), every tensorial object
of the form z, x x, * - - - x T, can be written as a sum of symmetric tensors of lower or equal ranks, so that
the basis of the representation algebra A; is symmetric. This statement is valid in general in the case of the

universal enveloping algebras of Lie algebras.



As a consistency check, we shall calculate the action of Mfw on the antisymmetric com-

bination 2z, x To) = [X,, To s
M;tw([:”m Tole) = ([2p Tols = 0u0)p — ([Tw: Tols — 1600)Mpp
([ Tpls = 10up) Mo + ([T, Tpls — 10,p) 00 = 0 . (3.20)
Thus, we have M, 0,, = 0, since 0,, = —i[r,,,]s, i.e. the antisymmetric tensor 6,, is

twisted-Poincaré invariant.

Therefore, the Lagrangian obtained by replacing all the usual products of fields in the
corresponding commutative theory with x-products, though it breaks the Lorentz invariance
in the usual sense, it is, however, invariant under the twist-deformed Poincaré algebra.

Another important feature of the QFT with twist-deformed Poincaré symmetry deserves
a special highlighting: the representation content of the NC QFT is exactly the same as
for its commutative correspondent. It is easy to see that the action of the Pauli-Ljubanski
operator, W, = —%EQMC;M A7 P? is not changed by the twist (due to the commutativity of the
translation generators) and P? and W? retain their role of Casimir operators. Consequently,
the representations of the twisted Poincaré algebra will be, just as in the commutative
case, classified according to the eigenvalues of these invariant operators, m? and m?s(s+ 1),
respectively. Besides justifying the validity of the results obtained so far in NC QFT using
the representations of the Poincaré algebra, this aspect will cast a new light on other closely-
related fundamental issues, such as the CPT and the spin-statistics theorems in NC QFT

[9, 10, 19].



4 Conclusions

In this letter we have shown that the quantum field theory on NC space-time possesses
symmetry under a twist-deformed Poincaré algebra. The twisted Poincaré symmetry exists
provided that: (i) we consider x-products among functions instead of the usual one and (ii)
we take the proper action of generators specified by the twisted coproduct. As a byproduct
with major physical implications, the representation content of NC QF T, invariant under the
twist-deformed Poincaré algebra, is identical to the one of the corresponding commutative
theory with usual Poincaré symmetry. Some of the applications of the present treatment
of the symmetry properties of NC QFT will be considered in a forthcoming communication

[20].

Acknowledgements

We are indebted to Peter Presnajder for many illuminating discussions, remarks and
useful suggestions.

The financial support of the Academy of Finland under the Projects No. 54023 and
104368 is greatly acknowledged. The work of PPK was partly supported by the RFBR grant

03-01-00593.

References

[1] N. Seiberg and E. Witten, JHEP 9909 (1999) 32, hep-th/9908142.

[2] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977, hep-th/0106048.

10



3] R. J. Szabo, Phys. Rept. 378 (2003) 207, hep-th/0109162.
[4] J. Gomis and T. Mehen, Nucl. Phys. B 591 (2000) 265, hep-th/0005129.
[5] N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006 (2000) 044, hep-th/0005015.

[6] S. Minwalla, M. van Raamsdonk and N. Seiberg, JHEP 0002 (2000) 020, hep-

th/9912072.

[7] L. Alvarez-Gaumé, J. L. F. Barbon and R. Zwicky, JHEP 0105 (2001) 057, hep-

th/0103069.
8] Y. Liao and K. Sibold, Phys. Lett. B 549 (2002) 352-361, hep-th/0209221.

9] L. Alvarez-Gaumé and M. A. Vézquez-Mozo, Nucl. Phys. B 668 (2003) 293, hep-

th,/0305093.

[10] M. Chaichian, M. N. Mnatsakanova, K. Nishijima, A. Tureanu and Yu. S. Vernov,
Towards an Aziomatic Formulation of Noncommutative Quantum Field Theory, hep-

th/0402212.

[11] M. Chaichian and A. Tureanu, Jost-Lehmann-Dyson Representation and Froissart-
Martin Bound in Quantum Field Theory on Noncommutative Space-Time, hep-

£h,/0403032.
[12] V. G. Drinfeld, Leningrad Math. J. 1 (1990) 321.

[13] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University Press,

Cambridge, 1994.

11



[14] M. Chaichian and A. Demichev, Introduction to Quantum Groups, World Scientific,

Singapore, 1996.

[15] M. Chaichian and A. Demichev, J. Math. Phys. 36 (1995) 398.

[16] N. Yu. Reshetikhin, Lett. Math. Phys. 20 (1990) 331.

[17] J. Wess, Deformed Coordinate Spaces Derivatives, hep-th/0408080.

[18] P.P. Kulish and A. I. Mudrov, Proc. Steklov Math. Inst. 226 (1999) 97.

[19] M. Chaichian, K. Nishijima and A. Tureanu, Phys. Lett. B 568 (2003) 146, hep-

th/0209008.

[20] M. Chaichian, P. Presnajder and A. Tureanu, in preparation.

12



