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Propagation in Complex media
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What is a wave? - 1

Small perturbations of a Linear
stable equilibrium point

Potential energy

4
]

+
-

W

Harmonic

restoring force

Repulsive Potential = 1/rM

Oscillation

U = 15kA® cos® (ot +8)

Total Potential

U4

i

i

Eiotal = %M“Z

K=1 kA® Sine(m‘r +9)

e}

’ Attractive Coulombic
Potential = 1/r

X
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What is a wave? - 2

Small perturbations of a Linear
stable equilibrium point restoring force
, the disturbances can
Coupling of te, superpose
harmonic oscillators propagate, stperp
and stand
B A
0 0]

Harmonic
Oscillation
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N coupled oscillators

Consider a flexible elastic string to which is attached N
identical particles, each mass m, equally spaced a distance L
apart.

The ends of the string are fixed a distance L from mass 1
and mass N. The initial tension in the string is T.

: yl.
Consider small transverse e i \
displacements of the e |
masses X

—_—
-
~
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P _ L ZZ L C
but F, =mya,
nd e Ve Yea Yo
dt* L 2oL

Substitute T/mL = zoz

dzyID

T 20 ) W )
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2
d Yo
dt?

or + Z(DE YP (D(Dg (YP+1 (DYP(DI) =0

We can write a similar expression for all N particles

Therefore we have a set of N differential equations one
for each value of p from p=1 to p=N.

NB at fixedends: yp=0 and yN+1=0
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Consider a small segment of string of length =x and tension
F on which a travelling wave is propagating.

The ends of the string make small angles =1 and =2 with the

X-0XIs.
The vertical displacement =~y is very small compared to the
length of the string
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Solution of the wave equation @

Consider a wavefunction of the form y(x,t) = A sin(kx-=t)
2 2

Y _ 902Asin(kx 9 0 1) TY _ akPAsin(kx 9 9 1)
a’rz ax2

If we substitute these into the linear wave equation

% (——%Asin(kx —-1)) = -k°Asin(kx --1)
% 2 o~ K2
Using the relationship v = =/k , v = =2/k2 = F/u vV =+F/u
' az_y _ 1 0%y General form
9x° ve otl of LWE
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What is a wave? - 3 eﬁf

Small perturbations of a Linear Harmonic
stable equilibrium point restoring force Oscillation
, the disturbances can
Coupling of te s <
harmonic oscillators propagate, superpose
and stand

WAVE: organized propagating imbalance,
satisfying differential equations of motion

Organization can be destroyed,

: : when interference is destructive strong
hon linearity scattering

Turbulence Diffusion
Exceptions

Solitons Phonons
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Mathematic reference: Linear PDE @

Classification of Partial Differential Equations (PDE)

Second-order PDEs of two variables are of the form:

*f “f(x, —£(x, —f( x, —f(x,
a (x;y) +b (X y) +C (Xzy) +d (X y) +e (X y) = F(x,y)
—X X7y Y —X -y
b*-4ac<0 elliptic = LAPLACE equation
b*-4ac=0 parabolic DIFFUSION equation
b*-4ac>0 hyperbolic WAVE equation

Elliptic equations produce stationary and energy-minimizing solutions
Parabolic equations a smooth-spreading flow of an initial disturbance

Hyperbolic equations a propagating disturbance
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Boundary and Initial conditions @i

Initial conditions: starting point for
propagation problems

U
AJ

Boundary conditions: specified on
domain boundaries to provide the R
interior solution in computational
domain

0
d(1) Dirichletcondition :u = f on oR

9(11) Neumann condition : ou_ f ora—u- g on aR
o on 0S

g(iii) Robin(mixed)condition:g—u+ ku = f on dR
n
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Elliptic PDEs

Steady-state two-dimensional heat conduction
equation is prototypical elliptic PDE

Laplace equation - no heat generation
0°T 9°T

; t o 2 S
dxX° adYy

Poisson equation - with heat source

0

0°T  9°T
+ = T (X,
ax Ty (X,¥)
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Heat Equation: Parabolic PDE

Heat transfer in a one-dimensional rod

o OC T Dozt
~‘i=dl2”2, 0|xla O[t|T

I.Cs u(x,0)=f(x) O0[x|a
Lu(0,t) =g,(t)
u(a,t) =g,(t)
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Wave Equation

Hyperbolic Equation
b2 - 4ac = 0 - 4(1)(-c2) > O : Hyperbolic

~2t‘2=v2[2X”2, Olxl|a O]t

cs [MXO=R) 51,
U (X,0)=T,(x)

cs [VOU=6l

u(a, t) =9g,(t)
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Coupled PDE

Ppu pv
p—+—=0
pPX Py

2 2
Bpu U, U 1pD Rp*u  pPu
ppt pX Py P PX pX Py

p—+U—+V—=p——— +pR— .

Pov pv pv 1pp PV p°V
gt pPX  py P py pr py E
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Numerical Methods

> Complex geometry

» Complex equations (nonlinear, coupled)
» Complex initial / boundary conditions

» No analytic solutions
> Numerical methods needed !
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Numerical Methods

Objective: Speed, Accuracy at minimum cost
» Numerical Accuracy (error analysis)

» Numerical Stability (stability analysis)

» Numerical Efficiency (minimize cost)

» Validation (model/prototype data, field data,
analytic solution, theory, asymptotic solution)

» Reliability and Flexibility (reduce preparation and
debugging time)

» Flow Visualization (graphics and animations)
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Computational solution procedures

Governing
Equations
ICS/BCS

—>

Discretization |—>

Continuous

Solutions

System of
Algebraic
Equations

Finite-Difference

Finite-VVolume

Finite-Element

Spectral

Boundary Element

Discrete
Nodal
Values

Equation
(Matrix)
Solver

Approximate
Solution

Uj (X,y,z,1)

p (X’y’z’t)
T (X,y,2,1)
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Discretization @{i

YV V VY

Time derivatives

almost exclusively by finite-difference methods

Spatial derivatives

- Finite-difference: Taylor-series expansion

- Finite-element: low-order shape function and
interpolation function, continuous within each
element

- Finite-volume: integral form of PDE in each
control volume

- There are also other methods, e.g. collocation,
spectral method, spectral element, panel
method, boundary element method
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Finite Difference

» Taylor series

F(x)= F(X,)+(x’ xo)f’(x0)+(X’2)l(°)2 f"(xo)+(X'3’l(°)3 £7(x,)

fM(x, )+ a’ x"b, a’"x,'b

> Truncation error

_ (XE Xo )n+1

=y TUUE), aggEs

> How to reduce truncation errors?
- Reduce grid spacing, use smaller =x = x-x,

- Increase order of accuracy, use larger n
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Finite Difference Scheme

> Forward difference 90U 9" _ Uja 0 U, +0(9x)

doxd, o
> Backward difference joug" ujou’,
= + O(dX)
Jox 9. 9 X
> Central difference n "
goug  Uj, 0Ujy, 2
= +O(9x")
ang 20X
904U 9 j+1 J 2u + ujal 2
= + O(0Xx
aaaxz gj axz ( )
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Basic concepts of EM wavefield @ﬂ*

Extinction and emission are two main types of the interactions between
an electromagnetic radiation field and a medium (e.g., the

atmosphere).
Extinction is due to absorption and scattering.

Absorption is a process that removes the radiant energy from an
electromagnetic field and transfers it to other forms of energy.

Scattering is a process that does not remove energy from the
radiation field, but redirect it. Scattering can be thought of as
absorption of radiant energy followed by re-emission back to the
electromagnetic field with negligible conversion of energy, i.e.can
be a "source” of radiant energy for the light beams traveling in

other directions.
Scattering occurs at all wavelengths (spectrally not selective) in

the electromagnetic spectrum, for any material whose refractive
index is different from that of the surrounding medium (optically
inhomogeneous).
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Scattering of EM wavefield (1)

The amount of scattered energy depends strongly on the ratio of:
particle size (a) to wavelength (=) of the incident wave

When (a < =/10), the
scattered intensity on
both forward and
backward directions are
equal. This type of
scattering is called

Rayleigh scattering.

For (a > =), the angular
distribution of scattered
intensity becomes more
complex with more
energy scattered in the
forward direction. This
type of scattering is
called Mie scattering
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Scattering of EM wavefield (2)

"05 P T IIT T T T T TTT =

1.0:— e

~ - : /' ; / / ]

E [T RAYLEIGH T OPTICAL 7]

g 0 ISR (RESONANCE) OIS

é = REGION o

o 7

0.01 = —
0.001 | bordi: i) 0 | |

O L ) I
56 810

| ] L.
01 ¢2 03 0405 0810 2 3 4
Circumference /wavelength = 27a /X

)
(=)
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Single Scattering
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FIGURE3.18. Scattering regimes. {Adapted from Wallace and Hobbs (1977). Reprinted by permigsion
of Academic Press.}
For (a >> =), the
Scattering

characteristics are
determined from
explicit Reflection,
Refraction and
Diffraction:
Geometric "Ray"
Optics
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Scattering of EM wavefield (3)

g

4

Rayleigh scattering -
Light out has same
frequency as light in,
with scattering at many
different angles.

72\

exciting %

light \ /
molecule molecule

vibrates

Composition of the scatterer (n) is important!

The interaction (and its redirection) of electromagnetic radiation with matter
May or may not occur with transfer of energy, i.e., the scattered radiation has a slightly
different or the same wavelength.

Before ... After...
e i llght
exciting
light out
molecule molecule

Raman scattering - Light is
scattered due to vibrations in
molecules or optical phonons
in solids. Light is shifted by as
much as 4000 wavenumbers
and exchanges energy with a
molecular vibration.

light
out

Fabio Romanelli

Waves & scattering




Scattering of EM wavefield (4)

scattering medium

P

scattered light

spectrally resolved detection

stokes anti-Stokes
Raman

— Rayleigh
Brillouin

I a

Rayleigh scattering

scattering from nonpropagating density

Brillouin scattering
scatlering from propagating pressure waves

Raman scattering

maolecules or lattice vibrations of crystals

MTuetuations (elastic)

[sound waves, acoustic phonons)
interaction of light with vibrational modes of

[!ical{tcri]]g from :thic::] ph{m[ms]

Raman

v

Raman scattering

on ;lllll-f\luli§ g
ATATATATAY =

Stokes

0] o,
I wy, ! % @,

¥ optical phonon

Brillouin scattering

oy, :u1|i—Slu§ wy,
AVATATAVAY =

.
" w,, : % @,

¥ acoustic phonon

Stokes

Phonons
quanta of the ionic
displacement field in a solid

phonon dispersion curve

w(k)

optical

acoustic

A J
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Scattering and Absorption

When the photon is absorbed and re-emitted at a
different wavelength, this is absorption.

Transmissivity of the Earth's atmosphere

Therma [emited) |R Micr o e

100

% Almesphernic
T ST

1 Ll LLlL 1 Ll 1
02 pm ok 1.0 B 10 al 100 m Oiem 10em 1.0m

WWer sength (nol o scale =
Hurrean sision gh :I Ireging radar
T Therma |F scanmer s K& Bard
< - 3
Photog aphic caresmas I"':{_E’::E
Z-Band
Elecho-oplical sensons L4 and
- . P-Band
=

Pasaie microven' e
e
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Scattering and Diffusion @f

In single scattering, the properties of the scatterer are
important , but multiple scattering erases these effects -
eventually all wavelengths are scattered in all directions.

Sunlight
ra s L Works for turbid media: clouds,
T amespnane aeiss, T peer foam, milk, etc...

S
Y Scattered Light

Example: when a solid has a very low temperature,
phonons behave like waves (long mean free paths) and

heat propagate following ballistic term.
At higher temperatures, the phonons are in a diffusive

regime and heat propagate following Maxwell law.
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Basic parameters for seismic wavefield eﬁf

The governing parameters for the seismic scattering are:

wavelength of the wavefield (or wavenumber k)

~ (109-109% m)

correlation length or dimension, of the heterogeneity
a (107-103 m)

distance travelled in the heterogeneity

L (109-109 m)

With special cases:

- a=L homogeneous region

* a>»= ray theory is valid

* a==~ strong scattering effects
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Seismic Scattering (1)

1x10% 1x107 1x10% 1x10® 1x10% 1x10°
100004——owd oo 0ol gl oy 4
| | =1 1x10
homogeneous I
1000- media —1x10°
100 —1x10%
8 10 V4 - 1x10’
scattering regime

1 =1x107

0.1 —1x107!
0.01 102

10 100

1X
1000 10000 100000
kL

Wave propagation problems
can be classified using the
parameters just
introduced.

This classification is
crucial for the choice of
technique to calculate
synthetic seismograms

(Adapted from Aki and Richards, 1980)

Fabio Romanelli

Waves & scattering




Scattering in a perturbed model @i

Let us consider a perturbed model:
reference+perturbation (in elastic parameters)

.=00+ooo o=oO+ooo M=MO+..M
resulting in a velocity perturbation
C=Cy+ C

solution: Primary field + Scattered field
u=ugruq(~ - )
satisfying equations of motion:
- olf ( 0 "‘Mo)(' 'UO)’i’ o' Ui =0
(), [l )] -
SN ( i +Mo)(‘ °u1),i cu ut=Q.
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Point Scatterers

How does a point-like perturbation of the elastic parameters affect
the wavefield?

Type Primary P

Per'Tur'bGTion Of The differ‘en.r inhum::Lcncity Scattered P-wave Scattered S-wave
elastic parameters produce

characteristic radiation o Q

patterns. These effects are e e
used in diffraction

tomography to recover the
perturbations from the n

Y
Y

recorded wavefield. Vi) @
N

(Figure from Aki and Richards, 1980)

dldp) &
ix, T
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4

Correlation distance

When velocity varies in all directions with a finite scale length, it is more convenient to
consider spatial fluctuations

Autocorrelation function (a is the correlation distance):

Oc(r) Oc(r + 1)

< |/ a
o el >co<r+r1>>=geﬂ |
(1‘1) <66C( )82> @e6(|r1|/a)

Bcy(1)6

Power Spectra of scattered waves
0 o 2

. .60
8k481+4k a’sin’ =

0

exp?k a’sin? —8

0 k* if ka <<1 (Rayleigh scattering)
If kais large (forward scattering)
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Wave parameter
Energy loss through a cube of size L (Born approximation)

o okialL(1+4K% 2) -
oo OO

I °<1<2aL(1ooek a )

but violates the energy conservation law and it is valid if (<0.1)

the perturbations (P &A) are function of the wave parameter:

41,
D=—
ka

. oY) phase perturbation
o0
o0 phase = amplitude

when D<1, geometric ray theory is valid
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Seismic Scattering (2)

1x109  1x10'  1x102 1x10®  1x10* 1x10®
10000 f——reo v 0l g i 40904
| a=L :
homogeneous
1000- media D=1, | 1x10° |
ray . Wave propagation problems
100 L 102 can be classified using the
o : parameters just
. e 1 introduced.
~ 10 A -1x10
AT scattering regime This classification is
1 ' *"‘::.'_:_ | AL - 1x100 crucial for the choice of
M b l technique to calculate
[, : :
o1l equiva]ent i 1%10°1 SynThehc seismograms
homogeneous ol
media : (Adapted from Aki and Richards, 1980)
0.01 | ; | 1102
1 10 100 1000 10000 100000
kL
D=4L/ka2=4(kL)/(ka)?
wave parameter
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From scattering....

Multiple scattering process leads to attenuation (spatial loss non a true dissipative one)
and energy mean free path

oo(o9 is the differential scattering cross-section and after a wave has travelled a
distance X, the energy is reduced by an amount of

1
e™™ o= Qéw(cos od)dcoseo

and the average path length between scattering events is

D oo00x ]—
l=cpe dx—Oo
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Towards random media

&

forward scattering tendency

>( forward
1
|'= |+1(cos )| (cos |)dcos| | | 0 isotropic
< 0 backward

Multiple scattering randomizes the phases of the waves adding a diffuse (incoherent)
component to the average wavefield.
Statistical approaches can be used to derive elastic radiative transfer equations

Diffusion constants
use the definition of a diffusion (transport) mean free path

_cl* |

d I* = - (acoustic)
3 | -]
c,l i
d= 1 3 PP oK? Csls (elastic)
1+2K 3 3

for non-preferential scattering 1* coincides with energy mean free path, |
for enhanced forward scattering 1*>1

Experiments for ultrasound in materials can be applied to seismological problems...
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Scattering in random media

Correlation length: 10km

50|

150 |

y (km)
=
L

OM .lt e !

® . "
- 1N
I" - * - 1 & |
= 7 " 1
. ‘#I . ; - al.. i |
0 50 100 150
X (km)

Correlation length: 20km

5() -

150 |

How is a propagating wavefield affected by random heterogeneities?
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Synthetic seismograms

Correlation length: 10km

0 » ———r

wr‘ “.. ] 3

Synthetic seismograms for a global model £ N boy

. : . N iy i

with random velocity perturbations. Aty &
BN

x10°  S(90°) «10° S8 (909

Correlation length: 20km

0.—7: ]

«10° SSS(90°)

Lol 5t 5

2 Blue - PREM

‘D Red - PREM+scat

=

0 0 0

£

3

R0

®

0-5¢ -9t 1 -5t

1360 1380 1400 1420 1520 1540 1560 1580 1720 1740 1760 1780
Time (s) Time (s) Time (s)

When the wavelength is long compared to the correlation length, scattering effects

are difficult to distinguish from intrinsic attenuation.
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Seismic Scattering Classification

1x100  1x10'  1x102 1x10® 1x10* 1x10°
10000 f——eosd ool w1y
homogeneous
1000 media D=1, | 1x10°
ray .. Wave propagation problems
1ca poa - 1x102 can be classified using the
" parameters just
g 10 7 ' . 150" infroduced.
2,2 random
. |A1/1=0 1=, B3) media ) This classification is crucial
**-_ I g 1)(10 . .
I| for the choice of technique
...................... to calculate synthetic
14— equivalent ™ w1 -1 .
homogeneous o X1 seismograms
media |
| | (Adapted from Aki and Richards, 1980)
0.01 ; : i 1x102
1 10 100 1000 10000 100000
kL

D=4L/ka2=4(kL)/(ka)?
wave parameter
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