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Motivation
Zhang and Hu’s 4D QHE

Many interesting properties

® Noncommutative geometry

® Brane-like excitations

® Fractional statistics based on the second Hopf map
® Edge states etc

How should we proceed from here ?

( Does it suggest something to high energy physics

In this talk, | present our trials to generalize it into :
even higher dimensional systems and supersymmetriess



Even Higher Dimensional Quantum Hall Liquids

Mathematical foundation of QHE - Noncommutative geometry

Noncommutative geometry = incorporated into symplectic manifolds,

such as Kahler manifolds.
Higher D. QH liquids may be constructed on higher D. Kahler manifolds.

Haldane’s 2D QHE cPl = s2 SU(2)/U(1) = S0(3)/U(1)
l

czfz SU(3)/U(2)
Zhang and Hu’s 4D QHE Cp3 = S% SU(4)/U(3) = SO(5)/U(2)

Karabali and Nair’s / \ Hasebe and Kimura’s

SU(N) course SO(N) course

C Pt ST sU(s)/U(4) # S0(6)/U(3)
C P° S8 SU(6)/U(5) # SO(8)/U(4)

| |
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Fuzzy Spheres

In general, spheres $2% = SO(2k + 1)/50(2k) are not Kahler manifolds.

We need "Kahler spheres”. They are what we call fuzzy spheres, which are given by

S2F = SO(2k + 1) /U (k)
P-M. Ho and S. Ramgoolam (2002)
dim(S2F) = k(k + 1) % dim(S?F) = 2k

The number of dimensions of the “Internal space”
= dim(S2F) — dim(S?%) = (k — 1)k = dim(S2"2)

The S%k ““contains” S%k_z as its “‘internal space”. Y. Kimura (2002, 2003)

S
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Connection of internal fuzzy sphere bundle — g2x-2

52k=2 52k
M 2k 2k %
ap S — S
v — WUir,w=X,/R g2k
[ ¢ : Gamma matrices in (2k+1) D. %ilxg = R?
a=1
W R X Y1
W _ ( 2§k+1 ) % Yo
: 1 . :
: (Xor — 1X;7;) :
W, V2R(R+Xop41) 2K Pok—1
Connection of $2F~2bundle Yi : Gamma matrices in (2k-1) D.
iWTdW = @} (AadX ) 059
1

Ap = 2 Xy , Aog41 =20
R(R+ Xog+1) +
> ;i SO(2K) gene:ra}og |
- Gauge field of SO(2k) colored monopole T

2k



Physical Realization of Fuzzy Spheres

The connection of internal fuzzy sphere bundle Sl%k_Q
= The gauge field of SO(2k) colored monopole.

SO(4) ~ SU(2)ymonopole
Sp St , >Zhang and Hu’s 4D QH
| S® system

SO(6) color monopole




Higher dimensional QH systems

2k-D QH Hamiltonian 2k-D QH
1 2k—+1 5
— 2k
H=Sure 2. N .
a>b=1

Nap = —t(xaDy — 2 Da),
Da — aa ?;Aa

Errp =w/2, w= B/M SO(2k)colored monopole
a0 — (I + 2k — 1)!! f_’i (L+20M k(1)
2k — 1)U — )N (T DD
p— m—%k(k+1) (ex) 4D QHE (k=2)

v=1, 1/33, 1/5°

Fractionally charged excitations 1
—5k(k+1)

q — 1m



Ground state and 1ts Incompressibility

wSlatorr(f’Ula T 7$N) — 6&1,---,&N¢&1(371) T (DCIN(J;N)
Laughlin-like wavefunction
. m
Wrinin(@1, -, 2N) = Weiaor(Z1, - ZTN)
m . odd

Radial distribution function

k
g(X = X) oc 1 — [ exp(—(X*+ — x2TH2) g2
=1

at v =1 Incompressible

|ncompressible

|ncompressible



“"Anyonic’’ Topological Membrane

Generalization of Linking number in higher D based on
“Hopf” map.
T4p_1(S%") = Z k=1,2,3, .

Y-S. Wu and A. Zee (1988)

4 D QHE 6 D QHE

2 6
st H SR

The topological (2k-2)-D. branes in 2k-D QHE become
“anyonic.



Noncommutative Algebra

>, € SO(2k)

(Ex.) In4D QHE t* € SU(2)In6D QHE ¢t* € SU(4)
Noncommutative algebra

[XM, X}/] — ngn[,LVta

Extension to even higher D. is possible !
(Spin) Hall current

I, = —ilzy, V] = an/ta’Ey

Hall orthogonality
E, I, =0



Dimensional Hierarchy
Is~R/[]

2
Sk S )
_ ~R 2 ~
2D OH the number of 0-branes / 1A
v=1/m

4
the number of 2-branes ~ R/ Ig ~I?

v=1m-1/m? =1/m3

6
the number of 4-branes ~ R/ 1136 ~T’

v=1/m-1/m2-1/m?> = 1/m°

1 1 1 1
V) = ——— — « e — = m_jk(k_l_l)

mm?2 mk
=> 2D QH construct higher D. QH ! =» Brane world, Matrix theory !



Supersphere and OSp(1|2) algebra

Sphere 62 — SU(2)/U(1)

Supersphere S2|2 — OSp(l‘Q)/U(]-)

OSp(1|2) super Lie algebra  {l4,la}, a =z, y,z2 a = 601,605

:la,, lb] — iEabcha SU(2) subgroup

: 1
la,la] = E(O_a)ﬁalﬁa

1
tan ) = 5(Coa)apla,  © = ( o é)

( fundamental rep.)

l_l oq O l 1 0] T l — 1 0 o
a— 5 O o/’ '61— 32 7_5 0 Lo 2 —T{ 0



Super 1-st Hopf map and Super monopole

g3|2 Ch

Super 1-st Hop map

3|2 2|2
S — 5 G. Landi (1999) g2|2

U
Y = ( v ) — (Za, 0a) = (29p¥larp, 29 o))
7]

ll/bi — (U*av*v_n*)
Yy =1 = 22 + Copbabs = 1 (R=41)

Super monopole connection

iprdy = Aqdra + AadOo



Super Hopf spinor and Super monopole field

Super Hopf spinor

w — xr1+1xo

V2(1+z3)

Super monopole gauge field

1

( /1—|—:r:3(1

(1
\ \/1}|——az3((1 + 23)01 + (21 + i22)02) )

L ___9Co) \

4(1+$3)

. T
Aq = jea’b31—|—gﬁ3(1 ! 2(14x3)

Aa:

1
' 4(14=x3)

| 2+x3

0C0O)

. e'X

0CO)



Supersymmetric quantum Hall systems

(Za, Oa)
Hamiltonian S 2z
_ 1 >
H =~ —5(Na + CapMal\p)
OSp(1]2) covariant ~"angular momenta™ of the particle
Na = —ite p-pDe + 9 o D g,
a abct bt c a( a)aB 6] Da_aa 'ZA@
AV —(C rxalDg — —6’ D
( Ua)aﬁ al’/3 B(Ua)ﬁa a D@ — aa 'lAa

LCL —_— /\CL —|— % SO(3) angular momenta
OSp(1]|2) generators ——
o — /\a % Supercharges

ELLLZCU/47 w=B/M



Super monopole Harmonics

(Ex.1=2) + X3
Super monopole Harmonics : OSp(1/2) I/2 rep.

U2.0
/! M, Mo
Umyimo = A\ myitm T ¢ LU, Ui
I3 "

— 111 5,12 u
nn].?nQ \/n1|n2|u fU 77 0,2
: R
Constraints m1 4+ mo =1 X3 = 7(m1 — o)

ny+no=1-—1 X3=?(n1—n2)

A= +1)+ ) =24+1x2]

(In the ordinary monopolecase, d(I) =71+ 1 o< I )



Supersymmetric extension
of Laughlin-Haldane wave function

Laughlin-Haldane wave function
: OSp(1)2) singlet without including complex variables

UV — N/Nq; = 1/m
W) = Tl (iR,
= [li<;(uiv; — viu; —nin;)™

O 1 O
R=| —1 0 O
O O -1

~a, — RtlaR, Ta — RtlaR

Complex representation of OSp(1|2)



Topological Excitations

Quasi-hole creation operator
a

N
AY = T (bu; — av; + €n;) x= (b) = (2, ) = (2T, 2¢ay) € %2
i=1 f

(Ex.) Quasi-hole at N.P.

1 N N
XN.P. = ( 0 ) — (24, Ra)y p =(0,0,1,0,0) > Ay p = H V;
0 i=1

1
5N — —5Nq>
TrY

-)q=1/m >

. Fractional charge




Noncommutative Algebra in Super QHE

1 1
In LLL La.Le — ~x, To.

o e a=2R/I
Supersymmetric Noncommutative Algebra,

[Xa, Xb] = 1Q€gpeXc
[Xa, ©al] = %(Ua)ﬁaeﬁ
{@Oéa @ﬁ} — %(Cga)aﬁxa

Noncommutativity and Susy are naturally incorporated !

Super Hall current
Iqa = —i[xa, V] = aeperpEc — i%(aaC)a59@Eﬁ
Super Hall orthogonality

Eqla + CogEalsz = 0O



Higher D. QH systems based on Fuzzy Spheres

D. of 2D 4D 2k-D

QH system

Sphere ST Sk SE'

Monopole U(l) SU(2) SO(2k)

“Hopf’map | 53 - 52 | §7 5 g4 |g4h-1 4 g2k

Topological O-brane 2-brane (2k-2)-brane
object (vortex)

NC [ X,,,’ X,] [ X, X0u] [ X, Xo]

algebra = ilSeu |= = ilFn,0%/2 | = ilgng,t"




Supersymmetric generalization !

D. of Super 2D 4D 2k-D
QH systems
FUZZY 2|2
? ?
Supersphere Sk
Super u(l) SU(2) ? SO(2k) ?
Monopole |
Hopfmap | o312 _, g22 9 ? i
| Topological — : :
object Vortex 9
(0O-brane)
NC [Xa, Xb] — iaeabCXc
algebra [Xe: 8a] = 5{00) 5,9 ?
8y, @ﬂ] = %(Cga)aﬁxa




Discussion

Did we really obtain any hints to the understanding of the high energy physics from
higher dimensional quantum Hall effects ?

Yes ! In, particular, it was shown that, with use of DBI action,
higher dimensional fuzzy spheres in Matrix models can be

identified as dielectric D-branes in colored monopole b.g.d.
(Y. Kimura, 2004)

Super QHE
- Super matrix models, Supersymmetric Myers Effects ?

Any relation to real systems ? - Yes.
In a planer limit, the super QH system reduces to Pauli Hamiotonian

with g=2 or Jaynes-Cummings model without interactions used i
quantum optics. (K. Hasebe, to appear.)
There are many real systems that show supersymmtric properti
Hopefully, the super QHE is relevant to these systems.

Higher dimensional generalization of super QHE
=» Super 2-nd, 3-rd Hopf map,
higher dimensional fuzzy supersphere, supertwistor ...





