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* Momentum-space topology in 3+1 &

Fermi points, chiral fermions, chiral anomaly, Standard Model,
Chern-Simons term, spinons & holons

lg * Momentum-space topology in 2+1
Chern-Simons term, quantum statistics of skyrmions, QHE and spin QHE &

* Momentum-space topology of edge states
index theorem

& * Momentum-space topology in higher dimensions &

Brane fermions

* Quantum phasetransitions dictated by &
momentum-space topology

BEC-BCS and neutrino oscillations

@ * Conclusion &



Example of p-space topology

Compare these two Hamiltonians s
physics
\ Bogoliubov-Nambu Weyl for right-handed
for quasiparticles neutrino
in®He-A & chiral superconductors H=+co-p
p2- P2 _

F + i
=l 2m C (b +1p,) T (p, + ip)
. p2- p2 .

c.(p—ip) ——- cpc—1py) - cp,

What is common for them?

H (p) = ©-9 (P) E“(p) = 9°(P)
1. E(p)= 0 atpoints (Fermi points) E
p=+Pre, N=+1 N =+1

right-handed P.,pP
meutrino

|eft-handed
meutrino

=—cop
P=-Pre, N=-1 N=-1

2. Fermi points are topologically stable
& described by topological invariant in momentum space

N=-1-e [dS§@ §xa"g)

875 over 2D surface around Fermi point

3. Close to Fermi points (quasi)particles are
relativistic left or right-handed chiral Weyl fermions

L= e',0%(p,- eA)




Univer sality classes of fermionic vacua
from p-space topology

Particle
p%ysics

) 4

E>0 cod =1

Systems with Fermi surface

E<O co-dimension
E(p) = P2 - FI):Z occupied cod =
P)=5m N\ leves space dimension D
Eermi surface E=0 " \Fermi 8 /minus dimension of zer oes
existfor D>1
E
Fully gapped Fermi systems no zer oes
A Super conductor p-space topology
20 N_ \, 2 2 2 Isnon-trivial
mass-gap E =V - + A
(p) VF (p p,:? in even
Dirac fermions space dimensions
E2 — p202+ |\/|2 D=2.406...
Systems with Fermi points 3He-A
””” E &
_ Standard M odel
conical b, fermions
N point
§ P, cod =3
N D>3
N
2 2 2\
E =pc H=co-p
: : : — odd co-dimensions
Higher dimensional Fermi points cod =5,7, ...

D>5,7, ..
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. Eerm P2 E>0
ermi gas| E =5m " | . occupied
l e levels:
p2 02 Fermi surface\ Fermi sea
E(p) = E=0 ’
p=p_
Fermi surface is robust to perturbations and interactions
as vortex -- topologically stable singularity of Green function:
1
G =i Po -E(p) .
Po ImG
Fermi surface = P ,p _ iD
= vortex line y ¢ G= | G |€
==0 p— P ReG™
phase O / singularity
winding :
in phase D
AD=21 \_/, G(Py.P) > 4
* Interacting Fermi system: -1
J > Ni= — tr &dp“ G a G

general topological invariant 271:| around

Fermi surface




Chiral particles
Quasiparticles near Fermi points are

| 4

relativistic:

(JQ

rticle

F;))%ysics

left or right-handed chiral Weyl fer mions

right-handed E |eft-handed
guasiparticles guasiparticles
Fermi 5 Fermi
point ’ point P,p
with y ¢ with y <
N3=+1 X Ny= -1 px
E=xcCp
H=+co-p = —Co-p
momentump = H2=c?p2 momentump =P
spinCc =P pinG  ¢=




Chiral particles

Topological stability of Fermi point.
hedgehog in momentum space

rticle
ysICcS

i

hedgehog with spines (spins) hedgehog with spines (spins)

outward (N= +1) inward (N=-1)

H=+co-p H=-co-p

g(p)=+cp g(p)=-cp
N=-1-e [dS§@ §xa"g)

871: over 2D surface around Fermi point



Topological stability of Fermi point

\ (general case)

rticle
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o

Topological invariant in 4D momentum space (P , Py)
In terms of fermionic propagator:

matrix Green's function G(p, py)

N= L e  tr|d¥Gcacrlca GGG

N 2
24TC MVM( over 3D surface Sin 4D momentum space

in

corner

-1 .
G =ipy—co-(p-p,

N =

low-ener gy G_1 =ipyg tco-(p-py)

+1

right-handed
particles

left-handed
particles

top. Invariant
deter mines
chirality
in low-energy
cor ner




Collective modes of fer mionic vacua
of Fermi-point Universality Class:

\ gaugefields & gravity

rticle
YSICS

o

Vacuum low-energy dynamics cannot destroy the Fermi point.
Shifts A and slopes gk are propagating collective modes:

E vacuum modes

which shift position(s)
of Fermi point(s)
PP A,
Fermi y ¢ Py
point D Py = Py~ €A,
X
are effective dynamical

electromagnetic and other gauge fields

vacuum modes

D — Wwhereslopesvary ——» -«
E2—c2p?=0 — g*'p, p,=0
form effective metric field:
gravitational field

chiral fermions,

Quasiparticle near Fermi point is gauge fields and gravity
left or right particle moving in effective el

gravitational, electromagnetic, weak fieldg It Iow-en_ergy corner
l l l together with spin and

physical laws:

W - - et W ) —etW )=0 L orentz and gauge
9Py e, WPy A W invariance,

and general covariance




Chiral anomaly
nucleation of fermionic charge

\ from vacuum

* chiral particles: quarks & leptonsin Standard Model

rticle

I?)%ysws

& quasiparticlesin SHe-A o
are created from vacuum one by one —§\\0
by spectral flow P
R
creation of momentum : :
from creation of baryonic charge
3HeA from
€A vacuum Standard Model vacuum

B = (1/4n?) By+Ey 2 BNY?2

P_-- momentum of Fermi point Ea" baryonic charge
;- effectiveelectric charge o~ Nypercharge

N_-- topological charge of Fermi point

Fermi point

Pa

e=+1

N = +1
a

Pa

Fermi point

P = (1/4n2) BeE § P.N €




Chiral anomaly

General anomaly equation
\ in terms of topological invariant
protected by symmetry :

rticle

I?;?wsws

nucleation of fermionic charge Q
by gauge field A’

Q = (1/47[2) BY'EY NYYQ

N =—le twyQldciclca'clcata
YYQ 24752 UVAy

Y - chargeinteracting with gauge field AHY

SHe-A Standard Model

Q: F::l" momentum of Fermi point Q: Ba-- baryonic charge

Y= ea-- effective electric charge Y= Ya-- hyper charge




X

SUB)¢

N =

Chiral fermions in Standard Model
Fermi-point Universality Class

Family #1 of quarks and leptons

left particles

+2/3
U,

+1/6

-1/3
d,

+1/6

+2/3
U,

+1/6

-1/3

d,

+2/3
U,

+1/6

-1/3
d,

+1/6

SU(2);

0
Vi

-1

S

-1/2

-1/2

H=—

Co-p

N=-1

1

e
2Am® HVAY

SUB)¢

right particles
+2/3 -1/3
U dq
+2/3 -1/3
+2/3 -1/3
U, ds
+2/3 -1/3
+2/3 -1/3
uR R
+2/3 -1/3
0 -1
Ve S8
0 -1
H=+cop
N=+]1

electric charge

Particle

hypercharge

Q@
S
COSLAB
Particle
physics

guarks

leptons

tr[ds'c*crlGca Gl ot G

over 3D surface Sin 4D momentum space



Pati-Salam unification of quarks & leptons
&
\ Terazawa spinon-holon model of fermions

(&)

QG"QQ N
COSLAB
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lepton as 4-th color

SU(2),; SU(2)p
+2/3 -1/3 +2/3 -1/3
u | d U: | dg
+2/3 -1/3 +2/3 -1/3
uL dL O uR dR
S
+2/3 1/3 S |+23 1/3
uL L | A uR R
0 1 0 1
Vo | & Ve | &

v

composite model of elementary particles

+1/6
Spinons w carry

> 16 spin and isospin
S & O
6 5 +1/2 -1/2 +1/2 -1/2
Ql ?j \5’ X WL WL WR WR
25 o +1/6
£22"C
E SU(2),  SU2)x

-1/2

O

Q - electric charge




Periodic Table of elementary particles
Extended Pati-Salam model

N with 4 families
2000y D

$0®‘2 W tL/b R/b DR
Tt St/éé > {
Pt

Particle
physics

v u_-d d
w23 |-u3, |+23  |-u3 d
R
o U | d | uy| dq
w23 |-u3, |+23  |-u3 d
S s U L Uk R /
q—
S +2/3 ~1/3 +2/3 ~1/3 d
w3 U L U R

-1
<
fo)
<
pyj
D

O

e

2| C w
o

< +1’6C w2 w2 vz |12

8 ® W, | W | We| W ®
i +1/6

el C SU2),  SUQ2),

Qi)) Spinons W carry spin and isospins
o [-12

g C "Dark matter from SU(4) model’
o

am

JETP Lett. 78 (2003) 691



M omentum-space topological invariant in 2+1
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Particle

general case:

N=-L1 e tr|dpdwca*ctcd clca* G
24n° WA

simple case:

G™'=ipy+ H(Pupy) » HP)=T- 9 (PyPy)
H(p) = Tlgl(px’py) + TZQZ(pX’py) + T393(px’py)

_ 1 2 - - A
N—E ewx Jdp 9'(apxg><apyg)



Skyrmion in momentum space
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p-wave 2D superconductor & 3He-A film :

PR o, +ip) g1=cp,  Jp=cp,
H = 2m 02- P2
: P2 - sz Oy = E
C(px _ Ipy) - 2m 3 2m

N = 1 skyrmion in momentum space




N=2 skyrmion in momentum space
COSLAB

?]rtlcle
physics

(dyyy + 1) -wave 2D superconductor

XX-yy

H(P) = T g (Pxhy)
p2- p2

F

J93= 5 g1=a(p;- p,) d2 = bp,p,

p2-pF2 a(2 2y .
~ P-Py) +ibpp,
H = szz . p2- p2
a(px-py)_lbpxpy — 2mF
_ 1
N_E uvkjdpg (apxgxapyg) 2



Chern-Simonsterms
&

\ momentum-space invariant
(inter play of r-space and p-space topologies)

Particle
p%ysics

general case of several gauge fields

S N, e Jdxadta 'F

CS
167t r-space |nvar|ant
p-space invariant protected by symmetry

%

5=

1 2 W ~-1 V-1~ A ~-1
24_emtrQIQde 0do G Glco'clc ot G

QI - charge interacting with gauge field AMI

Q=e for dectromagnetic field A

Q=s, for effective spin-rotation fleIdA (A =yH )




Intrinsic spin-current quantum Hall effect
&

\ momentum-space invariant

®
COSLAB
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. z _ Z
spin current JX —SSCS/ SAX

S N e“” dxth F
CS 167t J

J %= (YN dH/dy+N E,)
X 471:

2D singlet superconductor: NSS: N/4
guantized spin Hall conductivity:

s-wave N=0
GX S _ ﬂ p, + ipy_ N=2
Yo lem d_+id :N=4
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Index theorem: number of edge states v = Ni - N_

2D superconductors:

A

Py - |[component O —yy -| COMponent
N_=-2 N_|_ =+2
>
e
- component dyy -|component
Number of edge states v =2 Number of edge states v =4
E(py) E(py)
L
\ \2 \2
Px=P
X F ‘ py py
0 _ 0
Px=PF _ Pr Pr
Px=— —
V2 N V2




Edge states -- fermion zero modes
in higher dimensions
&

\ p-space invariant

Xq11 X5, X5 (3D brane)

domainwith &/ domanwith
O
Ng = N_ o‘& Ns = N4+ 4D space
)
................................................. -.’
| ndex theorem:
number of edge statesliving at the brane ( chiral 3+1 fermions)

V= N_|_-N_

P%rtlgle
physics

N = tr | d'p do

(GAGHA(GIGHAGIGHAG IGHAG I G
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Quantum phasetransition at T=0
as abrupt change of p-space topology

P?]rtl_cle

example of 3He-A film physics

L e tr|dpdeGo*Gctca'GlGcotG™
24n° WA

N internal topological
invariant of film

N

skyrmion |
Is boson !
: I
1
sKyrmion ! |
isfermion ;
| ' l
1 ! !
skyrmion | : :
isboson : !
1
: . : 5
skyrmion : ! !
isfermion ! ! : :
| 1 ! !
: | 5 5
fully-gapped, fully-gapped :fully—gapped ! fully-gapped
spectrum ! spectrum | spectrum ' spectrum : thickness
of film

guantum transitions through gapless states

Quantum statistics of solitons (skyr mions)
abruptly changes at quantum phasetransition

parameter of Chern-Simons action: =N 7t/2



BEC-BCS quantum phase transition

\ p-wave BEC p-wave BCS et
E E
i ; P, Py
pz e P
(D |
fully gapped spectrum 2 Fermi points
in strong coupling in weak coupling regime of BCS
AT (temperature) 0
° » (- chemical potential |L or
w Qe inverse coupling 1/9
A

fully-gapped spectrum with
spectrum two Fermi points

for > (¢ , marginal Fermi point
quantum phase transition at J— (¢ . has split into two Fermi points

marginal Fermi point with NN =0 appears with N = 1



Quantum phasetransition
In Standard Model and BEC

\ Two topological scenaria
In Standard M odel
E
Spectrum p,p _
of chiral (left & right) x Y Marginal
Weyl fermions P, Fermi point
in Standard M odel N=+1-1=0

Marginal Fermi point
disappears,
massive Dirac fermions are formed

Marginal Fermi point
splits
Into topologically protected
Fermi pointswith N=+1 and N=-1



Topological
guantum phase transition

\ in Standard M odel e
Hamiltonian for neutrino possible scenario
for neutrino
° .(p B b) M since its mass
i M is small
—6-(p+
E M G -(p+ b) i
gapx, Py
o "

fully gapped at b < M Fermi points Pa= + b (1- |\/|2/b2)1/2

appear atb =M & splitatb>M

p A
z qucrs]mtum Fermi points
Fermi phase _ _
m! . with Ny = £1
point transition
coordinate b=M
pz
N-=+1e
3
l b P,
- vacua with > P
fully-gapped aw X
guantum Fermi points ~ .
vacua N3 =-1




Chern-Simonsterm in 3+1 action

\ from splitting of Fermi points
&

p-space topology

rticle
ySICS

i

_ VA 4
Ses= &Mk, [ d* A0 3,A ()

D

parameter K isdetermined topological term

by topology in real space
INn momentum space

= — 2 2
k NpQQ (1/24TC ) Za PaNa Qa
| !

o position of U(1) charge of fermions

a-th Fermi point in p-space living near Fermi point

v
topological charge of a-th Fermi point
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Conclusion

| 4

The momentum-space topology determines
universality classes of quantum vacua

Vacuum of Standard Model belongs to Fermi-point universality class;
elementary particlesin vacua of this universality class are

chiral fermions emerging near Fermi points,

gravity and gauge fields are low-energy collective modes,

either fundamental or emerging due to Fermi points

The momentum-space topology determines also:

quantization of Hall and spin-Hall conductivity;

prefactor in topological Chern-Simons & Wess-Zumino terms;
guantum statistics of topological objects,

chiral anomaly & vortex dynamics

spectrum of edge states & fermion zero modes on branes & strings,
guantum phase transitions,

existence of mass of Standard-Model fermions;

efc.



Quantum Fermi liquids

10

complicated many-body system

of strongly interacting
strongly correllated atoms

liquid SHe
23

rticle

I?)%ysms

atoms

normal 3He, S3He-A, 3He-B,
normal metals, semiconductors,
super conductors, etc

Effective theory l in low temperature limit

Fermionic quasiparticles

+

Bosonic collective modes QFT

elementary particles of effective theory

Type of Quantum Field Theory depends on universality class

universality class of Fermi points

3He-A, Standard Model

Effective theory

l in low temperature limit

Chiral fermions | -+ Gauge fields & gravity | — | Relativistic QFT

left-handed
fermionslive here\

right-handed
fermionslive here

l

emer gent phenomena:

Gauge invariance
Lorentzinvariance
General covariance (partly)
chiral fermions
gauge fields
gravity
spin




