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Emergent Einstein Gravity

167zG

Einstein’s space time = the Lorentz invariant topological nematic
superfluid (at least in 2+1D)

A medium characterized by:

- emergent general covariance
- absence of torsion- and compressional rigidity
- presence of curvature rigidity (topological order)
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Plan of talk

1. Plasticity (defected elasticity) and differential geometry
2. Huctuating order and high Tc superconductivity

3. Dualizing non-relativistic quantum el asticity
3.a Quantum nematic orders

3.b Superconductivity: dual Higgsis Higgs

4. The quantum nematic world crystal and Einstein’ s space time
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Quantum-elasticity: basics

Quantum elastic action, isotropic medium

S=p|ug +2u,, + U, + ﬁ(uXX + uyy)2 +(Au) + @uy)zJ

Shear modulus ~ 4Poissonratio  Jeompression modulus k=ul+v)IQ-v)
o =2ulp=1h=1uy =(d,u, +U,)/2

ce O ®o
Describes transversal- (T) and longitudinal (L) phonon, ﬁ:ﬁo U
2 2 .O AO. O
S=pl| L+ @ ||uT P H T+ @ ||Ut P Ro °
2 1-v ®
O ¢ ®O O



Elasticity and topology:
the dislocation

J.M. Burgers (Delft):

Discovery of the War time needs (Peierls, Mott,
topological excitation Friedd, ...)



The Singularities

Didlocation:

Restores trand ational invariance

Destroys shear rigidity

Topological charge: Burgers vector

Dislocation
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Disclination:

Restores rotational invariance

Destroys curvature rigidity, like
mass source in gravity (!)

Topological charge: Franck ‘scalar’

Disclinationsare ‘bad’ (difficult)

Disclinations ‘ liberate’ non-abelian nature of
the euclidean group (diffeomorphism)




Engineering curvature

Disclination in ‘ buckystuff’: like conical singularity in 2+1 D gravity
Fluctuating geometry = simplexes with fluctuating edge-lengths “Regge
Calculus’ 7



The mathematical machine

Hagen Kleinert

Vol. | SUPERFLOW AND VORTEX LINES

Disorder Fields, Phase Transitions

Hagen Kleinert
(FU B erl i n) | Differential G.Fsr.urﬂr:fr_-,.-'. Crystal P\."Ieltin.g._-{

Vol. Il STRESSES AND DEFECTS

Abelian Higgs duality

Theory of plasticity in 3D (classical):
similarity with euclidean gravity!
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Elasticity and general covariance

Genera covariance: infinitismal coordinate transformation
e =0"—06"-2<%"

g,uv — e,uaeav — 5;11/ — 5;11/ + (&,ufv + &v;u)

General covariance = gauge invariance under elastic deformations

d; =90; = 9, ""(0—)in +ajui)

—
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Plasticity and differential geometry gy,

o

Covariant derivative: Connection, linearized:
Ho_ u My A A _ A
DV =dVv*+T Vv r, =dd¢
Curvature tensor: R, = (é’ﬂ d,~0d,0, P:s,

. | |
Associate; f — U

==> Einstein tensor corresponds with disclination current!

1 K
G,UV = G,UV — R,uv _EgﬂvR/(
Crystal = geometry
‘Bad’ news: torsion = dislocation currents with curvature and

1
Sui =@ =00 =€

a WISMa torsion.

10
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Non-linear plasticity

Use gravity technigues to solve problems associated with
large defect densities/plastic deformations ( K. Kondo,
1952 ....)

Substitute covariant derivatives for derivatives

U “o_ U Hy A
IN' >DV =d Vv +T ‘v
Use full curvature, torsion tensors instead of linearized
tensors

Program not greatly successful when it matters (e.g.
glasses).

11



The universe as a strange crystal

Special ‘crystal’: isotropic elastic medium in space and time
directions (Euclidean signature)

(a) Lorentz-invariance

(b) Curvature is not quantized, Franck vectorsare ...

2?” disclination in atriangular lattice

Deep geometrical/topological similarity with
space-time (also: Bais et a, ‘ quantum doubles':
crystal ==> Witten's 2+1 D gravity)

12



Why the universeis not a
‘Lorentz’ crystal

3

#

(a) Crystal ‘geometry’ is characterized by torsion, the universeisnot ...
(b) Disclinations are (quadratically) confined: curvature costs infinite energy!

(c) Deadly: crystals have no general covariance, the flat metric is preferred !'!!

Elastic deformation costs
= < energy: action is not gauge
invariant ...

These problems seem to be cured in the quantum
NEMATIC world crystal ... (at least in 2+1D)

13




Plan of talk

2. Huctuating order and high Tc superconductivity
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Correlated superconductors

|deal Bose-Einstein gas

BEC cold atomic gas, BCS metallic
superconductor

Helium 4 superfluid

1
eif)

{m

High Tcsuperconductors

Energy trensfer E1-EZ

: - - 4 ol | 50
Strongly correlated fluid: locally like a solid. (D o 15



Stripe order:
charge, spin, domain walls
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-- Charge order (e.g. STM)
-- Spin order (neutrons,NMR)

-- ‘Topological order’, ‘domainwall-ness’,
“anti phaseboundariness

16



Electrons coming to a standstil|

Kapitulnik et a (Stanford) Daviset al (Cornell)

These ‘stripes’ are ubiquitous in doped Mott insulator (nickelates,
manganites, ...)

Cuprates: stripes are extremely quantum mechanical ...

17



Quantum Fluctuating stripe
order

Neutron scattering: spin

Fourier transtorm ¢, ons, subpicosecond!

it
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YBCO Tc=60K: Mook et JZ, Science 286, 251
al, Oak Ridge (1999)
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Nematic superfluids

Kivelson,Fradkin, Emery, Nature 393,
550,1998

Nematic order

5
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The Singularities

Didlocation: Disclination:

Restores trand ational invariance Restores rotational invariance

Destroys curvature rigidity, like

Destroys shear rigidity mass source in gravity (!)

Topological charge: Burgers vector Topological charge: Franck ‘scalar’

Dislocation Disclination

Disclinationsare ‘bad’ (difficult)

[Barepes || Franek\ gkl Disclinations ‘liberate’ non-abelian nature of
.' ®" \\ N : _ _
N A B @ Dscalar “\ N0 the euclidean group (diffeomorphism)
. AN

\\
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Dislocations. example

120

0 40 80 120 160

21



Plan of talk

3. Dualizing non-relativistic quantum el asticity
3.a Quantum nematic orders

22




XY -electromagnetism duality Iin
2+1D

Relativistic short hand (magnon),
Consider quantum phase dynamics (XY in 2+1D),

S:E(&ﬂgo)2 mod(2z) |H = Z(n) —JZcos((o —9;)

<ij>

<
#

Hubbard-Stratanovich auxiliary field é:

S=0¢,5,+ic, 0,0

Divide in smooth and multlvalued fidd configurations, @ = @y, + Oy
S= 95,5, T18,0,0m +1$,0,0m 9,5, T16,0,04y —1904,(9,5,)

P, acts like Lagrange multiplier ==> fgpnserved =>Imposed by gauge field Aﬂ
26,=0 =¢,=¢,,0A,
Dual action: S=gF,F* +1AJ;/

Vortexcurrent:  Jy =€,,0,0,¢0 < dﬁdgo:Znn
23



Disorder field theory

Virtual vortices Vortex Bose

condensate
XY order XY disorder
Superfluid Mott insulator

Coulomb phase| Higgs phase
Normal state superconductor

coupling constant

4 ) 1 J n
T |, [ T
' - P -

¥ ¥

Theory describing vortex tangle:

Long range interaction Core vs kinetic energy Hard cores

S= | dx“de[|(9, —iA, )P F+m? ¥ F +w [P [ +F,, F ]
24
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Dualize elasticity: stress gauge
fields (Kleinert)

o . a b
Quantum asticity: S=C . d,u%J,u

Hubbard-Stratanovich = stress (@2 ) - strain (2, U3 duality,

a1 b : a a . a a
S=0,C, 0, tiod Uy +io, d, Uy,

Integrate over smooth displacement fields Ug
a a __ a
7,0,=0 = o0,=¢,,0,B;

Conservation of stressimposed by ‘ stress photons BZ‘ (pseudo tensors)

Dual action: S= [(50B) c™ (5aB)]+ iquZ
3 =¢,,0,0,uh < Pdu=b?

uvi=v

a - - 5% _
Jﬂ are dislocation currents, b = bx,lq/) Burgersvector.

25




Phonons as stress photons

‘Phonon’ action (elastic medium) in stress photons:

Coh 2 1 B
Transversal phonon Longitudinal phonon | nstanteneous stress

Strain (phonon) propagator recovered through dual relation:
((Ju|9,u°) ) =Cpt 8,05 — CpiecCria{ (5

puaa™ uv
a __ a
o, gmo” B’

2 s

26




Nelson-Halperin-Y oung + hbar

z A

= figst

Z Crystal order Superfluid I

E [ T I

= Dislocation + . .

= disclination [ | | ~

= condensate | ~Jd 1o

= e [ f [ O™ | |I

2 se/ooﬁcl order [ 7P|

4 . AN L e |

= / Nematic \ |' |' |' L] M
/ superfluid \ ]
III .III |
[ - : | |
\dislocation condensate Il | |
| " HEN

coupling constant |
Nematic (‘hexatic’) quantum order: .
( )4 Particle transport at

Dislocations bose condense dislocation collsions
Disclinations stay massive
|dealization: interstitials non-existent.

27



The dual (dislocation) condensate

Dislocation Meissner Phase: = \Ple"”, < F)#0= Lg = Lyasne + Lvawel + Loirecor
LMeissner_%ln (Qab)IZ[IBTlI _|_4 IBll ) M(B:BL +hC)
21U L 1+ &°

I—Maxwell = (8d3) C_ (8d3) LDirector = (&Q)z + méQZ + WQQ4

Agear =10y shear penetration depth
“Topological Nematic” (Toner- el
Lammert-Rokshar)  Burgers vectors = first | order
disordered |sotropic, but mass £ Crystal Isotropie ("confining")
. . . = supertlui
dl SCI | natl ons =] Defect vacuum i e Dislooati
2 — > i‘},-i-’éii:éi?}?oi
= condenscate
= AdWI>=0 <IQapl>=0
kg Gl I de nerna“ c’ Burga‘s Topological ( "Coulomb")

. — JA— nematic superfluid__ _ __ _ \
vectors disordered Broken [ <we=0 <Qumi=0 |
rotational symmetry ~~—Ordered ("Higes" '|
AniSOtI‘ Op| C /fLshear nematic superfluid I -

coupling constant

28



Didlocations and shear

—
E]
B 7
dislocation
-+
—
I
&
-
2
&
-

Horizental arrows
indicate applied
shearing stress

Dislocation
moves in

crystal by
breakingimaking
a line of
tmetal-metal bonds
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Dynamics: glide principle

A
] L]
I L elimb
EEEEn Sy
. Hg “5 \5 ] r"} r-’} h) \g

| llla ."H .—ﬁ—> | | lllf llla [ [ o s
II |I || i ||| I|| ||| || |I I| :' :' gli:de ||
L] . Fy

‘topological dynamics' : propagation only possible along Burgers vector

Field theory: requirement for finite compression modulusin liquid

30




Topological nematic superfluid:
excitations

Elec

shear

A O

Longitudinal
phonon

“third
photon’

Transversal

rical phonon

photon

roton ??

-

q

Isolated Compression mode

Superfluid hydrodynamics.

| solated massless compression, massive shear: Euler fluid

Periodicity (vortex quantization): inherited from dislocation condensate

31




Plan of talk

3. Dualizing non-relativistic quantum el asticity

3.b Superconductivity: dual Higgsis Higgs

32
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Superconductivity: photons vs.
stress-photons

Charged dastic medium (bosonic Wigner crystal): couplein EM gauge fields
S= I ddeT[neer E + F/WF#V] Ex,y =+ J A _%&)TAX,VJ F,UV :0—),uAv _&)vAy

Xy’

Dualize in stress photons, focus on magnetic sector:

2.2
L =Lan +Las +Lgs 12 = ne62 bare L ondon penetration depth,
— /ﬂt PC superconductor ??
@
L= [—2 ot qu AL PR AP Effective EM action: integrate out stress
at photons
L = _;é? B—TlA—l + f (A+1’ B—L1’ BIl)

Shear length finite (fluid):
1 2 Crystal: Meissner term eaten
Log =——| | 207 + >+ — BT, P +g(B_L1, BL) compensation mc;omple_te,
Au A electromagnetic M eissner
‘liberated’!!

shear

33



The dual Higgs boson and
electron loss

Dual (shear) o
Higgs photon — resmon

Dual Higgs mass @, =~1eVv

Q =50meV!?




Superfluid hydrodynamics

Superfluid: quantized Euler fluid
AU+ (UeV)i=Vp,"mod(27)"

Footnote (thistalk): thisisthe zero temperature
hydrodynamics of a solid which haslost itsrigidity against
long range shear forces.

35



Plan of talk

4. The quantum nematic world crystal and Einstein’ s space time

36



Emergent gravity: general
covariance

g

Distances measured by hopping from lattice site to lattice site, metric:

d., =90, +(,u, +JU,)
General covariance: metric i1s defined modulo local trandations

Didlocation condensate: Dislocation
Coherently delocalized dis ocations ==> | | Bal|
distances defined modulo local trandations! | |

Bonus: | [ Y |
Dislocations represent torsion, dislocation - JBN

4a |

condensate = Riemann space without torsion
(like general relativity)!

37




Emergent gravity: curvature

Disclination

Represent curvature (e.g., in 2+1D literally like
conical defects)

Disclination current (2+1D):
0, =£,000, 0, =1M(o"ul d,u,,)

y7A% UKAT K
corresponds with the (lineari zed) Einstein tensor:

1
®,uv = G,uv = Rv,u _Egv,uR

n “solid”: disclinations are confined (infinite energy)

In nematic superfluid: deconfined but massive ...

38
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Dynamics: double curl gauge fields g,

Recall: ‘conventional’ stress photons ==> only sources are disclinations
AW ey % YN N, AW MY XY DN
9 My

Q™" =e"y'B" > IB) 1" =¢
Disclination currents. one ‘order’ higher in duality
1
®,uv = 8ﬂxﬂaxaﬂwv’ w,u = Z uva (é)v uﬂ B aﬂuv)
Kleinert: double curl stress gauge fields (two forms)

O-/u/ — yldgvaﬁé)lcaa h

A
1 V .
==> Swe = j dzxd{@l(% ‘1—0@)* 'hﬂvUﬂVJ

+V

Sources are truely conserved (5’ﬂﬂﬂv = O) ‘defect currents

77;” — eyv T 8/1,[11(0—)/1\]1//(

39



The nematic ‘Lorentz’ crystal

Dislocation melting of the 2+1D ‘Lorentz’ (space-time isotropic) crystal:

(a) Consider topological nematic ==> space-time isotropy.

(b) No preferred time direction ==> glide constraint is

Impossible ==>
Didlocations turn into sources of compressional ‘ photons ==>
sound acquires a Higgs mass!

Symmetric = simple version of non-relativistic nematics

40



The nematic ‘Lorentz’ crystal

S

Input: Sy = Idzxd{ (0' —#a j+ihﬂvnva Oy = EuirapPc@uN
K Ny =0, + SW8J

Condense dislocations ‘isotropicaly’,  Sjg, = j dzxd{ 20' J2 , H1d,, €000, }

5 1 5 1% 5 1 1
Sef‘f,space = j d Xd?{@((fw —m(fﬂﬂj+ 2m§ O-IUV?O-,UV

Siy = Idzxd{—é’z +|hﬂvé’w}

41




Geometrical meaning

Consider dual ‘stress geometry: h,, =g, - 9J,,

Stress tensor turns into Einstein tensor: o, EG

|1 ( 1 1|
S = | d?xdq —| G?, ——sz G, =G,
=i AR j TL4/¢ 1+ v 2m2 2 J

Non-linear generalization & - D , etc; identify mj = 871G

_D2 G,U _gR

At long distances thls becomes exactly the Einstein action

Incompressible (2+1 D): shear and compression massive,
curvature rigidity is still present.

42




Gravitating matter

Normal matter: gravity is uniformly attractive
S’natter = J dZXdT[h,uv ,uv]
T - symmetric Belinfante energy-momentum tensor

No condensed matter analogy !

Disclinations: massive excitations‘guardi ng the curvature rigidity of
Space
S :jdzxd —92 +ih, @

uv - uv

Anti-dislocations do antigravity ... Startrek!

43




Emergent Einstein Gravity

167zG

Einstein’s space time = the Lorentz invariant topological nematic
superfluid (at least in 2+1D)

A medium characterized by:

- emergent general covariance
- absence of torsion- and compressional rigidity
- presence of curvature rigidity (topological order)



Plastic Cosmology: the competing
phases

The Lorentz-crystal: non-
gravitating torsion and
vacuum pressure
dominated universe
(curvature confined)

Space-time does not resist
curvature: matter causes
figst catastrophic deflation

Crystal orfer Superfluid

Dislocation +
disclination

condensate

inverse rotational stiffg#ss

xe}.{oﬁd wﬁf‘ﬁlgr
/ . ™
y Nematic N
superfluid \'\.

| \
| 5- &

|dislocationpondensate |
1 ! -

coupling constant

Our place
Fortunately!
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Conclusions

Condensed matter physics. strongly correlated superconductors
The quantum nematic orders
The Meissner phase as the dual dislocation condensate
Waiting for experiments

Relativistic generalization: emergent gravity.
Makes sense in 2+1D, 3+1D generalization?
Allegory or the holy truth? Subject for the Theology Department!

J. Zaanen, Z. Nussinov and S.I. Mukhin, Ann. Phys. (NY) 310, 181 (2004)
(cond-mat/0309397) ; H. Kleinert and J. Zaanen, Phys. Lett. A 324, 361
(2004) (cond-mat/0309379); V. Cvetkovic, S.I. Mukhin, J. Zaanen, in

preparation.
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