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Non-equilibrium Transport in Quantum Impurity Mode
(Bethe-Ansatz for open systems)

Pankaj Mehta and N. A.
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e Non-equilibrium and Steady State (Quantum Impurities)
— Time-dependent Description
— The steady state
— Time-independent Description:
Scattering Theory, Lippmann-Schwinger equation
e Scattering in Impurity Models

* Scattering states of electrons off magnetic impurities

— Relaxation processes in metallic wires

* Scattering states and the non-equilibrium steady state
— Non-eqilibrium Bethe-Ansatz (NEBA)
— Traditional Bethe-Ansatz (equilibrium, closed system)

e The Interacting Resonance Level model - NEBA
e The steady state current and dot occupation

e Conclusions



Quantum Impurity - out of equilibrium

LEAD 1 LEAD 2

Typical models:
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Non-equilibrium: time-dependent Description

x t < t,, system described by: pg
x at t,, couple leads to impurity
x t > t,, evolve with H (1) = Hy + ¢""H,

At T > 0:

1. initial condition: pq

2. evolution: U(t,,t) = T{e—iffo dt’H(t’)}

o p(t) =Ul(to,t) po Ulto,t)

(O(t)) = Tr{p(1)0}

At T = 0:

1. initial condition: |®)pains

2. evolution: U(t,,t) = T{e—’iffo dt'H(t’)}

¢ |¢( )> (t07t> ’¢>baths

(O(t)) = (Y(1)|O(1))s




Steady State

When will a steady state occur?

e Leads good thermal baths, size L — oo

e = dlimy . o, (Doyon, N.A. 2005)

Finite Size System Infinite Size System

\<—T~L—>

t, t=0 =0

e Hence
(O(t)) = (|Olp)s = (O)
1¥)s = [1(0)) = U(—020,0) |9)paths

Gellman- Low theorem:
o 1) eigenstate of H = Hop+ H; (Gellman- Low thm)

e |))s scattering state - BC imposed asymptotically



Non-equilibrium: time-independent Descriptior

- steady states are time independent

- time 1ndependent scattering formalism

o [1))s eigenstate: H = Hy+ Hi,

initial condition = boundary condition

Lippmann Schwinger equation

Boundary condition [¢)patns

‘¢>S — ‘¢>baths + E—I-;O:I:inHl‘w>3

e [1))s scattering state

scattering states describe Non-equilibrium

- extends Landauer’s approach to interacting models

— How to construct the scattering eigenstates?

— How to 1mpose appropriate boundary conditions?

— For integrable impurity models?



Integrable Quantum Impurity Models

o Use Bethe-Ansatz to construct scattering states ¢

e Traditional Bethe-Ansatz:

— Equilibrium, Closed Systems
— FEigenstates with Periodic Boundary Conditions (PBC)

— Thermodynamics

o Need new technology:
— Scattering eitgenstates

Scattering Bethe-Ansatz

then:

— T-matrix elements, cross-sections
— Scattering States with BC imposed by leads (non-eq BC)
— Non-equilibrium Bethe-Ansatz (NEBA)

*x  Consistency of non-eq BC and integrability (YBE)?

* Integrability out-of-quilibrium?



Quantum Impurity Models (equilibrium) I

Standard manipulations: mode expansion, unfolding

Lead 1 o Lead 2
. | @ | .
QUANTUM
DOT
(V)

O/

LIJRl
Lead 1 =
0
Leajz %: //

e The Kondo Model:
Hi= Y [ do ], @)0via(a) + 3 T, 0)Gutn(0) - 5

’L:1,2 7’7]:172

e The Anderson Model:
H, = Z /daz wja(x)(‘?wm(a:) + eqdld, +
i=1,2

+V Z (103@(0)% + h.C.) + U'n,dTndl

i=1,2



Quantum Impurity Models (equilibrium) II

e The Interacting Resonance Level Model (IRL model):
— level d coupled to leads

— Coulomb wnteraction between leads and dot

Higp = ) / dzap] (2)0n; () + eqd’d

i=1,2

2= (S W) d+ he)+20 S w0yl (0)dd
V2 i=1,2 i=1,2

— related to anisotropic Kondo model:
ng=0,1 < o,=+1  (Wiegmann, Finkelstein 1979)

— local magnetic field eg4

e Want to show:

Higry, - integrable out of equilibrium




The Interacting Resonance Level model
Out-of-equilibrium

e The model:

HigL = ) / daap! (2)0; () + eqdtd

1=1,2

2 (" 9l 0)d + hee) +20 Y 9l (0)9i(0)d'd
fz 1,2 1=1,2

e The non-equilibrium Boundary Conditions (non-eq BC):

|scattering state) — |@)paths

e The space of states? separate into: H,/,

— ogolz) = (41 () £ n(2)
— Hry, = He + H,

i

= —i [ dxpl(x)0¢c(x) + UpI(0)1he(0)dTd +
\ + V(@l(0)d + h.c.) + eqdid
s = —i [ dz ] (x)0vs(x) + U] (0)1,(0)dTd

— H, trivial, H. integrable (Filyov, Wiegmann 1980)
e Hilbert spaces H,./, couple in equilibrium only via d

e non-eq BC recouple two spaces



The Scattering States I

e Solve the Schrodinger equation (sector by sector)

e Single-particle eigenstate:

J dz [A(gy(z)bl(x) + epd) + Bhy(z)i(2)]]0)
o) = T 00 + 0], (0p(0) = 1)
2e'PT
h;t(a:) = 11 | x # 0
) = £ Edv)epem T C—
ep = Vgp(0)/(p—ea)
V2
0p = Z2arctan [2(]9— Ed)] :

e Single-particle scattering state:

choose A, B to impose non-eq BC



The Scattering States 11

e Single-particle scattering states

— choosing A = B:

\1p>=/dazeim[ . ([29<—x)+<ei5p+1)0(a:>ﬁ I(z)

1 + 6161’

+ [( = Do@)]i(2)) + V2epdta(a)] [0)

— choosing A = —

2p) = /dx e'P” [ ° . ([29(—95) + (e + 1)9(:6)]2#;(:6)

1 + ez5p

+ [(¢ = D)o@ (2)) + V2e,d'o() | 0)

">"X—‘>—1 --D>-- —‘>—1
- - —¢>—2 -g>--x—>—2

LEAD 1 SCATTERING STATE LEAD 2 SCATTERING STATE

~ 11/2p) = [ dee®*al , ()]0}
—al (@) = g, (2)6} (@) £ hE(@)0)() + e,0(a)d!



The Scattering States I1I

Multi-particle states

[ JTAg(z1, z2) il (x1)pl (22) + Ch(z, 22)) (21)0] (22)
+ [ [ Bj(xy, z2)l(x1)](x2)]|0)
+ [TAe(z)vi(z)d" + Bf(x)id(x)d!|0)

with:
29(x1,m2) = gp(r1)gr(w2)Z(T1 — T2) — (1 > 2)
2h(z1,2) = hp(@1)hi(22)Z(21 — 22) — (1 = 2)
§%(x1,22) = gp(w1)hi(v2)Z(21 — x2)
+(=1) g (@1)hy (22) Z (w2 — @1)

Same S-matrix between any two particles

iCID Jk)sgn(x1—x
Z(x —x9) = (p,k)sgn(x1—x2)
p—k
eQiCID(p,k) - 7’+ 2 k+p—2eq
— o U p_k
2 k—l—p 2€d

Scattering states: A, B, C determined by BC

In general, a state with N; lead-1, Ny lead-2 particles:
‘{p} f dxezz biti EZZZS<t P(ps,pt)sgn(xs—x¢)

N N
11 11O‘J{pu(5€u) v2N1—|—1 O‘Epv (74)[0)



Open boundary conditions I

e Figenstate for any p;---pn

PN —>

oF —>

e Choice of momenta: determined by problem



Open boundary conditions 11

Scattering BC: electron with momentum p above Fermi-sea

T

e exact computation of (in)elastic scattering amplitudes of
electron off the impurity

e exact cross-sections at T'=0,7 > 0
e cnergy, phase relaxation processes in metallic wires

Non-eq BC: far from impurity — free leads

o~

e Nonequilibrium physics



Steady State Current and Dot Occupation - 1

1. Non-interacting model, U =0, (RLM)

e Multi-particle scattering states

whe = [aee=rn [Lal, @) I] b, @0

u=1 ’U:N1—|—1
N1 Ni1+No
=[] 1w [] 1200)
u=1 U:N1—|—1

e Expectation values of

I = =V > 1o (=1 (W1(0)d — h.c),
Ay = did

e Calculation in lim L — oc.
— Steady state
— Orthogonality



Steady State Current and Dot Occupation - 11

e Expectation values: I, 7y in Scattering State |{p})

TR D
’ u—1 (pu - ed)2 + A2 v=N;+1 (pv — 6d>2 + A2
Ni1+Ns
T e SR gD Dt
u=1 V= N1—|—1

e Momenta {p} not specified - part of imposition of BC

e Imposing BC in thermodynamic limit:

— momenta in each lead have F-D distribution
pi(p) = %fTi,m ().
— pi(p) = 5=0(k. — p) at T = 0, with k! set by p’
e Standard RL results (Landauer):
AQ
0. = [ dolhio) = 1)

A
e = [ dp o)+ 20




Steady State Current and Dot Occupation - 11
2. Interacting model, U # 0, IRLM

e Same structure (result of L — oo limit, orthogonality):

A2
D = [ dolor) = )
(na)s = / Ap lor(p) + p2(p)] = 632 A2

e What are the distributions p;(p)? No longer Fermi-Dirac.

e Non-trivial S-matrix

e New basis of states in free leads
example: eF1P1F222[AQ(1) — x9) + (SA)O (22 — x1)]

eigenfunction of: hg = —i(0d1 + 02) for any S (infinite egeneracy)

e In the new basis the require momenta satisfy:

N
e?t =115 m)
=1

e Distribution p;(p) determined by TBA equations



Steady State Current and Dot Occupation - I\

e Determine momentum destributions: e®?il = Hf\il S(pj,p1)
= TBA equations:

k

D

o) + palp) = 5008 -9~ 3

K(p, K)p; (k) dk
2p2(p) = %9(/@3 —p) — Z /_D K(p, k)p;(k) dk

with

K(p.k) = 2 b
T (ptk—28)2 + B (p — k)2

— Upper cut-off k! in each lead, set by u’, (here k! > k2)

— Lower cut-off D - common to both leads
e Here T'= 0 TBA equations
e For T' > 0, finite temperature TBA equations

(sum over Boltzmann weighted scattering states

corresponding to non-eq BC of excited lead states.)



Steady State Current and Dot Occupation - V

e Solve TBA equations for distributions: Wiener-Hopf metho
e p;(p) parametrized by D - lower cut-off (bandwidth)

e For Universality: (physical scales < D)
— lower cut-oftf: D — o0
— vary U, keeping low-E physics unchanged
— U — wv fixed point, on RG trajectory

— A does not renormalize
e New scale emerges 1} characterizing RG trajectory

e Universality out-of-equilibrium



Steady State Current and Dot Occupation - V.

e Solve TBA eqn:
— p=amee® + ég: p+(p), correspond to p > €4, p < &4
— Lower cut-off, A < A\, A determined by bandwidth D

e The solution in each lead :

0+ (A) = pr(A+Ao), 0 (A) = 0 (A)B(=A)

2nm(A—XAp)

(—1)" Ae™ T < nn(r—¢) 2inm
5__{__ (w) _ Zoo_l i(—1)"mee ~e 81r(17r+<)w K + (= Fawa
n= 27K _ (w)(1— friz )( +in)
~ . 1 mye’e "N sinh Tw
P— (C(J) _ 2 sinh (7T—2|'C) cosh (W;C) 27‘(‘(1—iw)

+e Ao sinh (1 — (w)o (w)]
with (b= (/)
) V2T (3 4+ DT (1 4 jbw)ex ()

K+(w) = F(l N ’i(l—;b)w)
R (w) ( A1h ) v2rl'(1 — %)BX(W)
_(w) = .
1+0) (L - AZPOVP (1 — jbw)

2
1. 1-0 20

and

Jicw) _




Steady State Current and Dot Occupation - VI

e The current and dot occupation for L. — oo

n. = [ ()~ ) 2

p—ca + &7

(ng)s = /dp[pl(p)+pz(p)]( °

p—€a)’ + A2

e In the universality limit, A — oo, we find: (miraculously..)

e New low-energy scale

27
A\ 7FC@
T, = moeA A
mee

e Scaling limit T} held fixed: A — oo, ( — 7 (U — 00)

e Results resemble RL: interactions renormalize A into T}



Conclusions

Showed:
Scattering States with non-eq BC describe Steady State

Computed:

The current and dot occupation in Steady State: IRLM at
T =0

Exact results:

A strongly correlated impurity system out of equilibrium

Many generalizations and applications:
Non-equilibrium Impurity Problems:

— Non-equilibrium in other impurity models:
Kondo, Anderson, Multichannel versions

— Non-equilibrium at 7" > 0, T} # 15, By > 0, B1 # B>
— Thermal Currents, spin currents

— More leads: non-equilibrium DOS

Scattering Problems:

— Inclusive, exclusive scattering amplitudes

— Inelastic scattering amplitudes 1" > 0

More ambitious:

— Non-equilibrium description of integrable bulk systems

— Non-equilibrium RG





