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Topic 1: Governing Equations of Pressure and
Electrokinetic Flow

dnoug s

Jordan Maclnnes
Chemical and Process Engineering
University of Sheftield

ICTP Summer School
Introduction to Microfluidics
Trieste, Italy
August 8-26, 2005

Overview

* Introduction

* Governing equations
Flow equations
Electric field and charge
Species
Electric current and conductivity
Heat transfer
Chemical reaction

* Electric double layer and wall boundary conditions

* Electrokinetic effects, dielectrophoresis
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Introduction

We will develop a computational methodology for flow processes
in complex microfluidic devices.

* Flow processes include heat transfer, chemical reaction,
electrokinetic effects, etc. (multiphase flow will not be considered

and, generally, restriction will be to liquids)

* Microfluidic devices can have arbitrary geometry, involve time-
dependent processes occurring over a large range of scales

* A compelling fact of microfluidic devices would appear to be that
processes at scales of interest are predictable

ICTP Microfluidics 2005, Maclnnes

Objective and Strategy

We aim to design devices computationally.
Must combine several strands of work:

* Theoretical modelling

* Numerical solution methodology

» Device fabrication
* Experimental methodology

ICTP Microfluidics 2005, Maclnnes



Pressure flow — Electric flow

Two ways of moving liquids through microdevices are in use:
imposing a pressure gradient and imposing an electric field.

Here, the general equations for electric flow are developed —
pressure flow being just a special case of electric flow.

Each flow type has an important role to play.
It may be useful to state that:
* Pressure flows are difficult to produce but easy to compute

* Electric flows are easy to produce but difficult to compute

ICTP Microfluidics 2005, Maclnnes

Governing equations

Let us consider, one by one, the continuum equations that must be
satisfied.

Each may be derived by analysis of a physical law for an
infinitesimal volume around an arbitrary point in space.

To describe the flow of reacting liquid with heat transfer and
subjected to an electric field, we must consider:

 Conservation of mass

* Newton’s second law

* Species transport

* First law of thermodynamics
» Gauss’ law for electric field

ICTP Microfluidics 2005, Maclnnes



Flow equations

The continuity equation enforces mass conservation:

ap , 9pu; _
ot ox

0

J

Newton’s second law relates fluid motion to the forces exerted.
For a Newtonian fluid:

. opu u; . du,;
é)pul + p Ji - al + a ‘Ll« auz + J + F;
ot ox ; ox; ox; ox;, o0x

J

In words: fluid acceleration = pressure force + viscous force + other forces

ICTP Microfluidics 2005, Maclnnes 9

Non-dimensional form of the flow equations

The importance of individual terms can be assessed by normalising
variables so that the equation is becomes non-dimensional and with
new non-dimensional parameters arising.

Characteristic scales in the normalisations:

X R TN u P T
(velocity) (length) (pressure) (viscosity) (density) (time scale)

No parameters enter in the normalised continuity equation. For
uniform density, the momentum equation becomes:

2 : opu u; u,
(pR )ﬁpul+Re pu; _ _dp 97y,

ut | ot ox ; ox.  ox°

J : J
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Significance of the non-dimensional parameters

_ pu,R
u

We see that for Re — 0, the fluid acceleration associated with spatial
variations in velocity may be neglected. This will often be the case in
microfluidic applications.

(1) Reynolds number: Re

ut
PR
When periodic external forcing plays a significant role, wilt be
the imposed period of the cycle and this is a second, independent
parameter.

With no forcing, defines characteristic transient time: T

(2) Non-dimensional time:

_ PR
u

ICTP Microfluidics 2005, Maclnnes 11

Electric field and charge

Electric field produced by a given distribution of charge in space can
Be expressed in terms of an electric potential as:

P
ox;

The force per unit volume is given in terms of charge per volume by
F;‘ = peEz

Electric potential (and electric field) is determined, for a given charge
distribution by Gauss’ law

where charge density is given by P, = Z pe,Y,
=1

ICTP Microfluidics 2005, Maclnnes 12



Species transport

We must solve equations for species concentrations when non-uniform
species concentration is significant or is of interest (e.g. chemical mixing,
chemical reaction, electrokinetic flow).

Using mass fraction, Y,as the concentration variable, the equation for
species k is

dou .Y,
PY PN R O oD, Yk py w2, PP
ot &xj ﬁxj axj ax_].

In words: Change results from reaction + diffusion + electric migration

D, is diffusivity, zjs charge number, /' is the Faraday constant

w, 1s electric mobility (related approximately to diffusivity by w, =)]l;;
ICTP Microfluidics 2005, Maclnnes 13
Parameters arising in species equation
. PR’ u
(1) Transient time: T =Sc where Sc=-"-
u pD
(2) Peclet number (convection term): Pe =ScRe
The Schmidt number large in liquids (1000 for aqueous solutions) so
convection terms may not usually be dropped.
3) Damkohl b tion t Da—R"R2
(3) Damkohler number (reaction term): pDY
Relative importance of kinetic rate and diffusion rate.
(4) Electric migration terms: 2,FA®
RT
Depends on magnitude of imposed electric potential difference, . AD

ICTP Microfluidics 2005, Maclnnes 14



Electric current and conductivity

Charge conduction in a liquid is by movement of charged species.

Thus, the species equations already presented govern electric current.
d i ;
Pe g

Jt  ox,

J

may be derived from the species equation, where, for equal species

diffusivities the current flux can be written:

, dp a¢ Nz Fw
i =-D"¢—oc—"+pu. where = y Sk
! 0x ax, o p; YoM,

J J

This reduces to Ohm’s law, i, = okoply when the liquid
is charge neutral.

ICTP Microfluidics 2005, Maclnnes

Heat transfer

When heat transfer is important, we must solve the energy equation,

2
opou.h &
ot &xj = &xj &xj 8xj

The first term on the right hand side is energy of reaction and the final
term is heat generation by Ohmic heating. Each term produces a
New non-dimensional parameter.

Again, the convection terms produce a Peclet number Pe, =PrRe
based on thermal diffusivity.

Including heat transfer is relatively straightforward theoretically,
although boundary conditions are usually only known at a distance
from the flow domain.

ICTP Microfluidics 2005, Maclnnes
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Further equations

Chemical reaction can be expressed in terms of the rates of creation
due to each of M reactions involved. For species k

]

Rk = Rrk

~

where the reaction rate due to reaction » can be expressed in terms of
concentrations, temperatures and stoichiometry using appropriate rate
expressions.

Thermodynamic relations are also needed to allow enthalpy to be
linked to temperature.

ICTP Microfluidics 2005, Maclnnes 17

Boundary conditions

The usual boundary conditions for fluid flow computation can be used
to complete the mathematical problem of determining the velocity,
pressure, composition, temperature and electric field in a domain of
interest.

Electrokinetic flow

In the case of the electric field equation (Gauss’ law), one can show that
for flow passages constructed of electrically insulating material, the
normal gradient of electric potential is proportional to the wall charge
per unit area. This relation provides the boundary condition for electric
potential with the wall charge determined by surface thermodynamic
equilibrium.

ICTP Microfluidics 2005, Maclnnes 18



Electrical double layer

Double layer in liquid adjacent to a solid wall:

%] Bulk liquid
_@(5 _@éég@_@_@ *
) @ —
Ve ®®Bp @ SO

*  Liquid and solid take on opposite charge

*  For electrolyte liquid (containing ion species) charge is distributed
out into the liquid adjacent to the wall

«  Diffusion of ions normal to the wall is in balance with electric
migration produced by the electric field due to the charge

*  Double layer is typically several nm thick

ICTP Microfluidics 2005, Maclnnes 19

Electrokinetic flow

The two effects associated with application of an external electric field.

Electroosmosis

»  External electric field exerts force on charged double layer liquid
*  Motion transmitted to bulk liquid by shear stress

Electrophoresis

»  External electric field produces electric migration of ion species
»  Relative motion of species results from differences in mobility
and charge number (electrophoretic separation)

ICTP Microfluidics 2005, Maclnnes 20



KCI solution with 1 um latex particles

ICTP Microfluidics 2005, Maclnnes 21

A further electrical effect

Dielectrophoresis

» This is a further electric force that can be taken advantage of in some
conditions

» It is the result of net Coulomb force acting on the separated charge of a
particle in a non-uniform electric field

ICTP Microfluidics 2005, Maclnnes 22



Dielectrophoretic force

The force is given by (Pohl, Dielectrophoresis, 1978):

p is the size of particle (could be a single molecule)
€, 1s the dielectric constant of the medium surrounding the particle

a 1s a function of the dielectric constants of the medium and the particle,
approachestzero as the two dielectric constants become the same

Where the other electrokinetic effects move particles in the direction of E,
dielectrophoresis moves particles in the direction of pa El,2 / ox
ICTP Microfluidics 2005, Maclnnes 23

DC dielectrophoresis

Cummings and Singh (2003) show that geometric features to distort the
electric field can be used to trap and release particles

36 um diameter posts obstructing the flow

200000

L0080

NIZ

NCislS

Particles trapped (large ¥, Particles released (small F,

(200 wm diameter latex particles tagged with fluorescent dye are used)

ICTP Microfluidics 2005, Maclnnes 24



Scaling of dielectrophoresis

When is dielectrophoresis important?

Comparing this force to the level of force associated with inherent thermal
energy, F, ~ oy fds,

2
Fpi . oE;
F; ox

J

This suggests that for small particles such as molecules will not be
significant in practice. But this is not the case!

Zheng et al. (2005),
* Point out that the electric field simply needs to be made larger by moving
the electrodes closer together to compensate for small p

ICTP Microfluidics 2005, Maclnnes 25

DNA trapping

Zheng et al. also demonstrate experimentally the trapping of A phage
DNA using an electrode gap of 10 um (shown below).

Electrodes with a 50 um
produced no effect on the
DNA distribution even up
10V,

ICTP Microfluidics 2005, Maclnnes 26



Summary

We have introduced the general governing equations for Newtonian
liquid flow in microdevice passages.

Thinness of the double layers (nanometers) in relation to typical
flow passage size (micrometers) renders numerical solution of the
full equations impractical.

Fortunately, accurate approximate representation of the double layer
region is possible. The ‘slip velocity’ approximation is developed

in Topic 2.

In Topic 3, useful special cases are considered and case studies
are presented.

ICTP Microfluidics 2005, Maclnnes
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Topic 2. Analysis of the Governing Equations

Jordan Maclnnes
Chemical and Process Engineering
University of Sheffield

ICTP Summer School
Introduction to Microfluidics
Trieste, Italy
August 8-26, 2005

Overview

 Simple 1-D analytical solutions for double layer
Double layer with no flow
Developed flow between parallel walls
 Developed flow in channel of arbitrary section shape
* Order of magnitude analysis for double layer regions
* Electroneutrality in bulk flow regions
» “‘Slip velocity’ boundary treatment
* Time scales
* An example: reacting, uniform-property, alternating
flow in a T-junction

ICTP Microfluidics 2005, Maclnnes 2



Double layer adjacent to a planar wall (1)

No external field; uniform properties.
(Gouy-Chapman/Debye-Huckel solution)

Species equation: D, dY, =-Y,w,z, Fd¢

has solution Y, =V, exp{—z‘?@) — ¢y )} (D, =w,RT )

dy _ pFQ z 2, Fy
s . = _ . — Y e _ kT v
Gauss’ law with ¢ =¢ - ¢, : iy’ c E=1 M, kB XP{ RT }

withB.C.’s ¥ =0 for y—>o, ¥ =C at y=0

Analytical solution difficult for all but simple electrolyte solutions.

ICTP Microfluidics 2005, Maclnnes 3

Double layer adjacent to a planar wall (2)

Linearisation of the exponential in Gauss’ law results in
d*y

2
=K
a’y2 v

PF* & 2
eRT = M,

1/x is the Debye length is a measure of double layer thickness.

where « is the Debye-Huckel parameter « =

Solution for electric potential in the double layer: y =& exp(— Ky)
The linearisation is accurate for z, F|Z|/RT <2  (Hunter, 2001).

( [£|<50mV for ions of unit charge and ambient temperature.)

ICTP Microfluidics 2005, Maclnnes 4



Developed flow between parallel walls (1)

Species solution unchanged since no streamwise variation.

With the new B.C.s Y= at y=0 (lower wall)
oY /dy=0 at y=h/2 (channel centre)

Gauss’ law gives w=E {GXP(— Ky )+ exp(= ih Jexp(iy )}

1+ exp(-xh)
2 2
x momentum reduces to = _dp _ eE dy + MQ
dc T dy’ ay’

WithB.C.s u=0 at y=0 and du/dy=0 at y=h/2 :

_Ldb (¥ b\ b
u-m(z 2} e -2)

ICTP Microfluidics 2005, Maclnnes

Developed flow between parallel walls (2)

Let us examine the solution, non-dimensionalised using C and the
‘slip’ velocity scale appearing in the solution

_ECE,
u

u’ =;/3(v*2 S aR)
. _expleypy” Jrexp(=y Jexplp”)

N

The result 1s

4

I+ exp(— 4 )
With the solution depending on the two parameters
h d
- 1P y =kh
wu, dx

ICTP Microfluidics 2005, Maclnnes



Developed flow between parallel walls (3)

2.5

Velocity profiles
Y =3

Representative values for y (0.1 mM KCIl solution)

h | 100%m | 104m | 1¥m | 0.1Hm
30 3

| 3000 300
Y

ICTP Microfluidics 2005, Maclnnes

Developed flow between parallel walls (4)

Velocity profiles e
y =500
For y = 2
1 d h
solution becomes u=—"22L 1, U,
wdx\ 2 2

That is: the usual pressure flow solution + constant slip velocity

ICTP Microfluidics 2005, Maclnnes



Developed flow, arbitrary channel section

Thus, for y = one can ‘construct’ the electrokinetic developed
flow velocity profile as the sum of the usual pressure flow profile
and the constant slip velocity.

We will be interested later in the relation between flow rate and electric
current and imposed pressure and potential gradient. Integration of the
velocity profile produces

2
Q=_R7Ad7p+@@ I=—0Ad7¢
fu dx u dx dx
Where the ‘friction factor’, £, is determined by the developed flow pressure
profile and is a function only of channel section shape.

ICTP Microfluidics 2005, Maclnnes 9

Complex flow conditions

The preceding consideration of developed flow is not of great interest
in tackling problems in actual microfluidic devices.

Perhaps not surprisingly, for thin double layer conditions,

the behaviour in the double layer region is /ocally identical to that
found in the preceding solutions, i.e. the use of a slip velocity in
place of detailed solution within the double layer region is possible.

Cummings et al. 1999 and 2000, Mosher et al. 1992, Overbeek 1952 and
Probstein 1994 have all shown that replacing the double layer by the slip
velocity is accurate for small double layer thickness.

That work has been extended to cases with non-uniform
species concentration, chemical reaction and heat transfer

by Maclnnes (2002). . o
ICTP Microfluidics 2005, Maclnnes 10



Order of magnitude analysis (1)

One can establish the validity of the 1-D analytical result for the
double layer using an order of magnitude analysis of the equations.

If each equation takes the same form as in the analytical solution,
then the relation between bulk flow and the wall, point by point on

the wall, remains valid: the slip velocity approach holds.

Characteristic scales:

Length for tangential variation & and normal variation 1/k

Velocity difference u,
External electric potential A@p
Species mass fraction y
Temperature difference @
Reaction rate R

ICTP Microfluidics 2005, Maclnnes

Order of magnitude analysis (2)

11

Applying these normalisations to the tangential momentum equation
(velocity component u# and x direction) and noting from continuity that

normal velocity, v, must be order v

dpu N apnau N dpvie opwit
B TR S T~
o ( pE?) O(Re) O(Re) O(Re)
ut
on l—!,‘ b o) "2 - "2 ; i 2 -2
—,—!. +s—?£ +sd—‘?ﬂ +€ﬂﬂ +gl i” {l
Y S L SN LS 1 Y. £ S b Y PO - [T,
()(I) CAD ()6':) AD ()(]) ()6': )
()[ == 0 —]
Q S

where now y =k§&

ICTP Microfluidics 2005, Maclnnes
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Conditions for slip velocity treatment

Momentum equation y2 >>1 vy ?>>Re y? >> A;)
Species equations y? >>ScRe y? >>Da
Pr YAh
Energy equation 2 *>>Da———
gy €q y“ >>PrRe 14 ScC,0
Gauss’ law y? >> AP
g
ICTP Microfluidics 2005, Maclnnes 13

Electroneutrality in the bulk flow

The assumption of charge neutrality in the bulk liquid is now justified.
Order of magnitude analysis for bulk flow is used.

y’g

Thus, imbalance in ion charge is negligible under preceding conditions.

. . : . Py AD
Ratio of net charge density to ion charge density F =0 ——

e

Charge transport equation reduces to aij(o j}i] =0
Combining with Gauss’ law gives the charge density to be
_£00 99
© ooox; ox,

ICTP Microfluidics 2005, Maclnnes 14



Slip velocity treatment

Collection of boundary conditions used in place of the double layer:

Velocity u, = _ECE;
u
. . a9
Electric potential P 0
Xi
: ) aY,
Species (no surface reaction) h; o =0
29T _4q
Temperature PV
ICTP Microfluidics 2005, Maclnnes 15

Time-dependent flow (1)

The slip velocity breaks down when channel size becomes small,
But also when the flow is forced (by alternating voltage or pressure)
at high frequency. The inverse frequency must be large compared to
the double layer time scales

Momentum Energy Species
r=F 5 r=P C}; S 5

uK AK Dk

0.1 mM I ns 10 ns 1 us

KCl solution

ICTP Microfluidics 2005, Maclnnes 16



Time-dependent flow (2)

Typical operation of electrokinetic microdevices using switching at
Intervals measured in seconds. The bulk flow time scales are

Momentum Energy Species
2 2 2
o _PS L PCE oS
u A D
100 um
aqueous solution 10 ms 100 ms 10s

Flow and temperature can be treated as quasi-steady. Species can not.

ICTP Microfluidics 2005, Maclnnes 17

Example computation (1)

Reacting flow of uniform property liquid, alternating between two modes.
Both pressure and electric flow considered.

Re=0.12 Da=10 Sc=1000
ne afe
@ @ O @
A | B A | B
Mode A Mode B

ICTP Microfluidics 2005, Maclnnes 18



Example computation (2)

Pressure flow Electric flow

AT
S

\
|

t=0s t=0.1s 1=02s 1=03s t=04s s t=0.1s t=02s t=03s t=04s
Plots of product concentration during injection of A.
ICTP Microfluidics 2005, Maclnnes 19

Example computation (3)

Pressure flow Electric flow

Yi. Yy

» (mm)

0.25

102

1 0.15

1 0.1

1 0.05

Ye Yas Vs

0.8

0.6

0.4

0.0

-0.06

0.14

0.34

0.54

0.74
¥ (m)

L
0.94

1.14

1.34

0.25

102

1 015

Ye

14 0.1

1 0.05

Plots of species concentrations along the main channel.
Curves - 2D computation
Symbols - 3D computation

ICTP Microfluidics 2005, Maclnnes 20






Summary

Simple classical solutions for electric field and ion concentration have
been presented to provide background for a general treatment.

The conditions under which the double layer can be represented by
the classical one dimensional solution have been outlined.

The slip velocity treatment has been presented and the role of time scales
considered.

An example problem has been presented.

ICTP Microfluidics 2005, Maclnnes 23



Topic 3. Special Cases and Some Case Studies

Jordan Maclnnes
Chemical and Process Engineering
University of Sheffield

ICTP Summer School
Introduction to Microfluidics
Trieste, Italy
August 8-26, 2005

Overview

* Modelling levels
* Low Reynolds number
Network analysis
‘Linking’ boundary conditions
* Ideal electrokinetic flow
* Case studies
Uniform property flow in a T-junction
A switching junction
Non-uniform property electrokinetic flow
* Summary

ICTP Microfluidics 2005, Maclnnes 2



Modelling levels

Computing complex flows requires judicious use of different
modelling levels.

1. Full governing equations (2D and 3D)

2. Slip velocity treatment (2D and 3D)

3. Ideal electrokinetic flow (2D and 3D)

4. Network analysis (0D and 1D)

The first two in the list were introduced in the previous lectures.
The final two will now be presented.

Often, the most effective computational approach uses different
levels of modelling for different parts of a microfludic device.

ICTP Microfluidics 2005, Maclnnes

The case of Re = 0

The limit of small Reynolds number is potentially important.

»  Electrokinetic flows are nearly always at Re <0.
* A likely direction in the development of microfluidic devices
is towards smaller channel size.

Disturbance lengths near junctions and inlets become small and
uniform channel sections can be treated as developed over the
entire length to a good approximation.

For example, entry disturbance length for flow into a circular section
Channel is
X, _Re White (1999)

=

d 20

ICTP Microfluidics 2005, Maclnnes



A complex microfluidic network

Reagent Array _

-0 O~ Reagent Array
@]

§ )J\ A [/
%9 %o N 0
A o~ ¢ O
o N ( NN
O y . o
Yy - ok
~’\ : \ O
["L:\ d i ‘:C )
Compound Library
ICTP Microfluidics 2005, Maclnnes 5

Network analysis (1)

The standard methods used to analyse electric resistance circuits
can be extended to treat microfluidic networks comprising
interconnected uniform channel segments. (Maclnnes et al., 2003)

In addition to Ohm’s law for current flow, one has the developed flow
relation between volume flow rate and pressure and potential differences:

2
I = _giAi% 0 = _Ri A4; Ap, + &.C,4; Ay,

As;, fiu; As, u;, As,
Two continuity constraints apply:

1. At each junction charge and mass flow must balance
2. Pressure and potential must sum to zero around any loop

ICTP Microfluidics 2005, Maclnnes 6



Network analysis (2)

Two types of problems will be encountered:

1) Conditions imposed at reservoirs are known and we
wish to determine the resulting flow state

2) We wish to determine reservoir conditions needed
to produce a given flow state

In the first type, the known reservoir differences are simply used
in the loop constraints.

In the second, the loop constraints are replaced by constraints on
flow rates in particular channel segments; the loop constraints become
equations for determining the reservoir differences.

ICTP Microfluidics 2005, Maclnnes

Example 1(1)

The arrows show the sign convention for positive flow direction and
Positive pressure and potential differences.

We will work this problem for both imposed reservoir conditions and
imposed flow state.

To simplify the algebra, each segment will taken as having the same
section shape and the same length; properties will be the same in each
segment.

ICTP Microfluidics 2005, Maclnnes



Example 1(2)

Four junction balances:
0+0,-0,=0 or —al(Ap, +Ap, —Ap;)+(Ag, +Ap, —Ag,)=0

0,-0,-0;=0 or —alAp,—Ap, - Aps)+(Ap, - Ap, - Ags)=0

L+1,-1,=0 or (A +Ap,-A¢,)=0

L—-I,-I,=0 or (Ag,—A¢, —Agd,)=0 a =R/ feg

Six independent loop equations:
Ap,+Aps+Ap, = pe=py  Apy +Aps+Ap, = pe=py =Ap,+Aps=p, - pe

A¢1+A¢3+A¢4=¢c_¢,4 A¢2+A¢3+A¢4=¢c_¢3 _A¢4+A¢5=¢D_¢c
ICTP Microfluidics 2005, Maclnnes 9

Example 1(3)

Now consider the second type of problem. g

We will work out conditions for flow from A to D with no flow in 2 and 4.
To the make the problem interesting let us produce flow in segments
1 and 5 using just pressure difference, in segment 3 using just electric field.

Junction balance as before.
Loop constraints are replaced by the direct flow constraints:
—ahp, =Q° -alAp, =0 —alp, = Q"
Ap, =0 Ap, =0 Aps =0

where 0" = QuAs/etd

ICTP Microfluidics 2005, Maclnnes 10



Example 2(1)

In this example, network analysis is used
to arrive at boundary conditions at E, F
and G for a detailed computation at one of
the junctions. Reservoir conditions at A, B, C and D are known.

This is simply three network analyses, one for each of the networks
connected to the flow boundaries of the computational domain.

Provided the flow boundaries are in the developed flow region away
from the junction, we know that at each flow boundary pressure

and electric potential are uniform.

The boundary values of pressure and potential can be related to reservoir
values using straightforward application of the network analysis.

ICTP Microfluidics 2005, Maclnnes 11

Example 2(2)

Resulting boundary conditions:

dsl fds, (ouQ, + €&l )
AtE: ¢E=¢A_O'AE Pe=Py— 1 GRfA £

dsl fds, (ouQ,. + €&l )
At F: br =05 - O’AF Pr=Pp— 2 GRfA £

1, (ds,ds, + dsds + ds,ds; )+ oA(p dss +p,ds, )

At G:
% oA(ds; + ds,,)

_ (GuQ; + /%l )dsyds, + dsyds, +ds,ds )+ R A(p.ds + p,ds, )
(7R2A(a’s5 + ds4)

Pc

ICTP Microfluidics 2005, Maclnnes 12



Example 2(3)

The appearance of current and volume
flow rates in the preceding relations

couples these equations to the junction
computation through integrations over the flow boundaries:

O = _f“inidA I, =fGa¢nl.dA
E E axi
Or = _f“inidA I, =f08¢nidA
F F axi
O¢ =fuinidA I, =- G%nidA
G G axi
ICTP Microfluidics 2005, Maclnnes 13

Ideal electrokinetic flow

Cummings et al. (2000) show that for uniform property electrokinetic

flow
u. =ak.

Where, clearly, to be consistent with the slip velocity boundary condition
a=-¢C/u
Thus, the electric field and velocity field are related by a constant.

This state of similarity is violated for non-uniform properties as occurs
when species concentration is non-uniform or wall coatings are employed.

ICTP Microfluidics 2005, Maclnnes 14



Case Study 1(1)

Uniform property T-junction flow, Maclnnes, et al., Phys. Fluids (2003)
Objective: Verification of flow equations, pressure & electric

Three cases: electric, pressure, mixed (all steady flows)
Re=0.04,y=10% pH 8, 0.05 M KClI solution

Computations to within 2% uncertainty (Fluent 5)
Measurements of velocity to within 5% uncertainty (PTV)
Control of experimental conditions to within 1%

All characteristics needed for computation determined:
Network and channel geometry

Liquid properties (viscosity, zeta potential)
Seed particle properties (electric mobility)

ICTP Microfluidics 2005, Maclnnes 15

Case Study 1(2)

B
ol
©__ @ ©®

A —> E—> — > D

olj

ICTP Microfluidics 2005, Maclnnes 16
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Case Study 1(4)

x*=13 u* x*=13 u*
x Y
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Case Study 1(5)
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Case Study 2(1)

Switching junction, Maclnnes, Trans. IChemE (2003)

Objective: change from injection of one liquid to another
with a sharp transition between the two

Applications: automated sample selection (combinatorial chemistry)
slug microreactor (Fletcher et al., 1999, 2000)

Time-dependent alternating flow, uniform liquid properties (Re=0.01,Pe=10)

Quasi-steady electric field and flow field since time scales are small
in comparison to cycle period and species time scale.

Linking boundary conditions used in the computations.
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Case Study 2(2)

Simple Y-junction

P P

P O
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Case Study 2(3)

Simple Y-junction
Composition contours at two times during injection
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Two 1ssues arise

1) Formation of slugs separated by interface normal to the flow

2) For chemical reaction, composition will necessarily be non-uniform
— this may be expected to result in electrical properties (zeta
potential and conductivity)

The first issue is considered later in the lectures with microreactor case
studies.

The second issue is considered here since it reveals some further
fundamental character and complexity of electrokinetic flows.
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Further coupling:

Electric field

zeta potential

conductivity electrophoresis

convection

Concentration field ‘ @

zeta potential
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Case Study 3(1)

Effect of non-uniform properties, Maclnnes et al., Trans IChemE (2003)

Objective: Verification of species equations, non-uniform properties.
Implications for switching and interfaces.

An interface:

N CAaGAaMA CB’OBﬂtLlB s+ As
p p+Ap
¢ > > o+ A¢

Network analysis:
Ap, * UgORTA-UA0.Cp
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Case Study 3(2)

v usA > usB
Large | L~ | a g
Dispersion L >
ot Front “sa
usA < uA‘B
Dispersion o —
Front
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Case Study 3(3)

Effect at a junction:

usA > usB usA < usB usA < usB
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Y -junction experiment
(PADA + Ni** — NiPADA?")

450 nm optical filter 550 nm optical filter

Maclnnes, Du and Allen, IChemE Transactions, 2003.
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PADA/Ni(NaCl) PADA(NaCl)/Ni
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PADA(NaCl)/Ni(NaCl)
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Electric flow, uniform properties
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Flow transient

Surface: ¥ (Y) Contour: phi (phi) Arrow: [x velocity (u),y velocity (v)]
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Electric flow, C.= 10
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Flow transient

Surface: ¥ (Y) Contour: phi (phi) Arrow: [x velocity (u),y velocity (v)]
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Electric flow, o,=5
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Flow and electric field transient

Surface: ¥ (Y) Contour: phi (phi) Arrow: [x velocity {u)y velocity (v)]
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