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Wave-particle interactions 
in collisionless plasmas -
how good is the quasilinear theory? 
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OutlineOutline
• Which plasmas are collisionless ? 
• Applicability of the Vlasov equation
• Quasilinear theory -> numerical tests
• Numerical Vlasov solvers  from

– Semi-Lagrange time-splitting methods to
– Eulerian grid unsplit finite volume

• Example 1 (1D1V): Bunemann instability
• Examples 2-4 (1D1V-2d2V): Ion-acoustic (IA) 

“effective collisions” for different cases
• Example 5 (2D3V) : current sheets and LHD
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Which plasma is collisionless?Which plasma is collisionless?

• Discrete particles: Mean 
free path between two 
particle collisions  ->

• Collision frequeny ->
... has to be
compared with the

• Continuous fluid plasma
eigenfrequency ->

• the ratio of the two should
vanish -> collisionless
description ->

(where
) „graininess factor“„graininess factor“
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Pulsar magnetosperes

Metals

Flames

Solar fusion

Solar Wind

Galaxies

Interstellar

Laboratory fusion

Solar
corona

T=mc 2

Ionosphere

T=E
F

n L   =1
D

3

Photosphere

Loss of course-graining: 
-> Vlasov description possible, if ...
Loss of course-graining: 
-> Vlasov description possible, if ...

Plasma densityPlasma density

Fusion plasmas: 
g= 10-9-10-7

Astrophysical plasmas:
g= 10-19-10-13

This is very, very small, 
though finite. 
A description of plasmas
as a collisionless fluid is
possible for times <<

Fusion plasmas: 
g= 10-9-10-7

Astrophysical plasmas:
g= 10-19-10-13

This is very, very small, 
though finite. 
A description of plasmas
as a collisionless fluid is
possible for times <<
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Vlasov‘s idea: gas descriptionVlasov‘s idea: gas description

A.A. Vlasov: „About the vibrational
properties of an electron gas“
(J. Exp. Theor. Phys., 8, 291-318, 1938)

A.A. Vlasov: „About the vibrational
properties of an electron gas“
(J. Exp. Theor. Phys., 8, 291-318, 1938)
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Vlasov‘s equationVlasov‘s equation

… and for high frequency
applications neglect ions and describe the electron gas alone ...

… and for high frequency
applications neglect ions and describe the electron gas alone ...

... neglect all
interactions

via 
„collisions“

... neglect all
interactions

via 
„collisions“



J. Büchner:  Quasilinear Theory and Vasov-code simulation             ICTP Trieste,  25.9.2005

Advection form, good for non-relativistic plasmas, 
i.e. velocities are used as independent variables:

Conservative form, mandatory for plasmas, where
momenta = dependent variables:

Advection form, good for non-relativistic plasmas, 
i.e. velocities are used as independent variables:

Conservative form, mandatory for plasmas, where
momenta = dependent variables:

Meaning of Vlasov‘s equationMeaning of Vlasov‘s equation

Vlasov equations
are closed via 
Maxwell‘s
equations -> highly
nonlinear!

with E,B being the
mean electric and 
magnetic fields, i.e
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Vlasov equation: df/dt =0 means conservation of 
the phase space density f (Liouville theorem)
Vlasov equation: df/dt =0 means conservation of 
the phase space density f (Liouville theorem)

Properties of Vlasov‘s equationProperties of Vlasov‘s equation

Any volume element 
becomes deformed  
under the action of 
(Lorentz...) forces like 
in an imcompressible
fluid. But its voulme
and remains constant 
like the number of 
particles contained in 
it. 

Any volume element 
becomes deformed  
under the action of 
(Lorentz...) forces like 
in an imcompressible
fluid. But its voulme
and remains constant 
like the number of 
particles contained in 
it. 
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Main application of Vlasov‘s eq.: 
Description of wave-particle interactions
Main application of Vlasov‘s eq.: 
Description of wave-particle interactions

• Shifted electron distribution ->
• Instability via „inverse Landau 

damping“ ->
• wave growth, but: 
=> Wave saturation amplitude?
• If one neglects the modification

of the distribution function:
• 1962: Vedenov, Velikhov, 

Sagdeev & Drummond, Pines:
• Quasilinear theory, a weak

turbulence theory, if not
• large wave amplitudes / 

coherent structures instead of 
phase mixing / strongly
changed distribution functions

• Shifted electron distribution ->
• Instability via „inverse Landau 

damping“ ->
• wave growth, but: 
=> Wave saturation amplitude?
• If one neglects the modification

of the distribution function:
• 1962: Vedenov, Velikhov, 

Sagdeev & Drummond, Pines:
• Quasilinear theory, a weak

turbulence theory, if not
• large wave amplitudes / 

coherent structures instead of 
phase mixing / strongly
changed distribution functions

Limits of the neglect of 
strong nonlinearities
and feedbacks on 
particles can be best 
investigated by
numerical methods!

Limits of the neglect of 
strong nonlinearities
and feedbacks on 
particles can be best 
investigated by
numerical methods!
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Vlasov‘s main numerical
challenge: Phase space filamentation
Vlasov‘s main numerical
challenge: Phase space filamentation

<- 1D Distribution 
function evolutiondue
towave-particle-
resonant interaction:
(Vx vs. X coordinate)

->Challenge for any
numerical treatment:
With time the gradient
scales become
smaller than any
realistic mesh scale !

<- 1D Distribution 
function evolutiondue
towave-particle-
resonant interaction:
(Vx vs. X coordinate)

->Challenge for any
numerical treatment:
With time the gradient
scales become
smaller than any
realistic mesh scale !
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Semi-Lagrangian approachSemi-Lagrangian approach
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Time splitting in one dimensionTime splitting in one dimension
C.Z. Cheng and G. Knorr, 1976:C.Z. Cheng and G. Knorr, 1976:

But: In-accurate due to the necessity to extrapolate,
numerical losses, negative distribution functions ...
But: In-accurate due to the necessity to extrapolate,
numerical losses, negative distribution functions ...
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In the 1D1V case one can write

then for the cell-averaged function

the discrete Vlasov equation becomes

where the physical
fluxes H have to 
be approximated
numerically (by G)

In the 1D1V case one can write

then for the cell-averaged function

the discrete Vlasov equation becomes

where the physical
fluxes H have to 
be approximated
numerically (by G)

Finite volume discretizationFinite volume discretization
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After turning the volume integrals
over H into surface integrals of
the fluxes the discrete solution for
t-> n+1 for f can be written as

where G are the fluxes through
the cell boundaries at t=n+1/2:

Since fluxes are balanced-> conservative discretization

After turning the volume integrals
over H into surface integrals of
the fluxes the discrete solution for
t-> n+1 for f can be written as

where G are the fluxes through
the cell boundaries at t=n+1/2:

Since fluxes are balanced-> conservative discretization

Flux balancingFlux balancing
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For higher accuracy the fluxes G should be calculated as 
second order upwind, instead of the usually used for Riemann-
problems first order Godunov we suggest

To avoid oscillations and numerical instability -> introduction, 
in the in the second order, of a limiter instead of the flux (as in 
FLT schemes in the Computational Fluid Dynamics (CFD):

e.g.

where

For higher accuracy the fluxes G should be calculated as 
second order upwind, instead of the usually used for Riemann-
problems first order Godunov we suggest

To avoid oscillations and numerical instability -> introduction, 
in the in the second order, of a limiter instead of the flux (as in 
FLT schemes in the Computational Fluid Dynamics (CFD):

e.g.

where

Second order flux solution of
the Riemann problem and flux limiter
Second order flux solution of
the Riemann problem and flux limiter
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2nd order upwind unsplit finite 
volume Vlasov solver with a flux limiter
2nd order upwind unsplit finite 
volume Vlasov solver with a flux limiter
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From Vlasov solver to code
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Specifics of Vlasov codesSpecifics of Vlasov codes

• Boundary conditions:
– also needed for distribution function / in 

velocity space, e.g. f=const. 
• Initial conditions: 

– Since Vlasov solvers are noiseless
-> In initial value problems like instability

analyses one needs to add noise, e.g. 
(a) of the distribution functions
(b) of the electromagnetic fields

• Boundary conditions:
– also needed for distribution function / in 

velocity space, e.g. f=const. 
• Initial conditions: 

– Since Vlasov solvers are noiseless
-> In initial value problems like instability

analyses one needs to add noise, e.g. 
(a) of the distribution functions
(b) of the electromagnetic fields
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Example 1: Buneman instabilityExample 1: Buneman instability

• Te = 3 Ti • Te = 3 Ti 
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Phase space evolutionPhase space evolution

• electrons

• ions

• electrons

• ions
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2. Linear instability for Ti=Te2. Linear instability for Ti=Te
a(x) is noise Linear dispersion for
Vde the drift Te = 2Ti (not, as usual

in theory,Te>> Ti)

a(x) is noise Linear dispersion for
Vde the drift Te = 2Ti (not, as usual

in theory,Te>> Ti)
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Stretched grid in velocity spaceStretched grid in velocity space

where Str = stretching factorwhere Str = stretching factor
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Grid size & numerical entropyGrid size & numerical entropy
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Ion-acoustic instabilityIon-acoustic instability
Mi/me =1800
Ti = 0.5 Te
Vde= 0.7 Vthe
Vthe(max) 

= +- 8 Vte

Mi/me =1800
Ti = 0.5 Te
Vde= 0.7 Vthe
Vthe(max) 

= +- 8 Vte

Vx vs. XVx vs. X
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Often used is a theoretical
estimate of the anomalous
collision frequency based on 
waves and their dispersion
(quasilinear approach):

Often used is a theoretical
estimate of the anomalous
collision frequency based on 
waves and their dispersion
(quasilinear approach):

The ensemble averaging of the
Vlasov equation for

with
reveals

and

The ensemble averaging of the
Vlasov equation for

with
reveals

and

„Anomalous“ / effective collision rate„Anomalous“ / effective collision rate
In a simulation one can

directly determine the
momentum exchange rate

In a simulation one can
directly determine the
momentum exchange rate
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Waves, „collisions“,distributionsWaves, „collisions“,distributions

• wave energy

• anomalous
collision rate

• v <-> x  
electrons

• v <-> x  ions

• wave energy

• anomalous
collision rate

• v <-> x  
electrons

• v <-> x  ions
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Linear instability growth Linear instability growth 

wave energy 
starts to grow

effective, i.e. 
collisionless
“collision rate”
f(Ve) <-> X  
(electron 
distribution 
function)
f(Vi) <-> X
(ion distribution 
function)

wave energy 
starts to grow

effective, i.e. 
collisionless
“collision rate”
f(Ve) <-> X  
(electron 
distribution 
function)
f(Vi) <-> X
(ion distribution 
function)
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Saturation by trappingSaturation by trapping
wave energy  at 
its maximum: 
E^2 = 0.006 n T
the maximum 
effective  
“collision rate” 
nu = 0.05 ope

is still close to  
Sagdeev’s
prediction:

wave energy  at 
its maximum: 
E^2 = 0.006 n T
the maximum 
effective  
“collision rate” 
nu = 0.05 ope

is still close to  
Sagdeev’s
prediction:
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Strongly nonlinear islandsStrongly nonlinear islands
wave energy 
decreased
low “collision 
rate”
the electron 
current is reduced, 
the free energy is 
exhausted, islands
cannot grow any 
further
ions heated, 
saturation at low 
quasilinear level 

wave energy 
decreased
low “collision 
rate”
the electron 
current is reduced, 
the free energy is 
exhausted, islands
cannot grow any 
further
ions heated, 
saturation at low 
quasilinear level 
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3. Example 2D IA instability3. Example 2D IA instability

• 2D simulation
result: 

• tope= 2000 
• Oblique wave

propagation:
• angle: 45°
• components:

Ex,Ey,Bz

• 2D simulation
result: 

• tope= 2000 
• Oblique wave

propagation:
• angle: 45°
• components:

Ex,Ey,Bz

• Setup:• Setup:
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2D wave power2D wave power
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Effective collision frequencyEffective collision frequency
Blue: momentum
exchange rate 
(simulation result):

green:theoretical
estimate for E^2

„Sagdeev-formula“:

Blue: momentum
exchange rate 
(simulation result):

green:theoretical
estimate for E^2

„Sagdeev-formula“:
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4. Example external current
- J=const. – and open boundary: 
4. Example external current
- J=const. – and open boundary: 

In this more
realistic situation
the electron
distribution
function
continues to 
evolve, since free
energy is
continously
supplied
=> transition to a 
a strong nonlinear
regime, formation
of density holes

In this more
realistic situation
the electron
distribution
function
continues to 
evolve, since free
energy is
continously
supplied
=> transition to a 
a strong nonlinear
regime, formation
of density holest  ope= 1940 t  ope = 2100 t  ope= 1940 t  ope = 2100 
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Width of the density holesWidth of the density holes

a) evolution of the E- b) spectrum of hole sizes
field power spectra  measured in E-field strength
a) evolution of the E- b) spectrum of hole sizes
field power spectra  measured in E-field strength
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5. Example: Current sheets

( )LzBBx /tanh0=

( )Lznn /cosh 2
0

−=
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Gradient driven lower hybrid 
drift instability -> drift-kink/sausage
Gradient driven lower hybrid 
drift instability -> drift-kink/sausage
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Here are shown by solid and dashed lines
thick lines = electron contribution, thin lines = ion contribution
Here are shown by solid and dashed lines
thick lines = electron contribution, thin lines = ion contribution

Simulated effective collision ratesSimulated effective collision rates
M/m = 25 M/m =100M/m = 25 M/m =100

The simulated nu-level and the one
measured by CLUSTER (next slides)
match well. Both exceed the Huba and 
Papadopolus (1978) quasilinear 
estimate by a factor of about 100 ->

The simulated nu-level and the one
measured by CLUSTER (next slides)
match well. Both exceed the Huba and 
Papadopolus (1978) quasilinear 
estimate by a factor of about 100 ->
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CLUSTER:n-E correlationCLUSTER:n-E correlation
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+CLUSTER: j - B correlation:+CLUSTER: j - B correlation:

diffusion: 10^9 m^2/s,
explains the boundary layer
diffusion: 10^9 m^2/s,
explains the boundary layer

Using ... one obtains -> Using ... one obtains -> 
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SummarySummary
•The consequences of wave-particle interactions

in collisionless plasmas like particle 
transport and scattering, are well described 
by the Vlasov (1938) equation, despite of 
Landau’s criticism!

• Currently numerical simulations have shown:
• Quasilinear theory is okay for weak 1D waves 
• But the ql theory must be replaced in cases of

• higher than 1D problems (current sheets...)  
• strongly excited waves and turbulence, 
• non-local instabilities and  
• phase space structure formation (holes...).

•The consequences of wave-particle interactions
in collisionless plasmas like particle 
transport and scattering, are well described 
by the Vlasov (1938) equation, despite of 
Landau’s criticism!

• Currently numerical simulations have shown:
• Quasilinear theory is okay for weak 1D waves 
• But the ql theory must be replaced in cases of

• higher than 1D problems (current sheets...)  
• strongly excited waves and turbulence, 
• non-local instabilities and  
• phase space structure formation (holes...).


