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Relativistic Plasma Physics in the vicinity of
black holes - 2

Andria Rogava
Georgian National Astrophysical Observatory



The kinetic equation:

∂Φ

∂xα

dxα

dτ
+

∂Φ

∂pα

dpα

dτ
= 0

The equation of motion for individual particles:

mdpα

dτ
= −Γα

βγpβpγ + qFαβpβ

Distribution function in the seventh-dimensional

space f(xα,p):

Φ(xα, pβ) = f(xα,p)δ[(−gαβpαpβ)1/2 − m]θ(pt)

taking into account that

Ftβuβ = Γ(E · v)/α

F iβuβ = Γ[E + v × B − β(E · v)/α]i

we derive:

pα∇αf = −αq[E + v × B − (β/α)(E · v)]∇pf



Transport equations:

Jα
;α = 0

T
αβ
;β = qFαβJβ

M
αβγ
;γ = q(Fα

γ Tγβ − Fβ
γ Tαγ)

All quantities appearing in these equations may
be split onto their components in GCMF’s. For
example:

Jα ≡ nuα = eα
(ν)I

(ν)

I(ν) ≡
∫

p(ν)Φ
′
dΩ

′
4 = −nη(ν)(t)

Tαβ = eα
(ν)e

β
(µ)Π

(ν)(µ)

Π(t)(t)≡mn(W + 1) =
∫

p(t)p(t)Φ
′
dΩ

′
4

Π(i)(t) = Π(t)(i) ≡ q(i) =
∫

p(i)p(t)Φ
′
dΩ

′
4

Π(i)(k) =
∫

p(i)p(k)Φ
′
dΩ

′
4



More definitions:

Mαβγ = eα
(ν)e

β
(µ)e

γ
(η)N

(ν)(µ)(η)

N(t)(t)(t)≡m2nV =
∫

p(t)p(t)p(t)Φ
′
dΩ

′
4

Π(i)(t)(t) ≡ 2mg(i) =
∫

p(i)p(t)p(t)Φ
′
dΩ

′
4

Π(i)(k)(t) ≡ mµ(i)(k) =
∫

p(t)p(i)p(k)Φ
′
dΩ

′
4

N(i)(k)(l) ≡ mδ(i)(k)(l) =
∫

p(i)p(k)p(l)Φ
′
dΩ

′
4



Three-dimensional, f(xα,p)-based de-
finitions:

n ≡
∫

f
′
dΩ

′
3

W ≡ 1

mn

∫
ε
′
f
′
dΩ

′
3 − 1

V ≡ (nm2)−1
∫

εi2f
′
dΩ

′
3

q(i)≡
∫

p(i)f
′
dΩ

′
3

g(i)≡ 1

2m

∫
εip(i)f

′
dΩ

′
3

Π(i)(k)≡
∫

p(i)p(k)

ε
′ f

′
dΩ

′
3

µ(i)(k)≡ 1

m

∫
p(i)p(k)f

′
dΩ

′
3

η(i)(k)(l)≡ 1

m

∫
p(i)p(k)p(l)

ε
′ f

′
dΩ

′
3



Assumption 1: In the GCMF E′ = 0.

E′ = Γ(E + v × B) − (Γ − 1)
(v · E)

v2
v

B′ = Γ(B − v × E) − (Γ − 1)
(v · E)

v2
v

E = Γ(E′ − v × B′) − (Γ − 1)
(v · B′)

v2
v

B = Γ(B′ + v × E′) − (Γ − 1)
(v · B′)

v2
v

which yields:

E = −Γv × B′ = −v × B

also we recover connection between LNRF and
GCMF components:

B(i) =
1

Γ
e
(i)
[k]B

[k]

we get B′2 = B2 − E2 and [b ≡ B/|B|]
|B′| = (|B|/Γ)[1 + Γ2(v · b)2]1/2



Assumption 2: q = g = 0.

Π(i)(k) = P‖b(i)b(k) + P⊥(η(i)(k) − b(i)bk))

µ(i)(k) = µ‖b(i)b(k) + µ⊥(η(i)(k) − b(i)bk))

where pressure and modified pressure are de-
fined as:

P⊥ ≡ 1

2

∫ p′⊥
2

ε′
f ′dΩ′

3, P‖ ≡
∫ p′‖

2

ε′
f ′dΩ′

3

µ⊥ ≡ 1

2m

∫
p′⊥

2
f ′dΩ′

3, µ‖ ≡ 1

m

∫
p′‖

2
f ′dΩ′

3

taking into account that eα
(i)e

(i)
m = δα

m + uαum

we derive fror the stress-energy tensor:

Tαβ = [mn(W + 1) + P⊥]uαuβ + P⊥gαβ

+(P‖ − P⊥)Λα
mΛβ

nbmbn

where

Λα
m ≡ δα

m + uαum

[1 + Γ2(v · b)2]1/2



Assumption 3: neglecting η(i)(k)(l).

For the third-order tensor we get:

Mαβγ = m[(mnV + 3µ⊥)uαuβuγ +
µ‖ − µ⊥

|h|2

×(uαhβhγ + uβhγhα + uγhαhβ)

+µ⊥(uαgβγ + uβgγα + uγgαβ)]

Conclusion: hydrodynamical description of the

relativistic collisionless plasma involves the set

of macroscopic variables: n, W, V, P, µ.



Conservation equations:

Continuity:

∂tρ + ∇(ρΓ[αv − β]) = 0

Energy:

ρuα

(
W +

P⊥
ρ

)
,α

−uβP⊥,β+(P‖−P⊥)uα

[
ln

|h|
n

]
,α

= 0

Momentum:

(δα
β + uαuβ)T

βγ
;γ = 0

Energy momentum:

uβM
αβγ
;γ = q(FαβT

γ
β − F

γ
β Tαβ)uβ



Connections between V , µ‖, and µ⊥:

gαβM
αβγ
;γ = 0

uαuβM
αβγ
;γ = 0

hαhβM
αβγ
;γ = 0

leads to:

V = (2µ⊥ + µ‖)/ρ + const

uαµ‖,α − (µ‖/n)uαn,α + 2µ‖uα[ln(|h|/n)],α = 0

uαµ⊥,α − (2µ⊥/n)uαn,α − µ⊥uα[ln(|h|/n)],α = 0

combining last two equations and eliminating

|h| terms we get for modified pressures:

µ2⊥µ‖
n5

= const



Nonrelativistic (ε′ � m)case

For enthalpy σ ≡ [P⊥ + ρ(W + 1)]/n we get:

σ = m +
2P⊥

ρ
+

P‖
2ρ

and two equations of state:

P⊥
n|h| = const

P‖|h|2
n3

= const

These are well-known CGL equatons of state!

When the pressure is isotropic:

P ∼ n5/3



Ultrarelativistic (ε′ � |p|)case

For the enthalpy:

σ = (3P⊥ + P‖)/ρ

if P‖ � ρ � P⊥, then:

P‖|h|
n2

= const

if P‖ 	 ρ 	 P⊥, then:

P2⊥
n2|h| = const

When the pressure is isotropic:

P ∼ n4/3



Possible application:  pulsar wind/jet

• The Chandra images 
in this montage show 
the erratic variability 
of a jet of high 
energy particles that 
is associated with 
the Vela pulsar, a 
rotating neutron 
star. Possibly 
firehose
instability…



In relativistic pulsar winds pressure anisotropy

due to synchrotron radiation losses is es-

tablished on characteristic time scales:

t0 =
3m3c5

2e4B2

When t > t0 influence of radiation is negligible

and this kind of MHD might be adequate.

Tsikarishvili, Rogava & Tsiklauri D. G.: Rela-

tivistic Hot Stellar Winds With Anisotropic

Pressure Ap.J. 439, 822 (1995).



Extragalactic relativistic jets

• The region where jet is
born/launched is close to the
central black hole and GR 
corrections can be
important.

• Rogava & Khujadze, Gen. 
Rel. Grav. 29, 345 (1997). 


