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1 Introduction

The particle and energy confinement times in magnetically confined plasmas are anomalously short
compared with those expected from the classical collisional transport theories. The anomaly is
attributed to suprathermal fluctuations widely observed in the density, temperature, potential, and
magnetic field. The existence of turbulence in magnetically confined plasmas is well expected since
the pressure gradient, which is maintained by the magnetic Lorentz force through the force balance

Vp =J x B, can act as a source of free energy that can be released through plasma instabilities.

Theoretical studies of the drift mode in magnetically confined plasmas have a long history,
and date back to the original work in the early 1960s. (For a review of the earlier work, see [1
Mikhailovskii].) The discovery of the drift instability was based on a local analysis in a shearless
slab geometry in which k, the wavenumber along the ambient magnetic field, is well defined
and constant. A methodology was later developed for nonlocal analysis [2 Krall, 3 Pearlstein]
in sheared slab geometry and a criterion for suppressing the instability by magnetic shear was
found. More rigorous analysis in sheared slab geometry showed that the drift mode should be
stable no matter how weak was the magnetic shear [4 Ross-Mahajan, 5 Tsang et al.] However,
in the toroidicity induced drift mode [6, 7], shear stabilization is unable to overcome toroidicity
induced destabilization. (The slab mode considered in [4, 5] remains stable in toroidal geometry.)
Furthermore, in toroidal geometry, the stabilizing ion Landau damping can effectively be suppressed
by the ion magnetic drift for modes propagating in the direction of the electron diamagnetic drift,
such as the toroidal drift mode. The toroidal ion temperature gradient (ITG) mode [8 Jarmen] is
driven by the resonance at the ion magnetic drift frequency and propagates in the direction of the

ion diamagnetic drift.

In tokamaks, a large number of drift-type modes driven by density and/or temperature gradi-
ents are expected to be unstable. Drift modes driven by trapped electrons and the ion temperature
gradient have been the subjects of extensive theoretical investigations because of their relatively
large growth rates and long wavelengths. The most rapidly growing mode is the electron tempera-
ture gradient (ETG) mode [9 Lee, Dong, et al.] which has a growth rate of the order of the electron
transit frequency v ~ vr./qR where v, = \/m is the electron thermal speed and gR is the
connection length. In tokamaks and other magnetic confinement devices, various drift type instabil-
ities driven by pressure gradient can occur over a wide range of cross-field wavelengths. There are

numerous dimensionless parameters that characterize a tokamak discharge, including s (magnetic



shear), ¢ (safety factor), Be (= 2uope/B?, electron beta factor), 3; (= 2uopi/ B2, ion beta factor),
a = ¢*RB/L, (the ballooning parameter with L, the pressure gradient scale length), ¢ = r/R
(inverse aspect ratio), A (isotopic number), and so on. In drift stability analyses, dependence of the

growth rates on those parameters is of a primary interest, for it may open a path for stabilization.

The drift modes are predominantly electrostatic. In general, a finite 3 (3 = 2uop/B?) has
stabilizing effects on the I'TG mode [10 Weiland/Hirose] but destabilizing effects on the trapped
electron driven drift mode. Electromagnetic (finite ) effects on the ITG mode can be analyzed
in terms of the same mode equation as used for the kinetic ballooning mode which caused some

confusion in the past.

In this lecture, the pressure gradient driven drift modes in magnetically confined plasmas (toka-
maks, in particular) are reviewed together with several methodologies frequently used in analyzing
the instabilities. Mixing length estimate for ion and electron thermal diffusivities will be outlined.
The ultimate objective of studying drift modes is in gaining a better understanding of the roles

played by them in anomalous transport and, possibly, in finding means to suppress them.

2 Drift Mode Basics

The plasma equilibrium condition Vp = J x B yields the following current perpendicular to the

magnetic field,

B x Vp
This current flows in such a way as to reduce the magnetic field and is thus called the diamagnetic

current. It consists of electron and ion components,

BxVp B
J. = T = E X V(TLOTQ + n(]T‘Z) (2)
The electron diamagnetic current has two parts, one due to the density gradient and another due

to the temperature gradient,

B
V(noTe) = —= X (Tevno + n(]VTe). (3)

B
J*e:_ B2

B2~

The electron diamagnetic drift velocity is normally defined by

Te
Ve = —— B, 4
632n0 Vn() X ( )



where e > 0 is the electronic charge. (A neutral plasma with singly charged ions is assumed
throughout.) The diamagnetic current is not a result of guiding center drift. Rather, it is due to
an effective mass flow created by the density imbalance in neighboring Larmor circles and the
diamagnetic current is in fact a part of the magnetization current due to nonuniformity in the

magnetic dipole moment density. For example, the electron magnetization current is by definition

Jare = —V x (%B)

B x Vp, VB x B Pe
= B2 +2 B3 Pe — ?v X B7 (5)
In the RHS, the first term is the diamagnetic current and the second term is due to the nonunifor-
mity in the magnetic field. In a low 3 plasma, it is exactly cancelled by the guiding center drifts

due to the magnetic gradient and curvature,

BxVBI1 Bx(B-VB B xVB
Jvs =ng <T§mevi + %mev@ = QTPG’ (6)

provided the magnetic gradient and curvature are equal BVB ~ B - VB which holds in low (

plasmas. Here (- - -) indicates averaging over the velocity with Maxwellian weighting,
2\ _ 2\ _
<mevl> = 2T, <mevH> =T.. (7)

(That the nonuniformity in a magnetic field does not produce a net current was elucidated by Tonks
[11]. A static magnetic field does not do any work on charged particles and thus will not modify

particle distribution functions.) In low 3 plasmas, the third term, —p.V x B/B?, is negligible.

In toroidal devices such as tokamaks and stellarators, the magnetic field is nonuniform, and the

divergence of the diamagnetic current does not vanish,
V-Jl:V-J*:—iVB-(Bpr). (8)

B3

Then, the charge neutrality condition V-J =V -J; +V-J =0 can be satisfied only if a current
parallel to the magnetic field J| exists. This parallel current is called the rotational transform
current (also called Pfirsch-Schliiter current) and plays important roles in plasma confinement. (In
tokamaks, the rotational transform current flows in addition to the current externally driven (e.g.,
Ohmic current) to create the poloidal magnetic field By. Jj modifies the poloidal magnetic field

and causes a shift of the magnetic axis as will be shown.)

Although the diamagnetic drift velocity V. is not a guiding center drift, a density perturba-

tion created in a magnetically confined plasma propagates approximately at this velocity provided



electrons obey the Boltzmann distribution (thermal equilibrium)

N, = ngexp <— _£¢> = ngexp <;—f) , (9)

where —e@ is the potential energy of electrons. This occurs when the wave frequency w is sufficiently

low compared with the electron transit frequency w < kjjvre, where k| is the field gradient along the
magnetic field and v, is the electron thermal speed. In this case, electron temperature equilibration
along the magnetic field takes place rapidly, and the electron temperature is not perturbed. If

ep < T, the electron density perturbation is

e

Ne = Mg €Xp <;—¢> 7o % 7o (10)

To see the propagation of the drift mode in the electron diamagnetic direction, let us consider the

linearized lowest order continuity equation of the ions,

an,-
ot

+VvE-Vng+noV - vy =0, (11)

where

ExB BxV¢

VE (12)

is the E/ x B drift velocity with the scalar potential ¢ and v,; is the ion polarization drift velocity,

e d e d

E =——-—
+ miwgi dt

(Vi) (13)

Vi = ———
P miwgi dt

(In Eq. (11), magnetic curvature (toroidicity) and ion velocity perturbation along the magnetic

field are ignored.) These drift velocities can be found from the equation of motion for the ion in

the low frequency limit w < we;,

dvi —iwt
mi— =e (Ele +v; X B) . (14)

In the lowest order, the time derivative can be ignored, and the F x B drift emerges,

ELXB
= ——— e

—iwt
VE B2 . (15)

To find the velocity in the order w/we;, let the magnetic field be in the z direction and the time

varying electric field in the x direction, Then,

a? 2 e d —iwt
<@ + wci) Vg = EaEJ;e . (16)



and Eq. (13) follows. Assuming all perturbed quantities are proportional to ellkx—wt)

Eq. (11),

, we find from

Wyxe — W (kJ_ps)Q %

i = , 17
n - 7.7 (17)
where
Teke
*e — k- V*e — ) 1
“’ ¢BL, (18)

is the electron diamagnetic drift frequency, L, is the radial density gradient scale length, kg is the

wavenumber in the azimuthal (0) direction, and

T./m;
po = YLelmi (19)
wCZ

is the ion Larmor radius with the electron temperature. Note that k% = k3 + k2 = kj — 9%/0r>.

Equating n; to n. (charge neutrality condition), we find a dispersion relation,

W= Wie . ‘/*ekb?
L+ (kips)? 1+ (kg +k7)p3

, T.> T, (20)

The wave propagates in the direction of Vi, (the electron diamagnetic drift velocity). A finite ion
temperature does not alter this basic picture. When T, > T;, the above dispersion relation is valid
at arbitrary k| ps. In an isothermal plasma with T; ~ T, as tokamaks, a correction due to a finite

ion Larmor radius enters in the form

1= (kip)®

w Wee, (k1pi)® < 1. (21)
1+ (kLps)Q

where p; = /T;/m;/we is the ion Larmor radius. When T; ~ T¢, ps ~ p;, and the dispersion
relation is valid only in the long wavelength regime (k Lps)2 < 1.Then, the drift wave frequency

remains close to wye.

The progressive propagation of the drift wave in the direction Vng x B is schematically illus-
trated in Fig. 1. The equilibrium density gradient is in the —z direction with dng/dz < 0, the
magnetic field in the z direction, and the wave propagation in the y direction. A potential pertur-
bation of ¢gsin (ky) and electric field of E, = —k¢g cos (ky) are shown. The density perturbation
is proportional to ¢. The E x B drift in the positive electric field region is in 4z direction, and
the plasma moves from the higher density region to the lower density region. Therefore, the per-

turbation progressively shifts in the y direction which is in the electron diamagnetic drift V.. The



situation is similar to the ion acoustic wave described by w = kcs in which electrons provide elas-
ticity through the pressure p, = ngT, and ions provide inertia. The main difference is that in the
case of ion acoustic wave, energy equipartition holds between the ion kinetic energy and potential
energy, while in the case of long wavelength drift mode, the ion kinetic energy is subdominant.
The ion kinetic energy density in the ion acoustic wave is nomiv? /2. Substitution of the velocity

perturbation from

Qi _ el = —e%,

we readily find that the ion kinetic energy density is equal to the electron potential energy density,
1 1 ne\
—nom;v; = znoTe <—e) ; (23)

where n. = (e¢/T,) ng is the electron density perturbation as in the case of the drift wave. In the
drift wave, however, such energy equipartition does not hold and energy density is dominated by

the potential energy, since the ion kinetic energy density is

1 , 1 EN? 1 fw\? o 1w 2 o
inomivi = §n0mi _B = 5 w—m 5OEL = 5 w—cz €0 (kd)()) COS (l{?l‘), (24)
while the potential energy density is
1 ne\? 1 /e 2 .
§noTe <n—2) =3 < ;io) noT, sin? (kx) . (25)

The peak value of the kinetic energy density is smaller than that of the potential energy density by a
factor (k J_,os)2 (< 1). Here wy;, = \/m is the ion plasma frequency and €| =~ (wp;/ wci)Q o is
the cross field permittivity. In the drift mode, the region of small finite ion Larmor radius parameter
(k1ps)? ~ (kipi)® < 1(T; ~T,) is of main concern, for long wavelength fluctuations are considered
to be more dangerous for plasma confinement. (A rough estimate of anomalous thermal diffusivity

is x ~ v/k% where 7 is the growth rate and k; = 27/A | is the wavenumber.)
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Fig. 1. Sinusoidal potential-density (¢ oc n) and electric field (F) perturbations propagate

upward because in the region E > 0 (upward), F x B drift is from higher to lower density

region.

In the course of this derivation, the assumption of adiabatic electron response immediately

yielded the electron density perturbation in terms of the potential ¢. Let us see if the density

perturbation is consistent with the electron continuity equation. (It should be.) Substitution of the

electron adiabatic response

into the electron continuity equation,

one
ot

+vE-Vng +n0V-veH =0,

yields the electron flow along magnetic field,

W — Wye €O
k” Te’

Vel| =

or the electron current perturbation along the magnetic field,

n062
kHTe

Je| = (Wee — w) @.

(26)

(27)

(28)

(29)

This is consistent with the electron parallel velocity expected from the perturbed electron distrib-

ution function [1],

W — Wye €D
= Me — Me;
T. w — kHU” T.

(30)



where fyze is the Maxwellian electron distribution function. In the limit w < kjvre, we indeed find

W — Wye €O

v =) === (31)

The parallel current J, is thus redundant in electrostatic cases. (It is not needed.) If a vector
potential parallel to the magnetic field is perturbed, the electron current density in the same limit
w < kjvre becomes

2

noe (W — Wie) (W — WDe) + NeWreWDe
= T *e A ) 2
el =T <(“’ @)@+ a || (32)

and plays a more prominent role. Here wp, is the electron magnetic drift frequency due to nonunifor-

mity in the magnetic field and 1, = dInT,/dInng is the electron temperature gradient parameter.

The kinetic electron density perturbation can be found by integrating f. in Eq. (30) over the

velocity,

ne = <1 ey (O) o, (33)

kjvre

where Z (¢) = Z (w/kjvre) is the plasma dispersion function [12 Fried and Conte] defined by

1 0 o—a’
2(0=— /_ i (34)

If ¢ < 1, then Z (¢) ~ i/, and we find

. W — Wse | €P
e~ (1 —ng. 35
n < +ivT Fore ) 7.7 (35)

Then the dispersion relation becomes

xe k S 2 - Wke
e ZWRLP)T g e ~ e (36)
w k”vTe

which yields an unstable solution

2

w ~ +i—"— (k1ps)?. (37)
1+ (kips)®  Kyore

Wxe w

Note that the necessary condition for the drift instability is w < wse, that is, the cross field phase
velocity along the direction of V. be smaller than the electron diamagnetic drift velocity V.. This
may be regarded as a Cerenkov condition and the instability is a result of inverse Landau damping

by electrons.



3 Quasi-linear Fluxes

The quasilinear theory has originally been developed for velocity space instabilities such as the
beam-plasma instabilities. It is the lowest order nonlinear theory in the sense that mode coupling is
ignored entirely. As such, quasilinear theory is unable to accurately predict the energy spectrum of
fluctuations. In the case of velocity space instabilities, modification in the original linearly unstable
velocity distribution leads to saturation. However, in drift type modes which are driven by spatial
nonuniformities, the density and temperature profiles are maintained by external sources through

fuelling and heating and saturation must be invoked by other mechanism.

Let us consider low frequency electrostatic fluctuations which cause particles to undergo £ x B

drift,

B x V¢k
C——F—.

= (38)

Vi =

The particle flux induced by the fluctuations can be calculated from the statistical average of the

following quadratic quantity,
I'= Re (ngvg), (39)

where n is the density fluctuation and (- --) indicates statistical ensemble average. In quasilinear
theory, the density fluctuation is approximated by the linear response which in the lowest order

can be found from the continuity equation,

0
=k Vi Vg = 0.
This yields
w (&
ng = ;k —;ék no, (40)

where w = wy+1ivk is the complex frequency. Substituting this into Eq. (39), we obtain the following

expression for the radial flux,

e Tk g
T, =Y ke 20 (%’f“) no. (41)

- w?+~2 eB
This is an anomalous particle flux due to exponentially growing mode, ¢ (t) = ¢x(0)e?t. Of course,

in experiments, fluctuations are observed to be stationary on average and the linear growth rate

appearing in Eq. (41) must be modified somehow to be physically meaningful.

10



Stationary fluctuations observed in experiments do not mean they are pure sinusoidal functions
of time. They grow and damp intermittently and only on time average they are stationary. Pure
sinusoidal fluctuations are characterized by an infinitely long correlation time. The correlation time
is a measure of average life time of each Fourier component and can be deduced from the auto

correlation function,

Di(s) = (Dr(t)Pr(t +5)) (42)

where (---), indicates time averaging. The auto-correlation function often exhibits exponential

decay,

S

D4(5) = Bx(0) cos(wis) exp <——) | (43)

Tk
7 is defined as the correlation time. As a rough approximation, 7, may be estimated from the
linear growth rate,

1
TE &~ —, 44
Tk 4y

and the flux in Eq. (41) may be used in steady state turbulence.
The particle diffusivity D defined by

Clno
= -D=—2 4
dr’ (45)

takes the following form

ka*k; TkoLy (edr\”
D = — ) . 4

The fluctuation level ¢y in Eq. (46 is yet to be determined. As mentioned earlier, the quasilinear
theory is unable to predict the saturation level. In drift type modes, two dimensional £ x B motion
leads to formation of vortices in which particles are trapped. Once trapped, the instability becomes
saturated because wave-particle interaction for wave growth is deactivated. The condition for vortex

formation is

VExB 2 ﬁ ~ egLn (diamagnetic velocity). (47)
This yields
€¢k 1
T ~ kL, (48)



and the diffusivity becomes
VeWxk T 1 T 1
D= ~— —_— 49
Z +’yk€BkJ_L engJ_Ln’ (49)

provided wy ~ Y, = wyk. Since the growth rate of drift modes peaks at a specific finite Larmor

radius parameter k| p, the diffusivity may be written as

T p
D= t ——. 50
cons BIL. (50)

(For example, the growth rate of the toroidal ITG mode peaks at k,ps ~ 0.3.) This form of
diffusivity is known as the gyro-Bohm diffusivity (the Bohm diffusivity Dp = T'/eB corrected for
the gyro-radius p). If, on the other hand, the cross-filed scale length 1/k; does not scale with the

Larmor radius, but with plasma size, 1/k, ~ a, the resultant diffusivity is Bohm-like,

T
D = t —. 1
cons 5 (51)

e

Another estimate for saturation is based on

kr’l}k =~ Yk, (52)

where k, is the radial wavenumber. Physically, this condition implies that saturation occurs when
the nonlinear Doppler shift, k| vy, becomes comparable with the growth rate. The saturated am-

plitude in this case is given by

Pk Wk 63
and the diffusivity by
D= . 54
Z w2 + '713 k2 ( )

In strong turbulence limit, v > wi, we recover the familiar form,

Vk
D=Y" o (55)
k T

4 Effects of Finite Ion Temperature

The basic mechanism of drift instability is wave amplification through the Cerenkov mechanism,
and for an instability to occur, the wave phase velocity in the direction of the electron diamag-

netic drift must be smaller than the electron diamagnetic velocity w/kg < Vie. The simple mode

12



W= We/ [1 + (k lps)ﬂ < wse found in the preceding section is potentially unstable. A finite ion
temperature and toroidicity further reduce the frequency. Let us first find what effective electric
field is seen by the guiding center of an ion undergoing cyclotron motion with a Larmor radius
p = v Jwe;. If the electric field is uniform, the ion experiences the same field everywhere. However,

if the field has a sinusoidal spatial dependence in the direction perpendicular to the magnetic field,
E|(r) = Boe+T, (56)

an average over the Larmor orbit must be taken. Expansion of E| (r) about the guiding center

denoted by r, yields

OB, 1 9\’
Bty +p(0] = Bu(r) 4o S5t 45 (oo g ) i 57)

where p(t) is the instantaneous ion location relative to the guiding center. Averaging along the ion

orbit, we find an effective electric field seen by a gyrating ion,
1 2 1 4 ZkL ‘r ikJ:I'
(B1) = (1= 7(kLp)"+ o1 (kip)” =) Eoe = Jo (k1p) Ege"™ -7, (58)
where Jy is the Bessel function of order 0 defined by

we) =3 o ()" =1 gt et )

Therefore, the effective electric field experienced by the ion guiding center is given by further

averaging (average of the average) along the Larmor orbit which yields [13 Sato]
Elers = EoJ§(kLp)e™ ™. (60)

Averaging over the velocity with Maxwellian weighting, we find the effective electric field experi-

enced by the ion fluid,

Elerr = Eoe™® e ™, (b)), (61)
where
b= (kup)? = R TL, (02
and use is made of the formula,
/000 e_”CQ/QJg (k1 piz) zde = e " Iy (b;) . (63)

13



In the long wavelength limit b; < 1, the function e~% Iy (b;) approaches 1 — b;, and we find the

effective electric field experienced by the ion guiding center
EJ_eff ~ Fy [1 — (]ﬁ_pi)Q] eik~rg. (64)

The E x B drift of ions is thus modified as

B x V¢

T (kipi)? < 1. (65)

vg=[1- (kJ_Pi)Q]

Note that the correction to the E x B drift is proportional T} /B3,
B x Vo T;
_CT(kLpi)Q XX —13
Therefore, any other higher order ion drift up to order 1/B3 should be retained to be consistent.
As shown earlier, the ion polarization drift
e d

Vi = ———
p miwgi dt

E,, (66)

is of order 1/B?, and introduces a correction to the dispersion relation similar to the finite ion
Larmor radius correction. Incorporating the effective ' x B drift and ion polarization drift in the
ion continuity equation, we obtain

8ni
ot

+ V- [nove(l =k p})] + noV - vpi +noV - vy =0, (67)

where vy is the ion velocity perturbation along the magnetic field. We ignore v for now, but will

consider it later in nonlocal analysis. The E x B drift is incompressible in a uniform plasma,
V -vg =0, uniform B. (68)

In this case, the ion density perturbation is given by

wai — [w + (1 + 1) Wil K7 pF e

n; — w TZ T
w T,
where
dInT;
2 70
KT ng’ (70)

is the ion temperature gradient parameter. From charge neutrality condition n; = n. = (e¢/T,) ng,

we find

_ 1= (1 +m)(kipi)?

*ey 71
1+ (kips)? (71)

14



It should be noted that in a plasma with 7; ~ T, the dispersion relation is valid only if (kp;)? ~
(k1ps)? < 1, that is, if the ion Larmor radius is sufficiently small compared with the cross-field

wavelength. For arbitrary (k. p;)?, kinetic theory must be used.

The ion flow along the magnetic field v) in the continuity equation may be implemented as

follows. The ion equation of motion along the magnetic field is

vy Op;
noMi—." = noek)| — 5, (72)
where £ = —ik ¢ and p; is the ion pressure perturbation which approximately obeys the convection
equation,
On:
o 4 VExs - Vpio = 0. (73)
ot
Then the ion density perturbation in long wavelength limit (k| ps)? < 1 becomes
We (1 + 771) W*iwg ep
o ) s ) 22 74
nZ < w + wg Te n07 ( )

where ws = kjjcs is the ion acoustic transit frequency. In the limit of large 7;, we thus obtain the

following dispersion relation,
w3 ~ Niww?, (75)

which has an unstable solution. This I'TG instability in slab geometry was found by Rudakov and
Sagdeev [14]. In toroidal geometry, a toroidicity induced ITG mode with a larger growth rate

prevails.

15



5 Drift Mode in Tokamaks

Y

R

Fig. 2. Tokamak geometry. The toroidal magnetic field is nonuniform By oc 1/ (R + r cos #) which causes

magnetic drifts of ions Vp; (downward) and electrons Vp, (upward).

The basic geometry of a tokamak discharge is shown in Fig. 2. For simplicity we assume each
magnetic surface is circular but they may not be concentric. In addition to the toroidal magnetic
field Bg,which is nonuniform and curved with a curvature radius R, the toroidal plasma current
Jgo , which is driven externally, creates a poloidal azimuthal magnetic field By.The safety factor ¢

against the MHD kink instability is defined by

rBy
and the magnetic shear parameter by
rdq

s can be positive or negative depending on the radial profile of the toroidal current. The total
magnetic field is helical. The poloidal magnetic field By provides the rotational transform which
is essential for magnetic confinement in toroidal geometry. (Recall that a simple toroidal field By

alone cannot confine charged particles.)

The gradient in the toroidal magnetic field causes guiding center drifts of both electrons and

ions. In a low § plasma, the gradient and curvature drifts can be combined as

VB x B 1 1 1
Ve (V) = Wme <§’Uﬁ_ + ’U|2> = Me <§Ui + Uﬁ) e'ﬁ{em (78)

16



Vpi(v)= %mi <%vi + v|2> =-—m; <%vi + vﬁ) ﬁez. (79)
These drift velocities are shown in Fig. 2. Also shown are the electron and ion diamagnetic drift
velocities V. and Vj; in the @ direction. Note that in the region # = 0 (the outermost region), Vp,
and Vi, are both upward, and Vp; and V,; are both downward. In the region where the pressure
gradient drift and magnetic curvature drift are in the same direction, the plasma is vulnerable to

flute type or ballooning type instabilities.

In toroidal geometry, the divergence of the diamagnetic current is nonvanishing,
2
V- J. :—ﬁVB-(B x Vp) . (80)

To maintain charge neutrality V -J = 0, V - J, must be compensated for by a current parallel to

the magnetic field,

1 8J|| 2 2 Dl .
VI =% =53 VB (B x Vp) = —— || sin0, (81)
2q |d
J||P52J¢:§q‘d_]; COSQ. (82)

Therefore, in tokamaks, an extra toroidal current exists in addition to that externally driven, Jy,
which creates the poloidal magnetic field By. The parallel current in Eq. (82) is called Pfirsch-
Schliiter current. The ratio between the magnitude of the Pfirsch-Schliiter current and Jy is ap-
proximately given by

_ 2%
B

dp

dr ’ (83)

Bor _ op|df
Bg_ R‘d?“

which is called the ballooning parameter. The poloidal magnetic field By is accordingly modified as
By (r,0) ~ Bygo (r) (1 + a(r) cosb), (84)
where By is the lowest order poloidal magnetic field
po [*
Byy = 10 / Tgo (r) . (85)
rJo

« is related to the Shafranov shift of the magnetic axis A, o ~ dA/dr. The shift is illustrated in
Fig. 3.
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magnetic

4 surfaces magnetic axis

R

Fig. 3. Eccentric magnetic surfaces resulting from the shift of the magnetic axis on which
By = 0. The coordinates (r, §) pertain to the origin chosen at the magnetic axis, while (r/,6")
to the center of a circular magnetic surface. They are related through " = r + Asin€’, and
0 =0+ Asinf/r.
Likewise, in toroidal geometry, the magnetic curvature/gradient makes the cross-field £ x B

drift compressible,

(B x V¢) #0, (86)

in contrast to the slab geometry with straight magnetic field lines. The guiding center ion magnetic
drift,

2T;

Vpi=——""-—=
b eBR

e,, (87)

also enters the continuity equation. Furthermore, trapped electrons make electron response non-
Boltzmann (nonadiabatic) and provide a source of strong destabilization for the drift mode. Another
important toroidicity effect is the absence of stabilizing ion Landau damping in modes propagating
in the electron diamagnetic drift (w > 0). This follows from the condition of ion kinetic resonance
as given by

m;

w+wp;i — kv = w+ —3

1
<§Ui + Uﬁ) (VB X B) -k — ]{IHUH = 0, (88)

where wp; is the velocity dependent ion magnetic drift frequency. When w > 0, the domain in the
velocity space that satisfies the resonance condition is extremely narrow or even nullified, depending

on the finite ion Larmor radius parameter, k| p;.

18



Noting that the E' x B drift is compressible and incorporating the ion magnetic drift velocity
and ion velocity perturbation parallel to the magnetic field, the ion continuity equation now takes

the form

0
<§ +Vp;- V) n; + V- [novE(l — kip?)] +noV - vy +noV - Vi| = 0. (89)
Here

2T;

Vpi= 5B x VB, (90)

is the thermal ion magnetic drift, and v|; is the parallel velocity associated with the ion acoustic

mode to be determined from the momentum balance along the magnetic field,

0
nom; <a +Vp;- V> Vi = —noeV ¢ — V pi, (91)
where p; is the ion pressure perturbation. The ion polarization drift is to be evaluated with the

substantive derivative,

V= —— (2 + V- V> (—V.¢). (92)

miwé ot
It is noted that these equations are, strictly speaking, valid if the ion temperature gradient (7)) is
negligibly small. When 7; is large, the perturbation in the ion temperature (and thus in the ion
magnetic drift) must be considered. The ion temperature gradient mode (7; mode) will be discussed

separately. For now, we ignore 7);, and approximate the ion pressure perturbation by

Then,
S RO S T (94)
= i w + wpi m; W+ wp; Ny’
where
1 i 0
ky=— — - —
I qR (m = nq) qR 00’

is the gradient along the magnetic field in the tokamak magnetic geometry. Here 6 is now understood
to be the poloidal angle along the helical magnetic field which extends from —oo to oo unless on a
rational magnetic surface. Substituting this into Eq. (89), and noting the cancellation between the
following two terms,

e

~(k1pi)?V - vE = ——(Vp; - V)Vig =0, (95)

iWe;

19



we obtain for n;

1, 1 2 2 1 ep
<w + wp; — ;cskH W+ wp ]{:”) n; = {w*e — Wpe — (w + w*i)(lqps) + cSkHw T b k|} _Te no,
(96)

where 7 = T, /T; is the temperature ratio, and ¢s = \/W is the ion acoustic speed. It is noted
that the differential operator k| operates on wp;(¢) and bs(0) as well as on n; and ¢ where 6 is the
extended poloidal angle. The perturbation is assumed to be in the form f () e!™0="9) where ¢ is
the toroidal angle. Near a rational surface where m = ng with m and n being integers, the cross

field differential operator becomes

ina0e) — ;Mo i (Mg P e = s
Ve i Teg—i—m <dr€+qdr e, = kgplep + (s0 — asind) e,], (97)
where kg = m/r and use is made of
do 1dA . a .
% =~ _;W sinf = —? sin 6.
(See Fig. 3.) Therefore,
kT =kj [1+ (s — asing)?] . (98)

Likewise,

wp=k-Vp= %ke [eg + (sO — asinb) e,] - e, = 2wy [cos O + (s — asinf) sin 6],
e

(99)
where ¢, = L, /R.

The density perturbation of electrons may be found from the integral of the kinetic equation,

ep W — Wee (112) ep
e — T e = e 100
f Te M W — Wpe (V) — k”U” Te M ( )
where
9 mev? 3
wre (V) = wWye |1+ 17 o " 2)| (101)

in the energy dependent diamagnetic drift frequency. An approximate electron density pertubation

18

I — —
Ne =~ <1 —V/2¢ C 3wa>(w Wre) new*ew}jet) %no, (102)

5 2 _ 10 2
(@ = 3wpet)” = GWhet T
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where

T 1
WDet = E (VB X B) k= 5(4}[)6,

is the magnetic drift frequency of trapped electrons satisfying ev? > v2. Equating the electron
ymg vy I g

density to the ion density in Eq. (96), we obtain the following mode equation,

s\ d 1 d ¢ B
(q_R> @{w—i—wp@w—i—um}—i_v(ew_o’ (103)
where
1 . — 0) — «)b(0
VO =117 (F - wDizrwg(}eJ)rw = ))’ (104)
7 Nt
Fo—1- 3% (w— 6“D)(;U C;’*) . 226“*“17’ (105)
w — gwp)? — 13wi
b(0) = (kop)* [1 + (s0 — asind)?] . (106)

and T; = T, has been assumed.

Equation (103) can be solved numerically with a complex shooting code. Fig. 4 shows the
dispersion relation, (w, +i7) /cs/Ly vs. by = (kgp)? when a = 0,¢,, = L,/R = 0.4, e = r/R = 0.25,
ne =1, s=1qg=2. At by = 0.01, the eigenvalue is (w, + i) /¢s/ Ly ~ 0.12 +i0.04. In the long
wavelength regime, (kgp)? =~ 0.01, coupling to the ion acoustic mode is evident since w,/ws =
wy/ (cs/qR) is of order unity. However, in toroidal geometry, ion Landau damping is practically
absent, and the ion acoustic mode can be unstable being driven by the trapped electrons. It is
noted that the electron temperature gradient has a destabilizing influence because the instability
is driven by the interchange effect associated with the trapped electrons. Also it has been found
that electromagnetic (finite ) effects are destabilizing in contrast to the ion temperature gradient

(ITG) mode, which will be discussed in the following Section.
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Fig. 4. Normalized frequency w,.L,, /cs (dotted line) and growth rate L, /cs (solid line) of the collisionless

trapped electron drift mode vs. by = (kop)> .
6 Toroidal Ion Temperature Gradient Mode

In toroidal geometry with magnetic shear, the 7; mode is driven largely by the interchange ef-
fect through the coupling of the ion pressure gradient with the unfavorable magnetic curvature.
Jarmén et al. [8] have made a detailed study on the toroidal n; mode within the hydrodynamic

approximation,
(k1pi)® <1, w+wp; > kjcs. (107)

In the analysis by Jarmén et al., the ion pressure perturbation has been obtained from the Braginskii

heat balance equation

30p; 3
S SV V) 4PV V4V g, =0, (108)

where p; is the ion pressure, V is the ion fluid velocity, and q; is the cross field ion heat flux,

5 pi
;= = B » 1
a4 =3B x VT, (109)
The divergence of q; is
5
V.-q; = —§n(V*¢—VDZ-) - VT, (110)
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where

. BXVpZ‘

Vi , 111
! neB3? (111)
is the ion diamagnetic drift velocity, and
Vi = —P By vB (112)
neB3 ’
is the ion magnetic drift velocity. Linearization of Eq. (108) by assuming
Pi = pio + Pi
yields
3 /0 JUN.:! 0 3
5 <a+gvDi'V>pi—§Tz‘ <§+VD1“V> ng — Vg - <Tz‘vn_§nVTi) =0,
(113)
or
- 5 w+ wp; Wi 2
= o T+ e (i — = | ngeo. 114
bi 3(«0+%WDZ' i1 Cd‘f‘%wDi <77@ 3> 0 (b ( )
The perturbed ion diamagnetic current is thus given by
B x Vp;
Substituting this into the ion continuity equation,
on; 1 9
It + EV -Ju+ V- {VE[l - (]ﬁ_pi) ]no} +ngV - Vpi = 0, (115)

where vg[1 — (kip;)?] is the ion E x B drift corrected for the finite ion Larmor radius effect, and

Up; is the ion polarization drift,

Vpi = - (2 +Vp; - V) (-V.i9), (116)

miwgi ot
we readily find the ion density perturbation in terms of the potential ¢,

(w+ 3wp;i) {wie — wpe — [w + wii (1 +n:)] (k1p)?} — (i — 3) weewni e¢n
2 =10
(ot om)— B, T

n; =

(117)

This result qualitatively agrees with the ion density perturbation derived from the gyro-kinetic

analysis,

n; = —%no + < Y +@*i(vz) Jg <kﬂu>> 6_(%)710, (118)

T; w4 @pi(v) — kv 70\ we ey
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provided the ion transit effect (k”vH) is negligibly small. The ion magnetic drift frequency wp; plays
double roles, one to cause a guiding center drift which is destabilizing through the interchange
affect (wiewp;) and another to cause a thermal spread (—w?%, term in the denominator) which is

stabilizing.
If the trapped electrons are ignored, the electron density perturbation is Boltzmann,

e¢
Ne = —Ny.

Te

The charge neutrality condition n; = n. thus yields a dispersion relation which is quadratic in w

and the condition for the instability is given by

2 1 (W*e - wDe)2 + %WQDZ
e . 119
m> 3+ o (119)
Approximating wp, = 2e,wxe and wp; = 2€,wsi, we find
2 2
‘T3 4 2en /T ’

where €, = L,,/R and 7 = T, /T;. In the limit of flat density profile ¢, > 1, we find

2 157172—1-%5”
771>3+2 - )

while in the case of steep density gradient ¢, < 1,

.>2+1 T+205n
eyt y\oe, T s )

Also, it is noted that the critical n; increases as the ion temperature exceeds the electron temperature

T <1.

As is evident in Eq. (119), the main drive of the toroidal 7; mode comes from the interchange

term. An approximate dispersion relation is

w? ~ — ("71‘ - "70) WxiWDe, (121)

where 7. ~ 1 is the critical ion temperature gradient. Trapped electrons further destabilize the ITG

mode [9)],
2

wh == (771 - 770) WxiWDe — V 2ENeWseW Det s (122)

However, the toroidal ITG mode is subject to effective stabilization by a finite 8 [9].
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7 Local Kinetic Formulation for Electrostatic Modes

When kinetic resonance (Landau damping) is important, and one of the basic assumptions of
hydrodynamic approximation, (k;p)? < 1, becomes dubious, one has to resort to the kinetic

analysis based on the Vlasov equation for the velocity distribution function f,

of e of

and then evaluate the density perturbation from

n:/fd3v. (124)

For low-frequency, drift-type modes with w < we; (K wee), the effects of higher harmonics of the

ion cyclotron frequency may be ignored.

In this Section, a procedure is outlined to solve the Vlasov equation for electrostatic modes,
described by E;= —V¢, B; = 0 (negligible magnetic perturbation). Linearizing Eq. (123) with
f = fo+ fi and singling out the E x B drift velocity, we obtain

dfi e dfo(v*,x)
where
d 0 e 0
%—E—FV'V—FE(VXB)-E, (126)

is the substantive derivative along the unperturbed particle trajectory determined from the equation

of motion

m@:eva,v:@.
dt

127
= (127)
It is noted that the E' x B drift term actually stems from the velocity derivative pertinent to a
nonuniform plasma in which the unperturbed distribution function fp can be a function of the

canonical momentum,

We XV

2 )

- (128)

rp

as well as the energy. (Strictly speaking, this quantity is an invariant only in a uniform magnetic
field and in nonuniform magnetic field, it is only approximately an invariant.) Nonuniformity in the

magnetic field introduces the magnetic drift,

1
Vp = & <§fui + fuf) B x VB, (129)
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which can be implemented in the analysis as an effective Doppler shift. The velocity derivative can

be performed as follows:

1
+ —2wc X Vf(]
w

0 (- ot
ov ’ o

w? ov 2
Then,
—= V. <8fg—(‘j’2) - wigwc x v;b) = —— V- afg—(f) +vi -V,
where
w-BiT

is the F x B drift.

If the unperturbed distribution fo(v) is assumed to be Maxwellian, fjs(v?), which is reasonable

provided the confinement time far exceeds the collision time, the velocity derivative becomes

8f0 mv
AU 1
20— s (130)
Assuming all perturbations are proportional to gilkr—wt) and noting
e 0 0
— B)— = —w.—, 131
m(v xB) ov Y (131)

where

a = tan~! <@> , (132)

(%
is the gyroangle, we may reduce Eq. (125) to

wc%+i(W—k-VD—k-v)f—vE.VfM—%(V+VD).V¢fM:0’ (133)

where Vp is the velocity dependent magnetic drift velocity and v is the random velocity. The part

of f independent of the gyroangle o can be singled out as

f: _%be'f‘ga

where ¢ satisfies

wc@‘f‘i(&)—k'vD_k'v)g_vE'VfM—'—iw%fM:O'
oo T

If k is chosen to be k =k e, + kHez, we have k- v =k v cosa + k”vH. Solving for g is effected by

using the expansion,

ezl:ixsina — Z Jm (I) eiima, (134)

m=—00
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twice with the result

ep kiv, kivi\ W — Wy ep
- _ 7 I T, i(m—n)a cw
! TfM—i_; < We > < We )e w—k-VD—k:”vH—nwchM
ep W — Wy o (kivy )\ ep
~ —— Ji —
TfM—i_w—k-VD—kH’U” 0( We )T‘f]\/[7
where w < w, is recalled and
T T muv?
B 2y R . R . _ — —
Wy (v )—6B2(B><VlnfM) k eBQ(BXVlnnO) k[l—i—n( 5T

m

1
k-Vp= B <§fui +v|2) (BxInB) - k.

For ions, we define the energy dependent diamagnetic frequency by

- miv: 3
Bxi(v?) = wai [1 + i < 2;} - 5)] )

where

T;
Wii = eBQ(VInn x B) - k,

and the ion magnetic drift frequency by
LA«}DZ’(V) =-k- VDZ'(V).

Then, the perturbed ion distribution function is

e W+ Wy 72 <k£ul> e

= i + =
fz fMZ w4+ wp; — kH?}H 0 Wei

T T;

For electrons, with the definitions

=N Mev?
st = i (5 4)).

1.
Wxe — E(Vlnn X B) 'k,

\V][OV]

Wpe(v) = k-Vpe(v),

we approximate the distribution function by

e webe e
fe = TefMe w _CAUDe — kHUHé]U TefMe
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where ;i = 0 for trapped electrons (j = T, {v”{ < y/evy) and ;i = 0 for untrapped electrons
=10, {U”{ > Jevy). In drift-type modes, the effect of finite electron Larmor radius can be

ignored. The dispersion relation (or the mode equation) is thus found from the charge neutrality,

/ fid*v = / fed®v, (143)

1+T:T< wA—i-CAd*i(vQ) 2 </ﬁm>> +< :‘)_&7*6(7}2) > |
W+ Wi (V) N k”’l)” Wei ion W — Wphe (V) o k”vHéuJ electron

where (---) indicates averaging over the velocity with Maxwellian weighting, and 7 = T, /T;.

or

(144)

The kinetic dispersion relation derived in the preceding section is, strictly speaking, valid only
when the norm of the differential operation k is known for eigenfunction ¢(r). In tokamaks, most
drift-type modes are driven by the interchange effect, and the eigenfunction is expected to peak in

the unfavorable curvature region. We therefore assume a trial function [15 Coppi, 16 Hirose]

1
——(1 + cosB), 0l <
=l eost), 1o
¢(0) = (145)
0, 0] =
where 6 is the extended poloidal angle along the helical magnetic field.

The norm of kH can be evaluated from

1 d%¢
kY = — — df
< I >9 (qR)2 / ¢ 162
1
= . 146
3(qR)? (146)
Since the magnetic drift frequency in the ballooning space is
_ € (12 4,2 -
wp(h) = “BR (21)L—|—v|‘)k9 (cosf + sOsinb) , (147)
its norm is
mckg
wpy = T (§02 +02) (3+3s), (148)
and similarly
(k1) =kj [L+ (372 —3) s*] . (149)
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Of course, for eigenfunctions that cannot be approximated by the simple trial function in Eq. (145),

these norms become invalid.

Let us apply this semi-local kinetic dispersion relation to the 7; mode, for which a rigorous
integral equation analysis has also been made. In Fig. 5, the growth rate found from Eq. (144) with
the norms in Eqgs. (146)—(149) is compared with that obtained from a kinetic integral equation code

[17 Elia]

’Y/W*e

0.0 0.5 1.0 1.5 2.0

Fig. 5. (a) Growth rate v/wse vs. b = (kgp)® and (b) vs. s of the toroidal ITG mode when L, /R = 0.1,
7 =2,q¢=2.In(a), s =1and in (b), b = 0.1. Solid line is from local kinetic analysis and dashed line

from the ballooning mode equation.

8 Effects of Magnetic Shear on the Drift Mode

In slab geometry with a sheared magnetic field
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where 7 is the radial distance from a magnetic surface on which & = 0, the parallel wavenumber

becomes a function of the distance r,

by (1) =~ (B )V = o

L is the magnetic shear length. Note that in slab geometry, variation along the z axis is ignored.
Therefore, near the rational surface, the condition of adiabatic electron response, w < kjvre, may

be violated. (In toroidal geometry, k| remains finite even at rational surfaces, since

3 1 .0
=—m-ng—i=
I qR 1= "9 )
where 0/00 takes into account slow variation of amplitude of eigenfunctions with the poloidal angle

0.)

In the limit of low ion temperature T; < T, the ion density perturbation is given by

n; = [w:)e — (kips)® + (kLc;)Q ;—(fnm ps = j—; (150)
The electron density perturbation is
ne = [1 + 20z (@)} o, (151)
w T,
where
G = ——, (152)
[y | vre
is the argument of the plasma dispersion function Z ({.). Noting
ki = kj - aa_:w (153)
we obtain from charge neutrality n; = n. the following equation for ¢ (z),
B )t 4 g W e _
)+ St - 4 2 (]| 6 (@) =0, (154)
where © = r/ps, ws = kgpscs/Ls, and
wT L (155)

C = — T = —
¢ |SU|, k@psUTe

T is essentially the electron transit time over the shear length Ls. Eq. (154) can be solved nu-
merically (using shooting code). No bounded unstable solutions have been found. A finite electron

temperature gradient and finite ion temperature do not alter this conclusion.
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However, if the drift frequency wy. is not constant but depends on r being peaked at the rational

surface, an instability may set in. The case of Gaussian dependence,

2
Wae () = Wi €XP <—%> , (156)

has been analyzed by Hojo and Watanabe [18] with a conclusion that an instability can occur if

the length L, which characterizes the nonuniformity in ws. () profile, satisfies

2 Ln
I > L. or pLs > LL,.

as demonstrated in Fig. 6. This condition is similar to that found by Krall and Rosenbluth [2],

pLs > L2.

0.06— =

0.04

0.02

Y
_60
w*

-0.02

-0.04 I I I I
(0] 0.2 0.4 0.6 Q. 1.0
kP ©

Fig. 6. Unstable drift mode in slab geometry when w,. is nonuniform. Growth rate v/w.o

vs. k1p. Tww =1, L, /Ls = 0.02.

In tokamaks, magnetic shear s has in general destabilizing effects on drift type modes. This
tendency has been observed in the toroidal ITG and ETG modes and also in the toroidicity induced
drift mode. Fig. 7 shows shear dependence of the growth rate of short wavelength I'TG mode. The
growth rate is approximately proportional to /|s| which indicates that finite shear, either positive
or negative, is needed for the mode to be unstable. The case of ETG mode is shown in Fig. 8. In

general, weak magnetic shear may be favourable for suppression of the drift modes [19, 20].
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Fig. 7. Dependence of the ITG growth rate on the shear parameter s. Shear is destabilizing in both

positive and negative regions.

w/w,,g

W/ Wse

0.0 L
0 1 2 3 4

Fig. 8. (a) Mode frequency and growth rate of the ETG mode vs. shear s. (b) Dependence
on the safety factor g.
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9 Electromagnetic Formulation

The plasma f factor defined by
_ p
= B2/2p0’

is an important economic figure of merit of fusion power reactor. It is equally important in plasma

stability, for some instabilities (e.g., the ballooning mode) set in if the 8 factor exceeds a threshold
value. In drift mode analysis, the primary interest will be in whether a finite 3 tends to further
destabilize predominantly electrostatic drift type modes, or not. In addition to the scalar potential
¢, the parallel vector potential A enters as the second field to introduce the shear Alfven mode.
(In low § plasmas, the third field B associated with the magnetosonic perturbation may still be

ignored.)

The Alfven mode is characterized by magnetic field line bending which causes particle drift

B,

This is still an E x B drift with a motional electric field given by
EI = V” X BJ_, (158)
which yields
E xB BL
Combining with the electrostatic E x B drift, we thus find the total perturbed drift,
B x V¢ B,
vVp = T -+ UH? (160)
Noting
E— v 2A 161
and following the same procedure as developed in the preceding section, we obtain
ep W — Wy 2 e
== T (- Ay) JEAN) = far, 162
! T M+w—wD—k||?)|| ((b Yl H) ol )TfM (162)

with A =k v, /we.

The basic equations to govern low frequency, long wavelength modes are the charge neutrality

condition

n; = Mg, OF /fidv = /fedv, k < kp (Debye wavenumber), (163)
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and parallel Ampere’s law,

ViA = —poJy = —Moe/vn(fz‘ — fe)dv, (164)

where the perturbed ion distribution function f; can be found from Eq. (162),

€¢ CA}+C’D*1 2 kJ_IUJ_ (&
e — — v A)) = fari, 165
Ji= =7 Ju +w—k||v” o500 < o > (¢ —v4y) 7 (165)
with
T; m;vZ 3

~ 2\ 7 7
ii(v7) = [1 + i < o 5)] [V(Inng) x Bo] - k1, (166)
o _mi (La 2 (wB By -k 167
wpi(v) = 55 51 +v) | (VB xBo) - k1. (167)

We assume that the mode frequency is much larger than the ion transit frequency |w| > kyvri.
This is well satisfied in the toroidal ITG and ballooning modes which are our main interest. Then
the ion density perturbation becomes electrostatic and the ion current parallel to the magnetic field

is ignorable,

ni = (—1 4 1) Lng, (168)
T;
where the function I; defined by
W Wi o [(kivl
I = “xi g v, 169
[ S () s (169

involves ion kinetic resonance at w + Wp; (v) = 0.

For the electrons, the finite Larmor radius effect may be ignored. The perturbed electron dis-

tribution function can be written down analogously,

(20 W — We e
[ e — PN - Ay) = e 1
4 T." M ™ w—kyoy — Gpe (& —v4y) TefM (170)
where

~ T mv? 3
e (v°) = o2 [1 + 7e <2—Te - 5)} [V(Inng) x Bo] - k1, (171)

~ m (1

WDe (V) = ﬁ <§’Ui_ + ’Uﬁ) (VB X Bo) : kJ_. (172)

In Eq. (170), effects of trapped electrons are ignored. They have relatively weak stabilizing influence

on the ballooning mode through a reduction in the electron parallel current.

34



In the low frequency limit |w| < kjvre, the electron density perturbation can be approximated

by

R 4 ) B o
fle = Teno <w+&7De(V)—k|’U| (¢ U”A”)>VTen0

<¢ - —k|w*e A|> T%no- (173)

12

The parallel current is largely carried by the electrons, and can be evaluated from the 1st order

moment of the perturbed electron velocity distribution function,

Jje = —e/v”fedv
2
noe [(w )b+ (W = Wie) (W = Wpe) + NewsewWpe 4 | (174)
ky e ki :

Substituting the ion and electron density perturbations into the charge neutrality condition,
Ne = N,
and the parallel electron current into Ampere’s law,
VIA| = —pod);

we obtain

(—1+ Il-)e%ﬁno - <¢ - “*EA”> = no, (175)

and

2 _ _
VQLAH _ _ Hono€ [(W*e . w)¢ + (W W*e)(w WDe) + NeWseWDe A||:| ‘ (176)

Ry Te K

These two equations form a closed set for the two unknowns, ¢ and Aj. The parallel Ampere’s law

can be rearranged as

Ay k2 (W — Wie) (W — Wpe) + Newiew
2 Il Fpe *e De TleWxeW De
kaJ_ka—” = 2 {(w*e —w)op+ k” A|} . (177)

where k%,, = nge? /T, is the square of the electron Debye wavenumber. Eliminating A between

Egs. (175) and (177) yields the following kinetic ballooning mode equation [21 Hirose PRL],

~ kD, [ (w0 — wie)? ~
k”kikﬂgé + cg [m — (W — wpe) (W — wee) — new*ewDe:| ¢ =0, (178)

35



where qg is a reduced scalar potential defined by

op=0+71—-71L)0¢. (179)

After ballooning transformation, Eq. (178) is converted into a differential equation,

die {[1 + (s0 — asinG)Q]%} + ﬁ {(Q —D[Q—f(O)]+nf(0)— %} ¢ =0,

1+mn)

(180)
where T; = T, and 1. = 1. = n have been assumed and the mode frequency is normalized by
electron diamagnetic drift frequency, Q = w/wse. In the MHD limit |w| > wy, wp and (k1 p)? < 1,
we readily recover the MHD ballooning mode equation. It is noted that the safety factor ¢ is

absorbed in the ballooning parameter

o= qQLi; Bi (L+m) + Be (1 +1e)],

and does not appear explicitly in the mode equation. This is because the ion acoustic transit
effect has been ignored by assuming w > kjcs >~ kjvr; (T; ~ T,). When this condition becomes

marginally satisfied, an integral equation approach must be employed.

Finite [ effects on the toroidal 7; mode can still be analyzed by Eq. (180) as long as the ion
transit frequency is negligible, |w| > Kjvri. In this limit, the ion dynamics remains electrostatic and
electromagnetic effects enter mainly through electron dynamics. Eq. (180) describes both the kinetic
ballooning mode and the n; mode corrected for finite g8 effects. For the ballooning mode having
a frequency |w| ~ k| Va, the condition is well satisfied relatively independent of the finite Larmor
radius parameter k; p. However, for the toroidal 1; mode, the eigenvalue w scales with w, o< kp

and the condition |w| > kjjvr; is satisfied only for comparatively short cross-field wavelengths.

In contrast to the 1; mode, the trapped electron drift ballooning mode is further destabilized by
B. Eq. (180) is, unfortunately, inapplicable to analyzing the mode because in the long wavelength
regime, the mode frequency approaches the ion acoustic transit frequency kjcs ~ kjvr; (T, ~ T;)
and the assumption w > kjvr; breaks down. A rigorous analysis on finite 3 effects on the ion

acoustic mode requires integral equation formulation.

Figure 9 shows stabilizing effect of total a (ballooning parameter) on the toroidal 7; mode in
various conditions [22 Hirose PoP]. In (a), L,/R = 0.2, n; = 1. = 2, in (b), L, /R = 0.5 (nearly
flat density profile), 7, = 7. = 4, and in (c), same condition as in (a) except trapped electrons

are included (r/R = 0.2). Common parameters are: (kgp)? = 0.1, s = 1, T; = T,. Stabilization of
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the toroidal 7; mode occurs when the ballooning parameter « exceeds a threshold which depends
on discharge parameters. Trapped electrons have a destabilizing effect on the 7; mode. (This is
in contrast to the case of the kinetic ballooning mode which tends to be stabilized by trapped
electrons.) The critical a, required for stabilization of the n; mode is approximately given by

14+ ne 2

N TS N S P T prr (181)

where e =r/R, 7 =1T./T;, ¢, = L,/ R.
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Fig. 9. Stabilization of the 7; mode by «, the ballooning parameter. Solid lines show
growth rate v/w.. and dashed lines mode frequency w,./wse. s =1, 7 =T, /T; =1,
bo = (kgp)® = 0.1. (a) L,/R = 0.2, 1, =1, = 2, r/R = 0 (no trapped electrons).

(b) L,/R=0.5,1m;, =n. =4, r/R =0. (c) Same as (a) except r/R = 0.2.
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Figure 10 shows finite 8 destabilization of the long wavelength drift mode driven by trapped

electrons as found from integral equation analysis [23 Hirose-Elia CJP].

10 Kinetic Ballooning Mode

With the numerical techniques described in the preceding section, we now present the results of
stability analysis of the kinetic ballooning mode. Before presenting results of kinetic analysis of
the ballooning mode, let us briefly review the ideal MHD ballooning analysis. In ideal MHD, the

electric field parallel to the magnetic field is assumed to be zero. (Otherwise, an infinitely large

current would flow.) Then,

EH = —V”¢ - W = O, kH(b = wA” (182)
The parallel Ampere’s law ViAH = —poJ) and charge neutrality V - J = 0 yield
V'V%_AH = —,LL(]V-J” =puoV-J,, (183)
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where the cross-field current consists of the the difference between the ion and electron ' x B drifts,

the ion polarization current and perturbed diamagnetic current,

B 2BxV¢ noe? [0 . B x Vp-
V‘JJ_ = —V- <noe(kj_,0@) B2 )—i-V <,,nlwgz a—FVDZ'V (—VJ_¢) +V' T
W2@' VB
= —igg[w+ (14 n) wil w_gki(b - 2? - (B x Vp-), (184)

where the following cancellation is noted:
2
5k1Vp; - Vo =0.

(ade’)

npe

2
noe 3 (kip))*VB-B x V¢ +

The perturbed plasma pressure may be approximated by

%+B2y¢.vp0:o. (185)
Then Eq. (183) reduces to
V3k 2 kg = k2?4 Z2De (186)
where |w| > w,; is assumed and
Wip = (1 +Me) wie + (1 + 1) Wi, (187)
Whe = %k e, (188)

Noting k| = —iqiRa/ 060, Eq. (186) can be converted to the following ballooning equation [24 Connor,
Hastie, Taylor]

diﬂ { [1 + (0 — asin&)z} %} + afcos O+ (s — asinb)] ¢
+ (w/wa)? [1 + (s0 — asin 0)2} ¢ =0, (189a)

where wy = Vy4/qR is the Alfven frequency and w,; has been ignored. This equation has been
studied extensively in the past. Stable-unstable boundaries in the (s, «) plane are shown in Fig. 11.
For a given shear s, a tokamak discharge becomes ballooning unstable above a critical a. A further

increase in « stabilizes the ideal MHD ballooning mode [25 Mercier, 26 Sykes, 27 Zakharov].
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Fig. 11. Tokamak stability boundary for the ideal MHD ballooning mode in the (s, «) plane.

More rigorous analysis based on the kinetic mode equation, Eq. (180), essentially nullifies the
so-called second stability regime when the ion temperature gradient (7;) is finite [21]. In Fig. 12 (a)
and (b), the growth rate and mode frequency normalized by the Alfven frequency , /w4 and w,/wa
(wa = Va/qR) are shown when s = 0.4, by = (kgp)? = 0.01, 7; = 7. = 2, €, = L, /R = 0.175. As far
as the maximum growth rate is concerned, the MHD and kinetic theories agree well. The critical
« for the onset of the ballooning mode from the kinetic theory is a. = 0.35, which is somewhat
smaller than that obtained from the ideal MHD theory, a. = 0.39. The dashed line shows a second

mode revealed by the kinetic analysis.

The growth rate revealed from the kinetic analysis persists in the MHD second stability region.
The kinetic ballooning mode in the MHD second stability regime requires a finite ion temperature
gradient, 7; = 1, and is driven through the resonance contained in the non-adiabatic ion density
perturbation, I;(0).

At small shear, the critical « for the (kinetic) ballooning mode becomes small and the instability

becomes threshold-less and remains unstable at any «. Fig. 13 shows the case s = 0.2 with other

parameters unchanged from those in Fig. 12.
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Fig. 13. Same as Fig. 12 except s = 0.2.
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11 Short Wavelength Drift Modes

Often the short wavelength electron temperature gradient (ETG) mode is considered to be the dual
of the long wavelength ITG mode. In the ITG mode, the electron response is adiabatic (except
for the destabilizing trapped electron contribution), while in the ETG mode, the ion response is
adiabatic, since the nonadiabatic term proportional to e~% Iy (b;) vanishes in the short wavelength
regime of electron Larmor radius, b; = (k Lpi)Q ~ m;/me > 1. (An exception is the case when
wpi < |w| < wk. In this intermediate frequency regime, the ion density perturbation becomes
nearly independent of &k, p;,

ep W+ Wiy, ep
.= i [ b
n; ﬂn0+w+wDie O(Z)T,ino

w1
€0 o + L8 @ oy B> 1 (190)

ino * w \/271'[)2‘?1‘

since wy; o v/b;. An ITG mode in such short wavelength regime has recently been identified [28

[ —

Smolyakov]. It is a slab-like mode and toroidicity has a stabilizing influence.) However, tokamaks
are normally operated in a strong magnetic field such that wee > wpe, or pe < Ape Where Ape
is the electron Debye length. Therefore, charge neutrality may not hold and duality could breaks
down. In this case, normalization of the cross field wavelength by the electron Debye length is more

convenient.

Analysis of ETG mode in tokamaks without imposing charge neutrality has revealed that the
maximum growth rate occurs at d. = kyp/kp. ~ 0.7. The mode is predominantly electrostatic.
Charge nonneutrality introduces a normalized electron temperature T, /mc? as another dimension-
less parameter in tokamak stability analysis. The growth rate is proportional to /3. even though
the mode is electrostatic. The mixing length electron thermal diffusivity is approximately given by

[29 Hirose PRL 04]

2
Xe ™ a7 < ° > VB, (191)
Te

Wpe
where Lt is the scale length of electron temperature gradient and ¢/wy. is the electron skin depth.

To analyze drift modes in the regime b; > 1, we continue to employ the gyro-kinetic equations
subject to the conditions that w < we (K wee). The maximum frequency and growth rate of
interest does not exceed the electron transit frequency wpe = \/Te/me/qR. The condition w ~ wre
< we; becomes

m
pe < —qR,
m;
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where p, is the electron Larmor radius which is of the order of 107% m or less, while the RHS
TeqR ~ 1072 m. Therefore, the condition w < w,; is satisfied with a large margin. The second
condition p; < Ly, is also well satisfied even in the internal transport barrier (ITB) characterized

by steep density and temperature gradient. In the ETG mode, ions are essentially adiabatic,

n; >~ ——jlo,

T;
particularly in the regime where the growth rate peaks. As will be shown, this occurs at k; ~ 0.7kp,
where kpe is the electron Debye wavenumber. However, in the lower end of the k spectrum (long
wavelength cutoff), the wavelength approaches the electron skin depth, k| =~ wp./c, where ions are

not adiabatic. Note that ¢/wpe is comparable with the ion Larmor radius p;. The ratio is

WpePi m; 4mnT; m;
= — = s 192
c V m. B2 \ 2meﬁ (192)

2,[1,077,T'
BZ' = B2 Za

is the ion beta factor. The quantity /57 ; falls in the range 1 to 4 in high performance tokamaks.

where

In order to cover the entire spectrum of the ITG and ETG modes satisfactorily, fully kinetic ion
and electron responses without the assumption of adiabatic ions or electrons must be employed by
appropriately implementing the electron transit effect, kjvre. This requires formulation in terms of

integral equations.

The basic field equations are the Poisson’s equation,
Vi = —5—106 [ni(6, Ay) — ne(o, Ay)], (193)
and the parallel Ampere’s law,
VA = —uod)(¢, A)), (194)

where the density perturbations are given in terms of the perturbed velocity distribution functions

fi and f. as

ni:/fidv, ne:/fedv, (195)

and the parallel current by

JH = e/v|(fz - fe)dV. (196)
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The distribution functions f; and f. are given by

e

fi= sz + gi(v,0)Jo(As), (197)

Fo = 22 Fate 000, 0)Jo(Ax), (198)

where g; . are the nonadiabatic parts that satisfy

v (0
<z I;) 860 +w+ tz> 9i = (W + @) Jo(Ng) (¢ — U”A”) %fMZ.’ (199)
v(0) 9 N R
<i g(R) 56 +w — OJDe) Je = _(w — w*e)Jo(Ae) (¢ - U”A”) TiefMe, (200)

Here, 6 is the extended poloidal angle, ¢ is the scalar potential, A is the parallel vector potential,

Jo is the Bessel function with argument A; . = k v} /we; e, and ¢R is the connection length.

For circulating particles, g; (j =4, e) can be integrated as [30 Rewoldt]

oy >0, gf= -2 / " o) R (60) ~ [, 4, ).

T ol (201)
- .efmj 0 9B i o5 NN o A0
v < 0, g9; =t T . d ‘U”‘ (w W*J)JO( j) (¢( )+ {UH{ ||( ))’
J
(202)
where
0
5,(0,0') = / B G078
o [oy]
For trapped particles with turning points 6; and s (62 > 61), the solution is
0103 (0,0")sin(6—6") 162 , ) , , 0 ,
o _ —iB(02.0)sgn(0) | iB(02,0)sen(0)) gg' _ ; / i080.0) g0/
g 2si[3(6,0)] /91 (6 e ) s, € A 0
203
where o = sgn(v)),
Yo =Y T TVA, (204)
€ qR
Yo = T] "UH‘ — wij) Jo(Aj)D(O') farss (205)
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e qR

T {UH{ w w*] JO "UH‘A” fM] (206)

YA =

Since for electrons, (62, 31) is of order of w/wp. < 1 where wy, is the electron bounce frequency,
trapped electron response may be approximated by
1 02 0
= g ot 000 i [ e (207)

1

In this analysis, we ignore trapped ions since the frequency regime of interest is at least of the order
of the ion transit frequency. Substitution of perturbed distribution functions into charge neutrality

and parallel Ampere’s law yields

VoY e (< 2ot [ 570+ 570)] Riaav). (208)

VEA0) =~ S e [ vy [g7 ) - g 0)] Jo(Ay)av. (200)

where [dv =27 [ vidvy [;° dv. This system of inhomogeneous integral equations can be solved
by employing the method of Fredholm in which the integral equations are viewed as a system of

linear algebraic equations.

12 The ETG Mode

In this Section, we investigate stability of drift modes in the regime wpe/c S ki S 1/pe where ¢/wpe
is the electron skin depth and p, is the electron Larmor radius. Ions tend to be adiabatic in such
regime and we are primarily concerned with the ETG mode. In tokamaks, p. < Ape (Or Wee > wWpe)
generally holds. Therefore it is not appropriate to assume charge neutrality in studying the ETG
mode. If charge neutrality does not hold, that is, if the term (k/ kDe)2 is not negligible, there arises
apparent dependence of w on plasma ( even in the electrostatic limit. With adiabatic ions, the

electrostatic dispersion relation of the ETG mode is

E\? w—w
147+ = - e J2Ae>. 210
. (kD) <w—wDe—k”v.°< ) (210)

The charge nonneutrality factor (k/kpe)? ~ (k1 /kpe)? and the electron finite Larmor radius para-

meter (k) pe)? are related through

(= ) — (kupey 2 (211)

kDe
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where T, /mc? is the normalized electron temperature. Even in the electrostatic mode equation
(and resultant dispersion relation), S, has to be specified because the ballooning parameter a, =
RS/ Ly, is one of the parameters to characterize plasma equilibrium. The electron FLR parameter
k| pe is of course the key parameter in gyro-kinetic formulation. Therefore, when charge neutrality
does not hold, the normalized temperature T, /mc? has to be specified together with various other
dimensionless parameters. For a given electron temperature, charge nonneutrality is evidently more
enhanced at lower plasma density. Since the term (k/kpe)? is stabilizing, it is expected that the
growth rate of the ETG mode becomes dependent on .. The growth rate of the ETG mode
with charge neutrality (k / k:De)2 < 1 and negligible electron transit frequency w > kjvr, is

approximately given by

T=EV new*ewDe/T- (212)

Charge non-neutrality reduces the growth rate as

TNeWxeWDe
vV [ ——. (213)
T+ (kL/kDe)Q

In short wavelength regime (k| /kp.)® > 7, the growth rate approaches

e/ (214)

To demonstrate the importance of charge nonneutrality in the ETG mode, we show in Fig.

being proportional to /(.

14 the dependence of mode frequency and growth rate, both normalized by the electron transit
frequency wre = vre/qR, on the normalized perpendicular wavenumber, d. = (kg/k De)2 , for three
values of 3, 8. = 8; = 0.1%, 0.2% and 0.5% when T, = T; = 10 keV (Te/mec2 ~ 0.02). Other
parameters assumed are: L,/R =02, s =1, ¢ = 2, n. = n; = 2, mj/m, = 1836 (hydrogen).
The maximum growth rate occurs approximately at a constant value of (kg/kpe)? ~ 0.5 when the
plasma density and electron temperature are varied. If the conventional normalization b, = (kgpe)?
is used, the maximum growth rate occurs at widely different values of b.. When charge neutrality

does not hold, normalization in the form (kgy/ kDe)2 is thus more appropriate.
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Fig. 14. Mode frequency w;/wre (solid line) and growth rate v/wr. (dotted line) as functions of
de = (kg/kpe)? when T, = T; = 10keV, s =1, 7= 1,6, = 0.2, n; = 0. = 2, ¢ = 2, m;/m. = 1836.
Be (= B;) is scanned from 0.1 to 0.5%.
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Fig. 15. ¢ dependence of (w, + i7) /wre when Te = T; =5 keV, B, = ; = 0.2%, s =1, 7 =1,¢, = 0.2,

Ni = Ne = 2, Mi/me = 1836.

It is noted that mode frequency w is of the order of the electron transit frequency, wr. = vr;/qR.
This is the major difference from the long wavelength I'TG mode in which the ion transit frequency
is subdominant, |w| > vp;/qR. Electron parallel Landau damping thus plays a major role in the
ETG mode. Since kj ~ 1 /qR, the mode frequency is expected to be sensitively dependent on the
safety factor ¢. This is shown in Fig. 15 for T, = 10 keV. A relatively small value of 5. = 0.2%
is chosen to keep the ballooning parameter «, which is proportional to ¢2, below the limit of drift
reversal. The maximum growth rate v/wr. increases with ¢ in a manner approximately proportional

t0 ¢, Ymax/wre o< ¢°. Since wre = vre/qR, the unfolded growth rate is proportional to g.
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13 Mixing Length Estimate of y; and y.

In this Section, mixing length estimates of the electron thermal diffusivity,

G

__r L 215
wZ+2 k2 (215)

Xi,e
are presented for the ITG and ETG modes. Fig. 16 shows how the ITG driven ion thermal diffusivity
x: depends on the safety factor q. x; is normalized by csp?/L,. In the scan in (a), the ballooning
parameter remains below the threshold of finite « stabilization. It can be seen that y; increases
with ¢ almost linearly. In the case shown in (b), ( is large and the ballooning parameter exceeds
the threshold for stabilization of the ITG mode at g ~ 3.5. The sudden reduction in y; at ¢ =4 is
due to deactivation of the ITG mode. The analysis of the ITG mode has yielded the following ion

[ R vrip?
Xi=0-1g Lr; Lty

The relationship x; o ¢ arises from the coupling to the ion acoustic transit mode in the long

thermal diffusivity,

wavelength regime.

Figure 17 shows ETG driven electron thermal diffusivity X, in units of (vr./qR) /k%, when
Be =0.2%, T. = T; = 5 keV and 10 keV. The safety factor ¢ is scanned between g = 2 and 4. The
maximum value of . is proportional to ¢? but inversely proportional to the temperature. Since
wre o 1/q, this suggests that the electron thermal diffusivity is also proportional to ¢ and has the
following scaling,
qUTe

Xe & .
no

Results of scanning S, electron temperature T,, and the safety factor ¢ can be summarized by the

following electron thermal diffusivity,

2
At R (210
T

Wpe

Earlier, Ohkawa proposed the following diffusivity [31],

2
VTe C
6: ) 217
Xe =" h <wpe> (217)

assuming that the electron skin depth plays the role of cross-field random walk distance and taking

the electron transit frequency vre./qR as the inverse correlation time. The diffusivity revealed in
the present study is proportional to ¢ which is attributed to the coupling to the electron transit
frequency. It has recently been reported that both ion and electron thermal diffusivities in the

DIII-D tokamak are approximately proportional to the safety factor [32].

49



10 —
r ()
8 g=4 7]
6 e -
2 b
43 ™ -
ol 2 _
~_ 1 _— :::'::—_‘—:—__—
0 ! I | | L | L
0.0 0.05 0.1 0.15 0.2
b,
10 T [ T 'l T [ T
i b) -
8-4=3 &l
6 A\ =
2 F 0\
d — ‘\\\‘ -
2 o
2| -
L4 I —==ee
| eS| [ +

O 1 L
0.0 0.05 0.1 0.15 0.2

b,

Fig. 16. Ton thermal diffusivity due to the ITG mode normalized by csp?/L,, vs.
by = (k9p5)2 when ¢ is varied. (a) 8; = 8. = 1074, (b) 8; = B = 10~3. Common

parameters are: g, = 0.2, e =0.1, 9, =n. =2, s =1, T; = T,, m;/m. = 1836.
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Fig. 17. X in units of wr./k%, vs. d. = (kg/kDe)2 when 3, = 3; = 0.2% and
q=2,3,4.In (a), T. =T; =5 keV and in (b), T, = T; = 10 keV.
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