
 

 

                                                                                                                                
 

 
 

                 SMR 1673/4 
 
 
 
 
 

AUTUMN COLLEGE ON PLASMA PHYSICS 
 

5 - 30 September 2005 
 
 
 

 
 
 
 
 
 

Phase Space Vortices or Holes as Key 
Elements in Plasma Dynamics 

 
 
 
 

 
H. Schamel 

Ruhr University, Bochum, Germany 
 
 
 



Phase Spae Vorties or Holes as Key Elements in PlasmaDynamisHans Shamel,Theoretial Physis,University of Bayreuth,GermanyandAlejandro Luque,Theoretial Physis IV,Ruhr-University Bohum,GermanySeptember 5, 2005AbstratThe two-stream instability as a fundamental proess in a urrent-arrying plasma is reon-sidered.Its well established linear version, based on kineti Landau theory, predits a thresholdfor the drift veloity between both speies below whih the plasma should be stable.We reporton simulations whih,however, show that a plasma as a nonlinearly responding medium anexhibit instabilities well below this threshold.Responsible for this unexpeted behaviour areoherent,eletrostati,trapped partile strutures suh as holes or double layers whih an grownonlinearly out of thermal noise reeiving their energy by the net imbalane of loss of eletronkineti energy and gain of ion kineti energy.In addition, an analyti expression of the totalenergy of a strutural plasma, namely a plasma whih is intermittently pervaded by a hole,ismentioned.A hole,whih does not hange the total energy, is alled a zero-energy hole, a onewhih lowers (inreases) this energy a negative-(positive-)energy hole.Energy onservation of anevolving Vlasov-Poisson plasma admits the growth of a zero-energy hole, of a pair equally ener-geti negative- and positive-energy holes or of a more omplex,energy neutral deomposition ofholes-like strutures.The birth of a hole is numerially shown to be assoiated with nontopolog-ial �utuations in the partile distributions lying outside the realm of linear wave theory.Fora pair plasma a typial senario is presented, whih enompasses several regimes suh as non-linear growth of multiple holes, saturation and fully developed strutural turbulene as well asan asymptoti approah to a new ollisionless equilibrium.During the transient,strutural statethe plasma transport appears to be highly anomalous being assoiated with the presene oftrapped partile strutures.Finally,these results remain essentially una�eted by weak ollisionsand therefore assume a generi harater.1 IntrodutionIn physial sienes - astro and plasma physis being no exeptions - a ommon onsensusabout the treatment of waves or �utuations seems to exist whih, when expressed in words,sounds so trivial that it is not even onsidered worth to be mentioned or ommented expliitelyin the literature inluding textbooks,monographs or whatever.The underlying onept, whiheverybody, being onfronted with, immediately would aept, an be formulated as follows:"Small amplitude waves in the in�nitesimal amplitude limit an be desribed and preditedby the linearized version of the governing equations.Only for larger amplitudes nonlinear e�etsome into play". 1



2 RELATED PREVIOUS WORKS 2This onept of dealing with waves in olletive dynamial systems ,whih we may allthe Standard Wave Conept (SWC), is the foundation of all anomalous turbulene theories,bifuration senarios or studies on nonlinear wave propagation,and it is very hard to �ndany referene whih does not rely on this SWC. It is ertainly meaningful and will work insituations where linear wave theory predits a linear instability being driven internally bygradients, anisotropies et or externally by beam injetion, mean �ow, wave heating, appliationof a voltage aross a bounded plasma et, to mention some examples. We may,however, askthe question as to whether in ases of LINEAR STABILITY this implies that the system isthen preferentially in a quiesent state of no or negliglible wave ativity. The answer, forwhih the present paper will o�er onrete examples, is that even in suh a linearly stablesituation one is onfronted with an appreiable amount of waves or �utuations whih havea profound e�et on the plasma and will modify it ompletely in a manner whih annotbe treated by SWC.Or,in other words, linear instability will be su�ient but not neessaryfor the prevalene of anomalous e�ets, as often found in astrophysial and plasmaphysialenvironments. The problem, we are reonsidering, is the well-known two-stream instability,ouring in a urrent-arrying plasma, in its simplest geometry, namely one-dimensional in theon�guration spae.Kineti linear wave theory predits a threshold V∗

D for the drift veloity VDbetween eletrons and ions, below whih the plasma is linearly stable.We are mainly onernedwith ideal ollisionless plasmas but also weak ollisional e�ets will be onsidered at the end,and speialize ourselves to linear stable,weakly driven plasmas for whih VD < V∗

D.2 Related previous worksA �rst numerial hint that something goes wrong with linear wave analysis and assoiated SWChas been given by Dupree and oworkers [1℄ who performed a partile in ell (PIC) simulationfor a mi/me = 4, Te/Ti = 1 plasma with VD = 1.75 < V∗

D = 1.95.In suh a two-stream stableplasma struture formation in the eletron and ion phase spae took plae arising from initiallyrandom �utuations whih are relatively high in suh a numerial system.Both phase spaesafter some initial transient state look rather turbulent and are haraterized by �lamentary andvortex-like strutures whih intermittently intersperse the whole body of distributions,makingany approah of this state by SWC obsolete.Phase spae vorties or holes,on the other hand,as nonlinear,stationary solutions of theVlasov-Poisson system has been desribed for a thermal Maxwellian plasma more than threedeades ago by Shamel and oworkers [2℄ and referenes therein.By appliation of the so-alledpotential method,a solution of the problem was presented whih onsists in two parts,(i) in the pseudo-potential (Sagdeev-potential) V (φ) ,where φ is the normalized eletrostatipotential, satisfying without loss of generality 0 ≤ φ(x) ≤ ψ, and(ii) in the nonlinear dispersion relation (NDR), given by V (ψ) = 0 = V (0).Whereas V (φ) supplies information about the shape or spetral ontent of the nonlinearwave,the NDR determines the wave speed in terms of the various external parameters suh as
θ = Te/Ti, δ = me/mi,VD and ψ or internal parameters, suh as the trapping parameters foreletrons β and ions α.A number of new branhes of wave solutions ould be distinguished suhas the slow eletron or slow ion aousti branh ,whih have no relation anymore to the knownlinear branhes. In the weak amplitude limit ψ << 1, the orresponding density expression foreah speies has the typial form of a half-power expansion,suh as

n(φ) = 1 + aφ+ bφ3/2 + ... (1). The oe�ient a is typial of O(1) and re�ets the ontribution stemming from linear wavepropagation ,whereas the oe�ient b in front of the φ3/2 nonlinearity inludes partile trapping



3 NONLINEAR GROWTH OF HOLES IN ORDINARY PLASMAS 3e�ets and beomes very large,being proportional to ψ−1/2 >> 1 for a given wave speed . Thelatter fat originates from the exavation of the partile distribution at resonant veloity ,
v = v0 ,whih is a neessary requisite for getting self-onsistent solutions.The third term in(1) ,hene, athes up with the seond term and ontributes at the same level than the linearterm. This means,that partile trapping onstitutes a nonnegligible ingredient of wave theoryalready at the lowest possible order,in ontrast to the underlying assumption made for SWC. Adip in the distribution funtion introdues a region with an opposite slope,whih,as we will seelater,appears to be the triggering mehanism for hole exitation already at the extremely small(in�ntesimal) wave amplitude limit. A distribution of this type is referred to in the following asa NONTOPOLOGICAL distribution,sine the topology in veloity spae, more spei�ally itsslope, is altered loally in omparison to the unperturbed bakground distribution. As a typialexample of a trapped partile mode we mention the solitary eletron hole [3, 4℄ propagating with
v0 in a thermal plasma within a bakground of immobile ions.In that ase the pseudo-potential
V (φ) beomes (for ψ << 1 )

−V (φ) =
8

15
bφ2[

√

ψ −
√

φ] (2)representing a bell-shaped sech4-potential φ(x),whereas the NDR reads
−1

2
Z‘r(v0/

√
2) =

16

15
b
√

ψ (3)where b is given by
b = π−1/2(1 − β − v2

0/2)exp(−v2
0/2) (4)and Zr is the real part of the plasma dispersion funtion. From (2) we see that b mustbe positive for a solution to exist whih implies in view of (3) and of the x-dependene ofthe Z‘r(x)-funtion that 0 < v0 < 1.307 , whih means that a solution only exists in thethermal bulk of the unperturbed distribution (where linear theory would predit strong Landaudamping).Presribing v0 and hene the left hand side of (3) we see that b ∝ ψ−1/2 >> 1 whih,from (4), results in −β ∝ ψ−1/2 >> 1.The trapped eletron parameter β,appearing in thetrapped eletron distribution funtion [2℄, must hene be su�iently negative for a solutionto exist, implying a dip (depression) in the total distribution funtion at v0. More generally,a variety of solutions an be found in the three dimensional parameter spae spanned by thewavenumber k0 and the two spetral parameters Be and Bi, the latter two being related with

θ, δ, α, β, ψ and VD,as shown in [5, 15℄. Moreover, it is found [6, 7℄ that a struture-arryingplasma an be in a lower energy state in omparison to that of the unperturbed plasma whihmeans that ∆w, denoting this di�erene, an be negative. We shall all a solitary hole with
∆w < 0 ( ∆w = 0 ) a negative-energy (zero-energy) hole. A typial solution in phase spae fora solitary eletron hole of negative energy in a urrent-arrying plasma ( VD > 0) is shown inFig.1 It learly exhibits the hole harater at resonant veloity, here in both distributions.Furthermore, it is interesting to note,that solitary ion hole solutions of negative energy existin whih VD < V∗

D for ANY temperature ratio θ (see e.g.Fig.4 of [6℄).3 Nonlinear growth of holes in ordinary plasmasFor ordinary plasmas (δ = me/mi << 1 ) we performed numerial simulations to learn moreabout hole exitation and the role they are playing in the dynamis. First we repeated thePIC simulations of [1℄ with an improved PIC ode (ten times more partiles,two times moregrid points) to hek whether the observations made by them survive in a ode of higher reso-lution.We essentially on�rmed their results and, in addition, found that both solitary eletron
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u or vFigure 1: A typial eletron and ion veloity distribution,resp., for a solitaryeletron hole in the negative energy range of a urrent-arrying plasmaand ion holes are generated near ∆w = 0 in phase spae spontaneously out of thermal noise,eahstruture experiening growth in ourse of time.During growth, ion holes are deelerated, slid-ing into their ∆wi > 0 region,whereas eletron holes are aelerated,oming into rest �nallyin their ∆we < 0 region.Both events happen simultaneously without any violation of energyonservation,as ∆w = ∆wi +∆we ≃ 0. The plasma ,after the elapse of some time,appears to berather strutured and �lamentary, despite the fat that no linear instability was ative duringthe whole evolution. To get ompletely rid of partile disreteness and to show that similarresults emerge also within the ontinuous,kineti desription, we applied a Fourier-Hermiteexpansion ode to the Vlasov-Poisson system, as developed in [8, 9℄.This ode has a two-foldadvantage: one an inorporate �rstly initial onditions with high preision aording to an-alyti theory and seondly one an arti�ially swith o� nonlinearity (through the removal ofthe E∂vf1 term, where f1 is the perturbed distribution funtion) to �nd out the di�erenesbetween a linear and a nonlinear ode. Three di�erent ases, taken from [10℄, have been in-vestigated in whih holes play a fundamental role. Firstly,we imposed as a starting onditiona self-onsistent eletron hole of small amplitude ( ψ = 0.01 << 1). Fig.2 shows the evolutionwithin both odes.The linear ode,marked by LINEAR (blue,dotted line), yields nonsurprisingly Landau damp-ing and the overall deay of the struture.The nonlinear ode (NONLINEAR;red,solid line),however,shows the persistane of the hole during the whole evolution without any attenuation or dis-tortion in aordane with a stable equilibrium. A similar result has already been reported inFig.2 of [8℄.Although ψ << 1, linear wave theory fails in desribing the exat evolution.Seondly,the ordinary two-stream instability was followed in Fig.3 with both odes (δ =
0.01, θ = 1,VD = 2 > V∗

D = 1.439 ).We have used 5 Fourier modes and 2000 Hermite polynomials and random noise ini-tially.After a short period of adaption to self-onsisteny ( 0 < t < 25 ) the most growingmode establishes in both odes aording to linear theory ( 25 < t < 35 ).Later the knowndi�erenes in the evolution arise, a ontinuation of linear growth within the linear ode and the
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fe(x, v, t = 0) = (2π)−

1

2 e−
1

2
(v−VD)2 [1 + ε cos(kx)] in whih the veloity dependene of theperturbation is the same than that of the unperturbed shifted Maxwellian,having hene thesame "topology".The drift was hosen to lie in the linearly STABLE regime( VD = 1).We see in Fig.4 no di�erenes in the evolution between both odes up to t ≈ 40,namely thelinear Landau damping behaviour,mainly beause the initial imposed perturbation was alreadyvery weak and satis�ed its riterion. Nevertheless, after the deay of the wave amplitude ofabout 5 orders of magnitude surprisingly a di�erene is seen between both odes.A tiny nonlin-ear hole develops for large times in aord with an earlier result of Manfredi [11℄. The explana-tion of this unexpeted behaviour,we o�er,is that the initial imposed �utuation has deayed upto a level where nontopologial random �utuations,inherent in eah ode and plasma,beameompetitive and subsequently took over the leading role in the dynamial evolution triggeringthe birth of the tiny hole.Hene, even in the extremely low amplitude situation (for 50 < t),nonlinearity and partile trapping rule the evolution in ontradition to the assumptions madein the SWC.Although initially the ondition for linear Landau damping , | ∂vf1 |<<| ∂vf0 |, was satis�ed and seemed to be satis�ed even better in ourse of time, nonlinearity ame upunevitably by the emergene and subsequent dominane of nontopologial �utuations and thedynamis triggered by them.At least from here on the ritial reader should be onvined thatthe SWC annot laim general valitity and an fail under ertain irumstanes.Finally,we performed a further simulation [10℄ (not shown here) where in a linearly two-stream stable situation a primary ion hole was imposed at t=0 together with a small �utuationin both trapping parameters whih introdued a kind of detuning of the self-onsistent oherentstruture in a nontopologial manner.We ould see seondary hole strutures emerging in ourse
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tFigure 5: Time dependene of the �eld energyof time whih were propagating and hene did not demand extra energy in aordane withthe energy law.The energy fed into the seondary zero-energy strutures stemmed from theimbalane of loss of eletron kineti energy and gain of ion kineti energy. With this experienein mind,we are now prepared to study and to understand in a sense the nonlinear evolution ofa pair plasma found numerially in the linearly STABLE regime.4 Nonlinearly unstable pair plasmasA pair plasma onsists of two speies with equal masses and temperatures and has thereforethe advantage of a redued parameter spae,namely δ = 1, θ = 1.It is ubiquitously met inthe universe in terms of an eletron-positron plasma [13, 12℄ and ould also be reated inlaboratories in terms of a fullerene C+
60, C

−

60 plasma ,e.g.in [14℄.Its evolution is haraterizedby a single time sale instead of two,rather distint time sales in ase of an ordinary plasmawhih are due to the large mass disparity of its harge arriers. Responsible for the fat thatboth speies aquire in loal thermal equilibrium the same temperature is the symmetry in themomentum exhange during binary ollisions.A simpli�ation is found also theoretially,as thevariety of analyti solutions in terms of trapped partile modes of the Vlasov-Poisson systemis redued and hene struture formation appears to be more transparent [10℄. Shown hereis a simulation with VD = 2 < V∗

D = 2.6 together with 64 Fourier modes and 800 Hermitepolynomials.For more details we refer to [16℄.Initially inoherent, nontopologial �utuations
f1 were imposed whih,albeit small,do not satisfy the appliability ondition of linear wavetheory | ∂vf1 |<<| ∂vf0 | . As a footnote we mention that this was not neessary,as an beseen from the third example of the previous setion,but it speeded up the evolution,allowing afaster aess of the long time dynamis.In Fig.5 the time evolution of the �eld energy wf is plotted,from whih four distint phasesan be distinguished: 1) an initial damping in 0 < t < 120 , 2) an exponential growth in 120< t < 250 , 3) a saturation and a quasi-stationary state in 250 < t < 375 ,and 4) an approahtowards a new,less energeti strutural equilibrium for 375 < t. To learn,what happened



4 NONLINEARLY UNSTABLE PAIR PLASMAS 8internally in the plasma,we have made snapshots of both phase spaes and densities as well asof the potential at several harateristi time instants marked by arrows.4.1 Damping phase and preparation of a seed holeIn Fig.6 a snapshot at t1 = 37.5 belonging to the damping phase is presented.It shows a lot of ohereny in both phase spaes indiating an ongoing proess of strutureformation.Flutuations in the initial noise that violate the linear Landau damping riterionsurvive and trigger the birth of oherent strutures.This proess terminates near t ≈ 120,thetime when wf beomes minimum.4.2 Multiple generation and growth of holesAt this time, t2 = 120, a hole in f− at x ≈ −2π and v0 ≈ 0 has emerged together with somefurther wave ativity at v−, v+ ≈ 0 ,Fig.7.This seed hole in the minus speies is exposed to a negative eletri �eld, as an be seen bythe slight asymmetry in the potential hump, being hene nonstationary.It experienes growthand aeleration, as the enirled struture in f− of Fig.8,taken at t3 = 187.5, shows.One plausible reason for this proess is the enirled �lament in the f+ omponent [16℄,but also other plausibility arguments an be presented.One of them is that a - hole, whihan be interpreted as a maropartile of positive harge Q, negative mass M (and positionX) embedded in a -�uid, experienes an aeleration when E < 0, aording to MẌ = QE.Here, Q and M are de�ned by (Q,M) :=
∫

dx
∫

dv(q−,m−)f̃−t where f̃−t<0 represents thedepression (hole) in the -distribution in the trapped range over whih the v-integration is tobe taken [17, 4℄.A similar observation about hole aeleration has been made by Eliasson and Shukla [18℄who found that a -hole is attrated (repelled) by a maximum (minimum) of n+.This an be seenfrom the n+-plot of Fig.7, noting again the slight o�set of the potential hump with respet tothe density minimum and the asymmetry of the latter. Another explanation of the aelerationproess during growth an be found from the nonlinear theory of eletron and ion holes [19℄.Inthis work the NLDs were investigated,Fig.3 and Figs.7,8 resp. of this paper,showing ontours ofonstant phase veloity in the parameter spae spanned by the amplitude ψ and the trappingparameter β and α, respetively. Assuming a nearly onstant β (resp. α) an inrease of ψorresponds to a slowing down of the struture in a urrent-free plasma whih amounts toan approah to the respetive distribution enter. Transferred to our situation of a urrent-arrying plasma with shifted unperturbed Maxwellians this implies a speeding up of the -holeand a deeleration of the +hole.This latter property we have already observed in the PICsimulations and will be seen later again. However,the most prominent feature in Fig.8 is seennear x ≈ 4π as a large bipolar trapping struture is reated near v−, v+ ≈ 0 in both speies.Inthis veloity region ∆w is approximately zero suh that it does not ost extra energy for theplasma to build up the struture and ahieves this by the above mentioned redistribution ofenergies.What is seen is the birth of a pair of holes,as this struture lateron splits into a -holeand a +hole,as is seen in Fig.9 whih is taken near the maximum of wf , namely at t4 = 221.25.During growth the -hole appears to be aelerated and the +hole deelerated in aordanewith the NLD.A similar splitting proesses has been reported in [20℄.At the same time,the birthof a new pair of holes (or even a triplett) emerges in region x < 0. This phase is haraterizedby the generation and ampli�ation of holes aompanied by an energy transfer to eletrostati�eld energy wf whih grows exponentially fast and reahes maximum value at this given timemoment.
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Figure 9: Snapshot of phase spae on�gurations ,potential and densities at t= 221.25



5 SUMMARY AND CONCLUSIONS 134.3 Saturation and fully developed strutural turbuleneAlthough the generation of new holes persists,wf in this short phase is no longer inreas-ing.Responsible for this saturation is a new proess oming into play,namely an anomalousstrutural di�usion proess whih is ativated by the oherent strutures near t=250 balaningthe inrease wf due to struture formation.Fig.10 shows a highly strutured,�lamentary state in both phase spaes near the end ofthis phase at t = t5 = 375.The �nite number of Hermite polynomials used in the ode an nolonger resolve the �ne strutures in phase spae giving rise to a oarse-grained distribution.Thisintrodues a kind of resistivity into the system.As shown by [9, 21℄,a oherent struture inreasesthe resistivity of a plasma provided the mobility of ions is taken into aount in the ode, aproess whih should be even more pronouned for a pair plasma. This di�usion a�ets thewhole bulk of the distributions, heating up both speies and reduing their drift veloities.Thisis shown in Fig.11, where the temporal behaviour of both mean veloities < v >+,− and of thee�etive temperatures are plotted.It is essentially this phase in whih these quantities experiene a hange.4.4 Relaxation to a new ollisionless equilibriumIn the last phase, when the birth of holes is quenhed by the modi�ations of the distributions,the anomalous,strutural di�usion, together with a merging and oalesene of phase spaestrutures, eliminates all �ne strutures leaving few +holes in the system, as Fig.12, taken at
t = t6 = 1350, shows.In this relaxation phase the distributions beome smooth again and are more or less �at-topped,exept for f+ , whih has an additional dip.This is seen in Fig.13, in whih both distri-butions at t=1500 are drawn.The anomalous di�usion proess is now quenhed too.What survives is a new ollisionlessequilibrium state with �at-topped distributions and some few holes whih �nally oalese intoa single hole.That here a +hole survives in a nonsymmetrial manner has its origin probablyin the imposed initial data. Finally,the whole run was repeated using a Vlasov-Fokker-PlankCode for both speies as desribed in [8, 10℄.As a result no noteworthy hanges in the evolutionould be deteted for normalized ollision frequenies up to 0.001 .We hene may onludethat the senario presented has a generi harater remaining essentially una�eted by weakollisions.5 Summary and onlusionsIn this paper the role of nonlinearity in a ollisionless or weakly ollisional plasma, originat-ing from eletrostati trapping, has been reinvestigated. A Vlasov-Poisson ode in 1D, whihallowed to swith o� nonlinearity to learn about its onsequenes,revealed that, whenever non-topologial �utuations are present,a urrent-arrying plasma beomes nonlinearly unstablealthough the ambient drift veloity was hosen below the ritial speed of linear instability.Responsible for this violation of the standard wave onept (SWC), aording to whih nowave ativity should arise, are trapped partile modes, suh as eletron and ion holes, whihontrol the dynamis in eah phase of the dynamial evolution. In a typial senario one �rstnoties the preparation and growth of a seed hole whih is subsequently replaed by the mul-tiple generation of pairs of holes.In the exponentially growing phase of nonlinear instabilitythe growing strutures are aelerated in ase of eletron holes and deelerated in ase of ionholes.This stage is then followed by the onset of anomalous, strutural di�usion whih bal-anes nonlinear growth and leads to a phase of a highly strutural but otherwise stationary
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Figure 10: Snapshot of phase spae on�gurations ,potential and densities at t= 375
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