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We discuss the dephasing induced by the internal classical chaotic motion in the absence of any external
environment. We relate the dephasing to the decay of the quantum Loschmidt echo which, in the semiclassical
limit, is expressed in terms of an appropriate classical correlation function. Our results are derived analytically
for the example of a nonlinear driven oscillator and then numerically confirmed for the kicked rotor model.
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The study of the quantum manifestations of classical
chaotic motion has greatly improved our understanding of
guantum mechanics in relation to the properties of eigenfunc-
tions and eigenvalues as well as to the time evolution of com-
plex systems [1, 2]. However, the relation between classi-
cal dynamical chaos and quantum dephasing is still an open
important problem. In order to elucidate this problem, we
consider in this paper the quantum Loschmidt echo. This
quantity is a measure of the stability of quantum motion un-
der perturbations and its behavior has been already exten-
sively investigated in different parameter regimes and in re-
lation to the nature of the corresponding classical motion (see
[3,4,5,6,7,8,9, 10, 11, 12] and references therein). The pur-
pose of the present paper is to show that the internal dynamical
classical chaos, even in the absence of any external environ-
ment, may suppress the quantum interference and make the
quantum phases irrelevant.

For a pure coherent quantum state \34) the Loschmidt echo
or fidelity is defined as

2

()
where p = |a)(a/| is the initial density matrix. The unitary
operators Uy(t) and U.(t) describe the unperturbed and per-
turbed evolutions of the system, corresponding to the Hamil-
tonians Ho and H. = H, + €V, respectively. Therefore, the
echo operator f(t) = Ug(t)Ug(t) represents the composition
of a slightly perturbed Hamiltonian evolution with an unper-
turbed time-reversed Hamiltonian evolution [13].

For a mixed initial state p = "¢ ps|a) (0] (3¢ ps = 1),
fidelity is usually definedas [3] '
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We stress that the decay of this quantity has nothing to do with
dephasing and is just due to transitions, induced by the echo
operator f, from the initially populated states to all initially
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empty states. Indeed F'(¢) = T Z&,’&, PgpsWeer, with

o, s o0/
transition probabilities We . = [{a|f|a )2

For the purpose of the present paper we consider instead the
quantity F(t), obtained by directly extending formula (1) to

the case of arbitrary mixed initial states ;) We have:
Ft) =1y psfsl
= ZPEFg(t) + Z(l - 5&&/)pap&/f&(t)f§/(t).
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The first term in the second line of this equation is a sum of fi-
delities Fo = \f&|2 of the individual pure initial states with

weights p2, while the second term depends on the relative
«@

phases of the fidelity amplitudes. If the initial density matrix ,?)
encompasses an area A > h in the phase space then the num-
ber M of pure states |) which form the initial mixed state is
large, M > 1. Then, roughly, p, = O(1/M) for & < M and
zero otherwise and therefore the first term is O(1/M), much
smaller than the second, interference term, which is O(1) and,
therefore, determines the decay of F.

Notice that both functions £'(¢) and F(t) reduce to (1) for

a pure state (22 = p). However the function , contrary to F
in (2), accounts for quantum interference and is expected to
retain quantal features even in the deep semiclassical region.
The fidelity (2) instead has a well defined classical limit which
coincides with the classical fidelity [4, 14, 15] and decays due
to the phase flow out of the phase volume initially occupied
[16]. In particular, if we start from a uniform distribution over
the whole phase space the fidelity (2) never decays. It should
also be noticed that the fidelity F of an initial mixed state is
different from the incoherent sum of fidelities

F(t) =Y pslfsl? (4)

which is typically considered in the literature.

In this paper we show that, due to dephasing induced by
the underlying chaotic classical dynamics, the decay of F can
be directly connected to the decay of an appropriate classical
correlation function. We would like to stress that, contrary to
decoherence produced by an external noise, in our case de-
phasing is of purely dynamical nature.



Notice that F(¢) is just the quantity which is measured in
the Ramsey type experiments performed on cold atoms in op-
tical lattices [17] and in atom optics billiard [18] and proposed
for superconducting nanocircuits [19]. Indeed, in these inter-
ference experiments one directly accesses the fidelity ampli-
tudes (see [20]), so that F(¢) is reconstructed after averag-
ing these amplitudes over several experimental runs (or many
atoms). Each run may differ from the previous one in the ex-
ternal noise realization and/or in the initial conditions drawn,
for instance, from a thermal distribution [18].

In order to illustrate the mechanism of dephasing, we con-
sider a nonlinear oscillator driven by a periodic multimode
external force g(t). The system’s Hamiltonian reads

Vh(a+al)g(t), ()

where n = a'a, [a,a’] = 1. In our units, the time and pa-
rameters 7, wg as well as the strength of the driving force are
dimensionless. The period of the driving force is set to one.

We use below the basis of coherent states |«) which mini-
mize in the semiclassical domain the action-angle uncertainty
relation. These states are fixed by the eigenvalue problem
ala) = %M) where « is a complex number which does
not depend on h. Since the scalar product equals {¢/|a) =
+ +Im(a/ )), the coherent states become
orthogonal |n the classical limit # — 0. The Hamiltonian ma-
trix (a’|Ho|e) is diagonal in this limit and reduces to a clas-
sical Hamiltonian function Héc) = wolae|? + |ae|* = (o +
a.)g(t). The complex variables a.., i/, are canonically con-
jugated and are related to the classical action-angle variables
I.,0. viaa, = /T.e " o* = \/T.e"%. The action satisfies
a nonlinear integral equation

Hy = hwon + k2n? —

o’ al

exp (—

1.(t) =
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where o (t) = a.(t) e =" and p.(t fo drlwo+21.(7)].
We have numerically verified that, When the strength of the
driving force exceeds some critical value, the classical mo-
tion becomes chaotic, the phase ¢.(¢) becomes random and
its autocorrelation function decays exponentially with time:

o o* o
‘/dQO/CPo (o,
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Here we consider the Gaussian distribution

o) eilpe®—pc(0)] ‘2 =exp (—t/7¢) .
U]

Pa (@eccle) = () L exp ([P /a) @)
of initial conditions near the point . in the phase plane. Nu-
merical results also show that, as expected from (6, 7), the

action grows diffusively: < I.(t) >= I. + Dt.

We now analytically evaluate both F, (¢) and 7 (t) by treat-
ing the unperturbed motion semiclassically. This allows us to
compute these two quantities even for quantally strong pertur-
bationso = ¢/h > 1.

The semiclassical evolution [t (t)) = Up(t)|cx) of an ini-
tial coherent state when the classical motion is chaotic has
been investigated in [21]. With the help of Fourier transforma-
tion one can linearize the chronological exponent Uy (t) with
respect to the operator n and finally arrives to the following
Feynman’s path-integral representation in the phase space

dA(1)
f H VArih

i (0]} ®

x exp{ﬁ fo dT)\2 (r) — laa(t)) -

The functions with the subscript \ are obtained by substi-
tuting 2/. = A in the corresponding classical functions:
ax(t) {&—I—ifot drg(r)e i“’*(T)} —x(®) and By (t)

—i [y drg(T)ax(7), where px(t) = [} drlwo + A(7)]. The
initial coherent state |cv) occuples a cell with the volume ~ 7
in the phase plane (a*,«). The corresponding normalized
density equals p (a*,a) = Wh\<a|a)|2 — L5 and
reduces to the Dirac’s d-function in the limit # — 0, thus
fixing a unique classical trajectory starting from the point a.

We now compute the fidelity Fo for the case in which
the perturbation is a time- mdependent variation of the linear
frequency: wy — wo + € [22]. For convenience, we de-
fine the fldellty operator in a more symmetric way: f(t)
U(+)( )U( y(t), where the evolution operators U(i)( ) cor-
respond to the Hamiltonians H( 4y = Ho + sen, respec-
tively. Using Eq. (9) we express f&(t) as a doubled path in-
tegral over A\; and \;. A linear change of variables A\, (7) =
2u(r) — 3hw(7), Ao(7) = 2u(7) + 3hw(7) entirely elimi-
nates the Planck’s constant from the integration measure. Af-
ter shifting v(¢) — v(t) — ¢/ we obtain

f&(t = 1L du(r)du(r) exp {ia f(f drp(7)
—i [y dru(r)v(r) + £ (1), v(7)] = FHR [u(r), ()]}
where the fuctionals 7, R equal

J = hfo drv(7)la, (T )? +O(h?),

R = | [ drv(a, (P + o), O

and vanish in the limit # = 0. The quantities with
the subscript p are obtained by setting v(r) = 0
(in particular, a,(t) = a,(t)e=®, with a,(t) =
{ooc +Z’f0t dTg(T)ei‘p“(T)} e~ u®) and pu(t) = fot drlwo +
2u(t)]). In the lowest ("classical””) approximation when only
the term ~ A from (10) is kept, the v-integration results in
the & function [T, & [u(7) — |a,(7)[?], so that z(t) coincides
with the classical action I.(¢) [see eq. (6)]. The only contri-
bution comes from the classical trajectory which starts from
the point & and the corresponding fidelity amplitude is simply
fo(t) =exp [ia fot dTIC(T)] .

The first correction, given by the term ~ A2 in the func-
tional R, describes the quantum fluctuations. Now a bunch



of trajectories contributes [21], which satisfy the equation
p(t;8) = |6 + au(t)|> — |§|* for all § within a quantum cell
~ h. This equation can still be written in the form of the
classical equation (6) if we define the classical action along a
given trajectory as I..(t) = |a,(t) + 0> = u(t;0) + 8] =
I (wo — 2|02;& + 6%, & + 8;t ). For any given 4 this equa-
tion describes the classical action of a nonlinear oscillator with
linear frequency wo — 2|d|2, which evolves along a classical
trajectory starting from the point & + 4. One then obtains (up
to the irrelevant overall phase factor e ~ot/2m)

7’% [@c(t) - @0(0)]} )

(11)
where the "classical” phase ¢.(t) = pe(wo — 2|6\2;o°4* +
5, &+ 5it) = [Ldr [wo — 2052 + QiC(T)} . This expression
gives the fidelity amplitude in the “initial value representa-
tion” [10, 23]. We stress that the fidelity F, = \f&\Z does
not decay in time if the quantum fluctuations described by the
integral over ¢ in (11) are neglected [24].

In order to compute the fidelity F, let us now consider a
mixed initial state represented by a Glauber’s diagonal ex-
pansion [25] p = [ d*aP, (&, &)|&) (&] whith the Gaussian
weight function (8) which covers a large number of quantum
cells, A > k. Then F(t; av.) = | f(t; v )|, where

fo(t) = % /d2567%‘6|2 CXp{

]

f(56e) = [ d2aPy (&7,8)f5(1)
~ 2 [ d2ge#10F fdgapac+5(3f*,&)ei%ww—@m)},

with 3, () = ¢e(wo — 2/6/%; 84*, a; t). The inner integral over
o is a classical correlation function. In the regime of classi-
cally chaotic motion this correlator will not sensibly depend
on small variations either of the value of the linear frequency
or of the exact location of the initial distribution in the clas-
sical phase space. Therefore we can fully disregard the 6-
dependence of the integrand, thus obtaining
iZ [pe(t) — 20}
(12)
This is the main result of our paper and directly relates the
guantumfidelity decay to the decay of correlation functions of
classical phases (see Eq. (7)). No quantum feature is present
in the r.h.s. of (12).

The decay pattern of the function F(t) = |f(t; )| de-
pends on the value of the parameter o = ¢/A. In particular,
it is easy to show from Eq. (12) that, for 0 < 1, we recover
the well known Fermi Golden Rule (FGR) regime [26]. When
the strength o, roughly, exceeds one, then the square modulus
of the classical correlation function in the right hand side of
Eq. (12) does not depend on ¢ [27]. The decay of this corre-
lation function (and, therefore, of fidelity) is tightly related to
the local instability of the chaotic classical motion. However,
the decay rate is not necessarily the Lyapunov exponent (it is

Ft:80) ~ / Pap, (8,&)exp |

FIG. 1: Decay of the fidelity F for the kicked rotator model with
K = 10, perturbation strength /i = 1.1, h = 3.1 x 1073 (circles),
7.7x107* (empty triangles), and 1.9x 10~* (squares). Full triangles
show the average fidelity ¥ for i = 7.7 x 10™*. Stars give the
decay of the classical angular correlation function. The straight lines
denote exponential decay with rates given by the Lyapunov exponent
A =~ In(K/2) = 1.61 (dashed line) and by the exponent A = 1.1
[9] (solid line).

worth noting in this connection that the Lyapunov exponent
diverges in our driven nonlinear oscillator model).
As a second example, we consider the kicked rotator

2

model [28], described by the Hamiltonian H = £ +
Kcos0), 6(t—m), with [p,0] = —ih. The classical limit
corresponds to the effective Planck constant iz — 0. We con-
sider this model on the torus, 0 < 0 < 27, —7 < p < 7.
The fidelity F is computed for a static perturbation ep?/2,
the initial state being a mixture of Gaussian wave packets
uniformly distributed in the region 0.2 < 6/2x < 0.3,
0.3 < p/2m < 0.4. In Fig. 1 we show the decay of F(¢)
in the semiclassical regime 7 < 1 and for a quantally strong
perturbation ¢/h ~ 1. It is clearly seen that the fidelity F
follows the decay of the classical angular correlation function
|{exp{iv[0(t) — 0(0)]})|? (with the fitting constant v = 2)
up to the Ehrenfest time scale o In(1/#). We remark that 7
decays with a rate A different from the Lyapunov exponent.

We point out that the classical autocorrelation function in
the r.h.s. of Eq. (12) reproduces not only the slope but also
the overall decay of the function F. The classical dynami-
cal variable that appears in this autocorrelation function de-
pends on the form of the perturbation. Therefore the echo
decay, even in a classically chaotic system in the semiclassi-
cal regime and with quantally strong perturbations, is to some
extent perturbation-dependent.

In Fig. 1 we also show the fidelity 7', obtained after aver-
aging the fidelities o, = |f&|2 of the pure Gaussian states

&) building the initial mixture. As discussed above, the inco-



herent sum of fidelities F is very different in nature from F.
Nevertheless, due to dephasing induced by classical chaos, the
decays of F and of F are intimately connected: both quanti-
ties decay with the same rate A but the decay of F is delayed
by a time t4. The function F is given by the sum of a mean

value part (F = |ﬂ2) and a fluctuating part,

2
E (13)

F(t) = () + |7(t) - T
and the fluctuating term (which vanishes in the FGR regime)
is responsible for the delayed decay of F' with respect to .
Analytical arguments [29] as well as numerical results indi-
cate that the delay time is t4 ~ %ln(%), with A area of the
initial distribution and A decay rate of the classical correlation
function which governs the decay of F. Note that the expected
saturation values of F and F are 1/N and 1/(N M), respec-
tively, where NN is the number of states in the Hilbert space
and M the number of quantum cells inside the area A. This
expectation is a consequence of the randomization of phases
of the fidelity amplitudes and is borne out by the numerical
data shown in Fig. 1.

In this paper we have demonstrated that the decay of the
quantum fidelity F is determined by the decay of classical
correlation functions, which are totally unrelated to quantum
phases. This quantum dephasing is a consequence of internal
dynamical chaos and takes place in absence of any external
environment. We may therefore conclude that the underlying
internal dynamical chaos produces a dephasing effect similar
to the decoherence due to the environment.
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