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Isotope effect

Table 1: measured coefficients α of the isotopic effect Tc -  M-α

α α
Hg 0.50±0.03 Cd 0.50±0.10
Tl 0.50±0.10 Mo 0.33±0.05
Sn 0.47±0.02 Ru 0.00±0.10
Pb 0.48±0.01 Os 0.20±0.05

Tc≈ M-α −−−> phonons are involved  (ωph ≈ M-0.5)
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BCS Theory (1957)

•2∆(T=0)≈3.5 kBTc

k
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•∆ isotropic

• Cooper pairs (bosons) condense into a 
macroscopic coherent ground-sate 
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How can we experimentally 
prove the e-phonon interaction?

Study the dynamics of:

-electrons --> tunneling spectroscopy, photoemission

-lattice (phonons) ---> neutron scattering
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Electrons in a periodic potential (metals)
(Free electron: E=1/2mv2=k2/2m)
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b) Weak interactions--> Renormalized quasiparticles

m*, ω(k) = ω 0 (k) + Σ ' ω ,k( ) τ k,ω( ) ~ 1
′ ′ Σ k,ω( )
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Evidence for e-Phonon Interaction: 
Tunneling Spectroscopy
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un / un+1 = e−iqa

The coherent displacement 
of atoms can be visualized 
by the ratio:  ω

 

-2q -1 0 1 2

q (in units of π/a)

1. BZsqrt(4 β/M)

 λ=2a 

a) Zone-boundary: q=π/a 

un / un+1 = −1

b) Zone center: q=0

un / un+1 = 1 λ = ∞
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Connection to “real world” ?
Debye-Modell for small q (q<<π/a)

ω ≈
β
M

aqsin qa
2

⎛
⎝⎜

⎞
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≈
qa
2

“Density” ρ=M/a, elastic constant c=βa 

ω ≈
β
M

aq =
c
ρ

aq = vq

v= sound velocity
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NN+NNN…
M&&un = Fn = β1(un+ j + un− j )

j
∑ + β0un un = ξei(ωt+qna)

ω 2 =
4
M

β j sin2 ( jqa
2

)
j

∑  ω
 

-2q -1 0 1 2

q (in units of π/a)

1. BZ

β1 = 2β2

β j = 0 if  j > 2



QuickTime™ and a
TIFF (LZW) decompressor

are needed to see this picture.

Nuclear, Inelastic, Coherent
Neutron Scattering
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Phonons in Cu
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Phonon density-of-state
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McMillan PRL 65- Pb-I-Pb tunneling
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McMillan PRL 65- Pb-I-Pb tunneling
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Full understanding of 
superconductivity (1986)?

J. M. Ziman (1972)

“SC was long considered the most extraordinary and mysterious 
of the properties of metals; but the theory of Bardeen, Cooper 
and Schrieffer –the BCS theory- has explained so much that we 
can say that we now understand the superconducting state almost 
as well as we do the normal ‘state’.”
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Bi2212 (n=1) Bi2201 (n=0)

Bi2Sr2CanCu1+nO6+2n  (n=0,1…)
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The Power of Neutron 
Diffraction

dσ
dΩ

⎛
⎝⎜

⎞
⎠⎟ inc

= b2 − b 2⎡⎣ ⎤⎦ e− iQ R̂ j ' −R̂ j( )
j= ′j
∑ = N b2 − b 2⎡⎣ ⎤⎦

dσ
dΩ

⎛
⎝⎜

⎞
⎠⎟ coh

= N0
2π( )3

v0

Fτ
2 δ Q − τ( )

τ
∑ ; 

Structure factor Fτ = bdeiQd

d
∑

τ=reciprocal lattice vector

d= position of atom d 
in unit cell



QuickTime™ and a
TIFF (LZW) decompressor

are needed to see this picture.

14

5) Scattering length different from x-rays

Scattering power
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Phase Diagram of HTSC
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∆(k)=∆0 [cosky-cosky]

+
+
-

-

2∆(0)=3.5 kBTc

d-wave gap?

Tsuei et al. Nature 373 (1995) 225

Phase sensitive 
experiments:

g p
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Angle Resolved Photoemission (ARPES)
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Surface-Interface-Spectroscopy beamline 
@ SLS-PSI

Photons

electrons
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Spectral function
EF

18.017.917.817.717.617.5

Kinetic Energy (eV)

kF

k

I(k,ω)=M(k,ω)f(ω)A(k,ω)

A(k,ω) = spectral function
f(ω) = Fermi function
M(k,ω) = matrix elements
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Spectral function
EF

18.017.917.817.717.617.5

Kinetic Energy (eV)

kF

k

I(k,ω)=M(k,ω)f(ω)A(k,ω)

A(k,ω) = spectral function
f(ω) = Fermi function
M(k,ω) = matrix elements

A k,ω( ) =
1
π

′ ′ Σ k,ω( )

ω − εk − ′ Σ k,ω( )[ ]2 + ′ ′ Σ k,ω( )[ ]2

Self-energy Σ(�,ω)

}

τ-1(k,ω)
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Angle Resolved Photoemission (ARPES)



QuickTime™ and a
TIFF (LZW) decompressor

are needed to see this picture.

Angle Resolved Photoemission (ARPES)
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Can we demonstrate that in 
HTSC the glue binding the 

electrons/holes is of magnetic 
origin?
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Magnetism: undoped HTSC

J

H = JSiSj
ij
∑2D-square lattice ---> Heisenberg Hamiltonian 
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Magnetism: undoped HTSC

J

H = JSiSj
ij
∑2D-square lattice ---> Heisenberg Hamiltonian 

 
hω(q) = 2J 1− γ 2 q( ) 4[ ]1/2

γ q( ) = cos qxa( )+ cos qya( )
Kittel, Quantum Theory of Solids (Wiley, NY, 1963)
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Magnetism: undoped HTSC

J

H = JSiSj
ij
∑2D-square lattice ---> Heisenberg Hamiltonian 

 
hω(q) = 2J 1− γ 2 q( ) 4[ ]1/2

γ q( ) = cos qxa( )+ cos qya( )
Kittel, Quantum Theory of Solids (Wiley, NY, 1963)
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Spin gap: temperature scans at ∆E=2 meV
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YBCO

Norman, Pépin

Cond-mat/0302347

Schneider et al.

Phys. Rev. B. 2004

Fermi nesting approach:
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Origin of the electronic renormalization?

Interaction of the electrons with a 
collective mode of energy Ω0<2 ∆

-Norman et al. PRL 79 (1997) 3506 
-Abanov et al. PRL 83 (1999) 1652 
-Dahm et al. PRB 58 (1999) 12454 

A(k,ω ) =
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ω − Ek − Re Σ(k,ω) 2 + Im Σ(k,ω) 2
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What is the nature of the collective mode?
0.4 0.2 0.0

110K

k =(π ,0 )

Binding Energy (eV)
A

R
PE

S  
In

te
ns

ity

∆0

∆0+Ω0

a)

40K

k=(π,0) 



QuickTime™ and a
TIFF (LZW) decompressor

are needed to see this picture.

Collective mode = resonance ?
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Low- vs high-Tc Superconductors
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A complex and fascinating problem!
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Magnetic Phase Diagram
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Meissner effect (magnetic)
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Flux lines (magnetic)
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Small Angle Neutron Scattering (SANS)

Diffraction of neutrons from flux lines      ---->     Bragg law: λ=2d sin(Θ)
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11-Tesla Magnet
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HTSC low fields
YBa2Cu3O7 (B=0.2 T)

Johnson et al. PRL 82 (1999) 2792
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HTSC low fields
YBa2Cu3O7 (B=0.2 T)

Johnson et al. PRL 82 (1999) 2792

Bi2Sr2CaCu2O8 (B=0.05 T)

Cubitt et al., Nature 365 (1993) 407 
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La2-xSrxCuO4 (x=0.17) 
{1,1}=(Cu-O-Cu)
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La2-xSrxCuO4 (x=0.17) 
{1,1}=(Cu-O-Cu)

low
fields

high
fields

R. Gilardi et al.,
PRL 88 (2002) 217003
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Vortex structure in d-wave 
superconductors

M. Ichioka et al., Phys. Rev. B 53 (1996) 15316

J. Shiraishi et al., PRB 59 (1999) 4497

H*~ Hc2/κ
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Crossover hexagonal to square in YBCO at higher fields

•S. Brown, T. Forgan, unpublished
•Keimer et al., PRL 75 (1994) 3459

B=9 Tesla

(Cu-O-Cu)
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Origin of the transition?

Predictions from theoretical works:

A.J. Berlinsky et al., Phys. Rev. Lett. 73 (1995) 2200

N. Schopohl and K. Maki, Phys. Rev. B 52 (1995) 490

M. Ichioka. N. Hayashi, N. Enomoto, and K. Machida, Phys. Rev. B 53 (1996) 15316
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Origin of the transition?

-d-wave: increased importance of vortex core anisotropy?

Predictions from theoretical works:

A.J. Berlinsky et al., Phys. Rev. Lett. 73 (1995) 2200

N. Schopohl and K. Maki, Phys. Rev. B 52 (1995) 490

M. Ichioka. N. Hayashi, N. Enomoto, and K. Machida, Phys. Rev. B 53 (1996) 15316
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Origin of the transition?

-d-wave: increased importance of vortex core anisotropy?

-Anisotropy of the Fermi velocity? 
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-Presence of stripes?

Predictions from theoretical works:

A.J. Berlinsky et al., Phys. Rev. Lett. 73 (1995) 2200

N. Schopohl and K. Maki, Phys. Rev. B 52 (1995) 490

M. Ichioka. N. Hayashi, N. Enomoto, and K. Machida, Phys. Rev. B 53 (1996) 15316
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Vortex structure in d-wave superconductors
Fourfold symmetry of current and magnetic field distribution around a vortex

J. Shiraishi et al., PRB 59 (1999) 4497
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Vortex structure in d-wave superconductors
Fourfold symmetry of current and magnetic field distribution around a vortex

J. Shiraishi et al., PRB 59 (1999) 4497

H*~ 
Hc2/κ

M. Ichioka et al., Phys. Rev. B 53 (1996) 15316

κ≈100

Hc2≈60 T

But:    VL expected to be rotated by 45o

(expected along nodal direction)

H* ~ 0.6 Tesla
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VF(nodal) > VF(anti-nodal)

+

VF(anti-nodal) doping dependent !
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Interplay/Competition between
Fermi velocity anisotropy & gap anisotropy

{1,1}

{1,1}{1,1}

{1,1}

La2-xSrxCuO4

x=0.17

N. Nakai et al., PRL 89 (2002) 237004


