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2. The geometric approach.

2.1. Some elements of algebraic geometry.

We consider the affine space V' = k™ with the Zariski topology, that is, closed sets
are of the form

Z D1y s Vs) = {00 8 Vi p(0) = 0}
where p; € kl[tq,...,t,] is a polynomial in n indeterminates.
e S CEklty,...,t,], then Z(S) is the zero set of S.
Z(S)=Z((S)) = Z(\/(S)), where
(SY = ideal of k[ty,...,t,] generated by S
= (radical of I) = {p € k[t1,...,t.]: p' € I for some i € N}

« 7 (LEJI Si.;) = N 2(5) and Z(S - 5') = Z(5) U Z(S"

e Hilbert’s basis theorem: 3pq,...,ps € S with Z(S) = Z(p1,...,Ds)
e Hilbert’s Nullstellensatz: {p € k[t1,...,t,]: p=0on Z(S)} = \/(S)
We say that Z = Z(S) is an affine variety and k[Z] = k[t1,...,t,]//(S) is
its coordinate ring.

=
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An affine variety Z = Z(py,...,ps) is reducible if Z = Z, U Zs with proper
closed subsets Z; C Z. Otherwise Z is irreducible.

]
There is a finite decomposition of any affine variety Z = |J Z; into irreducible
i=1
subsets Z; C Z. If the decomposition is irredundant, we say that Z,,..., Z;
are the irreducible components ot Z.

If Z is an irreducible variety, then the maximal length of a chain

O£ ZGC 21 G G Ze=27

is called ’fhe dimension of Z (=: dim Z).

If Z = U Z; 1s an irreducible decomposition

i=l

dim Z = max dim Z;.
1




A map p: Y — Z between affine varieties is a morphism (a reqular map),
if u*: k[Z] — k[Y], p— po u is well-defined. In fact, u* is a k-algebra
homomorphism.

e Any morphism y: Y — Z is continuous.
e Amap u:Y — Zis amorphism if and only if I puq, ..., ., € k[ty,.
that p(y) = (L1 (¥),-- -, m(¥)), VY= (Y1,...,yn) €Y C K"

Proposition. Let ju: Y — Z be a morphism between irreducible affine varieties and

assume p is dominant (i.e. u(Y) = Z). Then for every z € Z and every irreducible
component C' of p=(Z) we have

., tn] such

dimC > dimY —dim Z
with equality on a dense open set of Z.

In particular, if C' is an irreducible component of Z(p1,...,p:) C k™, we have

dimC >n —t
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A fundamental result is the following
Theorem (Chevalley) Let pu: Y — Z be a morphism between affine varities. Then
the function

y — dim,pu ' (u(y)) = max {dim C: y € C irreducible component of u ' (u(y))}
is upper semicontinuous (that is, d:' Y — N has {y € Y:d(y) < n} open in Y, for
alln € N).

NS B w(z,y,2)=(z,zy)

v
v

(o yestiz) - it wg 20, dim =1
(0;%: £) if 92 =0, dim =2
A general morphism p: Y — Z is neither open nor closed, but p(Y') is a finite

union of locally closed subsets of Z.
A finite union of locally closed subsets of a variety Z is called a constructible subset.

H_l (e(xo, Yo, 20)) = H-_] (LL‘U; ToYo) = {

Proposition. If u: Y — Z is a morphism and Y' C Y a constructible subset, then
wnw(Y") is also constructible.




2.2. The main example: module varieties.

Let A = kQ/I be a finite dimensional k-algebra and fix a finite set L of admissible
generators of 1. Let z € N90 be a dimension vector.

The module variety mod 4(z) is the closed subset, with respect to the Zariski topol-
ogy, of the affine space k* = [] k*W*() defined by the polynomial equations given by

i—7

the entries of the matrices

t
m, = i AiMgil - - - Mais;, Where r = E A1 ... oys, € L

i=1
(83 . * .
and for each arrow x — y, m, is the matrix of size z(y) x z(x).
Mo = (Xaij)ij
where x,,; are pairwise different indeterminates. We shall identify points in the variety
mod 4(z) with representations X of A with vector dimension dim X= z.
a B
Ezample: A = kQ/I where Q: « — o —— o and I = {(af)
a1l Tal2 11 Tp12\ _ [ Ta11TB11 T Ta12Zp21  Ta11ZB12 T Tal12T322
Ta21 Ta22 Tp21 Tp22 Ta21TB11 T Ta22Tg21 Ta21Zg12 + Ta22T322
mod4(2,2,2) C k?*? x k?*2 = k® defined by 4 equations.
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The group G(z) = HQ G L. (k) acts on k* by conjugation, that is, for X € k?,
= 0
g € G(z) and x — y, then X9(a) = g, X (a)g;".
By restriction of this action, G(z) also acts on moda(z). Moreover, there is a
bijection between the isoclasses of A-modules X with dim X = z and the G(z)—orbits
in mod 4(2).

Given X € moda(z), we denote by G(2)X the G(z)-orbit of X. Then
dim G(2)X = dim G(z) — dim Stabg(.)(X),

where the stabilizer Stabg(,)(X) = {g € G(2) : X9 = X} = Aut4(X) is the group of
automorphisms of X. As Aut4(X) is an open subset of the affine variety End 4(X),
then
dim Stabg () (X) = dim Aut4(X) = dim End4(X).
Finally, we get
dim G(2)X = dim G(z) — dim End4(X).

also that an orbit G(z)X is locally closed, that is G(z)X is open in the closure G(z)X
defined in mod4(z). In particular, G(z2)X\G(2)X is formed by the union of orbits of
dimension strictly smaller than G(z)X.

“
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Let X,Y € moda(z). If the orbit G(2)Y is contained in G(z)X, we say that Y is
a degeneration of X.

Proposition. Let X € moda(z). We have the following.

(2)
(b)

Proof.
(a)

Let 0 — X’ X X" —— 0 be an exact sequence. Then X' & X" is a
degeneration of X.

Consider the semisimple module gr X = LE% bz()
the composition factors of X. Then gr X is a degeneration of X.

, obtained as direct sum of

We may assume that X’ is a submodule of X and X” = X/X’. Then for each
7 (83 -
arrow ¢ — j, we have

where f, : X" (i) — X’(j). For each A\ € k, we may define the representation
X € mody(z), with

_ (X'()  Afa
X,\(Oé) — ( 0)‘ X”((_)ﬂ)

For A #£ 0, we get X, ~ X. Indeed,

- ]Zr(,t-) 0 x;
gr = ( 0 )\Izn(,,;))i € G(2)

satisfies that X ff)‘ — X . Therefore
X & X" = Xg =€ G(Z)X
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Corollary. The orbit G(2)X 1is closed if and only if X is semisimple.

Eramples:

(a) Let F' = k(T4,...,T,,) be the free algebra in m indeterminates. Let M be a
A — F—bimodule which is free as right F'—module.
Then the functor M ®p — : modr — mod, induces a family of regular
maps 7 : modg(n) — mody(nz) for some vector z € N9 and every n € N.

Indeed, for each vertex i € QQq, fix a basis of the free right FF—module M (i),
set z(i) = rkpM (7). Then for an arrow i — j in Q, M («) : M (i) — M(5)
is a z(j) x z(¢)—matrix with entries in F'. Now, an element \ = ()\], vy A ) €
modg(n) determines an F'—module N, with Ny(7;) = A\, = 1,...,m. Then

M ®p Ny(a) : (k¥ — (k0
is the matrix M (a)(A) = (M ()st(A1, ..., Am))s.t- Therefore
; EI(A) — (A{(Q)St()\la sery )\m))fw‘,t

is the induced regular map.




(b) Let C be a finitely generated commutative k—algebra without nilpotent ele-
ments and 2z € N0, For any regular map g : mod ¢(1) — mod,4(z), there is
a A — C-bimodule M which is free as right C'—module and rkc(M)(7) = 2(7),
for each i € Qo, such that g = f},.

Indeed, from Hilbert’s theorem C' = k[modg(1)] is the affine algebra of
regular functions on mod¢(1). We define M (i) = C*%, for i € Qq; for i —— j
in Q, we puf M («) the matrix corresponding to g(a) : mode(1) — k20200,
By (a), far =g
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(c) Consider the subset inds(z) of mods(z) inds(z) is a constructible subset of
mod (z). Indeed, the set of pairs.

{(X,f): X € mody(2), f € Enda(X) with 0 # f # 1x and f? = 1x}.

is a locally closed subset of mod 4 (z) x k%°, where d = Z z(2). The projection
‘ 1€Q0
m : mody(z) X SN mod 4 (2) is a regular map with image
mod 4(z)\ind4(z).
(d) Let z € N9 Let C be an irreducible component of mod 4(z). A decomposition
2 = wy + ... + we with w; € N9 determines a constructible subset
Clwy, ..., ws) ={X €e€C: X=X;®..0 X, with X; € indg(w;)}

in C. We say that (wy, ..., ,Wy) 18 a generic decomposition in C' if C(wy, ..., w;)
contains an open and dense subset of C.
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Proposition. Let C' be an irreducible component of mod4(z), then there exists a
unique generic decomposition (wy, ..., ws) in C. Moreover, there exists an irreducible
component C; of mod4(w;) such that the generic decomposition in C; is (w;) and the
following inequality holds:

dim G(z) — dim C > Z(dim G(w;) — dim Cj).
=1

Proof: For each decomposition z = z; + ... + 2, with z; € N9 we get a regular

map
Poy..zs - G(2) X mod(21) X ... x moda(z;) — moda(2), (g, (X;):) — (B:_, X;)9.
Since inda(z;) = {Y € moda(z;) : Y is indecomposable} is constructible in

mod 4 (z;), then
inda(21,...52t) = Pay...2,(G(2) X inda(z1) X ... X indg(2))

is constructible in mod4(z). Moreover, mods(z) = U{inda(z1,...,2¢) : D 2 = 2z}
There is a decomposition z = wy + - - + w, such that C equals the closure of the
intersection ind4(wy, ..., ws) N C. There is an open dense subset Ugs of C contained
in ind (w1, ..., ws). Thus z = w; + ... + w; is generic in C. The unicity is clear. ]
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2.3. The tangent space.
Suppose V' C k™ is defined by certain polynomials f(77,...,7},). For x € V, define

df =3 gh@)(T - 2

the derivative of f at the point x. Then the tangent space of V at x is the linear
variety T,.(V') in the k™ defined by the vanishing of all d,f as f(7") ranges over the
polynomials in the radical ideal Z(V') defining V.

There are more algebraic ways to define tangent spaces: let R = k[V] be the affine
algebra associated with V' and M, be the maximal ideal of R vanishing at x. Since
R/M, can be identified with k£ and M, is a finitely generated R-module, then then
R/M,-module M, /M3 is a finite dimensional k-vector space.

Then (M,/M2)* the dual space over k may be identified with 7, (V).
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Some facts and examples:

(a)

Let x € V and C, be any irreducible component of X containing x. Then we
have dim;7,(V) > dim C,. If equality holds, x is called a simple point of V.
If all points of V' are simple, we say that V' is smooth. An important fact:
the simple points of V' form an open dense subset of V.

Consider the variety mod4(z) as a topological space. The orbit G(2)X of a
point X € mod4(z) is a smooth space. Indeed, given two points z,y in the
orbit, there is an element g of the group G(z) such that y = gx. The regular
map {, : G(2)X — G(z)X given as right multiplication by g, induces a linear
1%0111011)}11qm TY, : T,(G(2)X) — T,(G(2)X). Therefore x is a simple point
of the orbit if dIld 0111y if so is y. Thus (a) implies that G(z)X is smooth.

The following is an important result:




Theorem. (Voigt) Let X € moda(z).
Consider Tx(G(2)X) as a linear subspace of Tx(moda(X)). Then there exists a
natural linear monomorphism
Tx (mod (X)) /Tx(G(2)X) — ExtL(X, X).
(b) Assume that X satisfies Ext% (X, X) = 0. Then the linear morphism
Tx(moda(X))/Tx(G(2)X) - Ext4 (X, X).
18 an isomorphism.

We will observe several consequences:

(a) For any X € moda(z), let Cx be an irreducible component of mody4(z)
containing X. Then

dimy Exty (X, X) dim;7Tx (moda(z)) — dimipTx (G(2)X)
dim Cx — dim G(2)X

dim Cx — dim G(z) + dimg End4(X).

AVARAY,

Hence,
dimG(z) — dim Cx > dimg End4(X) — dim Ext} (X, X)

(b) The inclusion above is not always an isomorphism, as the following simple
example shows:
Let A = k[T]/(T?). Consider the simple module S € mod,(1). Then
mod, (1) = G(1)S = {S} and Ts (mod,(1)) is trivial. On the other hand
Exth (S, S) has dimension 1.
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2.4. Exercises.

(1) Let X € moda(z). Then G(2)X is open if and only if Tx(moda(z)) =
Tx(G(2)X).
(2) Let n € N, the function

e™”: moda(z) — N, x — dimiExt (X, X)

1S upper semicontinuous.
(3) Up to isomorphism, there are only finitely many modules X with dimX = z
and satisfying Ext (X, X) = 0.

*
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3. Tame algebras and varieties.

Proposition. The following conditions are equivalent:
(Tp): A is tame.
(Ty) : For each z € N9 there is a constructible subset C' of mod(z) satisfying dim
C <1 andinds(z) C G(2)C.
(Ty) : For each z € N9 if C is a constructible subset of ind4(z) intersecting each
orbit of G(z) in at most one point, then dim C' < 1.

Proof: (Ty) = (T3) : Let 2 € N9 Let M, ..., M, be the A — k[t]-bimodules such
that M; is a free finitely generated k[t|]—module and any X € ind 4(z2) is isomorphic to
M; ®py S for some ¢ and some simple k[t]-module S. Therefore, the functor M; @y (—)
induces a regular map f; : modgy (1) — moda(z),7 =1, ....s.
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The set

C= U(Im fin indx(2))
i=1
is a constructible subset of ind 4(z) with dim C < 1 and G(2)C = ind4(z).

(13) = (1) : Assume that A is not tame. Then by the tame-wild dichotomy,
the algebra A is wild. That is, there exists a A — k(u,v)—bimodule M which is free
finitely generated as right k(u,v)—module and such that the functor M ®j,..) (—) :
mody ) — mod, insets indecomposable modules.

Let z € N@, where z(z) is the rank of the free k(u,v)-module M (z). We get
an induced regular map fys : mody(,.) (1) — moda(z). By definition, Im fy, is a
constructible subset of ind 4(2) intersecting each orbit in at most one point. Moreover,
far is injective and theferefore dim Im f,;, = 2. ]
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Corollary. An algebra can not both tame and wild.

Proposition. Let A = kQ/I be a tame algebra. Then for every z € N,
dim mod(z) < dim G(2)

Proof: By (1.4), it is enough to show that dim G(z)— dim C > 0, for an irreducible
component, C' of mod 4(2)

Since A is tame, we may choose a A — k[t]-bimodule M which is free as right
k|T]-module and the following map is dominant

¢ : G(z) x Imfy; — C, (g, X) — X7,

Let X € Im ¢ be such that dim ¢~ !(X) = dim G(z)— dim C+ dim Im f}, and
(9,Y) € ¢ 1(X). Then the regular map

Auta(Y) — o HX), h+— (hg,Y)
is injective. Therefore,

0 < dim Autx(Y) — 1 < dim G(z) — dim C
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Erample: Unfortunately, the converse of the above results are not true.
Let A,, = klaq, ...;an]/(aia; 01 <1 < 57 < m) with m > 3. We will calculate dim

mod 4,,(n).
We get |
di da (n) (kL) n? if n even
im moc n) =
i (m+1) 2 — 1) if n odd.
If m = 3, then dim mody,(n) < n?, showing that the converse of the above

Proposition fails.
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