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The Tits form of an algebra.
Let A = kQ/I be a triangular algebra, that is, Q has no oriented cycles.
Choose R a minimal set of generators of I, such that R ci U I(i, j). We have:

i,jEQo

" dimkExt(S, S) = arrows from i to j
" r(i,j)	 fl I(i,j) is independent of the choice of R
" r(i,j) = dimkExt(S,S)

The Tits form of A is the quadratic form

q: ZQO ,

given by qA(v) =	 -	 v(i)v(j) +

	

r(i,j)v(i)v(j).
iEQ0	 i-*j	 i,jEQo






Proposition. Assume A kQ/I is triangular. Let z E N°. Then for any X E
modA(z).

qA(z) ˆ dirnk EndA(X) - dirnk Ext(X, X).

Proof: Let X E rnodA(z). The local dimension dimx modA(z) is the maximal
dimension of the irreducible components of rnodA(z) containing X. By Krull's Haup-
tidealsatz, we have

dimx modA(z) ˆ	 z(i)z(j) - E r(i,j)z(i)z(j).
(i-j)EQ1		ijEQo

Therefore, we get the following inequalities,

qA(z)	 ˆ dim G(z) - dirnx modA(z)> dim G(z) - dim Tx ˆ
ˆ dimk EndA(X) - dimk End' (X, X).






In 1975, Brenner observed certain connections between properties of q and the
representation type of A. She wrote about her remarks: "... is written in the spirit
of experimental science. It reports some regularities and suggests that there should
be a theory to explain them".

Theorem. Let A = kQ/I be a triangular algebra.
[Bongartz]: If A is representation-finite, then q is weakly positive
[de la Peña]: If A is tame, then q is weakly non-negative

Proof. In general, for v e NQO

dim modA(v)

dim G(v)

ˆ Ev(i)V(j)-
i-j

E V(i)2

iEQ0

E r(i,j)v(i)v(j)
i,jEQo

qA(v) ˆ dim G(v) - dim modA(v)
If A is tame, then qA(v) ˆ 0.
If A is representation-finite, modA(v) = G(v)X where Xi,.. . , Xm are rep-

resentatives of the isoclasses of A-modules of dim = v. Hence dim modA(v) =
dim G(v)X3 = dim G(v) dim Stabc()X < dim G(v) 1 and qA(v) ˆ 1.






Consider the algebra A given by the quiver

> 4

with relations 'yi' = /3/3' and o/3' = 0. The Tits form q is

qA(x)	 =

	

y~x'-2xlX2-X2X3-X2X4-X3X4+XIX3-XlX4





=	 XI -x2+x3+x4
)2.2		 2

and therefore (weakly) non-negative. We shall see later that A is wild.






Modules on preprojective components.
Recall that a component P of the Auslander-Reiten quiver FA of A is called pre-

projective if it does not contain oriented cycles and for every X e P there is a
translate which is projective. If X e P and Y is an indecomposable such that
HornA(Y,X) 4 0, then Y E P.
We give some examples of algebras with preprojective components:

a)	 Let A = k[z] be a hereditary algebra. Then FA has a preprojective component
P, and the indecomposable projective modules form a slice.

b)	 Tree algebras have preprojective components (an algebra A = k[Q]/I is a
tree algebra if the underlying graph Q of Q has no cycles). This is a particular
case of the following situation.






c)	 An indecomposable projective P is said to have separated radical whenever
the supports of any two non-isomorphic direct summands of rad P are con-
tained in different components of the subquiver Q(i) of Q obtained by deleting
all vertices in [- i] = {j E Qo : {j e Qo: j i}. If for every vertex i E Qo,
P has separated radical, then A satisfies the separation condition. Note
that tree algebras satisfy the separation condition. If A satisfies the separation
condition, then FA has a preprojective component.

Q(i)






A representation-finite algebra A such that FA is a preprojective component is said
to be representation-directed.

Let Q' be a subquiver of Q, we say that Q' is convex in Q if Q' is path closed in
Q (that is, whenever i0 ii ... irn is a path in Q with io irn E Q' then i e Q'
for 1<j<m-1).

Remark: Suppose that X is an indecomposable lying in a preprojective component
P of FA. Then supp X is convex in Q.

Proof: Supose that i1	 j2	
rn-1

i7 is a path in Q such that X(ii) 74o	 X(m) but X(i) = 0 for 2 <j < ?fl - 1. Let I' be the ideal of k[Q] generated by
all paths of the form: e'' with e, y E Qi where either 11

'	
i2 and ¬ starts at i2 or y

ends at in-, and rn-l	 rn Let A' = k[Q]/(I + I'). Then X is a A'-module and
there is a chain of non-zero morphisms

X	 > I'	 > Sm-i	 -2	 > Sm -2	 "..	 5i2	 > Pi'i

	

Xun	 im-1

where M denotes the indecomposable module k -f k and Ij',n is the A'-module
associated with m." Since X e P, this cycle should lie in P. A contradiction.	 El






Corollary. Let X be a preprojective A-module. Then qA(dim X) = 1.

Proof. We may assume that X is omnipresent in A. Then pdimAX 1: otherwise
there are non-zero maps a contradiction. Similarly, gidimA 2. Hence qA(dim X) =

Is.
'CA x		 x

dimkEndA(X) - dimkExt(X, X) = 1.

Lemma:
A weakly positive quadratic form q: Z

	

Z has only finitely many positive roots.

Proof. Consider q as a function q : TR R. By continuity q(z) ˆ 0 in the
positive cone K = (Rn)+. By induction on n, it can be shown that q(z) > 0 for anyo z E K. Let 0 < 'y be the minimal value reached by q on {z E K :I z 1}
(a compact set). Then a positive root z of q satisfies '	 q (j)

=

	

that is

zH/.






Theorem: [Bongartz]
Let A = k[Q]/I be an algebra such that Q has no oriented cycles. Assume that FA

has a preprojective component. Then A is representation-finite if and only if the Tits
form q is weakly positive. In that case, there is a bijection X '-f dimX between the
isociasses of indecomposable A-modules and the positive roots of q.

Proof: Assume that q is weakly positive. Let P be a preprojective component
of FA. Let X E P then dimX is a root of q. Moreover, the map X - dimX, for
X e P, is injective. Indeed, let X, Y E P be such that dim X = dim Y. We may
assume that X is omnipresent. Then, we get

1 = qA(dim X) = dimk HOrnA(X, Y) - dimk Ext(X, Y).
In particular, HomA(X, Y) 74 0. By symmetry, HomA(Y, X) 74 0 and X = Y. It

follows that P is a finite component of FA and P = FA.

Finally, let z E N° be a root of q. Then there is a module X E rnodA(z) with
the orbit G(z)X of dimension dim C(z) - 1. Since dim G(z)X = dim G(z) -
dim EndA(X), we obtain that EUdAX = k.






We give some examples.
a) The statement of (2.3) may be false if A has no preprojective component.

Consider the algebras A given by the quiver Q with relations I = (p)




	Q :°2J,	 5	 >6	 >7 >8
3

	

2

Pi = (o30-20E1 /3231)

P2 O3O2O1

Clearly, they have the same Tits form

X?q = X1X2 X2X3 X3X4 X1X5 X4X5 X5X6 X6X7 X7XS +X1X4

7 1 1 3\2 2 1 IX1 - X22 2 XzI 2 ±
X5)

X5
(X2
-

X3±X4-X5)4 3 3 3

2((X3
±

1 1 2 1(1 1 2 1 2 1 2
± (x x6) ± (x6 X7) ±± (x

x5) x5)2 2

1
± (x7-x8)

2
±x8.
12

which is positive.

The algebra A1 satisfies the separation condition and Bongartz theorem applies.
The algebra A2 is not representation-finite: mod A2 contains the representations of
the Euclidean quiver

3-2--1--* 5 -6--7--8

4






Critical forms and critical algebras.
We recall some important facts of linear algebra

a) Let A = (a) be an ri x ri-matrix. Let 1 < i1 < i2 < ... < i < ri and
1 <ji <32 < ... <is rn. Form the s x s-matrix

a121 a19 ...
A (i i2	 iS

\3i 32	 3s

(ai,al

	

...

The determinant det A (z		 is called a minor of A.
\\J1."3s)




	If i1	 j',

	

, is = is, then A ('"	 is called a principal submatrix and
\31"JsJ

ii ... isdet A		 a principal minor.
\31".JsJ

If s = ri-1,{ii,	,i5} = {1,	and {j',,j5} = {1,,3,,n},
then A (i"18 is denoted by\3i...Js)

b)	 The matrix ad(A) whose (i, j) entry is (_1) detA', is called the adjoint
matrix of A. It has the property that A ad(A) = (det A) E = ad(A)A.






c) Let q be the quadratic form associated with a symmetrical real matrix A, that
is q(x) = xAxt.
The form q is positive if and only if the determinants of the principal sub-

(1\	 (1	 2\	 (12...n\matrices A	 i) , A		
2)

".., A	 12	
= A are positive, or equivalently,

if all principal minors are positive.
The form q is non-negative if and only if all principal minors of A are

non-negative detA('"	 ˆOforalll

	

ii <i2<
\J1...3s/

d) Perron-Frobenious theorem: Let A (a3) be a real matrix with a3 ˆ 0.
Then for the spectral radius p = max { A A is an eigenvalue of A}, there
is a vector y with non-negative coordinates such that yA = py. Moreover, if
aij > 0 for every i,j, then 0 < p and the coordinates of y are positive.

We say that an integral quadratic form q(x1,.. . , x) = x + qjjxjxj is a unit
i=1

	

i<j
form.

Theorem: [Zeldich]
Let q: Z - Z be a unit form and let A be the associated symmetric matrix. The

following are equivalent:
a)	 q is weakly positive.
b)	 For each principal submatrix B ofA either det B > 0 or ad (B) is not positive

(that is, it has an entry < 0).






Proof: a)	 b): Let B be a principal submatrix of A. Suppose that ad (B)
is positive. Then there is a positive vector v and a number of p > 0 such that
v ad(B) = pv. Then 0 < q(v) = vBvt = p ad(B)Bvt = p'(det B)vvt. Thus
detB>O.

b) = a). Let A be a n x n-matrix satisfying (b). We show that q is weakly positive
by induction on n.

Since property (b) is inhereted to principal submatrices, we can assume that the
quadratic form, q(i) associated with each principal submatrix

	

is weakly positive.

Claim: q(Z) is positive, 1 < Z'< ii.

Assume that q is not weakly positive. Therefore, we get a vector 0 < y E N such
that q(y) 0.

In particular, every proper principal submatrix B of A has det B > 0. Since A is
not positive, det A 0. By hypothesis, ad (A) is not positive. Suppose that the j-th
row v of ad(A) has some non positive coordinate. Therefore, there exists a number
A ˆ 0 such that 0 < Ay + v is not omnipresent. Therefore

0 < q(Ay + v) = A2q(y) + AvAyt + q(v) <A(det A)y(j) + (det A)v(j)
ç (det A) (det A(i'i)) <0,

since by the claim q(i) is positive.






A unit form q: Z"' - Z is critical if q is not weakly positive but all its restrictions
q(i) (i = 1,.. . , n) are weakly positive.

Corollary:
If q is critical, then the set

Cq = {v E Z : v(i) ˆ 0 and v(j) <0 for some 1 i,j n and q(v) = 1}
is finite.

Theorem [Ovsienko].
Let q be a critical form. Then there exists a Euclidean quiver L and an invertible

transformation qT of q such that q = qT. In particular, q is non negative and there
is a vector 0 << zn such that rad q = Zz.

Proof: Since n ˆ 3, 0 < q(es ± et) = 2 ± Choose q' = qT an invertible
transformation of q such that the set Cqt has minimal cardinality.

Therefore, q' =	 x +Eaiixixj is critical and -1	 a

	

0 for every pair i, j

with i j. Thus q' = q for some quiver . Since q' is critical, is Euclidean. Then
radq' = Zn with u>> 0 and z = T'(u).






Let A = k[Q]/I be a k-algebra. We say that A is minimal representation-
infinite it it is representation-infinite but every quotient A/AeA is representation-
finite for any idempotent 0 e of A.

A minimal representation-infinite algebra A with preprojective component is called
critical. Observe that a preprojective component of a critical algebra contains all
the indecomposable projective modules (and therefore is unique).

Lemma.
Let A be an algebra with a preprojective component containing all projective mod-

ules. If e is an idempotent of A, then A/AeA has preprojective components such that
their union contains all indecomposable projective A/AeA-modules.

	

El

Theorem [Happel-Vossieck].
Let A = k[Q]I be an algebra with preprojective component. Assume that Q has al

least 3 vertices. Then the following are equivalent:

(a) A is critical;
(b) The Tits form q is critical;
(c) A is tame concealed.






Proof: Let P be a preprojective component of FA.

b) c): Assume that q is critical. Therefore, A is representation-infinite. A
preprojective component P of FA should contain all indecomposable projective mod-
ules. Moreover, this component P does not contain injective modules. Therefore, A
is tilted.

Assume that A = EndB(T) where B = k[/] is an hereditary algebra and BT
is a tilting module. Therefore the Euler forms XA and XB are equivalent. Since
gl.dirn A 2, then XA = qA. Therefore, L is a tame quiver.
By a dual argument, A has a preinjective component with all injectives. Hence A

is tame concealed.

Theorem [Bongartz].
Let A = k[Q]/I be an algebra with preprojective component. Then A is represen-

tation-finite if and only if there is no convex subalgebra A0 of A such that A0 is
critical.






The frame of type A
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The frames of type E7: 1- 2- 3- 4- 3- 2- 1
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1
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