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Separable canonical integral transtorm
Spherical lenses A B
- M =
Cylindrical lenses parallel or v | O D
perpendicular to each other - Pr Y

o () =R (r))

(] 1

— J-LPZ.(I'Z.)KMX (Xi,xo)KMy (yjayo)dri

1 A yxl.z +D. yxoz —2x,x,
exp| iz — : , B.,#0

JiB.,

KMW (xl.,xo) =

Dimensionless variables are used here and below



One dimensional CT

One dimensional CT has 3 free parameters since
det M=1

If direct CT is parameterized by ray transformation
matrix o _ {A B}

“lc D

the inverse CT is parameterized by

M :|: D _B} = M —

—C A ‘{ji(ri) - M_l - Y (l')
Transformation of the UFT UFT
angular spectrum under M) =
the CT v | P —C F(u,) F,(u,)

(M ){—B A} = M <«




Basic uniparametric CTss

Transforms are additive with respect a parameter p:
RP1RP2=RP1*p2

Fresnel transform p=; ((1) ﬂ
1 0
Lens transform p=3 51
: exp(a) 0
Scaling transform p=a 0 expid)
Fractional Fourier transform p=a (CO'S“ Siﬂa]
—Sima  Cosax

Fractional hyperbolic transform p=a (COSM Sinh“j

sinha cosha



Iwasawa decomposition

CT can be represented as a composition
of three basic uniparametric transforms

Kenkichi lwasawa,
i T 1917-1998

AB_lOaO cosa Sina
C D) (=g 1)l0 a'l-sina cosa

o =arctan(B/ A)
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History of the fractional F'T

H. Kober, “Wurzeln aus der Hankel, Fourier und aus anderen
stetigen transformationen,” Quart. J. Math. Oxford. Ser. 10, pp. 45-49,
1939

K. B. Wolf, “Construction and properties of canonical transforms,”
In Integral Transforms in Science and Engineering, Plenum Press, NY,
1979

V. Namias, “The fractional order Fourier transform and its
applications to quantum mechanics,” J. Inst. Math. Appl. 25, pp. 241-
265, 1980

D. Mendlovic, and H. M. Ozaktas, “Fractional Fourier transform
and their optical implementation |,” J. Opt. Soc. Am. A 10, pp. 1875-
1881, 1993

L. Almeida, “The fractional Fourier transform and time-frequency
representations,” IEEE Trans. Signal Process. 42, pp. 3084-3091, 1994
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Definition of the fractional FT

Fractional Fourier transform of f(x) at angle a=np/2

F,(u)=RLf(0))) = [K,(x,u) [ (x)dx

2 2 B
Ka(xa’/’):\/l—icotaexp(m(x +u’)cosa qu]

where sin o

a=0 = identity transform K, o(x,u)=0(x—u)
a=n/2 = Fourier transform K ___(x,u)=exp(—iz2xu)
a=t = reversetransform g (y 4= S5(x+u)

o=3n/2 = inverse FT K

a

o, (nu)= exp(ianu)



Interpretations ot the fractional F'T

Phase plane _
Quantum mechanics:

frequency, ® Schrédinger equation for

vy \ . .
_ harmonic oscillator
\ Pl | |
\| -~ o il &
L\ ¢ — | = —x =1[|¥(x)=0

oa 2| ox

position, x Optics: quadratic
refractive index medium

(lenses, fibers, spherical
mirrors, etc.)

u) (cosa smal x
v | _sina cosa l\ o Signal processing: time-

frequency representations
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Fractional Fourier transtorm optical systems

Optical fibers with quadratic refractive index profile:
n*(ry=ny’(1-g>r*) = o=gz

D. Mendlovic and H. M. Ozaktas, J. Opt. Soc. Am. A 10, 1875 (1993)

i1 V1 VN 1\
—H——+— — > Z
v Iy Ty ] v |
\/ \/ \/ \/

a=0 /2 o T 37t/2

Thin lens configurations

A. Lohmann, J. Opt. Soc. Am. A 10, 2181 (1993)
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One lens fractional Fourier transformer

f -
- - .
« d >U< d - Adolf W. Lohmann
' (1926)
Input output
plane plane

d=2f sin’(a/2)

F,(u)=R"|[f(x)](u)

12



Two lens fractional Fourier transformer
£ £

A A
) K/ d \A F o)

iInput output
plane plane
d=2f sin*(a/2)

F,(u)=R*[ f(x)]|(u)

13



Separable fractional F'T: example

Rotationinx-g,andy-g,p

M =

X,y

cosa,

—-sina,

sina,

cosa,

anes of phase space

Isotropic fractional FT: a=a, =a,

a=1/20

a=0

a=1t/4 o=Tt/2

14



Properties of the tractional FT

Periodicity Rt _ pa

Additivity RYRP = R&*F
2 2

Parseval theorem ﬂf(x)‘ dx = jFa (”)‘ du

Scaling theorem: if cota = A* cot B

then ' :

RS () () = 2 | S P Rﬁmx)](uw sin jexpa@

SIN & SIN &

COS2 04

p=(a—-p0)/2+x uzcota(l—cosz'g]

15



Shift theorem for the fractional FT

Fractional FT: amplitude and
phase are changing

R[f (x—»)]@) = R°[f (x)](u — y cos a) exp(ip)
¢ =27n(y° sin(Ra)/4—uysina)

FT (o=n/2) : amplitude
doesn’t change under signal
shift =» shift-invariant signal
processing

Rﬂ'/z[f(x _y)](u) _ R;r/Z[f(x)](u) exp(i(ﬁ)
@ =—2muy

0
1t/20

/10

3n/20

/5

/4

3n/10

27/5
/2

L

f‘q
_”__w/ki__w,ﬂ,,_
AN
N
Y, W

Amplitude of fractiona!GFT




Rotation of Wigner Distribution under the

fractional FT
Wigner distribution function of f{x)

W, (x,0) = j Fx+x,/2)f (x—x,/2)exp(—i27x,w)dx,
f(x) =W, (x,0)

RN

Fa (I/l) — WFa (I/I,V)

We (u,v)=W, (ucosa —vsina,usina +vcosa)

Applications: phase space tomography, signal analysis
and synthesis, filtering

17



Higenfunctions for the tractional FT

Self-fractional Fourier function (SFFF) f (x) for angle « is

an eigenfunction of fractional FT operator R* with

eigenvalue A: R*[ 1 (x)|(u) = Af, (u)

Q)

From Parseval relation for the

fractional FT = A=exp(ip)

From periodicity

Ro+Hmm=Ra — if oo =21t/M, then AM=1

A=exp(i2nL/M ), where L is an integer.

D. Mendlovic, H. M. Ozaktas, and A. W. Lohmann, Optics Comm. 105, 36 (1994);
T. Alieva, J. Phys. A 29, L377 (1996). 18



What functions are SFFFs?
even or odd functions are SFFFs for angle

self-Fourier functions are SFFFs for angle n/2
comb(x); sech(mx); cos[n(x2-1/8)]; |x |-V2;

JO) + f-x) + Fpy (X) + Fp(-x)

Hermite-Gaussian functions are SFFFs for any angle «
with eigenvalue A=exp(-ian)

¥ (w)=2""? )" exp(—mu’ ) H (N 27u)
A SFFF for angle o= 27 /M with eigenvalue

A=exp(-i 2nL/ L -
Xp(-i 2nliM) Jim (x):ZfL+MmLPL+Mm
m=0

M. J. Caola, J. Phys. A 24,1.1143 (1991).
G. Cincaotti, F. Gori, and M. Santarsiero, J. Phys. A 25, L1191 (1992) 19




Signal decomposition on the SFFFs

A signal g(x) can be decomposed into the set of
orthogonal SFFFs for some angle 2n/M

g =Y g,¥,(0=Y

n=0 L=0

2

m=0

i rvwm YL (x)j = Z_ flfM (x)

where

[ (x) = CZexp(’z"L”}R“”/M[gw)](x)

M

SFFFs for the same angle 2n/M but different indexes L
are orthogonal to each other.

The fractional FT of g(x)

R [g(x)](u) = Zfl/M(M)GXp(—l

NL27
M

|

T. Alieva and A. M. Barbé, J. Phys. A : Math. Gen. 30, L211 (1997);
T. Alieva and A. M. Barbé, J. Mod. Opt. 46, 83 (1999).

20




‘ Image decomposition into SFFs

- ﬁ Generator image is decomposed into
(\ 4 self-Fourier images. Amplitude of
the SFFs are displayed.

L=0 L=1 L=2 L=3

T. Alieva, |. Aizenberg, and A. M. Barbe, SPIE Proc. 3480, 457 (1998). 21




Applications of tractional Fourier transtorm

phase retrieval

beam characterization

signal analysis ( in particular fractal analysis)
shift-variant filtering

encryption

watermarking

noise reduction

shift-variant pattern recognition

neural networks

motion analysis

H. M. Ozaktas, Z. Zalevsky, and M. A. Kutay, The fractional Fourier transform with applications in
optics and signal processing, John Willy &Sons, New York (2001);
T. Alieva, M. J. Bastiaans, M. L. Calvo, EURASIP J. Appl. Sign. Proc. 2005, 1498 (2005).
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Ray transtformation matrix

Separable system

X, A 0 B 0| x
v, 0 4, 0 B ||y
on - Cx 0 D b 0 xi

o) | 0 ¢, 0 D 1\ 8,

Add generalized cylindrical lenses —» matrices A, B,
C, D may not be diagonal

fle nla) s,




Symplectic matrix

Matrix T is symplectic

0 I
J=TJT, J=
(-I Oj

AB' =BA'’ CD' =DC' AD' -BC' =1
A'C=C'A B'D=DB AD-CB=1

det T=1
16 elements ==mep 10 free parameters

25



Linear canonical integral transform:

general

Casc

Complex field amplitude evolution during propagation

through the first-order optical system (= paraxial

approximation)

Y (r,)=R"{¥,(r)}= j\Pl. (r,) K, (r,r,)dr,
\/dlti'B exp(iﬂ [rl.’B_lArl. —-2r'B'r, +r'DB'r, _), detB =0
et -
K, (r,r)=
r(5)= \/ﬁexp(iﬂr;CAlro)5(ri —A‘lro), B=0
ct

Linearity R'[/(r)+g(r)|(u)=R"[f(r)](u)+R"| g(r)]|(u)

S. A. Collins, J. Opt. Soc. Am. 60,1168 (1970);
M. Moshinsky and C. Quesne, J. Math. Phys. 12, 1772 (1971)

26




Why the transtorms are canonical?

Hamiltonian in paraxial approximation 7(r,z)=n, —An(r,z)
2
Mr.q.2) =2+ An(r2), g <q.  An(rz)<<n,
n()
Hamiltonian equations
dr _0Oh(r,q,z)  dq _  0Oh(r,q,z)

dz oq dz or
dr, ﬂ\
dz 0 &,

= | h(r,q,
o |[s, ©) 2 e
dz aq

Transformations in phase space that preserve the
Hamiltonian structure are canonical

K. B. Wolf, “Geometric optics on phase space”, Springer, Berlin (2004) 27



What 1s new?

More parameters

4 )
2D separable CT:

6 parameters
\_ J

)

(2D general CT:

10 parameters
\. J

New interactions between vector components

4 )
2D separable CT:

X-dey -4,

J

—

/2D general CT: A

X-quY -q,X-Y,

\qx_ Qy’ x_qy’y_ Qx/

det B=0 : What is the input-output relation?



Properties ot canonical transforms

Scaling theorem

RTLS(Wr) J(u) = (et Wy “R™ [ £ (r) |(u)
W w0 TS{A B} W' 0 _ AW
0w, C D 0 W| |[CW"

Parseval theorem =>» Energy conservation law

[ £ (0)dr = [F )Gy (u)du

.ﬂf(r)‘zdr = ﬂFT u)| du




Properties of the canonical transtorms 11

Shift theorem R'[ f(r—v)](u)=exp[ip] R"[ /(r)|(u—Av)

p=r|-v'C'Av+2u'Cy |
CT of convolution
RT[jf (r-v) )dv}(u)z
= IF r)h(v exp[—mv C AV] exp[zZﬂu’CV] av

In the case A=0

R [/ (r=v)h(v)dv |(w) =[VaetBE, (u) i, (u)

30



Wigner distribution evolution under the
canonical transforms

Affine transformations of the WD

o rle)e o)e,

f(ri) — Wf(ri?qi)

v oo

£y (r,) > W (r,.q,)
W, (r,q)=W,(D'r-B'q,~C'r + A'q)

31



Canonical transform calculation: example

Canonical transform of signal f(r)=exp [2\/27rs’Kir — nr’Lir]
R"[ f(r)](u) = (det(A +iBL,)) ™ exp[ M s +2275'K u- meOu]
K =K.(A+/BL,)"

iL, =(C+iDL,)(A+iBL,)™
M _=-2iK BK'

If K; =0

R' [f } = (det(A +iBL,))™"? exp[ ﬂutLou]
If L=0

R'[ f(r)](u)=(detA)™" exp[le’KAlBK s+2v27s'K A'u +izu'CA u]

M. J. Bastiaans and T. Alieva, Optics Express 13, 1107 (2005) .



Iwasawa decomposition

lwasawa decomposition of transformation matrix

T A B| [T 0)S 0|X Y
|Cc D| |-G 1]j0 S| -Y X
Astigmatic lens transform
G =—(CA'+DB')(AA' +BB") ' =G’
Scaling transform .
S=(AA"+BB')"" =§'
Orthogonal and symplectic matrix T, described by the
unitary matrix U: U-1=U*t
U=X+iY=(AA'+BB') "*(A+iB)

R. Simon and K. B. Wolf, J. Opt. Soc. Am. A 17, 2368 (2000) -



Three basic operations

Image rotation (rotation at x-y and q,-q, planes)
(X Oj (cos& sin&j
T= X=| | Y=0
0 X —sin¥ cosd
Separable fractional FT — rotation at x-q,, y-q,
planes of phase space

TZ[X Yj X:[cosyx 0 j Y:(sinyx .O j
-Y X 0 cosy, 0 siny,
Gyrator (rotation at x-¢, and y-g, planes)

X Y cCoSs o 0 0 sin o
-Y X 0 CcCoS & SIn & 0

R. Simon and K. B. Wolf, J. Opt. Soc. Am. A 17, 342 (2000) R. Simon and K. B. Wolf, ”
J. Opt. Soc. Am. A 17, 2368 (2000).



Three basic operations: compact form

Image rotation (rotation at x-y and q,-q, planes)
cos Y sin&’j

U ($9H=X_+iY =
rot( ) rot rot [_Sinlg COSlg

Separable fractional FT — rotation at x-q,, y-q,
planes of phase space

UfrFT(7x97/y) = XfrFT +inrFT :[

expiy, 0
0 expiy,

Gyrator (rotation at x-¢, and y-g, planes)

cosa isin aj

U ()=X__+iY, =
&7 &7 T lisina cosa

R. Simon and K. B. Wolf, J. Opt. Soc. Am. A 17, 342 (2000) R. Simon and K. B. Wolf, .
J. Opt. Soc. Am. A 17, 2368 (2000).



Details ot Iwasawa decomposition

Ortho-symplectic matrix T : 4 free parameters
XY’ =YX’ XY=YX XX +YY' =1

Ortho-symplectic matrix T, and corresponding unitary
matrix U can be decomposed as

T _ th Ymt ngr ngr X frFT YfrFT
Yy, X Y, X, ||Y X

rot rot Qr v SfrFT frET
U — Urot (Q)Ugyr (a)UfrFT (7/)59 7/);)

where sub-indices stand for image rotation, gyrator and
separable fractional FT operations;

oras U=U_, (DU . (7,,7,)U,,(0) thatleads to the
integral expression for the case of singular B

T. Alieva and M. J. Bastiaans, Opt. Lett. 30, 3302 (2005) 36



Image rotator

Image is rotated in the x-y planes of phase space
lts FT Is also rotated at the same angle at ¢,-q,

plane
X 0 cos&d sin g
0 X —sin$ cosY

R. Simon and K. B. Wolf , J. Opt. Soc. Am. A 17, 342 (2000) -



Image reflection and rotation

Image reflection  f(x,y)= f(£x,Fy) is described by
matrix [X O) [il Oj
T = X —
0 X 0 =FI

Reflector rotated by angle — & from x-axis
cos$ sind
X=| .
[smg —COS Sj
A cascade of two reflectors - one reflector rotated with
respect to the other - yields a rotator

I O ) cos& sind cos$ sing
X = Xref2Xref1 . = .
0 —1){sin% —-cos& —sin$ cos&

|

38



‘ Optical schemes for image retlection

= Dove prisms f~
= Lens system

& z=2f = Minimal lens

J ﬁ S=0f configuration system

for image rotation
w gL K Z=0f . g .
=t Nl IS | ‘i contains 4 generalized

f =2f u{ y a2l lenses
=

f =f

f,=f2 f=2f

R. Simon and K. B. Wolf, J. Opt. Soc. Am. A 17, 342 (2000); J. A. Rodrigo, T. Alieva and 3
M. L. Calvo J. Opt. Soc. Am. A submitted (2006)



Mode converters

Hermite-Gaussian HG,, , to Laguerre-Gaussian LG, ,, mode
converter, Gyrator for o= n/4+ nn/2

intensity

m:> 1(1 oj 1[0 ilJ:>
X=—o Y=——

J210 1 2 £1 0 Shase

LG modes possess angular orbital momentum ( useful for u

optlcal particle manipulation)

=2 2" m )" exp(—ar? ) H, (N2 x)H, (V27 y)
](\/_r) ‘exp[z(n m)p|

min { }

LG, (r)=2"" [

max {I’l I’I’Z}

‘”_ (27zr Yexp(—zr?)

mm

L. Allen, M. J. Padgett, and M. Babiker, Progress in Optics XXXIX, 294 (1999). 40



Gyrator

Performs joint rotations in the (x, qy) and (v, ¢q,) phase
planes

X Y cCos & 0 0 Sin &
-Y X 0 COS & SIN & 0

Twisted beam generation:

o Twisted Gaussian Schell model beams
o Mode converters

HG to LG mode converter (o= t/4+ 1tn/2)
What mode we obtain for other o?

R. Simon and N. Mukunda, J. Opt. Soc. Am. A 10, 95 (1993);

41
A. T. Friberg, E. Tervonen, and J. Turunen, J. Opt. Soc. Am. A 11, 1818 (1994).



Orthonormal sets of stable modes

HG and LG functions form the complete orthogonal sets

Both of these sets are eigenfunctions for the separable
fractional FT for angles y,=y, —> modes are
stable

Matrix corresponding to the isotropic fractional FT
commutes with any orthosymplectic matrix, then modes
obtained from HGs by gyrator operation at any angle o
are also eigenfunctions for the fractional FT and stable

For any angle these modes form complete orthonormal
set

R (HG,,, ()} = {HGL, (1)}

M. J. Bastiaans and T. Alieva, J. Phys. A 38, L73 (2005);
T. Alieva and M. J. Bastiaans, Opt. Lett. 30, 1461 (2005).
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HGO‘ _modes: examples
HGZT:/15 HGSTE/45 HGTC/42,O=LG2,O

Intensity distribution

| Pl

Phase

E. G. Abramochkin and V. G. Volostnikov, J. Opt. A: Pure Appl. Opt. 6, S157 (2004);
J. A. Rodrigo, T. Alieva, M. L. Calvo, J. Opt. Soc. A (submitted)

43



Optical scheme for gyrator operation

There are many schemes for HG-LG mode converters
due to rotational symmetry of LG mode and the fact that

HG and LG modes are eigenfunctions for the fractional
FT

Rot(a) p frFT(v,7) pGyr(z/4+znl2) pSrFT(yes7,)
R™“R R R HG, , (r)}

Flexible scheme for gyrator: symmetric system with
three generalized lenses system Lio)  Lo(o)  Lio)

o dis fixed V\ /\ /\

o L(a) is changing
L(a) lens implementation: SLM, Ar) MTUT'\) F(u)
composition of rotated cylindrical lenses  input output

M. W. Beijersbergen, L. Allen, et al, Opt. Commun. 96, 123 (1993); A.T. O’Neil, J. Courtial,
Optics Commun. 181, 35 (2000); J.A. Rodrigo, T. Alieva, M.L. Calvo, J. Opt. Soc. A (submitted)
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New transform generation

CTs perform affine transformations in phase space:
rotation, scaling, skew

Linear combinations of the CTs produce new transforms

Linear combination of the canonical fractional FTs leads
to

o Fractional Cosine and Sine transforms

o Fractional Hartley transform

o Other (non canonical) fractional Fourier Transforms

Cascade of the CTs with appropriate masks between
them lead to a variety of operations:

o Convolution, correlation, wavelet transform, etc. (cascade of FTs)
o Fractional convolution (cascade of fractional FTs)

46



Why we need fractional transforms

They arise under the consideration of different
problems (fractional FT, fractional Hankel
transform in optics and quantum mechanics)

The fractionalization gives a new degree of
freedom (the fractional order) which can be used
for more complete object characterization or as
encoding parameter

47



Fractionalization ot cyclic transtorms
A linear transform of f(x) R [ £(x)](u) = jK (x,u) £ (x)dbx

is a cyclic one if its N-time acting produces the identity

transform RY =1
Examples: Fourier and Hilbert transforms are cyclic with N=4 ;
Hankel, Hartley, Sine, Cosine transforms: N=2

Desirable properties of a fractional R-transform RP, where

p is a parameter of the fractionalization:
Continuity of RP for any real value p
Additivity of R P with respect to the parameter p: R?*? = R?R?
Reproducibility of the ordinary transforms for integer values of p.
In particular R %=/ and R'=R
Methods of fractional kernel generation:
Cyclic kernel harmonic decomposition
Cyclic kernel eigenfunctions decompositon

T. Alieva, M. L. Calvo, J. Opt. Soc. Am. A 17, 2330 (2000); T. Alieva, M. J. Bastiaans, 48
M. L. Calvo Proc. ICOL 2005, Dehradun, India, Paper IT-OIP-2, 12-15 December 2005.



Fractional Sine and Cosine transforms

The Sine and Cosine transforms are defined as

R f(0)](u) =2 f £ (x)sinQrux)dx| | R [ £ (x)](u) =2 f £(x) cos(27wux)dx

Fractional Sine and Cosine transforms at angle o are
superposition of fractional FTs for angles o and a+x

RELf(0))(u) = i exp(ior) | R [ ()] () = RELS ()] ()
RELS(0)w) = R Lf (0))@) + RELf (0)](u)

Kernels for fractional ST and CT

27Tux
SIn o

iexp(—ia)K (e, x,u) =2k, (x,u)sin [

K (ct,x,u) =2k, (x,u) cos{zﬂux}

Sin &

exp(ia/2)

Jisina

k,(x,u)= expliz(x” +u’)cota]

where

T. Alieva, M. J. Bastiaans, Asian J. Phys.12, 25 (2003) 49



Fractional Hartley transform

The Hartley transform (HT) of f(x) is defined as

R, [f(x)](u)=2 [; f(x)cas(2mux)dx| where casx=cosx+sinx

The fractional HT is a linear superposition of fractional FTs

R} =exp(ia/2)[cos(a/2)R; —isin(a/2)R: "]

Fi(x) = RE = explia/2) L T .
T “H Optlgal set up
cos{e/2) sin(a,/2) for fractional
y Hartley transform
exp(—im/2)

RHLAX)] =

T. Alieva, M. J. Bastiaans, and M. L. Calvo, EURASIP J. Appl. Sign. Proc. 2005, 1498 .
(2005)



Non canonical fractional F'T

Canonical fractional FT is not the only fractional FT

Other fractional FTs which are periodic and additive with
respect to the angle can be constructed as
superpositions of the canonical fractional FTs at certain
angles

Kernel of a non canonical fractional FT  K(p,x,u)for

angle np/2 as a linear superposition of the canonical FT
kernels  K7'* (x,u)

18 [imM-Y(pl-n)] sinjz(pl-n)] .,
K(p,x,u)—MZ_(; [ M }Sll’l[ﬂ' pl n /M}K (o)

S. Liu, J. Jiang, Y. Zhang, J. Zhang, J. Phys. A 30, 973 (1997); T. Alieva,
M. J. Bastiaans, and M. L. Calvo, EURASIP J. Appl. Sign. Proc. 2005, 1498 (2005).




Conclusions

Canonical integral transforms allow to perform the affine
image transformations in phase space (image rotation,
scaling, twisting, rotation in position-momentum planes,
etc)

Ray transformation matrix description simplifies
o interpretation of CT actions in phase space
o design of optical systems which perform the CT

Based on the CT other optical operations useful for
information processing (convolution, correlation, Wavelet,
Hilbert, different classes of fractional transforms etc. ) can
be performed
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