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Introduction

Basics on Gaussian beams



Fundamental Gaussian Beam

For a paraxial field traveling in positive 7 direction, we write
U(r) =V (r,2z)exp (ikz),

where the slowly varying complex amplitud ¥ satisfies the Paraxial wave
equation (PWE).

0
[v? + 2ik 5] ¥ (r)=0
A fundamental solution of the PWE is the Gaussian Beam (GB)
C 1 r?
GB(r) = exp {— T—Q}
i (2) i (z) w3
where w=pu(z)=1+12/2p zr = kwd /2

1 /9\ 2
and C is the normalization constant (' = — | —
wWo s



Amplitude and phase propapagation of a Gaussian Beam
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High-order beams: Hermite-Gaussian beams

High-order solutions of the PWE in Cartesian coordinates are given by the
Hermite-Gaussian beams

%7 (na+ny)/2 2
Yy 1 9 9
HGnm:ny (I‘) p— On:.e:,ny [/J—:| — exXp ( r )Hnm Q Hny \/_y

p Iz pang w(z) w(z)
GE?I‘)
p=p(z)=1+1iz/zp w(z) = wq |yl :wo\/l—l—zf“/zfi
1 N +Ny— —1/2
Chpmy = ™ (20= 17m$!ny!)

HGBs satisfy important mathematical and physical properties

1) Complete families of exact and orthogonal solutions of the PWE
2) They are eigenmodes of stable resonators

- 3) Their transverse shapes do not change under propapation (structurally stable)



Historical papers by Kogelnik and Li

Laser Beams and Resonators

H. KOGELMIK awp T, LI

Aifrifract==Tihix puper s = reviesr of fha theary of ks e ard
wesmaioes, It 15 et 0 be istarisl i mater ond el in sope. Mo
atizmpt s made o b exhiaasiive i e realsedl. Rather, aophosis s
il en fermubytions and derivwsiions which b o biske wd ']

I Paraxial Bay ANaLysE

A sLudy vul'1h.t pmgtnl'pnrnﬂi rayE thraugh optical
iscdon ligws, and similar siructures can

i3 ared on rewiis which bear practical sigailcanca.
1. InmnonucTion

HE COHERENT radiation generaded by lasers or

Ak operaling in the optical or infrarsd wave-

length megions woally sppears as & bekm whoss
trunsverss exbent is large comparsd o the wavelungth.
The rescennt propertiss of such & biam in the resomatar
siructure, its propegalion characleristics ini free space, ond
its imleraction behavior with various optical semens and
devioes hmve been studied extensiveely is recenl srs
This puper is o review af the theory of kaser biams and
respeatars. Emphasie i placed on fomulations and
desivutaoms which lesd bo basic undersianding ond on
results which are of practical walue.

Historically, the subject of lnser resonators bad ils
arigin when Dicke [1], Prakhese (2], and Schawlow and
Tawnes [3] incdependently proposed to use the Fabey-
Forol interferomeler as a lesar resosabar, The modes in
suwch o structure, as determined by diffrsction effocis,
were first enleataned by Fox and Li [4]. Bopd and Gordon
|5], &nd Bowd and Kogelnik [6] developed a theory far
resonabors with spherical mirrors and approsisrned the
modes by wave heame, Thé concupl of eleciromagnetic
wave beams was also introduced by Gnu‘h:.us.rd Sebrwe-
ring [7], who investigated the pr speriies ol seg al
lepses For the gulded © i al electr li
wives. Asother freatment of wave beams was gives by
Pierce |8], The buhivior of Grussizn lser beams &5 ey
interact with various optical stnecbares hias been analyeel
by Goubaw [, Kogeleik [10], [11], #nd others,

Tz present jager sumsirings Uhe various theories and
s divided int three garts, The first part treats the passage
of peragiol rays throsgh oplical siructures ond & hased
un geomebrical opties. The sscand part is &n analyss of
laser beams and resangtone, Whing inko sccount the wave
ratare of the beams bul ignoring diffraction effects due
Lo Uhe findte size of the apertures. The thind pas toeats the
resomator modes, “HHE inta account aperiore diffmes
tion &ffecls, Whenever applicable, wselul resulis sre pre-
senied in the forms b formudag, tables, charls, and
graphs.

Manmenips received July L1, 1966,
H, Kegelnik k with Bell Telephose Laborstores, Inc., Marcay

M. L
T.Li & with Bl Trlephona Laboratochs, Inc., Holmdel, M. 1

1550 APPLIED OPTICS ! Wal, 5 Moo 18 | Ouiaber 1566

veveal many Jmpoda.m properiies of ¢hese systems. One
such "%eml.riml' property is the stamilivy of the sirue-
ture [&], arcther lg e Jass of unstabde fesonatars [13].
The proqagation of paraxial rays throogh varioes optical
siructures can be desoribed by my transfer matrices
Knowledge of these madrices is particularly wefial as they
also describe the propagation of Caussian beams through
e shracbares; Unis will be discussed in Section 3. The
present seclion describes briefly some roy concepts which
are useful in usdersianding laser beans aed resonaicrs,
and lists the ray mairices of several optical systems o
interesk. A mare deiniled L of ray propagati
eni be Tousd in teatbooks [l3| and i the liemture oo
lasar resonators [14].

[ N

rlia ey

Fig. 1. Referencs plares of an epgcal spaan,
A typianl iy ; il.:iTlin.l.nl..

2.1 Ry Travgr Mateix

A paraxial ray in o given cross secton (2 =gopsty of an
optical system is chameterized by it d istance x from the
optic {2) aals and by its angle of slope x' with respect 1o
that axis, A typical ray path through an optical strocture
is- shown in Fig. |. The slope x' of parnxcled rays is agsire)
ta be small. The ray path ihwoagh o given siroctans de-
pends an the aptics] propertics of the structune and on the
impul coadilions, i, te position x, and the slape &' of
the ray in the ingot plane ol the system, For parasial rys
the comresponding ol pul quanlilics xs and ' are linearly
dopemdent on the inpet gontites. This & comeniently

wrilben in the meirks form
4 Bl
LH ]

|J:: |

o : in
|1y Tl

1966 KOGELNIK AND LI: LASER E
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Fig. 7. Mode patterns of a gas laser oscil-
lator (rectangular symmetry).

Kogelnik and Li, “Laser beams and resonators,”

Proc. IEEE, 54, 1312-29 (1966)
Appl. Opt. 5, 1550-1567 (1966)



High-order Modes: Laguerre-Gaussian beams

High-order solutions of the PWE in circular cylindrical coordinates are given by
the Laguerre-Gaussian beams

Even LG Odd LG Helical LG
4 A
cos [0
o\ (2n+1)/2 5 ! 9
1 1 r Vor z or
LG'!L :Gn, - — —_— L gi
0 =Culf) T Goe uw{%)J[’w(Z)] ()] e |
GB(r) exp (£il0)
\ \/§ y,

where ;= p(z2)=1+12/2zr and

w(z) = wo |p| = ’LUO\/]. + 22 /2%, is the waist size
1 4n! 1/2
Cn,g = is the normalization constant
wo | (L4 dgy) m(n+1)!



Important properties of LG beams

LGS, (r) = Cng (1 — exp _?“_2 v2r L L exp (£:l0)
=7 ) @) ve| e

G];r(r)

LG beams satisfy important mathematical and physical properties

1) Complete family of exact and orthogonal solutions of the PWE
2) They are eigenmodes of stable resonators
3) Their transverse shapes do not change under propapation (structurally stable)

Helical LG beams carry an Orbital Angular Momentum (OAM) of (A

per photon [1].

Vortex at r = 0 with a topological charge of L | '
Applications in cylindrical-lens mode converters, optical tweezers, optical

trapping, etc.

[1] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P.Woerdman, Phys. Rev. A 45, 8185-8189 (1992).
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An aplicattion of the LG beams: Optical trapping

1 Double helices

a

A pair of Laguerre-Gaussian beams can be
overlapped to produce an interference pattern.

(@) The helical phase of beams with =2 and [ =-2.

(b) The intensity cross-sections of each beam and their
combination. (c) This pattern can be used to create a
simple cubic unit cell of eight particles or spheres.

[1] Kishan Dholakia, Gabriel Spalding and Michael MacDonald, Phys. World, 45, Oct. 2002.



Ince-Gaussian beams
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Definition of the elliptic coordinate system

(x,y) e (&)
x = fcoshécospy

y= fsinh&sing

7 —

For a given ellipse

f2 :a2 _b2
a coshg,

12

yAnzﬂ:/Z
n=mn/3
n =n/4
" n=7n/6
X
»
n=2n
= 1
‘ n=11n/6
n ="7n/4

n=3n/2

n=5n/3



Limits of the elliptic coordinate system (ECS)

When f= 0, then ECS becomes the circular cylindrical system.

When f — oo , then ECS tends to the Cartesian coordinates

x = f cosh&cosn - ]

y = fsinhsinn '
(¢
/’
A\

Anima_sistema_eliptico :

N




Paraxial Wave Equation in elliptic coordinates

We start from the PWE:

expressed in elliptic coordinates:

where we set the focal distance of the
coordinate system as:

f(z):f0 \/1+(Z/ZR)2

GO TO MATLAB

anima_sistema_eliptico viajero2

0z

[v? + 2ik 3] (r)=0

X = f(z)cosh(fcos n
y= f(z)sinh &Esing

zZ=2Zz

f(Z):fo W(Z)

Wo

—&

21z, =0, #0=1

B




Paraxial Wave Equation in elliptic coordinates

1 0*U (r)  0?U (r) ., U (r)
f? ((303112 £ — cos? 7)) E* + on? + 2 0z

N\ s
Y

VU (r)

=0,

We seek SEPARABLE solutions of the form:

IG(r) = E(§) N (n)expliZ (z)] GB(r)

p(z) ;

2
where GB(r) = ¢ exp [_ 1 T_]
w1 (2) w

is the fundamental Gaussian beam.

15
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Separation of the PWE in elliptic coordinates: Ince equations

Separation of the PWE in elliptic coordinates leads to the Ince equations

2
% — EsinhZ{f% — (@ — pecosh 28) £ = 0,
d?N

T??E+Esin2n%+(a—pscos2n)hr:U,
zg—l—zﬁ dZf B
ZR dz — b

where p and a are separation constants, and £ = 23 /w is the ellipticity parameter.

Solutions of Eq. (5) are known as the even and odd Ince polynomials of order p
and degree m, they are denoted usually as C* (n,£) and S;* (n, £) respectively, where
0 < m < p for even functions, 1 < m < p for odd functions, the indices (p,m) have

always the same parity, i.e. (—1) ™ = 1, and & is the ellipticity parameter.?



Computing the Ince Polynomials

Ince polynomials can be calculated using Fourier series and the standard theory on
periodic differential equations.

17

The number of terms of the series is finite !! Even Odd
p/2
g = Z Al cos 2r, p = 2n = even, m=20,2,4,...p
r=0,1,2,...
(p—1)/2
ol = Z A cos(2r+ 1), p=2n+1=odd, m=1,3,5..(p—1)/2
r=0,1,2,..
p/2
S5, = Z B! sin 21, P = 2n = even, m=2,4,6,..,p/2,
r—1,2.3...
(p—1)/2
Soni1 = Z B sin (2r+1)n, p=2n+1=odd, m=1,3.5,..(p—1)/2.
r—0,1.2,...

Classical book: F. M. Arscott, Periodic differential equations, (Pergamon Press, Oxford, 1964).




Behavior of the Ince Polynomials

Even Odd

0nsf I".
w W
e = WaFr
= il ="
% ! w®
SZm 0)=sini2n) il
—AT
33 |!‘| 3)
N IRETANS
m —05F
0 W4 W2 M4 m 0 w4 W2 34w v ome amew oo
n i c :
i) (d)

Fig. 6. Plots of Ince polynomials (a} C3{n,€), e € {0,1,2,3,4}; (b) Co(n,3),p €

{4,6,8,10,12}; (c) S5(n,e), € € {0,1,2,3,4}; (d) 53(n,3), p € {3,5,7,9,11}.

/ Cgb (77) Cgbf (77) dn = 7o

—Tr



Mathematical form of the IG beams

IG;7, (r;e) = «

where  y=p(2)=1+12/2p

and ¢,,, and

(
1 ( ?"2) : Cyr (i€,e) C (n,¢€)

2
~ g - L Sp (253 ‘S) Sp (773 5)

/

19

Even IGB

Even IGB

S, are normalization constants

= f(z)cosh&cosn, y = f(2)sinh&sinny

)
Wo

213
wg

= fo\/l + 22/2%




Transverse structure of the IG beams (z = 0)

Even IGB

?,.2

C (i€, €)

exp

Odd IGB

?,.2

exp ——2 Sy’ (i€, €)

O
00 ols
00 ooo
eWa < aoc9
0000 S °:°o
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Physical meaning of the indices p and m

Even IGB

IG;, ,.(r, €)

Odd IGB

m=06

Hyperbolic nodal lines

p=10

Elliptic nodal lines

1G] ,(r, €)

21



Needed parameters

22

To fully describe the transverse distribution of High-order Gaussian beams at

the waist plane we need to give

the wavenumber:

the mode (2 indices):

the parity:

the physical size:

Hermite

k

n. y

Laguerre

k
n, [

even or odd
or helical (%)

Ince

k

p, m

even or odd
or helical (1)

Wo\
fo S

g

two of these

three parameters

217

2
Wo

J

E =



Mathematical and physical properties of IG beams

IG beams satisfy three important mathematical and physical properties

1) Complete family of exact and orthogonal solutions of the PWE
2) They are eigenmodes of stable resonators
3) Their transverse shapes do not change under propapation (structurally stable)

Orthogonal complete family: / / I1G7 ,, (r) E;;:mf (r) dS = 0ppOmm oo

Gouy shift: ©(z) = (p+1)arctan(z/zr)

As with Hermite and Laguerre Gaussian beams, it is easy to propagate an
Ince-Gaussian beam through an paraxial ABCD system:

A in + B A B
Bilineal propagator g, = CZ' D ;'4): [c o] .

L5

92




Fourier transform of the IG beams

2D-FT U (ku, ky)

IG beams at z=10 glGS .. (§,m

where x = fycosh & cosn,

// z,y) exp (—ik.x — ik,y) dxdy.

,r2
€)= exp ( ) Cr (i€,2) C™ (1, )

w3

y = fosinh&sing, and e = 2 (fo/?l)g)g.

The FT of the IG beams is shape invariant

Gy, (€,m:) = (—i) mw

where k, = k; cosh§ cosn,

ke = yJki+ k2

k2 2 ,._, s
2 exp (— f“) Cyr (i€.) €y (7€)

T~ 2
k, = kysinhsinn, and ky = '—f; =
W

V2

fwo

24
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IG beams are self-fractional Fourier functions

Defining the Fourier transform as [1,2]

(Tlf)(m y') 2J/

where z, y, 2, 9/, and s all have dimensions of length and s = wmw

':::"

2 ! !
exp [_i W(:!:IS;- yy') 45,

1/2

it 1s easy to see that the eigenvalue equation for the Fourier-transform
operator in elliptical coordinates is given by

FHUIGY (€, m; €)1 = (=)’ 1Gy ,,(¢', 7' €),

In a similar way the FrFT operator £'* satisfies the eigenvalue equation

FOGy n(ém; €] = (—0)P*1G] (&', n'; €).

M. A. Bandrés and J. C. Gutiérrez-Vega, “Ince—Gaussian series representation of the
two—dimensional fractional Fourier transform,” Opt. Lett., 30, 540-542, 2005.

[1] D. Mendlovic and H. M. Ozaktas, JOSA A, 10, 1875 (1993).
[2] H. M. Ozaktas and D. Mendlovic, JOSA A, 10, 2522 (1993).
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Normalizing the IG beams ... not so easy!

IG beams atz=0

4 3 4 3\
€,0 Q:p,’m, 72 Cgb (ZE} E) C;)”' (?’], E)
I1G; 7, (1;8) = 4 % exp (=5 | 0
~ 0 m(; m
Q:)P,m Sp (?’53 6) Sp (7}3 5)
\ / \ /

NORMALIZED 1IG beams atz=10

2 (p/2)! Ag ] _ ( r )
IG5 = o (1€,e) G5 (n,e)exp | ——
i AT 2 (16,2 G e op { = g
[ p —*— 1 /2 ' A Tr . T ?n
IGQH—}—I,m — - \! C,m 0 E Cﬁm ’}T/; ) CQTH—I (35, E) C2n+1 (T}, 6) exXp ——2
o . (p+2)/2' Bf 1., .. ,
0 — Sn’?; - S”’L
IGQ” m wo /T TSy (0,¢) Sy (7/2,¢) | 2n (i€, €) Sz,, (1, €) exp ‘“0
(0] i 2 E [(p —|— 1) /2:|! B_ | Tr. T,
IG2n+l,m - E ; gm (71_/2 5) grm (8 E) SQrH—l (?’5 6) SQqul (?7: ) CXp _@ )
| Wo ¥ P y€)op (U, €)
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IG beams are resonating modes of stable resonators

Eigenfunction of the self-
consistency equation in vIG (€y,1m5) = //K(&Q,ng,él,nl)l(} (&4,mp) dSy.

stable resonators

“o 0.1 0.2 0.3 04 0.5 08 0.7 0.8 0.9 1
z coordinate

(b)
Passive intracavity field distribution inside the resonator
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Observation of Ince-Gaussian beams in a stable resonator

= Diode pumped solid state laser.
= Active medium: Nd:YVOA4.
* Pump: 100-300 mW at 808 nm.
= Qutput: 20 mW at 1064 nm.

— R - AF o
| m VA i NiA-wv\/M .
| 1 | Y e | A INU. 1 VU
| L} '
i i [ |

| H

QZ'Z

F OC NG RG CCD

LD: A =808 nm pump laser diode; C: collimating lens; AP: anamorphic prism pair; F:
focusing lens; Nd:YVO4 laser crystal; OC: 97% output coupler; NG: neutral glas filter;
RG: color glass filter; CCD camera.

U. T. Schwarz, M. A. Bandrés and J. C. Gutiérrez-Vega, “Observation of Ince-Gaussian modes in stable
resonators,” Opt. Lett., 29, 1870-1872, (2004)



Experiment

(3,3) (#)

S
dk

H:

~~
~—

73) %) (77 (&) (100 &) (1010 &
(a)

U. T. Schwarz, M. A. Bandrés and J. C. Gutiérrez-Vega, “Observation of Ince-Gaussian modes in stable
resonators,” Opt. Lett., 29, 1870-1872, (2004)

29
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Connecting the three BIG families...

HG”-’”’”“ (I‘) - Cn;,;,ny (/LL*/H)(R:E-I-H”)/Q GB (I') an::r: (\/§ 0 ) an} (\/§ ! ))

w(z)

[
Lo (1) = Gt (u/m)™?  GB() [Vagis| 1 (25 ) costs

G, (6) = G (/w)"  GB(r) Oy (i6.c

~—
@®.
Sk
—
=
M
S—

pw=pu(z)=1+12/zn

TO BUILD UP AN INCE MODE WE MUST USE ONLY
HERMITE OR LAGUERRE MODES WITH THE SAME GOUY SHIFT

n.+n, =2n+l =p

AN INCE MODE ALWAYS TENDS TO A
HERMITE OR LAGUERRE MODE WITH THE SAME GOUY SHIFT
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Relation with Hermite and Laguerre Gaussian beams

Expansion in terms of Laguerre-Gaussian modes and vice versa:

LG7 (r, ) = ZD IG, ontim (6,1, €) 5

1G; .. (€,1,€) ZDIHLG“ (r: )

Overlap integral

] 163TCS = bty (1) 043

\/(1 +802) T {(n+1+1)nlAG 5 (a]),

where A7 5 1 (a7} is the {{ +4,,) /2-th Fourier coefficient of the C* or S7*

(1485,
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Subsets with tha same Gouy shift: Example p =5

Linear relations:

1G:, | [0792 0558 0.2487[ LGy,
G, |=[-0.500 0358 0.789 | LGy,

| 1G? 0.351 -0.748 0.562 || LG;
=, i) | l|za:

162, ] [ 0.101 0310 0.945][ HG?,

H? =TI ’ ’

p Ll ity 11y IG2, |=|-0.649 —0.700 0.298 || HGZ,

[ IG? 0.755 —0.643 0.139 || HG!

o __ O O L 55 | L JL 0,5
Lp o .HLTp ] Hp’

Each subset is composed by
¢

(p+26,.) /2, ifpiseven
N, = ¢

P

(p+1)/2, if p is odd
\

degenerated modes whose

Gouy shift is ¥, (2} = (p+ 1} Yas (2)

n+n, =2n+l =p




Limiting cases and superposition of modes

2n+1 = p = n.+n, Varying the ellipticity

0
°
o
0

L0000

33
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Subsetp = 5: 3D representation in the vector space
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Four ‘fundamental’ modes

Table 1. The Four “Fundamental™ Modes

Shape Parity HG, . LG IG; .
i) T =g 0,0 0,0 0,0
a e ir = g 1,|:| D,]- 1:1
8 T = 0 0,1 0,1 1,1
& =0 1,1 0,2 e

1.1 2,2




Helical (Rotating) Ince-Gaussian beams

HIG,, ¢ = ]G160,6(§97792;‘9)+i1G100,6(§97792;g)

Real part of a HIG beam under propagation

Elliptical ring intensity patterns

Breakup of a single m vortex into a straight row of m unit vortices
Resulting orbital angular momentum
Analogies with Mathieu beams.

b=

36
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Helical Ince-Gaussian beams with a LCD

Even, odd and helical IGB 6,6,3

HIGB (8,8,2), (10,8,2), (12,8,2)

HIGB (12,12,0), (12,12,3), (12,12,6)

HIGB (4,4,2),atz=0,z=0.8,z= 1 m.

J. Bentley, J. Davis, M. A. Bandrés and J. C. Gutiérrez Vega, to be published in Opt. Lett. 2006
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Ince-Gaussian beams in quadratic index media (QIM)

Index of refraction: n(r) = no(l —a 7'2/2)

0
PWE in QIM: {Vf + 2ik o — k2a2r2] W (r) =0,

Solution in elliptic coordinates yields IG beams of the form:

. Cwo v ;. m ikr?
IG;,, (r,t) = o) C (i€, €) CF (m, €) exp {Qq (z)]
, , tan(az) ,
X exp |ikz —i(p+ 1) arctan — qwt
azr

1 sin(az) — iazg cos(az) _ _
where ¢(z) = — . : and using 1/qg = 1/R + i2/kw?
a cos(az) + iazg sin(az)

 tan(az) + a®zf cot(az)
B a(l — a?z%) |

1/2

w(z) = wp [1 + Bsin®(az)]
B =(1-a*zp)/a’zg.

J. C. Gutiérrez-Vega and M. A. Bandrés, “Ince-Gaussian beams in quadratic index medium,” J. Opt. Soc. Am. A, 22, 306-309, 2005
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Ince-Gaussian beams in quadratic index media (QIM)

The width size 1s a periodic function of the propagation distance
. 1/2
) = wp |1 + Bsin®*(az)] /

B=(1-a%2%)/a*z%.

wl

e

IG eigenmodes with constant width can be obtained by satisfying the input condition
wo = (2lak)l?

These IG eigenmodes constitute a complete set of solutions of the two-dimensional
Helmholtz equation in a quadratic-index medium and can be used to find the IG series
representation of the two-dimensional fractional Fourier transform.

Analogy with the time dependent quantum 2D harmonic oscillator
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Gouy shift of the Ince-Gaussian beams in QIM

Fig. 2. Longitudinal  phase-shift

retardation ¢@(z)
arctan[tan(az)/azg] as a function of the normalized propaga-

tion distance z/zp for several values of azp.

J. C. Gutiérrez-Vega and M. A. Bandrés, “Ince-Gaussian beams in quadratic index medium,” J. Opt. Soc. Am. A, 22, 306-309, 2005

40



41
References on Ince-Gaussian beams

Miguel A. Bandrés and J. C. Gutiérrez-Vega, “Ince-Gaussian beams,” Opt. Lett., 29, 144-146, 2004.

Miguel A. Bandrés and J. C. Gutiérrez-Vega, “Ince-Gaussian modes of the paraxial wave equation and
stable resonators,” J. Opt. Soc. Am. A, 21, 873-880, 2004

Ulrich T. Schwarz, Miguel A. Bandrés and J. C. Gutiérrez-Vega, “Observation of Ince-Gaussian modes
in stable resonators,” Opt. Lett., 29, 1870-1872, 15-Aug. 2004

Miguel A. Bandrés, “Elegant Ince—Gaussian beams,” Opt. Lett. 29, 1724-1726,.2004.
Miguel A. Bandrés, Ulrich T. Schwarz, and J. C. Gutiérrez-Vega, “Ince-Gaussian beams: the third family
of eigenmodes of stable laser resonators,” ‘Best in Optics 2004’ special issue of Opt. and Phot. News,

15, 36, Dec. 2004

J. C. Gutiérrez-Vega and Miguel A. Bandrés, “Ince-Gaussian beams in quadratic index medium,” J. Opt.
Soc. Am. A, 22, 306-309, 2005

Miguel A. Bandrés and J. C. Gutiérrez-Vega, “Ince—Gaussian series representation of the two—
dimensional fractional Fourier transform,” Opt. Lett., 30, 540-542, 2005.

Joel B. Bentley, Jeffrey A. Davis, Miguel A. Bandres and J. C. Gutiérrez-Vega, “Generation of helical
Ince-Gaussian beams with a liquid crystal display,” to be published in Opt. Lett. 2006.



42
Thanks to my Ince-collegues

~

Miguel A. andres Prof. Ulrich Schwarz
Tecnologico de Monterrey, México University of Regensburg, Germany
Refs. [1-8] Refs. [3,5]

Prof. Jeffrey Davis Joel Bentley
San Diego State University, USA San Diego State University, USA
Ref. [8] Ref. [8]



