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1. BASICS ON GAUSSIAN BEAMS

Fundamental Gaussian beams

Hermite-Gaussian beams

Laguerre-Gaussian beams

2. INCE-GAUSSIAN BEAMS

Paraxial wave equation in elliptic coordinates

Form of the Ince-Gaussian beams

Physical properties of the IG beams

Relation with the Hermite-Gauss and Laguerre-Gauss beams

Helical Ince-Gaussian beams

IG beams in quadratic index media

3. ELEGANT (Complex-Argument) INCE-GAUSSIAN BEAMS

Elegant Hermite-Gaussian and Laguerre-Gaussian beams

Elegant Ince-Gaussian beams

Adjoint operator and adjoint solution (biorthogonality)
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Introduction

Basics on Gaussian beams
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FundamentalFundamental GaussianGaussian BeamBeam

where

A fundamental solution of the PWE is the Gaussian Beam (GB)

and C is the normalization constant

where the slowly varying complex amplitud       satisfies the Paraxial wave
equation (PWE).

For a paraxial field traveling in positive z direction, we write
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AmplitudeAmplitude andand phasephase propapagationpropapagation ofof aa GaussianGaussian BeamBeam
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HighHigh--orderorder beamsbeams:: HermiteHermite--GaussianGaussian beamsbeams

HGBs satisfy important mathematical and physical properties

1) Complete families of exact and orthogonal solutions of the PWE

2) They are eigenmodes of stable resonators

3) Their transverse shapes do not change under propapation (structurally stable) 

High-order solutions of the PWE in Cartesian coordinates are given by the
Hermite-Gaussian beams
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HistoricalHistorical paperspapers byby KogelnikKogelnik andand LiLi

Kogelnik and Li, “Laser beams and resonators,”

Proc. IEEE, 54, 1312-29 (1966)

Appl. Opt. 5, 1550-1567 (1966)
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HighHigh--orderorder ModesModes:: LaguerreLaguerre--GaussianGaussian beamsbeams

High-order solutions of the PWE in circular cylindrical coordinates are given by 
the Laguerre-Gaussian beams

Even LG Odd LG Helical LG

where and

is the waist size

is the normalization constant
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ImportantImportant propertiesproperties ofof LGLG beamsbeams

[1] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P.Woerdman, Phys. Rev. A 45, 8185–8189 (1992).

LG beams satisfy important mathematical and physical properties

1) Complete family of exact and orthogonal solutions of the PWE

2) They are eigenmodes of stable resonators

3) Their transverse shapes do not change under propapation (structurally stable) 

Helical LG beams carry an Orbital Angular Momentum (OAM) of
per photon [1].

Vortex at r = 0 with a topological charge of l.

Applications in cylindrical-lens mode converters, optical tweezers, optical
trapping, etc.
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AnAn aplicattionaplicattion ofof thethe LGLG beamsbeams:: OpticalOptical trappingtrapping

[1] Kishan Dholakia, Gabriel Spalding and Michael MacDonald, Phys. World, 45, Oct. 2002.
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Ince-Gaussian beams
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DefinitionDefinition ofof thethe ellipticelliptic coordinatecoordinate systemsystem
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LimitsLimits ofof thethe ellipticelliptic coordinatecoordinate systemsystem (ECS)(ECS)
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When f = 0, then ECS becomes the circular cylindrical system. 
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ParaxialParaxial WaveWave EquationEquation inin ellipticelliptic coordinatescoordinates

We start from the PWE:

zz

zfy

zfx

sinsinh

coscosh

expressed in elliptic coordinates:

where we set the focal distance of the
coordinate system as: 0
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ParaxialParaxial WaveWave EquationEquation inin ellipticelliptic coordinatescoordinates

We seek SEPARABLE solutions of the form:

where

is the fundamental Gaussian beam.
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SeparationSeparation ofof thethe PWE in PWE in ellipticelliptic coordinatescoordinates:: InceInce equationsequations

Separation of the PWE in elliptic coordinates leads to the Ince equations
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Computing the Computing the InceInce PolynomialsPolynomials

Ince polynomials can be calculated using Fourier series and the standard theory on 
periodic differential equations.

The number of terms of the series is finite !!

Classical book:  F. M. Arscott, Periodic differential equations, (Pergamon Press, Oxford, 1964).

Even Odd



18

BehaviorBehavior ofof thethe InceInce PolynomialsPolynomials

Even Odd

,
1

3C 3,
4

pC ,
2

6S 3,
3

pS
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MathematicalMathematical formform ofof thethe IGIG beamsbeams

where

Even IGB

and are normalization constants

Even IGB
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TransverseTransverse structurestructure ofof thethe IGIG beamsbeams (z = 0)(z = 0)

Even IGB Odd IGB
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PhysicalPhysical meaningmeaning ofof thethe indicesindices pp andand mm

Even IGB Odd IGB

2
2

mp

Elliptic nodal lines

6m

Hyperbolic nodal lines

10p
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Needed parametersNeeded parameters

To fully describe the transverse distribution of High-order Gaussian beams at
the waist plane we need to give

the mode (2 indices): yx nn ,

the physical size:
0w

the parity:
)(

or

helicalor

oddeven

Hermite Laguerre Ince

ln,

0w

the wavenumber: k k
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MathematicalMathematical andand physicalphysical propertiesproperties ofof IGIG beamsbeams

Orthogonal complete family: 

Gouy shift: 

Bilineal propagator

As with Hermite and Laguerre Gaussian beams, it is easy to propagate an
Ince-Gaussian beam through an paraxial ABCD system:  

IG beams satisfy three important mathematical and physical properties

1) Complete family of exact and orthogonal solutions of the PWE

2) They are eigenmodes of stable resonators

3) Their transverse shapes do not change under propapation (structurally stable) 
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Fourier transform of the IG beamsFourier transform of the IG beams

2D-FT

IG beams at z = 0

The FT of the IG beams is shape invariant 
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IG beams are selfIG beams are self--fractional Fourier functionsfractional Fourier functions

where             and s all have dimensions of length and 

Defining the Fourier transform as [1,2] 

[1] D. Mendlovic and H. M. Ozaktas, JOSA A, 110, 1875 (1993).
[2] H. M. Ozaktas and D. Mendlovic, JOSA A, 110, 2522 (1993).

it is easy to see that the eigenvalue equation for the Fourier-transform 
operator in elliptical  coordinates is given by 

In a similar way the FrFT operator F satisfies the eigenvalue equation

M. A. Bandrés and J. C. Gutiérrez-Vega, “Ince–Gaussian series representation of the 

two–dimensional fractional Fourier transform,” Opt. Lett., 30, 540-542, 2005.
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Normalizing the IG beams … Normalizing the IG beams … not so easy!not so easy!

IG beams at z = 0

NORMALIZED   IG beams at z = 0
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IG beams are resonating modes of stable resonatorsIG beams are resonating modes of stable resonators

Eigenfunction of the self-
consistency equation in 
stable resonators

x

y

z
x

y

Passive intracavity field distribution inside the resonator
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ObservationObservation ofof InceInce--GaussianGaussian beamsbeams in a in a stablestable resonatorresonator

Diode pumped solid state laser.

Active medium: Nd:YVO4. 

Pump: 100-300 mW at 808 nm.

Output: 20 mW at 1064 nm.

LD:  = 808 nm pump laser diode; C: collimating lens; AP: anamorphic prism pair; F: 

focusing lens; Nd:YVO4 laser crystal; OC:  97% output coupler; NG: neutral glas filter;

RG: color glass filter; CCD camera.

U. T. Schwarz, M. A. Bandrés and J. C. Gutiérrez-Vega, “Observation of Ince-Gaussian modes in stable 

resonators,” Opt. Lett., 29, 1870-1872, (2004) 
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U. T. Schwarz, M. A. Bandrés and J. C. Gutiérrez-Vega, “Observation of Ince-Gaussian modes in stable 

resonators,” Opt. Lett., 29, 1870-1872, (2004) 
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Connecting the three BIG families…Connecting the three BIG families…

plnnn yx 2

TO BUILD UP AN INCE MODE WE MUST USE ONLY 

HERMITE OR LAGUERRE MODES WITH THE SAME GOUY SHIFT

AN INCE MODE ALWAYS TENDS TO A 

HERMITE OR LAGUERRE MODE WITH THE SAME GOUY SHIFT
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RelationRelation withwith HermiteHermite andand LaguerreLaguerre GaussianGaussian beamsbeams

Expansion in terms of Laguerre-Gaussian modes and vice versa: 

Overlap integral 



32

SubsetsSubsets withwith thatha samesame GouyGouy shiftshift:: ExampleExample p = 5p = 5

,

,

,

ppHLp

ppIHp

ppLIp

HTL

ITH

LTI

o

o

o

o

o

o

o

o

o

o

o

o

HG

HG

HG

IG

IG

IG

LG

LG

LG

IG

IG

IG

5,0

3,2

1,4

5,5

3,5

1,5

5,0

3,1

1,2

5,5

3,5

1,5

139.0643.0755.0

298.0700.0649.0

945.0310.0101.0

562.0748.0351.0

789.0358.0500.0

248.0558.0792.0

Each subset is composed by 

degenerated modes whose

Linear relations: 

plnnn yx 2
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LimitingLimiting casescases andand superpositionsuperposition ofof modesmodes

yx nnpln2 Varying the ellipticity 
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Subset p = 5:       3D Subset p = 5:       3D representationrepresentation inin thethe vectorvector spacespace

1,2LG 5,0HG

3,1LG 3,2HG

5,0LG 1,4HG



35

FourFour ‘fundamental’ modes‘fundamental’ modes
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Helical (Rotating) Helical (Rotating) InceInce--Gaussian beamsGaussian beams

;,,;,, 6,106,106,10 zIGizIGHIG oe

1. Elliptical ring intensity patterns

2. Breakup of a single m vortex into a straight row of m unit vortices

3. Resulting orbital angular momentum

4. Analogies with Mathieu beams.

Real part of a HIG beam under propagation
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HelicalHelical InceInce--GaussianGaussian beamsbeams withwith a LCD a LCD 

Even, odd and helical IGB 6,6,3

HIGB (8,8,2), (10,8,2), (12,8,2)

HIGB (12,12,0), (12,12,3), (12,12,6)

HIGB (4,4,2), at z = 0, z = 0.8, z = 1 m.

J. Bentley, J. Davis, M. A. Bandrés and J. C. Gutiérrez Vega, to be published in Opt. Lett. 2006

Even, odd and helical IGB 6,6,3
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InceInce--Gaussian beams in quadratic index media (QIM)Gaussian beams in quadratic index media (QIM)

J. C. Gutiérrez-Vega and M. A. Bandrés, “Ince-Gaussian beams in quadratic index medium,” J. Opt. Soc. Am. A, 22, 306-309, 2005

PWE in QIM:

Index of refraction:

Solution in elliptic coordinates yields IG beams of the form:

where and using
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InceInce--Gaussian beams in quadratic index media (QIM)Gaussian beams in quadratic index media (QIM)

J. C. Gutiérrez-Vega and M. A. Bandrés, “Ince-Gaussian beams in quadratic index medium,” J. Opt. Soc. Am. A, 22, 306-309, 2005

The width size is a periodic function of the propagation distance

Analogy with the time dependent quantum 2D harmonic oscillator

IG eigenmodes with constant width can be obtained by satisfying the input condition

These IG eigenmodes constitute a complete set of solutions of the two-dimensional 

Helmholtz equation in a quadratic-index medium and can be used to find the IG series 

representation of the two-dimensional fractional Fourier transform.
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GouyGouy shift of the shift of the InceInce--Gaussian beams in QIMGaussian beams in QIM

J. C. Gutiérrez-Vega and M. A. Bandrés, “Ince-Gaussian beams in quadratic index medium,” J. Opt. Soc. Am. A, 22, 306-309, 2005
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