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Concept of a nondiffracting beam (NDB)

Helmholtz equation:

Nondiffracting condition:

[V2 + k2] U(r)=0, where r=(x,y,z)

](x,y,z>0):](x,y,z=0)

Ulr)=U (x,y)explik.2).
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A little of history: Foundational papers 1987: Bessel beams

J. Durnin Vol, 4, No. 4/April 1987/J. Opt. Soc. Am. A 651

Exact solutions for nondiffracting beams. I. The scalar
theory

J. Durnin

The Institute of Optics, University of Rochester, Rochester, New York 14627

Received June 12, 1986; accepted November 24, 1986

We present exact, nonsingular solutions of the scalar-wave equation for beams that are nondiffracting. This means
that the intensity pattern in a transverse plane is unaltered by propagating in free space. These beams can have
extremely narrow intensity profiles with effective widths as small as several wavelengths and yet possess an infinite
depth of field. We further show (by using numerical simulations based on scalar diffraction theory) that physically
realizable finite-aperture approximations to the exaet solutions can also possess an extremely large depth of field.

PHYSICAL REVIEW
LETTERS

VoLUME 58 13 APRIIL 1987 NUMBER 15

Diffraction-Free Beams

J. Durnin and J, J. Miceli, Jr.
The Institute of Optics, University of Rochester, Rochester, New York 14627

and

J. H. Bherly®

DPepartment of Physics and Astronomy, University of Rochester, Rochester, New York 14627
{Received 20 October 1986}

Jt was recently predicted that nondiffracting beams, with beam spots as small as a few waveleagths,
can exist and propagate in free space. We report the first experimental investigation of these beams.

PACS numbers: 03.50.—2, 03.65.—w, 41.10.Hv, 42.10.Hc



NDBs can be easily constructed using plane waves

NDBs can be constructed by adding plane waves.

REQUIRED CONDITION: All constituent plane waves must to
have the same phase velocity v, along the propagation direction, i.e. all
plane waves must to have the same longitudinal wavenumber k_.

¥ ki = kX + KzZ
! o
k Ur)= Aexp(ik1 -1‘)+Aexp(ik2 1)
/kﬁ: Ikt 4 =2 A cos(k,x)explik_z)
z
Invariaflt field B V = ¢
e T k= ke ki " coso,



Plane wave expansion of the nondiffracting beams

Three-dimensional expansion

/ U(K)exp[i K - r] &°K

S?
J
5
4-74-
NN
=
&

U(z,y,z>0)

U(r,0,z>0)

exp (i1k,2) / A (@) exp ik (x cosp + ysinp)| d

— 7T
a

exp (z’kzz)/A(cp) exp [ik;r cos (¢ — 0)] de,

— 7T




An example of a nondiffracting field

:‘ nlﬂ

z=2m

Thanks to S. Chavez-Cerda and G. Ramirez



Apertured NDBs are restricted to a finite volume region

Geometrical
visualization of the
nondiffracting region

Interferring
2 plane waves:

z=05zZmax z=0.9 zZmax

z=0
Cosine fringes . @
cos(k,x)exp(ik.z) Y . 8

Numerical
propagation

Transverse distance x [mm]
(=]

0 0.5 1 15 25 3 35 0 05 1 15 2 25 3 35

2
Propagation distance z [m] Propagation distance z [m]



Apertured NDBs are restricted to a finite volume region

Geometrical
visualization of the
nondiffracting region

Bessel rings
J,(k r)explik_z)
Axial oscillations due to border waves
Numerical
propagation

R. Borghi, M. Santarsiero, and F. Gori, "Axial intensity of apertured Bessel beams ," J. Opt. Soc. Am. A 14, 23- (1997)



Numerical
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Geometrical propagation of a focused NDBs
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J. C. Gutiérrez-Vega, et al., J. Opt. 4,5, 273 (2003)
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Axial intensity of the focused NDB

The on-axis intensity of a focused NDB is a Lorentzian curve

2 2 2
Image ](Z):{D(O):| _ Po+ /1 .
, 5 ,
; pomnt 1, D(Z) p0+(Z_fL)
P .
: z
> U Valid for any NDB!!
U Lens Focal plane )
b) P
Iy wemmphee csc?0, |
I ““"““"7' ‘.4/ Lorentzian lineshape ’
1-2 . i 5\ 20 )
. / K _ o
z [ 2z z

Figure 3. The geometric prediction of the axial intensity of a
focused PIOF is given by a Lorentzian curve.

J. C. Gutiérrez-Vega, et al., J. Opt. 4,5, 273 (2003)
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There are four fundamental families of NDBs

Helmholtz equation [Vz +k 2] U (l') =0 is separable in 11 orthogonal systems

Four of them are cylindrical 1.e r=(r,, 2)

Cartesian coordinates Circular cylindrical coordinates
Plane waves Bessel beams

Elliptic cylindrical coordinates Parabolic cylindrical coordinates
Mathieu beams Parabolic beams




Bessel beams

13
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Bessel beams: Amplitude and phase distribution

Field distribution:
U(r) = J,(kr)exp (imf)exp (ik,2)

= exp (3kzz)] [(22”’” exp (z'map)} exp [ik;r cos (o — 0)] dy

A s
—T -~

Angular spectrum: A (p) o< exp (imp)

Intensity distribution
has azimuthal symmetry

Phase distribution
increases linearly along
the angular coordinate
from O to 2mm.




Adding plane waves to build up Bessel beams

Bessel beam J

AP =1

Bessel beam J,

A(@) = exp(img)

15



Bessel beams are vortex beams

Helical wavefronts of
a vortex beam for the
topological charge m =
land m=2

The point where the phase dislocation appears can be
identified by the nonzero value of the integral

%VCI) -dl = 2m™m

where the integration is performed along the closed line
surrounding the examined point.

’o:i'

Interference of the optical vortex m = 2 with the plane
wave results in a fork-like interference patterns

[1] Z. Bouchal, “Nondiffracting optical beams,” Czechoslovak J. Phys., 53, 537-624 (2003)
[2] L. Allen, S. M. Barnett and M. Padgett, “Optical Angular Momentum” IOP Publishing (2003) and references therein
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Simple experimental setup to produce NDBs: Durnin’s setup

Reglon of ——
1nvar1an$e _— ﬂ'iﬁx'ﬁﬁ.wﬂ 1
ﬁ*\ \\ ﬁ?‘ Outgoing wave
Annular slit | T VT %J_L W '.:"'., Wy i%
TS L
g(e) | 5\.4; W WL m* ! \ -“ﬁmx mx

Lens

=2z, 0o = arctan Po
z f L

. . J. Durnin, “Exact solutions for nondiffracting beams,” J. Opt. Soc. Am. A, 4, 651 (1987)



BBs can also be produced with holograms or axicons

) ()

A. Vasara, J. Turunen, and A. Friberg,
"Realization of general nondiffracting beams with
computer-generated holograms," J. Opt. Soc.
Am. A 6, 1748- (1989)

An axicon transforms a plane wave
into a converging conical wave

(b)

_jyselBe<
______ P\

[

Axicon Output Mirror
Plane Plane
(c)

Converging conical waves build
up the BB

Z. Jaroszewicz, A. Burvall, and A. T. Friberg,
“Axicon - the Most Important Optical Element”
Opt. Phot. News, 16, 34-39 (2005)
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BBs can be produced by superposing the even and odd componenté9

J (kr)explimp)=J (kr)cos(me)+it (kr)sin(me)

Even: Bessel-Cosine Odd: Bessel-Sine Bessel
J,,(k,p)cos(mo) J (k,p)sin(me) J (k,p)exp(imep)
Amplitude ||((((() %) ©
+1

N

Angular
expli m(p)

spectrum COS(m ¢)
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Constructing HOBBs with a Mach-Zehnder interferometer

J, (ktr)exp(im (p) =J, (ktr)cos(m go) +iJ (ktr)sin(m go)

g/(p)=cos(mp),  g,(p)=sin(mp)

Beam splitter Mirror
] -
Light
SOUrce

M - Waves
Retarder __, —— .
AD —— Annular Slit
4 ' Transmittance g2{(¢)

\ ,'r’(?_. ¥ 1 Plane

, Plane
v waves
RS
Mirror l i ]

Annular Slit Uy Beam
Transmittance g1 () splitter

C. Loépez-Mariscal, et al, “Production of high--order Bessel beams with a Mach--Zehnder interferometer,” Appl. Opt.
43, 5060-5063 (2004)
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Some results

J(kr)eoslp) J.(k r)sinp)

C. Lopez-Mariscal, et al, “Production of high--order Bessel beams with a Mach--Zehnder interferometer,” Appl. Opt. 43, 5060-5063 (2004)
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Creating rotating waves with Bessel beams

The interference of a HO-BB with spherical waves produces
Spiraling waves (there is a scaling factor due the spherical wave)

Experiment
Orderm=4
L2 =2cm
L3 =30cm

Z-scan of 4th-HOBB interferred with a spherical wave

HOBBs carry Orbital Angular Momentum.

[1] C. Lépez-Mariscal, et al, “Production of high--order Bessel beams with a Mach--Zehnder interferometer,” Appl. Opt. 43, 5063 (2004)
[2] K. Volke-Sepulveda et al. “Orbital angular momentum of a high order Bessel light beam,” J. Opt. B, 4, S82-S89 (2002).
[3] L. Allen, S. M. Barnett and M. Padgett, “Optical Angular Momentum” IOP Publishing (2003) and references therein
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Active method to generate BBs: Bessel-Gauss Resonator

An axicon transforms a plane wave
into a converging conical wave

(b)

~=h Besam
III

le— Q—>

Output Mirror

Axicon
Plane

Plane

(c)
Converging conical waves
build up the Bessel beam

Resonator with refractive and
reflective axicon

«—a—>

a a o
~ 2tanf, 26, 2n- l)a
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J2 BB

Wave optics analysis: Intracavity field distributions
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J. C. Gutiérrez-Vega, et al, JOSA A, 20,2113 (2003)



Experiment: CO2 Bessel-Gauss resonator

Gas Input Gas Output ZnSe window
Water
H Output ’_|
Qutput r i _ 1 o 1
mirror i r : i Reflective
[iess h"l:["'l'_'__l__ _T__ "]:l"" S48 Axicon
I | |
/ -"___I_ I I \__
| = = J
u HvV Water Hy U \
Cathode connection input connection Anode

M. Alvarez, et al, “Construction and characterization of CO2 laser
with an axicon based Bessel-Gauss resonator,” SPIE Vol. 5708-19, 323-331 (2005)
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Focusing the Bessel-Gauss beam

26




Mathieu beams
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Mathieu beams: Elliptic coordinates

(x,y) e (&)
x = fcoshécospy

y= fsinh&sing

7 —

For a given ellipse

f2 :a2 _b2
a coshg,

n€l0,2r)

VAN =1/2
n=2n/3 £=3 n=mn/3
n =3n/4 n =n/4
n=>5n/6 ‘ =2 ' n=mn/6
NSr 2
nN=man \\ ,, Tl:O i
AN
n="7n/6 l ézz ‘ n=11n/6
n = 5n/4 n = 7n/4
E=3
n =4n/3 n=35n/3
n=3n/2



Mathieu beams: Separation of the Helmholtz equation

62

2 +
fz(cosh%,—cosZn) ot> on’

Helmholtz equation in elliptic coordinates

2 2
g j+§2 —kz}U(r):O,
Z

. =

U(r)=R(E)OMZ(z)
. B

R"(&)-(o.—2gcosh28)R(E) =0,
®"(Mm) + (o —2¢gcos2n)O(n) =0,

Z"(z)—l— kZZZ(Z)Z 0,

. =

-

\_

a = eigenvalue

f2 2
=k
q 4

K=k 4k

~

)

U(r)=R(&q)O(M; q) exp(t ik, z).
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Mathieu beams: Mathieu functions

. . 2
Radial Mathieu {a’ — (a2 cosh 25)}3(@ ~0

equation | d&’
1st. kind 2nd kind Mathieu-Hankel
Je, (&;q) Ne, (E;q) Me,(nl)’m =Je tiNe, |«—Even
Jo,(&q) | | No,(&q) | | Mo"® =Jo +iNo, [«— Odd
S N, HP® =J, +iN, e
Angular ,
. 0 :
equation se,,(n;9)

30

J. C. Gutiérrez-Vega et al., “Mathieu functions, a visual approach,” Am. J. Phys. 71, 233 (2003)
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Visualization of Mathieu functions

Angular Mathieu functions Radial Mathieu functions

0.4
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Fig. 2. Graphical visualization of angular Mathieu Fig. 4. Plots of radial Mathieu functions with g=1
functions ce,,(n:q) and se,,;(7n:q) over the (7.q) (solid line), g =2 (dashed line), and g=3 (dotted line).
plane. The function cey(#:q) 1s never negative, al-

though oscillatory.

J. C. Gutiérrez-Vega et al., “Mathieu functions, a visual approach,” Am. J. Phys. 71, 233 (2003)



y in mm

yinmm
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Mathieu beams: Transverse intensity distribution

U,(v) = Je, (€,q9) ce, (n,q) explik.z), m
U (r)=Jo, (¢ q)se, (M,q) explik.z), m

{0,1,2,3...},
{1,2,3...}

g=2
2
1
0
-1
-2
2 A 0o 1 2

X inmm

q=25

2
1
0
-1
-2
2 4 0 1 2

Xinmm

Fundamental Mathieu beam

q=10

J. C. Gutiérrez-Vega, et al., Opt. Lett., 25, 1493-1495 (2000)
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Mathieu beams: Angular spectrum

T

Jem (€, q) cen (,q) / Cem (@) exp |ikyr cos (¢ — 0)] do

—Tr
T

Jon (&, q)se, (n,q) / se,, (@) exp [ikyrcos (¢ — 6)] do

—T

683(77935) J€3(§,35)C€3(77,35)

J. C. Gutiérrez-Vega, et al., Opt. Lett., 25, 1493-1495 (2000)



34
Experimental observation: Fundamental Mathieu beam

Theory Experiment

o

——— —

Using the classical
Durnin’s setup

Transmitancia

g(®)

Lente

((((((«(«((((((«Imi»l))))))))))))))»»

e —

b) Sm ¢) 10 m

\\\\\(\\\\\\\\)\W’.
W

W

™

J. C. Gutiérrez-Vega et al.,
Opt. Comm., 195, 35-40, 2001




Even Mathieu beam order 1: Je (&) ce,(m)

b) Slit distribution

ey

a) cey(0, 25)

0 pi/2 pi 3pil2  2pi

c) {MB, at the lens

y [mm]

LT
._\\\““""Hh,

Experiment
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Even Mathieu beam order 2: Je (&) ce,(n)

a) cey(¢, 29) b) Slit distribution

0 pif2 o] 3pif2 2pi -1 05 0 0.5 1
X [mm]

c) ¢MB, at the lens d) Spatial evolution, plane (x-2)

y [mm]
Ifikamani)
(L1
\\\“ "'U
Transverse distance x [mm]

0 1 2
Propagation distance z [m]
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Helical MB,_(E.n) = Je, () ce,(n) + 1 Jo,.(§) se(M)

a) Jeg(&) ceg(n) a) Jog(&) ses(n) a) Jeg ceg + i Jog S€5

d) Phase of a) e) Phase of b)




a) ceg(d , 9)

Ty
'°;?\/V\/v\/

-1.5

0 pif2 pi 3pif2 2pi
o/m

¢) MBs(n, ¢, 9)

Evolution MB_(&n) = Je, () ce,(m) + 1 Jo,(§) se,.(M)

b) seg(¢, 5)

ST,
7 \/\/ \/v |

0 pif2 pi 3pif2 2pi
o/m

d) Spatial evolution, plane y=0

Ia

RS

1
o]

Transverse distance x [mm]
o

1
Pa

0 1 2 3
Propagation distance z [m]
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Effect of changing the ellipticity parameter

m=6g=10 m==6g=18 m=6g=27

Intensity pattern

Phase pattern

| Irl| |rlI | n Abs of the angular
spectrum

/ U A Phase of the angular
' spectrum

L4 (4 P

!
N/
I/

{

argiAiil
—
T
T
T
—
—-:::f:—
——
T,
_ N

=

Bessel beam spectra of
| the corresponding MB

5"

14,12

.' II'.||!|'.
o 0

o 0 10 0 0 10 <o 0 10

S. Chavez-Cerda, et al, “Holographic generation and orbital angular momentum of high-order momentum”,
J. Opt. B: Quantum Semiclass. Opt. 4, S52—S57, Apr. 2002



Effect of changing the ellipticity parameter

Helical Mathieu beam: m="7

Intensity Phase

40



Vortices in Mathieu beams are along the interfocal line

Phase structure of an fifth-order MB
5 propagating invariant vortices are

aligned along the interfocal line.

Central phase structure of an 2nd-order MB

Fork-like patterns resulting from the interferogram with a plane wave

m=3; q=0 m=3; ¢q=3.5 m=3; q=10

il [

J. C. Gutiérrez-Vega et al., Opt. Lett., 26 (22), 1803-1805, 2001
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Holographic generation of Helical Mathieu beams

m=2 g=15 m=5%g="1

. =/ mm o= O 1 ! k.= 7.2 107 .1
Holographic setup 4 ; i
L )
I 2 o 0
L
0
! !
h + ! i
ally h 1 C
+2 I
f1 =60 cm f i S 4
2
f2=25cm

&0

0.4 mm

124

1 6]

2 -1 0 +1 +2
Intensity at focal plane of L1
Diffraction order are identified at bottom Chavez-Cerda et al, J. Opt. B: 4, 52, 2002
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ieu art: Gallery of nondiffracting patterns

q=> q=25 q=75
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[
xinmm Einmm

q=125

Two Maliveu beams: Order=0; q= 125
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0
xinmm

Two Maifieu beams; Crder = 2 q = 125

2inmwm
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Self-imaging patterns with Mathieu beams (Talbot effect)

In general, two collinear IOFs with different longitudinal o
propagation constant interfere to produce self-images Ly =
separated by a distance:

Interferring two
fundamental Mathieu
beams

Evolution along the
plane (y-z)

ktl — 2kr2

Transversal distance y in mm

0 0.5 1 1.5 2 2.5 3 35 4 45
Propagation distance z inm



Evolution of a focused Mathieu beam: (y,z) plane

Transverse distance y [mm]

0 0.25 0.5 z1 fL z2 1 1.25 1.5 2
Propagation distance z [m]
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Evolution of elliptical rotating waves produced by
superposing Mathieu beams and spherical waves

U(r) = [Jem(& a)cemlp, a) + iJom(€;a)sem(sp, a)] exp (ik,2) + mm ikfpﬁﬂﬁ)

(m,q)=(5,10), z=1+0 L,

N .\ .\

(m.q)=(5,10), 2= 1+0.1 L¢

-2 0o 2
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Mathieu beams in an axicon resonator

Disaligned cavity

10 prad 15 prad 20 prad 25 prad

RP; RP,
-~ Single round-trip ~——3 -.sq::
Lens : E
Double 20, =
axicon I (0]
________________ 1 o
I L
[ [
| F=R/2 :
< L >f: L >
© | and at the focal plane
C
15 urad 25 urad
— P

M. Alvarez, et al, “Construction and characterization of CO2 laser
with an axicon based Bessel-Gauss resonator,” SPIE Vol. 5708-19, 323-331 (2005)



Bessel beams as Hankel waves

Ulr,t) = Jp (k) £ N, (k) exp (imb) exp (ik,z — iwt)

g

Hﬁ)’m) (k,r) Hankel function

Plane wave Screen annular slit

z=0 Conic wavefronts

/

Bessel
Beam

Diffracted Hankel
Beam e ncir s il

[1] S. Chavez-Cerda et al., "Nondiffracting Beams: travelling, standing, rotating and spiral waves", Opt. Commun 123, 225 (1996).

[2] S. Chavez-Cerda, “A New Approach to Bessel Beams”, J. Mod Opt. 46, 923-930 (1999).

48

[3]J. C. Gutiérrez-Vega, “Formal analysis of the propagation of invariant optical fields with elliptical symmetry,” Ph.D. Thesis (2001)
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Mathieu beams as Mathieu-Hankel waves

U = |Jen(&q) £iNey (& q)] cem (1;q) exp i (k,z — wt)]

Up = [Jom (& q) £iNop (& q)] sen (115q) exp i (k.2 — wi)]
MH® (€, q)
y Incoming ) vioww
wave (y-2) - view

\

Y

Sink or source
region

(V-z) - view

(x-z) - view

Outgoing wave

(x-z) - view

[1]7J. C. Gutiérrez-Vega, “Formal analysis of the propagation of invariant optical fields with elliptical symmetry,” Ph.D. Thesis (2001)



An application of Mathieu beams in optical manipulation

In the LAMP seminars

Observation of

Orbital Angular Momentum Transfer to Particles

Trapped in a Mathieu Beam
by Carlos Lopez-Mariscal

Today at 14:30
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Mathieu modes: Analogy with mechanics

1) Probability distributions in elliptic quantum billiards
2) Vibrating modes in elliptic membranes

U, (r)=Je, (£,q)ce, (n,q9), m=101,23..},
U (r)=Jo, (&,q)se, (n,q), m=1{,2,3...}

even (0,1) even (0,2) even (0,3) even (1,1) odd {1,1) odd (1,2} odd (1,3) odd {2,1)
= E (E) @3

-\ = =/ e

even (1,2) even (1,3) even (2,1) even (2,2) odd {2,2) odd (2,3) odd (21) ld {3.2)
3 E ¢

even (3,1) even (3,2) even (4,1) even (5,1) odd {(4,1) odd (4,2) odd (51} otdd (8,1)

C. Gutiérrez-Vega, ef al., Am. J. Phys. 71 (3), 233-242, Mar. 2003
C.G

J.
J. utiérrez-Vega, et al., Rev. Mex. Fis., 47 (5), 480-488, Oct. 2001
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Summary of key points of the Mathieu beams

D

S 0N kW

MBs are characterized by an “ellipticity” parameter g and the order m.

MBs are transition beams between BBs (g = 0) and finite width cosine
beams (g tends to infinite).

The transverse intensity shape of MBs 1s composed by confocal ellipses.
MBs have a continuous gradient of phase around the interfocal line.
Contrary to HOBBs, the even and odd MBs are structurally different.

The angular spectrum is given directly by the Angular Mathieu
functions.

The m in-line vortices of a m-th order BB split into m vortices of a m-th
order MB along the interfocal line.

It is possible to construct rotating waves with elliptical trajectories.

Similar to BBs, MBs form a complete and orthogonal set of Invariant
Optical Fields, such that any IOF can be reconstructed by linearly
superposing MBs.



Parabolic beams
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Parabolic beams: Parabolic coordinates
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Parabolic beams: Separation of the Helmholtz equation

Taking  U(r)=R(E)OM)Z(z).

Helmholtz equation in parabolic coordinates separates into
R'(E)+ (kP& ~2k,a)R(£) =0,

©"(17)+ (ki'np” + 2k, a)®(17) = 0,
Z"(z)+ kzzZ(Z) =0.

2k,a = sep. cons

K=k +k

By the simple change of variables ErN2k, > v,

above equations become the canonical form of the Parabolic cylinder equation
P"(v)+ (v2 /4 — a)P(v) =0

PFs can be expressed in terms of a Taylor expansion about v = 0.

(e 0]

P(v9 a) — ch v_r:, Whel”e Cn+2 = acn — n(n B l)cn—2
n=0 n. 4

Miguel A. Bandres et al "Parabolic nondiffracting optical wavefields," Opt. Lett., 29, 44 (2004)



Parabolic cylinder functions

Even solution : Pe(v,a) Odd solution : Po(v,a)

00:1, Cl:O CO:O, 01:1

Pe(x,a); a=5

4000 T y y T T T y T T 2000
2000 1000
0 0
-2000 1000

4000 . \ \ . \ . \ . \ )
-2000

0 2 4 Bpe{xa1)93=112 416 1820 0 2 Fl 6 8 10 12 14 16 18 20
.a); Po(xa), a=1

5 T . . . T . 5

8
Poix.a). a=-1

«— Q — 4

-
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Parabolic beams: Angular spectrum

Ue(&,n,a) = C,Pe(&,a)Pel(n,—a) explik.z),
Uo(&,n,a) = C_Po(&,a)Po(n,—a) explik_z).

2
U(r) = explik.z) jA(@)exp[ikt (xcos® + ysin®)|dd,
0

A = Injtan—{ |,
e((o,a) 5 n‘sin q)‘ exp(za n|tan 5 j, | = n - l

(@)

1|—Ae, @e (— 72,0) , .
A =— : _
0((0,a) : { Ae, @¢c (0,72') :w wotr) A

l
ang(A) N _ )
\ m= m{ﬂ.] -2
n

n2

;) 0
¢
(b)

Miguel A. Bandres et al "Parabolic nondiffracting optical wavefields," Opt. Lett., 29, 44 (2004)
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Parabolic beams: Transverse intensity distributions

Ue(&,n,a) = C,Pe(&,a)Pel(n,—a) explik.z),
Uo(&,n,a) = C_Po(&,a)Po(n,—a) explik_z).

Genearated IOF LIB{ﬁ_n;U} [kt=10000] Generated IOF UD{?-TI'.ﬂ] [kt=10000]

Experimental

observatiom
using the AN P

Durnin’s setup

C. Lopez-Mariscal, “Observation of Parabolic nondiffracting wave fields,” Opt. Express, 13, 2364 (2005)
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Parabolic beams: Transverse intensity distributions

a) explik.z),
a) explik_z).

Ue(&,n,a) = CaPe(f, a)Pe(n,—
Uo(&,n,a) = CaP0(§, a)Po(n,—

Generated IOF IJD('-,_q;ﬂ [kt=10000] Generated 1OF L_ID{?.n',‘lj [ki=10000]

Effect of changing a:

Parameter a i1s a measure of
the concavity of parabolae



Parabolic beams: Transverse intensity distributions

Ue(&,n,a) = C,Pe(&,a)Pel(n,—a) explik.z),
Uo(&,n,a) = C_Po(&,a)Po(n,—a) explik_z).

» Odd

a=4

» Kven
a=4

3 mm

C. Lopez-Mariscal, “Observation of Parabolic nondiffracting wave fields,” Opt. Express, 13, 2364 (2005)
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Parabolic beams: Travelling solutions

Real part of TU




Vortices along the positive (or negative) x-axis:

Fork-like patterns resulting from the interferogram with a plane wave

a=?2

|

Phase evolution under
propagation of a traveling PB
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Experimental evidence: phase structure

vortices
Inline

TUT (n,&,a=9) + plane wave

C. Lopez-Mariscal, “Observation of Parabolic nondiffracting wave fields,” Opt. Express, 13, 2364 (2005)
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Energy flux in apertured Parabolic beams

z=1.15m z=1.35 m

(b)
Fig. 3. a) Photographic sequence of the propagation of a bounded traveling PB
TU—(n,&;a =4). (b) Computer simulated propagation.

C. Lopez-Mariscal, “Observation of Parabolic nondiffracting wave fields,” Opt. Express, 13, 2364 (2005)
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Summary of key points of the Parabolic beams

PBs are characterized by a “parabolicity” parameter a.
2. PBs have a continuous order a.

The transverse intensity shape of PBs i1s composed by confocal
parabolae.

4. PBs have a continuous gradient of phase around the positive (or
negative) x-axis.

The angular spectrum is given directly by a general algebraic expresion.

6. PBs exhibit an infinite number of vortices along the positive (or
negative) x-axis.

7. It 1s possible to construct travelling waves with parabolic trajectories.
Similar to BBs and MBs, PBs form a complete and orthogonal set of

Invariant Optical Fields, such that any IOF can be reconstructed by
linearly superposing PBs.
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Lecture 3

Scalar
Helmholtz-Gauss beams

= Ideal nondiffracting beams have an infinite extent and energy (they are not square
integrable), and thus they are not physically realizable.

= In view of this, some papers have been devoted to describing modified versions of
Bessel beams, which carry finite energy and may be said to be nearly nondiffracting
because they can propagate over a large range without significant divergence.
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Classical paper: Bessel-Gauss beams by Gori et al.

Volume 64, number 6

BESSEL-GAUSS BEAMS

F. GORI, G. GUATTARI

OPTICS COMMUNICATIONS

15 December 1987

Dipuritmeniv i Fisive, Universith Jf Koma “Lu Supienza”, F. {e A. Moro, 2, 00183 Roma, faly

di Roio, L' Aquila, ltaly

and
C. PADOVANIT

iparti dil it Efettrica, Universitd di L'Aquifa,
Rectived 13 August 1987

A new Lype of solution of the paraxial wave ion is

It as limiting cases both the diffraction-free

beam and the gaussian beam. The propagation features of this solution are discussed.

1. Introduction

Propagation of coherent or partially coherent light
in the form of beams is of obvious importance from
both the t} ical and the experi 1 point of
view. Although light beams of one form or another
are simple to produce in practice, the corresponding
analytical description is not that casy. This occurs
b the evaluation of the i Is involved in
the propagation formulas seldom leads to closed
expressions. As a celebrated example, we recall that
the deceptively simplest way of shaping a light pen-
cil, namely limiting a planc wave by a circular ap-
erture, prompied the introduction of a new family of
special functions, known as Lommel functions [1],
for its paraxial analysis. Nevertheless, a number of
types of light beams both useful and analytically sim-
ple are known today. They range from the ubiqui-
1ous gaussian beam of zero order [2,3], to more
sophisticated forms of both coherent [2-7] and par-
tially coherent [8-26] beams.

Recently, new types of coherent light beams, called
diffraction-free beams, have been studied [27,28].
They have the peculiar property of conserving the
same disturbance distribution {(apart from a phase
factor) across any plane orthogonal to the direction
of propagation, say the z-axis. An intuitive under-

standing of these beams can be gained by thinking of
them as a superposition of plane waves whose wave
wvectors lie on a cone around the z-axis. All these plane
waves have the same component of the wave vector
along the z-axis. Accordingly, they all suffer the same
phase change for any given pathlength along the z-
axis. The mutual phase relations among the various
plane waves do not change on propagation, so that
the overall interference pattern has one and the same
shape at any plane z For the simpl

beam of this type, which is circularly symmetric, the
transverse disturbance distribution has the form of
a Bessel function of the first kind and zero order,
Jo( ), where r denotes the distance from the z-axis
and § is the length of the component, orthogonal to
the z-axis, of any wave vector belonging to one of the
plane waves producing the beam. As well known, the
maxima of the oscillating function Jy(x) tend to de-
crease like 1/x* when x goes 1o infinity. Becanse of
this stow d law, it is impossible to realize ex-
perimentally a beam giving everywhere a good ap-
proximation to the ideal model. Note also that the
ideal beam should carry an infinite power because of
the divergence of the norm of J;(##). In a laboratory
test [27], an experimental beam was realized whose
disturbance in the plane 2=0 was of the form Jy(fr)
within a circular aperture and vanished elsewhere, It

0 030-4018/87/803.50 © Elsevier Science Publishers B.V. 491

(North-Holland Physics Publishing Division)

F. Gori, G. Guattari, and C. Padovani, “Bessel-Gauss
beams,” Opt. Commun. 64, 491495 (1987).

Field atz=10
V(r,0)=AJo(Br) exp[ — (r/wy)?]

Propagated field for z>=0

V(r, z) = (Awy/w(z))
Xexp{i[(k—p*/2k)z—D(2)]}
XJolBr/(1+iz/L)]exp{[ — 1/w?(z)
+ik/2R(z)] (r*+B2z2/k?)} (2.7)

where the parameter L is given by
L=kw}/2, (2.8)

and where the functions w(z), ®(z) and R(z) are as
follows

w(z)=wq [1+(2/L)?]"?, (2.9)
D(z)=arctan(z/L) , (2.10)
R(z)=z+L%/z. (2.11)



Scalar Helmholtz-Gauss beams

We call Helmholtz-Gauss (HzG) beam a general solution to the paraxial wave equation.

2 o2 d
— + — 4+ 2th— | ¥ (r) = 0.
(6‘;1?3 dy? E):) (r)
whose disturbance across the plane z = 0 is given by the product of a Gaussian factor
and the transverse shape of an arbitrary nondiffracting beam

r,?,,2

Us (x2) = exp (—) W (v k).

Wy

W(x,y; k,) satisties the two-dimensional Helmholtz equation

0* 0
(0:122 + 0 + Ii:f) Wi (ry; k) =0,

and can be expanded in terms of plane waves (angular spectrum)

W (rs; ky) = / A(p) exp |iki(z cosp + ysin )| de,

—T
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Analitical expression of Helmholtz-Gauss beams

The analytical expression of the HzG waves 1is given by the product of three factors:
« acomplex amplitude dependent on z only

e a Gaussian beam and

» acomplex scaled version of the transverse profile of the nondiffracting beam.

z-dependent function ~ Gaussian envelope

Ul(r) = ;Xp (-J;k—?i)\ GBl(r) W (f, Y. kt>

7 2k 1 PIR
HzG beam Nondiffracting Scaling complex
function factor
| exp (ikz e
where GB(r) = b (ik2) exp ( 2) '
i Hwy

n=pu(z)=1+1iz/zr, 2r = kws/2.

Julio C. Gutiérrez-Vega and Miguel A. Bandres, “Helmholtz-Gauss beams,” JOSA A, 22, 289 (2005)



Angular spectrum of Helmholtz-Gauss beams
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Two-dimensional Fourier transform
1
Uu,v;2) = > // Ul(z,y, z)exp (—izu — iyv) dedy,
T

Angular spectrum of the HzG waves

a2 2 gl
: Wa w w
.u(«u‘..1 v; 2:) = ] }(Z) exp (_%P?) W, (—Uu, ‘ (}?_;; ﬁ.‘g),

2t 2t
where R . 231/2 : w3 1 o 5 iy
p=(u"+vi)"=  D(z)= 5 CXP —EA:{_ wg | expl(ikz)-
Exact NDBs HzG beams
Ideal plane waves Tilted plane-wave-Gaussian beam

Real medium (#; = 0)

L
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Cosine-Gauss beams

W (I‘t; kt) — COS (]{;ty) Cosine-Gauss beam CG (x, Y, 2)

Z = 1.2Zpax

2.
y =

w °

2

2.

Spectrum : g ©
. HWg o\ 2 >
CB(u,v; z) = D(z) exp (—Tp ) cosh [2’)/ (’U/}{:t)] 2

(e)
Z = 0.6z, Z=1.2Zax
Fig. 2. (a)-(e) Transverse amplitude distribution of a Cosine—Gauss beam at
different z planes. (d)-(e) Propagation of the amplitude and phase profiles \ \
along the planes (y, z) and (x, z). (f)-(h) Amplitude and phase distribution of e — 4 % : 4
u/ky u/ky u/ky

the angular spectrum at different z planes. f2NDG eps. f) Q) (h)



Bessel-Gauss beams

RS k2 2 . A kyr o
BG,, (r) = exp ~i5r— GB(r) J, | — ] exp(imo).
R 10

BB, (u,v;z) = (—i)"D(z) exp (—

z=0 z=0 Bzmax FT=ImaX
g (I a8 i T 1
| | a8 (I | [
(a} Es || | [H 0.z | |
8 |- If 1 | |
£ 0. AR N B xi
- o | i | |
1 - z ol 4
2 a R o 2
(b)
(c)

whna whwo

Propagation of a Bessel-Gauss beam of order 1.

{a) Intensity profile at y=0 and at z=0, 0.5zmax and
Zmax.

{b) Transverse profile at z=0, 0.5zmax and zmax.

{c) Phase profile at the plane {x,y)

2y2
HWG o

7P ) I, (2'}/2p/!a':t) exp (imao) |

Intarsity profile

a [ 0.4 0.6 0.E 1 1.2 1.4 1.6 13 &
Zlarnes

Zizmas

Propagation of the amplitude and phase profiles along the
{x,2) plane in the range [0,2Zmax].
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Mathieu-Gauss beams

I"I'ﬂf(rt‘.; }‘f!.) = J(:-m, [‘E Q) CCm (Ua q) ' . ) +
Helical Mathleu-Gauss beam HMG-(E,n.z; g=16)
We(ry; ki) = Jon, (€,q) sem (1,q). Z = 0.6Zmay Z = 1.2Z max

2
y 1
= 0
Field 0
k2 ~ — 2
\IG:H ( ) = exXp (—Zi;) GB (I") -.]Um, (E* q) Cem (ﬁa Q) @ = V w V

r = fo(l+iz/zR) c:oshgcosﬁ

y = fo(1 +iz/2g)sinh € sin7, RN \ : 7RSS

Spectrum

02 -
M, (1,05 2) = D(2) exp (—“;0 ) Jew (€:0) con (oa),

21

u = — fo cosh & cos, 0 0 4 a1
'wg ' ) u/k u/ky u/ky
2i ~ (d) (e) (f)

[/ . .~
V= — SlIlll S111 7).
w& fo § / Fig. 5. (a)—(c) Transverse amplitude and phase distributions of
a seventh-order HMG beam at different z planes, (d)—({f) ampli-
tude and phase distributions of the angular spectrum as a func-

Complex Clllpth variables (&7”) ! tion of the normalized coordinates (u/k,, v/k,).
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Helical Mathieu-Gauss beams: experiment

wo = 0.9 mm

m

q

Z/ Zimax L

Carlos Lopez-Mariscal et al, “Observation of the experimental propagation properties of Helmholtz-Gauss beams,”
To be published in Opt. Eng. 2006



Parabolic-Gauss beams

WeE n; k) = ‘—\/_ (\/QTE a) ( 2km; —a)
(&: 711 \/* (\/2763 (1) (\/2_":‘7] —(1,)
Field
PG (r; )—(Xp< Azz) GB()H‘
k u 72|
P. (\/Qkf,/ﬂf; (L) P, (\/Qk,,/,m;; —a,)
Spectrum
PE(u,v;2) = D(z) exp ( a wOﬂ) |F\l/‘_
-

P, ( —'.ik:,ngg : a.) P, (1 [ —ikwdi; —u)
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Traveling Parabolic-Gauss beam TPG¥(¢,n,z; a=3)
z=0 Z = 0.6Zpa z=1.2Zmay

St \V/

-2 h '
2 - 0 1 22

gg

0
(d) (e)
Fig. 7. (a)—{c) Transverse amplitude and phase distributions of

a TPG beam with ¢ = 3 at different z planes, (d)-(f) amplitude
and phase distributions of the angular spectrum.
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Helical Parabolic-Gauss beams: experiment

b

Carlos Lopez-Mariscal et al, “Observation of the experimental propagation properties of Helmholtz-Gauss beams,’
To be published in Opt. Eng. 2006



Vector HzG beams

We introduce a general family of localized vector beam solutions of the Maxwell
equations in the paraxial regime.

The family of solutions is constructed starting from the scalar solutions of the 2D
Helmholtz equation, thus we refer to them as vector Helmholtz-Gauss (vHzG)
beams.

The transverse fields appear naturally as solutions of the vector paraxial wave
equation (VPWE) by applying the separation of variables method.

Under the appropriate limits, the vHzG beams reduce to the special cases of
= Scalar Helmholtz-Gauss beams [1,2,3]

= TE and TM Gaussian vector beams [4,5]

= Nondiffracting vector Bessel beams [6]

= Vector Bessel-Gauss beams [7]

* Propagating modes supported by waveguides and cavities with constant cross-
section [8].
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Vector Paraxial wave equation

Consider the free space propagation of a monochromatic electromagnetic beam
along the positive z axis of a coordinate system y — (ry, 2) where r; = (Xz + yy)
1s the transverse radius vector. The electric and magnetic fields are written
as

E = (E, +zE,)exp(ikz) and H = (H; + zH.) exp(ikz),

From the perturbative series expansion of Maxwell equations provided by
Lax et al, [PRA 11, 1365 (1975)] it is known that zeroth-order fields are purely
transverse and satisfy the vector paraxial wave equation

0 E
2 - tl _
[VtJrsz@Z] { t}O,

where V, = X0/0z + yJ/0y is the transverse nabla operator. Lax
expansion also showed that in next-order correction a small longitudinal field
component must be present and its value is obtained from the transverse

components through
E, ) E,
=-V,;- )
IR,

Additionally, to be consistent with Maxwell equations, the transverse fields
and the unit vector zZ are mutually perpendicular and satisfy

HL = (EO/MU)I/QE X EL.




Extracting the Gaussian envelope of the PWE

s o O (E
vPWE [vt i Qka] {H} o,

A rigorous analytical solution to the vPWE is obtained by writing

E,(r) = U(X,Y,() G(r), (5)

where (X,Y) = (z/(,y/() are scaled Cartesian coordinates,

((z) =1+41iz/zg, and

1 2
G(r) = ;exp (—g—wg) ©6)

1s the familiar Gaussian beam with waist size w,, and Rayleigh range

zp = kw3 /2. Inserting Eq. (5) into (2) produces the equation for U:
4¢? 90U
Reduced vPWE ViU = e =0 (7)

where Vr = X0/0X + yo/0Y  is the transverse nabla in the scaled
coordinates
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Applying the separation of variables method

Equation (7) admits the separation of variables U =¥ (X,Y) Z(()

upon which we find that )
Z(C) = exp (—iti2
=exp | —iges ) (8)

where k? is the separation constant and W (X,Y) satisfies the 2D vector
Helmholtz equation

V2 + k20 = 0. (9)

Now Eq. (9) admits the two independent vector solutions of the form [J. A.
Stratton, Electromagnetic theory (McGraw-Hill, New York, 1941)]

v = v, W(X,Y), (10a)
v = 7z x ol (10Db)

where M(X.Y) is a solution of the 2D scalar Helmholtz equation

V2W + k2W = 0. (11)
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Collecting the partial results

First class vector beam solution

E" = Z (¢) G(r)VsW,

W iZ(Q)G(r) (kg 2 )
EW — % W . VW o
H" = %Z (C)G(r) (Z X VW),

(1) _ €0 2’3 Z (g) G(I’) - | ﬂ
s \/;kwo q (& x V2 lV) W’

where MAX.Y) is a solution of the 2D scalar Helmholtz equation

VW + kW = 0.

M. A. Bandres and J. C. Gutiérrez-Vega, “Vector Helmholtz-Gauss and vector Laplace-Gauss beams,”
Opt. Lett., 30, 2155 (2005)



Collecting the partial results

Second class vector beam solution

E” = -7 (() G(r)(@ x Vi),

2i Z (0)G(r) r;
F(2) — VW) - -
? kw ¢ (2 x VW) wo
ng) S () G(r)V W,

Ho
H® — _ [€0 12 (C) G(r) (thW+ iVTW- ﬂ)
Ho G k kwy Wo

where MX.Y) is a solution of the 2D scalar Helmholtz equation

VaW + k2W = 0.



Vector distributions for some families

Mathieu-Gauss

The fundamental and orthogonal
families of eigenfunctions of the 2D
Helmholtz equation

Circular coordinates:
Vector Bessel-Gauss beams

W = J(ker) exp(L£imo)

Parabolic-Gauss

(b)

Elliptic coordinates [9]:

Vector Mathieu-Gauss beams

W = Je’m(&) Q)Cem (773 Q)

o <> AR
/h Q \\/\\

'i'f("ﬂf | u\ o w |k

Parabolic coordinates [10]:

Vector Parabolic-Gauss beams

W = Pe (u 2ky; a) Pe (’U\/Qk‘é; —a)

*\ I \j\) b”:U |
l\ Y) /,;\Q @ttf
e 7 “J/‘\ £
(d)
4 N ,
\C )
A g
B
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Special case: vector Bessel-Gauss beams

The first class vector beam solution

B = —Z(¢) G(r)(@ x VW),

2) _ 2i Z(¢)G(r) I
R ST wo

HY =,/ ;—“z Q) G(r) VW,
0

HE) = [2 2 C) (‘“fw 2w ”)
Ho C k kwg Wo

reduces to the Vector-beam solutions of Maxwell’s wave equation found by:

D. G. Hall, “Vector-beam solutions of Maxwell’s wave equation”, Opt. Lett. 21, 9 (1996).
S. R. Seshadri, “Electromagnetic Gaussian beam”, JOSA A, 15,2712 (1998)

when circular cylindrical coordinates are used and W = J,,,(k;r) exp(£ime)
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Special case: Vector TM and TE nondiffracting beams

When the Gaussian beam size becomes very large ( wo — o0 ) we have

™ : ik}
E"Y = exp(ik.z) | ViW — z—- :

H™ = [ exp(ik.2)(Z x V,W),
Ho

E™F = —exp(ik.2)(Z x VW),

TE €0 : ik}
H"™ =,/—exp(tk.z) | VIW —z2—
Ho k

These expressions reduce to the vector Bessel beams discussed by
7. Bouchal and M. Olivik, “Nondiffractive Bessel beams,” J. Mod. Opt. 42, 1555 (1995)
when circular cylindrical coordinates are used:

W = J,, (k) exp(+ima)



Laplace-Gauss beams

The case when k; = 0 13 important. From Eq. (7) we have Z = 1, thus the
function U = ¥ (X Y') depends only on the transverse coordinates (X Y ). From Eq.
(8) it is evident that ¥ satisfies now the 2D vector Laplace equation V2. & = 0, whose
solutions are also given by Eqs. (9) where W — T (X,Y) is now a solution of the
scalar Laplace equation V2W = 0. Setting k; = 0 in Eqgs. (11), the first-class vHzG

beams reduce to

E" = Gr)V W,

pO _ 2i G(r) (VTW- I_t) |

-

- k‘wg G Wo
HY = [22G(r) (z x VL),
Ho

I
=
—
|
|

2% G(r) . _ — T
e 2 Glx) (z x VIT) - —.
o kwy G Wo

where W(X,Y) is a solution of the 2D scalar Laplace equation

M. A. Bandres and J. C. Gutiérrez-Vega, “Vector Helmholtz-Gauss and vector Laplace-Gauss beams,”
Opt. Lett., 30, 2155 (2005)
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