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TwoTwo--component BECcomponent BEC
A mixture of AA mixture of A--atoms and Batoms and B--atoms:atoms:

AA--atoms and Batoms and B--atoms separately condense, with atoms separately condense, with 
separate order parameters (classically coupled). separate order parameters (classically coupled). 

Mean field theory.Mean field theory.

Similar is a mixture of one species of atoms with Similar is a mixture of one species of atoms with 
two spin states, the numbers of which are two spin states, the numbers of which are 
conserved respectively.conserved respectively.

| i = 1
NaNb

(a†)Na(b†)Nb |0i = | ia | ib

(ra1) · · · (raNa
) (rb1) · · · (rbNb

)



SpinSpin--1 condensate1 condensate

Similar is the spinSimilar is the spin--1/2 BEC (1/2 BEC (KuklovKuklov--SvistunovSvistunov))

Non meanNon mean--field state. field state. 

But the particles are all identical! Each particle can But the particles are all identical! Each particle can 

flip spins. flip spins. 

Practically very difficult to realize, as the energy Practically very difficult to realize, as the energy 

difference with the symmetry breaking meandifference with the symmetry breaking mean--fieldfield

state vanishes as state vanishes as 

| i [(a†0)
2 2a† 1a

†
1]
N/2|0i

N



2 species       2 spin states2 species       2 spin states

Each atom can flip the spin, but cannot Each atom can flip the spin, but cannot 

transit between the atom species.transit between the atom species.

and           (i=and           (i=a,ba,b) are not conserved.) are not conserved.Ni Ni



Only consider single particle Only consider single particle 

orbital ground state; ignore orbital ground state; ignore 

depletion.depletion.



Scattering channels Scattering channels 
IntraIntra--species:species:

Similar is the bSimilar is the b--species.species.
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a a
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Scattering channels (continued)Scattering channels (continued)
InterInter--species, without spinspecies, without spin--exchangeexchange

a a

a a a

a a

b b

b b

b b

a

b b



Scattering channels (continued)Scattering channels (continued)
InterInter--species, with spinspecies, with spin--exchangeexchange

a

aa

a

b

b

b

b



RequirementsRequirements

Energy conservation in each scattering Energy conservation in each scattering 

Conservation of total zConservation of total z--component spin in component spin in 

each scattering each scattering 



Experimental feasibilityExperimental feasibility

For given I and J, HyperfineFor given I and J, Hyperfine--Zeeman energy levels Zeeman energy levels 
depend only on    ,        , not on atom species.depend only on    ,        , not on atom species.

(Copied from Leggett RMP)(Copied from Leggett RMP)

mFF



MeritsMerits

InterestingInteresting spinfulspinful BEC can thus also be BEC can thus also be 

realized in magnetic traps.realized in magnetic traps.

Call for experiments on Call for experiments on multichannelmultichannel

scattering between different species of scattering between different species of 

atoms.atoms.

But what is the goodness?But what is the goodness?

It realizes, in the ground state, It realizes, in the ground state, 

entanglement between entanglement between BECsBECs..



Entanglement between Entanglement between BECsBECs

Like a pure twoLike a pure two--particle entangled state, particle entangled state, 

where each particle is not in any pure spin where each particle is not in any pure spin 

state, there is no simple BEC of either state, there is no simple BEC of either 

species; there is only a  global simple BEC. species; there is only a  global simple BEC. 

BEC occurs in an entangled interBEC occurs in an entangled inter--speciesspecies

pair state. pair state. 

[Y.S., Int. J. Mod. Phys. B  15, 3007 (20[Y.S., Int. J. Mod. Phys. B  15, 3007 (2001)]01)]



HamiltonianHamiltonian

H =
X

fi Ni +
1

2

X
0

K
(ii)

0Ni Ni 0+
X

0

K
(ab)

0 Na Nb 0+
Ke
2
(a†a b†b +a†a b†b )

K(ij)
1 2 3 4

(2 ~2 (ij)
1 2 3 4

/ ij)

Z
i 1
(r) j 2

(r) j 3
(r) i 4

(r)d3r

K(ii) K(ii)

K
(ii)
¯ 2K

(ii)
¯¯ = 2K

(ii)
¯ ¯

K
(ab)

0 K
(ab)

0 0

Ke 2K
(ab)

= 2K
(ab)

fi ²i K(ii)/2

²a ²a = ²b ²b



Spin representationSpin representation

The Hamiltonian becomes that of two big The Hamiltonian becomes that of two big 

spins                and spins                and 

Coefficients are functions of Coefficients are functions of KK’’ss..

Sa =
P

, 0 a† s 0a 0 , Sb =
P

, 0 b† s 0b 0

Sa = Na/2 Sb = Nb/2

H

Jz
=
Ke

Jz
(SaxSbx + SaySby) + SazSbz +BaSaz +BbSbz + CaS

2
az + CbS

2
bz +

E0
Jz



Conserved QuantitiesConserved Quantities

and        , hence           andand        , hence           and

TotalTotal

Ni = Ni +Ni

Na Sa SbNb

Sz = (Na Na +Nb Nb )/2



Isotropic point Isotropic point 

Ground states:Ground states:

Degenerate but unique for a given     .Degenerate but unique for a given     .

For                          : For                          : 

H = JzSa · Sb

Sz
Na = Nb = N

|GSz i = |Sa Sb, Szi = A(a
†)n (a†)n (a†b† a†b†)Nb |0i

|G0i = ( N + 1N !) 1(a†b† a†b†)N |0i

n = Na/2 Nb/2 + Sz, n = Na/2 Nb/2 Sz



Concept of quantum entanglementConcept of quantum entanglement

E.g.E.g.

The most important concept distinguishing The most important concept distinguishing 
quantum mechanics from classical theory.quantum mechanics from classical theory.

Can be quantified asCan be quantified as

thanks to quantum information theory.thanks to quantum information theory.

| i 6= | iA | iB

1
2 (| i| i | i| i)

S = log A, A = TrB | ih |,



Using entanglement to characterize Using entanglement to characterize 

the nonthe non--mean field nature mean field nature 

Consider its occupation entanglement Consider its occupation entanglement 

Method:  YS, Method:  YS, Phys.Rev.APhys.Rev.A 67, 024301 (03);67, 024301 (03);
J.Phys.AJ.Phys.A 37,6807 (04).37,6807 (04).

The subsystems are the single particle basis states The subsystems are the single particle basis states 
envolvedenvolved..

Entanglement entropy: von Neumann entropy of Entanglement entropy: von Neumann entropy of 
the reduced density matrix of a subsystem, which the reduced density matrix of a subsystem, which 
measures the entanglement with the rest of the measures the entanglement with the rest of the 
system.system.

N + 1

|G0i = ( N + 1) 1
PN
m=0( 1)N m|mia |N mia |N mib |mib



Using entanglement to characterize Using entanglement to characterize 

the nonthe non--mean field nature (continued) mean field nature (continued) 

For each single particle basis state, the For each single particle basis state, the 
occupation number  isoccupation number  is --valued, so the valued, so the 
base of the entanglement entropy is set to base of the entanglement entropy is set to 
be               .be               .

is an equal superposition of  quartis an equal superposition of  quart--
orthogonal  states, consequently the orthogonal  states, consequently the 
entanglement entropy for each single particle entanglement entropy for each single particle 
basis state is 1.basis state is 1.

|G0i = ( N + 1) 1
PN

m=0( 1)N m|mia |N mia |N mib |mib

N + 1

N + 1
|G0i



Entanglement between the two Entanglement between the two 

speciesspecies

The basis of A species is chosen to be The basis of A species is chosen to be 

The occupation [always (The occupation [always (m,Nm,N--mm)] is still )] is still 

N+1N+1--valued.valued.

Consequently the entanglement between Consequently the entanglement between 

the two species is 1. the two species is 1. 

(a , a )

|G0i = ( N + 1) 1
PN

m=0( 1)N m|mia |N mia |N mib |mib



Entanglement as a kind of pairingEntanglement as a kind of pairing

NoteNote

is thus a condensation of is thus a condensation of 

interspecies pairs in the same twointerspecies pairs in the same two--particleparticle

entangled stateentangled state

is the entangled order parameter.is the entangled order parameter.

(a†b† a†b†)Nb = [ 2
R
d3rad

3rb
†
a(ra)

†
b(rb) (ra, rb)]

Nb

a(r) =
P

a a (ra)| ia, b(r) =
P

b b (rb)| ib

|GSz i

(ra, rb)

(ra, rb)

(ra, rb)
1
2
[ a (ra)| ia b (rb)| ib a (ra)| ia b (rb)| ib]



Entangled pairing lowers the energyEntangled pairing lowers the energy

A simple example: A simple example: 

has lower energy thanhas lower energy than

h(ra) + h(rb) + U1(ra rb) + U2(ra rb)(| ih |+ | ih |)

U2 > 0

a(ra) b(rb)(| i| i | i| i)/ 2

a(ra) b(rb)| i|
0i



Detection of the entanglement (1)Detection of the entanglement (1)

(Of course) fluctuations of (Of course) fluctuations of 

Can be obtained from density fluctuation, Can be obtained from density fluctuation, 

which is selfwhich is self--averaging, and can be averaging, and can be 

studied in a single image studied in a single image 

Free expansion of the condensate does Free expansion of the condensate does 

not affect entanglementnot affect entanglement

Nip
hN2

a i hNa i2/hNa i 1/ 3

i (ri) = Ni | i (ri)|
2

p
h i (ri)2i h i (ri)i2/h i (ri)i =

p
hN 2

i i hNi i2/hNi i



Detection of the entanglement (2)Detection of the entanglement (2)

NonvanishingNonvanishing of the connected of the connected 

correlationscorrelations

C , = N(N + 2)/12, C ,¯ = N(N + 2)/12

g(ra, ; rb,
0)/h a (ra)ih b 0(rb)i = C , 0/hNa ihNb 0i

C , 0 hNa Nb 0i hNa ihNb 0i

g(ra, ; rb,
0) h a (ra) b 0(rb)i h a (ra)ih b 0(rb)i



Detection of entanglement (3)Detection of entanglement (3)

Measuring spin of an AMeasuring spin of an A--atom,atom,

Joint measurement of the spins of an AJoint measurement of the spins of an A--

atom and a Batom and a B--atom which leave the trapatom which leave the trap

P , 0 = hb† 0a† a b 0i/
P

a, b
hb†

b
a†

a
a

a
b

b
i.

b
i

P = ha† a i/
P

0ha
†
0a 0i



Detection of entanglement (3)Detection of entanglement (3)

(continued)(continued)

MeanMean--field (nonfield (non--entangled) state: entangled) state: 

( N1!N2!N3!N4!)
1a†
n̂

N1

a†
n̂

N2

b†
m̂

N3

b†
m̂

N4

|0i,

P
a, b

= P
a
P

b



Detection of entanglement (3)Detection of entanglement (3)

(continued)(continued)

NonNon--meanmean--field (entangled) BEC:field (entangled) BEC:

E.g., forE.g., for

P
a, b

6= P
a
P

b

|G0i, P a
= P

b
= 1/2,

P = P = (2N + 1)/6N ,

P = P = (N 1)/6N



Feedback effect on singleFeedback effect on single--particle orbitsparticle orbits

Interference term (proportional to      ) Interference term (proportional to      ) 

emerges.emerges.

ge

{ ~
2

2ma

2 + Ua (r) + [N(N 1)/3]g
(aa)

| a (r)|
2

+ [N(N 1)/6]g
(aa)

| a¯(r)|
2 + [N(N 1)/6]g

(ab)
| b (r)|

2

+ [N(2N + 1)/6]g
(ab)
¯ | b¯(r)|

2} a (r)
[N(N + 2)/12]ge b¯(r) b (r) a¯(r)

= a a (r)



How the entanglement survives How the entanglement survives 

the coupling anisotropy and the the coupling anisotropy and the 

nonvanishingnonvanishing ofof

Ba, Bb, Ca , Cb

H

Jz
=
Ke

Jz
(SaxSbx + SaySby) + SazSbz +BaSaz +BbSbz + CaS

2
az + CbS

2
bz +

E0
Jz

E0



Persistence of entanglement in a Persistence of entanglement in a 

wide parameter regime (1)wide parameter regime (1)

,,Coupling anisotropy Ke/Jz

Sz = 0

Ba = Bb = Ca = Cb = 0



Persistence of entanglement in a Persistence of entanglement in a 

wide parameter regime (2)wide parameter regime (2)
Coupling anisotropy Ke/Jz Ba = Bb = Ca = Cb = 0

Sa = 12000, Sb = 10000



Persistence of entanglement in a Persistence of entanglement in a 

wide parameter regime (3)wide parameter regime (3)

Sa = 12000, Sb = 10000, Sz = 1000, Ke/Jz = 1.2

Jz, CaJz and CbJz are of the same order of magnitude

Ca and Cb nonzero, Ba = Bb = 0, under typical values



Persistence of entanglement in a Persistence of entanglement in a 

wide parameter regime (4)wide parameter regime (4)

Typically choose Ca = 0.2 and Cb = 0.4



Therefore, in a wide parameter Therefore, in a wide parameter 

regime, the ground state is of regime, the ground state is of 

nonnon--meanmean--field.field.



Energy difference with the meanEnergy difference with the mean--

field statefield state

It is (of course) vanishing at the It is (of course) vanishing at the isotrpicisotrpic limit.limit.

But it is estimated that But it is estimated that 

Finite in thermodynamic limit!Finite in thermodynamic limit!

In this regime, as far as       is larger or not much In this regime, as far as       is larger or not much 

smaller than     , the entanglement is significantly smaller than     , the entanglement is significantly 

nonvanishingnonvanishing..

when |Ba Bb| is of the order of N , or Ca +Cb
is of the order of 1, the energy di erence with the
lowest mean-field (symmetry breaking) state is of
the order of N/V

Ke

Jz



SummarySummary

We proposed a nonWe proposed a non--meanmean--field ground state of BEC, field ground state of BEC, 

occuringoccuring in an interspecies twoin an interspecies two--particle entangled particle entangled 

stated.stated.

Hence the order parameter is entangled. Hence the order parameter is entangled. 

Interspecies entanglement persists in a wide Interspecies entanglement persists in a wide 

parameter regime.parameter regime.

In part of the regime, the energy difference with the In part of the regime, the energy difference with the 

meanmean--field state is field state is nonvanishingnonvanishing..

Call for study of interspecies Call for study of interspecies multichannelmultichannel scattering.scattering.



Thank you for your attention!Thank you for your attention!


