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cLasseAL RAY THEORY
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EQUATION OF MOTIOAN AAND PLANE
WAVE SoLUTIONS :
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IseTROPIC HOOKEL LAW

PLANE WAVE soLoTioNS :
CONSIDER WAVE TRAVELLING )N 2¢- DIRECTION
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W HAT 15 THE ENERGY FLux?

WE NEEY TO Fvald THE RATE OF woRiK/N 6
oF ONE sf oF A LANE L” x-axiS on
THE OTHER.
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S-wWAVE SimitAaReY
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Asymerone THEORY
1- DIMENSIONAL CASE

THE BASic 'EA OF THE ASYMPrONC OR RAY

THEORIES 1S THAT IN MEJA 1N WHICH THE
WAVE VELOLITIES AND DENSITY VAR Y Seouty
WAVES PROPAGATE /N MUICH THE SAME WAY

AS N HOMOGENEOVS ME DR,

CONSIDER A P-WAVE PROPAG ATING i THE

X-DIRECTION 1n A MEDIVM 10 WHICH DENSITY
AND P-IAVE SPEED ARE ALSo FuNCnons d€ s
WAVE EQUATON :
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SuBsNWTING, wWE FMD
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3-D THEORY — WORKS smMILARLY

(KARAL & KELLER ) T. Acoust. Soc. Am., 31, 694, /qs-;)
SEEK ASoLUNMON OF EQAS. OF MoTian ) FORM
w, = Uy (%o, e) e&w(f'ef"om*))
SubsAGll info equafion af motiom,
iindifg Gacking pudevs of @ (W),

DETAILS AKE coMmRBIcATED,

WE FIND THAT EITHER.
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THUS WE GET TWO KmDS OF SoLum ow
LORRESPONDING TO P-wAVES AND TO

S -WAVES



THYS, ¢+~ BoTHCASES WE OBTHm FOR
THE "TRAvEL TimE” O(x) A~ EQuaTioN

oF THE FoRM
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Mow CAN WE DETERMINE SUeH PATHS {



DI FFERENT lAnM‘r THE Ei1onAg, EON.
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ALTERRMWILY ,  WRITING

d - 1 &
ods = o de

e X, = < k&

THESE REPRESENT ME Momion oF A
YPARTIeLE " TRAVELemI& AT THE

LOCAL WAVE SPEED € , SUFFE Rin/G
DEFLEcnons FROM A STRAla T = L/NE
TRASECTURY TWE TO VELOCI!TY G RADIENTS
THAT ARE NOT || TO THE PATH



A GENERAL WAY OF PUDERSTANDMG

THE RAY EQuAMONS IS THROVLGH THE
CONCEPYT oF THE LOCAL Dcspazs:o_n_l_

RELATION BY WHICH WE SpacLc

JMEAN THE RELATION BETWEEN
EREQUENLY W (=21 /PERIOD)

AND WAVE-VECTOR R
(Iw] = Zvr/wme«.en&m) ‘

THE WAVE VECTOR FoR A WAVE

OF TME FORM .‘,(wt-'q"ﬁ))
ve

cAn) NE DERNED A
k, = °¢
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THE LOCAL DISPERSION RELATMOA] 15 THEN

GivEN By A FfuNcnon w(lk;, xa),,
so THE PHMASE P (X)) SANSFIES AN
EQuUATioN OF THE FORM

u)'-'-w(aj >x&)

Y
TuE METHOD OF CHARACTERISTIES ( ESSENTIALLY

THE METHOD GIvEN Aaove.) THEA LEATDS 7O
HAMILToN'S EQuAaTon
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HAMILTON'S EQUATIOAS l

GIVEN A LocAL DiSPERSI N REcAmion
= Wl R;,,Jb&)
THE RAY EQUATIONS ARE

x, = OW
ok,
ki = —9w
3ty |

c.j. Hmn.'mnfs EQAIS. FOR A
MECHANICAL SYSTEM :
GIVEN THE HAMILTONIAAN

H‘ Pt) $9)
THE EvOLumon OF TWE SYSTEM

IS GOVERNED B8Y

oPs Qo GENERALISED
o SH COORDINATES
Pe =~ = pe © ' Gentractsed

9. M oMes TR~ "



LET US VUSE THIS 'DEA TO RE-DERVE

THE RAY EQuATionlS,
THE LOCAL VisPERS1oN RELATION IS OF

THE SimPeE FORM

w = clz)|kl
FoR BoDY WAVES /N AN ISOTROPIC MEDIVM
(c 2ol or c:F)

e w= cx)(le kgl"
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LET US WRITE vown KAy EQUATIONS
FoR A~ ANISOTROPIC MEDWM.
WE HMAVE

(Cijgg U.n,g),j vt =0
= "".'k,j Y (-&k.,)u-n. +wtizo

e (cqu ke k; -w’-&:..)u.,,, =0
THUS THE (ocAL DISPERS1on) RELATION
'3 'D&e'( Ci,juk:.k' w‘&‘m) =0
THE DERIVATMIVES OW 3w canmn RE

&t akq
EOUND FROM S7ANDARD PER NWRAARTYON

THEORY (RAYCEIGR'S PemciPLE )
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Whare V: S @ ((OC@() wnck 2i§enve ctor
{ CORRESPONDIN & TO THE WAVE OF /N"EFI;S‘}‘)
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ANOTHER ELEGANT PROPERTY OF HAMILTON'S
EQUATIONS 1S THAT THEY CAN BE OROITEN

Pown W ANY C0oRMNATE S YSTEM

SUPPOSE THAT WE WAWT P 0 3-D
RAY TRACING N SPHERICAL CO-ORVINATES
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To MAKE CconTACT WITH CLASSICAL RRY
THEORY 18 THE SPweERiCaL EARTH geru:

NOW SIMPLIFY THESE FOR THE CASE €= ctv)
TAKE JOURCE AT O=0, R¢ceO

vf
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US Wk odTRIN THE cLASSICAL LAY
T™™MUS o '
INTEGRALS
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AMPLITUDES AND WAVEFORMS

BECAUSE RAY THEORY (FoR 80D WAVES)

i1s FREQUEACY - INDEPENDENT, 1T
PREDICTS THAT WAVES PROPAGATE
WITHOUT ANY CHANGE TO THE wAVEFORM

(VST AS 1N & MOMOGENEOUS MEDIVM)

THE ASYMPTONIC THEORY CAN BE VSED
70 DERIVE WAVE Am PuTvdEs [ By

JNVESIGATING THE TERMS of W)
THE DERIVATION & NOT RBE GvEN HERE

(SEE LITERATURE) ThHE RESULT s

THAT ENERGY FLux i A RAY TUBE
IS CONSTANT

RECALLIN G THAT
ENERGYFLUX of polUY (For Puaves)
THIS MEANS THAT RAY AMPLITUDES VARY

INVERSELY A'S ﬁ? And ALso as 1 /VA

WHERE A is Hhs CRO53-SECTIONAL AREA
o THE RAY TUBE.
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EE&MAT 'S PRINCIPLE

TRIVEL TIME (S STATIONARY wWitH RESPECT
To PERTURBANIONS of THE PATH

THE NON-RAY T




APRICATION N TDMOGRANY

RAY 1N SPHERICALQ)

VELOCTY ANOMAL IES

J) os GANTINES
ST - \I\ 8(9 + OF 2ND )
UNPERRURBED ORDER .
RAY

NOTE THMAT o 1S NOT TRUE

THAT TME PERWRDATION 0F THE RAY
PATH IS 2nD ORDER,



ATTENUANON AND PrYsicAs |

DISPERSION oF SEISMIC WAVES
( REcALL DR. YANoVsKAYA's LEcCWRES éNoru)

Stress € a Jtraae
KRREEP Funenon
S
¢ Stvasn Stress  RELAYATI oV
FoneTt oN
¥ (t)
é

FoR ASAUSOIDAL SHEAR DS TVRBANICE
w < eréwf

TLE) = /u.m)s.(e)
WHERE /.p(w) s con;PLEX AND
EREQVENCY DEPENDENT

rs::alkm‘l FOR comPRESSI oA/
T (k) -xw)ece)_‘

WRTNG L) = l'r'J Jit)e

-u.)b L

T 1S EASY TO SEE THAT
plw)= i.a)';(w)
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IT IS coNVENTIONIAL TV DEFINE

QI"" (W) = e &lﬂ) SS |
Im/u.lﬂ)

BUuT OXTEN MOURE conN VEAIENT T UsE

(w) = !
e th) <<l

Weitin _
3 "L - -ﬁ - S; -t sz
Us ~ Vaiw)

- @) (1~ £9)

ThYUS TME EXPRESSIoN FOR A PLAIVE
WAVE TRAVELCLING 1N THE x - DiRFcTION

1S OF THE FolRM

i (b=-x/vs)
W -~ UQ e

o 3 > -3
u° WX Iy euulf x3,)

with $5 = ec($)
DECAY /N ONE WAVELEN GTH
onp{-w IT 1,5} = exp(-Tq,.)

w3,
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AMPLITVBE DECAY FoR S-wavE

P

O,A S AtSO SomMENMES DEASTED BY
gﬁ (= Q FoR S-wAVES)

PER cYceE

Col LESPON NG LY
AMPLTUDE DEcAy FoR P-uAVE
= e /0% peq evere

whire o e-2Re (Ve

Ton (V)
0% cOVRSE WE HAVE
Up = K ; q{; S

K:(RA K)(l-;i.qm) ebe.
So IT IS EASY TO FinND EXPRESSIoNsS FOR
Qu N TERMS OF Qk , Gu. (N PARTICVLAR

T gk =0 (usvAuy A FAIk Assumprio)
WE OBTAIN
\?" = 3 @“

"'r
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WiTHiAl RAY THEORY Twis LEADS

T AN ABDIMON AL AMPLITUDE DECAY

R

v e Gwn
@& .,K
-‘\U“‘M
T W YN

€e x e cee R @

= v -10fq,. at]
e B it

whoe EF (&-—sm&) 1S DEFIwED BY

[l:“ < [ “"]

RAYy

[NotE STRONG DAMPING DF HiGH
FREQUENCY we:s__(



PuMSIcAL DisPERSI10M
wE sqw THAT
}uw) s W q;lw)
WHERE J (W) = F.T. oF RECAXATION Funciten
PLlE)
WAVE vEcouTy ( ﬁ; ) IS RECATED TO

Q.Qu.) AND DAMPING To Tm ().
BUT SINCE (W) 15 THE TRANSFORM OF

A SINGLE REAL (CAVSAL) Eunerion
ﬂc(g) AND T (LARE Rz-‘w;rp

EG. ToR Thé STANDARD LINZAR SOLiD
(SEE "wAvE PRoPAGATION ! NoTES ERom DR, Wevsnnm)

T4 T, T :/4,(54-71.5)
2 ) = Mo 14i0Tg)

1+ (0T,

This cam be wied Eo had both g, 4. t0)
AndD Uy (w) = R /A.‘_as_u)




ABRsoRPnon
BaAD

THUS Vg INCREASEBS THROUGH THE

ABsoRPTION BAND. FoR MANY ARSORPTIN

BANDS U 1McREASES THROUGHIUT THE
RANGE OF ConsSTRNT

vaST q'f"' *

&
%:_}'//—-—-
.
(79

Y
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QUANTIMVELY 7 cAN BE sSHowN THAT
APPROYIMATELY , ANTD Wi THE BAND OF consgwr

THESE LEAD TO A RELATIONSHIP BETWEEN
THE DELAY OF AWAVE OF GvEN FREQuENCY

AnND 1T's DECAY -
THE PHENOMENON 1S KNOWAN AS
PrysicAL DISPERSION

[ see L, ANDERSON, KanAmoRI , GT. 1976
Aasd REEERENCES CITED mewm]



WE CAN ALSo WRITE FOoR THE comPLEX
VeLoty

v (W) vVo("‘;l“"i "'-L“Ir)

WHERE U, 15 THE (REaL) verouTy
AT REFEAENCE Fnéauialcy Wo

CONSEQUENTLY THE EFfECT ON THE
SIGNAL 15 REPRESENTED By

R reassoqn

erpi-iwt (1 -2 in 2)]

THIS REPRESENTS (APPROXIMATEL Y,
ANY ASSUMIANG THAT ThE EnTMIRE
SIGNAL IS WITH N THE (ONSTANT Qe
BAND )  THE TotAL ArricT of
ATIENVATION on THE UG NAL



