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How can we calculate the orbital
magnetization in periodic solids

?
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Why is this important?

!H = !B − 4π !M

!M = !Mspin + !Morbital

No theory for
periodic solids!

Interesting in and of itself
Spintronics
Magnetic semiconductors
Anom. Hall effect



Vocabulary (one band in 2D)
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Berry connection
Aα(!k) = i〈u"k

|∂/∂kα|u"k
〉

Berry curvature

Ω(!k) = ∇ ×
!A

Electric polarization

Chern number

Anomalous Hall
conductivity

C =
1

2π

∫
BZ

Ω("k) d
2
k =

1

2π

∮
BZ

"A("k) · d"k

Pα =
q

(2π)2

∫
BZ

Aα("k) d2k

σxy =
q
2

(2π)2!

∫
Ω(#k)f(E!k

− µ) d
2
k



Terms & conditions
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one-particle H, broken TR
B=0, or commensurate

ferromagnetic insulator
zero Chern numbers

spinless electrons
two dimensional
isolated occupied band

tight-binding model

1-particle states
labeled by k

Wannier
representable

for simplicity
of presentation

for tests



thermodynamic limit

Theory

6

Polarization Magnetization

finite samples

= −e

∑
i

〈wi|!r|wi〉

!d = −e

∑
i

〈ψi|!r|ψi〉

eigenstates

loc. mol. orb.
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Theory
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Polarization Magnetization

finite samples

= −e

∑
i

〈wi|!r|wi〉

!d = −e

∑
i

〈ψi|!r|ψi〉

bulk Wannier
functions |R>

!P =

!d

A
= −

e

A0

〈
!0|!r|

!0〉



thermodynamic limit

Theory
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Polarization Magnetization

finite samples

= −e

∑
i

〈wi|!r|wi〉

!d = −e

∑
i

〈ψi|!r|ψi〉

= −

e

2c

∑
i

〈wi|!r × !v|wi〉

!m = −

e

2c

∑
i

〈ψi|!r × !v|ψi〉

circulation
operator

!P =

!d

A
= −

e

A0

〈
!0|!r|

!0〉
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Polarization Magnetization

finite samples

= −e

∑
i

〈wi|!r|wi〉

!d = −e

∑
i

〈ψi|!r|ψi〉

= −

e

2c

∑
i

〈wi|!r × !v|wi〉

!m = −

e

2c

∑
i

〈ψi|!r × !v|ψi〉

!MLC =
!m

A
= −

e

2cA0

〈
!0|!r × !v|

!0〉!P =

!d

A
= −

e

A0

〈
!0|!r|

!0〉



Theory
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Polarization Magnetization

= −

e

2c

∑
i

〈wi|!r × !v|wi〉

!m = −

e

2c

∑
i

〈ψi|!r × !v|ψi〉

!MLC =
!m

A
= −

e

2cA0

〈
!0|!r × !v|

!0〉

compare in a simple 
tight-binding model



A simple tight-binding model

7

E = −∆

E = +∆

t2e
iϕ

t1



A simple tight-binding model
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t1



Compare - Numerical results
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Something has gone wrong!
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= −

e

2c

∑
i

〈wi|!r × !v|wi〉

!m = −

e

2c

∑
i

〈ψi|!r × !v|ψi〉

!MLC =
!m

A
= −

e

2cA0

〈
!0|!r × !v|

!0〉

compare in a simple 
tight-binding model



Something has gone wrong!
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CERC/ERATO-SSS Workshop, Maui, Hawaii, June 2005

What is missing?

r
r

= +

!ws" !ws" !ws"

Local Circulation

(LC)
Itinerant Circulation

(IC)

#v"

CERC/ERATO-SSS Workshop, Maui, Hawaii, June 2005

What is missing?

r
r

= +

!ws" !ws" !ws"

Local Circulation

(LC)
Itinerant Circulation

(IC)

#v"

CERC/ERATO-SSS Workshop, Maui, Hawaii, June 2005

What is missing?

r
r

= +

!ws" !ws" !ws"

Local Circulation

(LC)
Itinerant Circulation

(IC)

#v"

= +

〈ws|!r × !v|ws〉 +r̄ × 〈ws|!v|ws〉= 〈ws|(!r − r̄) × !v|ws〉

(LC) local
circulation

(IC) itinerant
circulation



Itinerant circulation
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CERC/ERATO-SSS Workshop, Maui, Hawaii, June 2005

What is missing?

r
r

= +

!ws" !ws" !ws"

Local Circulation

(LC)
Itinerant Circulation

(IC)

#v"

r̄ × 〈ws|!v|ws〉

(IC) itinerant
circulation

bulk WF:  bulk band 
carries no net current

so <v>=0
so r x <v>=0

but what about
surface WF?



Itinerant circulation
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−e〈wi|!v|wi〉WF currents



Itinerant circulation
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Itinerant
circulation
does exist 

MIC !

−e〈wi|!v|wi〉WF currents
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How can we calculate the
orbital magnetization

in periodic solids

?



Final result
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!MLC = −

e

2A0c
〈
!0|!r × !v|

!0〉

!MIC = −

e

2A0c!

∑
!R

Im

[
Rxy!R,!0

H!0, !R
− Ryx!R,!0

H!0, !R

]



Final result
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!MIC = −

e

2!c

∫
d

2
k

(2π)2
E!k

Ω!k

!MLC =
e

2!c
Im

∫
d2k

(2π)2
〈∂!k

u!k
| × H!k

|∂!k
u!k

〉



Final result
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!M =
e

2!c
Im

∫
d

2
k

(2π)2
〈∂!k

u!k
| × (H!k

+ E!k
)|∂!k

u!k
〉



Invariant under H ! H+!E

Gauge invariant

Easy to discretize and implement

Consistent with Xiao et al.
PRL 95, 137204 (2005)

Final result
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!M =
e

2!c
Im

∫
d

2
k

(2π)2
〈∂!k

u!k
| × (H!k

+ E!k
)|∂!k

u!k
〉

|u!k
〉 → e

iφ(!k)
|u!k

〉



Perfect agreement!
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Extensions
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!M =
e

2!c
Im

∑
n

∫
BZ

d3k

(2π)3
f(E

n,!k
− µ)

〈∂!k
u

n,!k
| × (H!k

+ E
n,!k

− 2µ)|∂!k
u

n,!k
〉
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!M =
e

2!c
Im

∑
n

∫
BZ

d3k

(2π)3
f(E

n,!k
− µ)

〈∂!k
u

n,!k
| × (H!k

+ E
n,!k

− 2µ)|∂!k
u

n,!k
〉

three dimensions
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!M =
e

2!c
Im

∑
n

∫
BZ

d3k

(2π)3
f(E

n,!k
− µ)

〈∂!k
u

n,!k
| × (H!k

+ E
n,!k

− 2µ)|∂!k
u

n,!k
〉

three dimensions

multi-band
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!M =
e

2!c
Im

∑
n

∫
BZ

d3k

(2π)3
f(E

n,!k
− µ)

〈∂!k
u

n,!k
| × (H!k

+ E
n,!k

− 2µ)|∂!k
u

n,!k
〉

three dimensions metals ?

Non-zero Chern No. ?multi-band
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Orbital Magnetization in Periodic Insulators

T. Thonhauser,1 Davide Ceresoli,2 David Vanderbilt,1 and R. Resta3

1Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey 08854, USA
2International School for Advanced Studies (SISSA/ISAS) and INFM-DEMOCRITOS, via Beirut 4, 34014, Trieste, Italy

3Dipartimento di Fisica Teorica Università di Trieste and INFM-DEMOCRITOS, strada Costiera 11, 34014, Trieste, Italy
(Received 20 May 2005; published 22 September 2005)

Working in the Wannier representation, we derive an expression for the orbital magnetization of a
periodic insulator. The magnetization is shown to be comprised of two contributions, an obvious one
associated with the internal circulation of bulklike Wannier functions in the interior, and an unexpected
one arising from net currents carried by Wannier functions near the surface. Each contribution can be
expressed as a bulk property in terms of Bloch functions in a gauge-invariant way. Our expression is
verified by comparing numerical tight-binding calculations for finite and periodic samples.

DOI: 10.1103/PhysRevLett.95.137205 PACS numbers: 75.10.Lp, 73.20.At, 73.43. f
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O rbitalm agnetization in crystalline solids:

M ulti-band insulators,C hern insulators,and m etals

Davide Ceresoli,1 T.Thonhauser,2 David Vanderbilt,2 and R.Resta3

1
InternationalSchoolfor Advanced Studies (SISSA/ISAS) and DEM O CRITO S,via Beirut2-4,34014 Trieste,Italy

2
Departm ent ofPhysics and Astronom y,Rutgers University,Piscataway,New Jersey 08854,USA

3
Dipartim ento diFisica Teorica Universit̀a diTrieste and DEM O CRITO S,strada Costiera 11,34014 Trieste,Italy

W e derive a m ulti-band form ulation ofthe orbitalm agnetization in a norm alperiodic insulator

(i.e.,onein which theChern invariant,orin 2d theChern num ber,vanishes).Followingtheapproach

used recently to develop thesingle-band form alism [T.Thonhauser,D .Ceresoli,D .Vanderbilt,and

R.Resta,Phys.Rev.Lett.95,137205 (2005)],wework in theW annierrepresentation and find that

the m agnetization is com prised oftwo contributions,an obvious one associated with the internal

circulation ofbulk-like W annier functions in the interior and an unexpected one arising from net

currents carried by W annier functions near the surface. Unlike the single-band case,where each

ofthese contributionsisseparately gauge-invariant,in the m ulti-band form ulation only the sum of

both term sisgauge-invariant. O urfinalexpression forthe orbitalm agnetization can be rewritten

ff

ffi

ffi

σ σ

σ σ

PRL 95, 137205

(2005)

PRB 74, 024408

(2006)
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Summary
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Solved long-standing problem and 
developed a theory of orbital magnetization

Orbital magnetization is a bulk property

Sum of two distinct contributions

Suitable for calculations using standard 
band-structure codes

Closely related to NMR
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