Lecture 3. First notions and facts of non-abelian homological algebra.

The preliminaries are dedicated to kernels of arrows of arbitrary categories with initial
objects. They are complemented by Appendix. In the treatment of non-abelian homo-
logical algebra, we adopt here an intermediate level of generality — right exact (instead of
fibred and cofibred) categories, which turns the main body of this text into an exercise on
satellites along the lines of [Gr], in which abelian categories are replaced by right (or left)
exact categories with initial (resp. final) objects. Finally, an analysis of obtained facts,
which leads to the notions of stable category of a left exact category and to the notions
of quasi-suspended and quasi-triangulated categories, is influenced by the philosophy of
[KeV] and [Kel].

1. Preliminaries: kernels and cokernels of morphisms. Let C'x be a category

with an initial object, x. For a morphism M I, N we define the kernel of f as the upper
horizontal arrow in a cartesian square

Ker(f) —>E(f)
f’l cart l f
x — N

when the latter exists.
Cokernels of morphisms are defined dually, via a cocartesian square

c(f)

N —— Cok(f)
f T cocart T I’
M — oy

where y is a final object of Cx.

If Cx is a pointed category (i.e. its initial objects are final), then the notion of the

f

e(f) ;
kernel is equivalent to the usual one: the diagram Ker(f) —— M

0

N is exact.

f
; (f)
Dually, the cokernel of f makes the diagram M N =, Cok(f) exact.

0

1.1. Lemma. Let Cx be a category with an initial object x.

(a) Let a morphism M LN of Cx have a kernel. The canonical morphism

e(f) .
Ker(f) —— M is a monomorphism, if the unique arrow x Ny N is a monomorphism.

(b) If M S Nisa monomorphism, then x MM s the kernel of f.
Proof. The pull-backs of monomorphisms are monomorphisms. m

1.2. Corollary. Let Cx be a category with an initial object x. The following condi-
tions are equivalent:



¢(f)
(a) If M L, N has a kernel, then the canonical arrow Ker(f) —— M is a

monomorphism.

(b) The unique arrow x MM s a monomorphism for any M € ObCx.

Proof. (a) = (b), because, by 1.1(b), the unique morphism x M, M s the kernel of
the identical morphism M — M. The implication (b) = (a) follows from 1.1(a). m

1.3. Note. The converse assertion is not true in general: a morphism might have
a trivial kernel without being a monomorphism. It is easy to produce an example in the
category of pointed sets.

1.4. Examples.

1.4.1. Kernels of morphisms of unital k-algebras. Let C'x be the category Algx
of associative unital k-algebras. The category C'x has an initial object — the k-algebra k.
For any k-algebra morphism A . B , we have a commutative square

A —— B

e(e) |
ko K(p) SR

where K () denote the kernel of the morphism ¢ in the category of non-unital k-algebras
and the morphism £(y) is determined by the inclusion K(¢) — A and the k-algebra
structure K — A. This square is cartesian. In fact, if

is a commutative square of k-algebra morphisms, then C' is an augmented algebra: C' =
k@ K(1). Since the restriction of ¢ oy to K(v) is zero, it factors uniquely through K ().

Therefore, there is a unique k-algebra morphism C = k & K (v) 2K er(p) =k @ K(p)
such that v = €(¢) o 8 and ¢ = €(p) o B.

This shows that each (unital) k-algebra morphism A —2 B has a canonical kernel
Ker(yp) equal to the augmented k-algebra corresponding to the ideal K(y).

®)
It follows from the description of the kernel Ker(¢) —— A that it is a monomor-
phism iff the k-algebra structure &k — A is a monomorphism.

Notice that cokernels of morphisms are not defined in Algg, because this category
does not have final objects.

1.4.2. Kernels and cokernels of maps of sets. Since the only initial object of the
category Sets is the empty set () and there are no morphisms from a non-empty set to (), the
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kernel of any map X — Y is ) — X. The cokernel of a map X v is the projection

()
y Y/f(X), where Y/ f(X) is the set obtained from Y by the contraction of f(X)

into a point. So that ¢(f) is an isomorphism iff either X = (), or f(X) is a one-point set.

1.4.3. Presheaves of sets. Let Cx be a svelte category and C% the category of
non-trivial presheaves of sets on C'x (that is we exclude the trivial presheaf which assigns
to every object of C'x the empty set). The category C% has a final object which is the
constant presheaf with values in a one-element set. If C'x has a final object, y, then
y = Cx(—,y) 1is a final object of the category C%. Since C% has small colimits, it has
cokernels of arbitrary morphisms which are computed object-wise, that is using 1.4.2.

If the category C'x has an initial object, x, then the presheaf T = Cx(—,x) is an
initial object of the category C%. In this case, the category C% has kernels of all its

morphisms (because C% has limits) and the Yoneda functor Cx R C% preserves kernels.
Notice that the initial object of C'% is not isomorphic to its final object unless the
category C'x is pointed, i.e. initial objects of C'x are its final objects.

1.5. Some properties of kernels. See Appendix.

2. Right exact categories and (right) ’exact’ functors. We define a right ezact
category as a pair (Cx,€x), where Cx is a category and €x is a pretopology on Cx
whose covers are strict epimorphisms; that is for any element M — L of & (— a cover),
the diagram M xp M — M — L is exact. This requirement means precisely that the
pretopology €x is subcanonical; i.e. every representable presheaf of sets on Cx is a sheaf.
We call the elements of €x deflations and assume that all isomorphisms are deflations.

2.1. The coarsest and the finest right exact structures. The coarsest right ex-
act structure on a category C'x is the discrete pretopology: the class of deflations coincides
with the class Iso(Cx) of all isomorphisms of the category Cx.

Let &% denote the class of all universally strict epimorphisms of C'x; i.e. elements of

% are strict epimorphisms M — N such that for any morphism N N N, there exists
a cartesian square

f

M —_ M
3 l cart l e
M
N —— N

whose left vertical arrow is a strict epimorphism. It follows that &% is the finest right
exact structure on the category C'x. We call this structure standard.

If C'x is an abelian category or a topos, then €% consists of all epimorphisms.

If C'x is a quasi-abelian category, then &5 consists of all strict epimorphisms.

2.2. Right ’exact’ and ’exact’ functors. Let (Cx,€x) and (Cy, €y) be right
exact categories. A functor Cx L, ¢y will be called right ’exact’ (resp. ’ezact’) if it
maps deflations to deflations and for any deflation M —— N of €x and any morphism

N L N, the canonical arrow F(N xy M) —— F(N) X p(ny F'(M) is a deflation (resp.
an isomorphism).



In other words, the functor F'is ’exact’ if it maps deflations to deflations and preserves
pull-backs of deflations.

2.3. Weakly right ’exact’ and weakly ’exact’ functors. A functor Cx £, Cy
is called weakly right ’exact’ (resp. weakly ’exact’) if it maps deflations to deflations and for
any arrow M — N of €y, the canonical morphism F(M Xy M) — F(M) x pny F(M)
is a deflation (resp. an isomorphism). In particular, weakly ’exact’ functors are weakly
right 'exact’.

2.4. Note. Of cause, ’exact’ (resp. right ’exact’) functors are weakly ’exact’ (resp.
weakly right ’exact’). In the additive (actually a more general) case, weakly ’exact’ functors
are ’exact’ (see 2.7 and 2.7.2).

2.5. Interpretation: ’spaces’ represented by right exact categories. Weakly
right ’exact’ functors will be interpreted as inverse image functors of morphisms between
'spaces’ represented by right exact categories. We consider the category Esp® whose
objects are pairs (X, €x), where (Cx,€x) is a svelte right exact category. A morphism

from (X, €x) to (Y, €y) is a morphism of ’spaces’ X — Y whose inverse image functor

Cy 2 Cx is a weakly right ’exact’ functor from (Cy,€y) to (Cx,€x). The map which
assigns to every ’space’ X the pair (X, Iso(Cx)) is a full embedding of the category |Cat|
of 'spaces’ into the category €sp”. This full embedding is a right adjoint functor to the
forgetful functor

Espy —— |Cat|®, (X, €x)+— X.

2.5.1. Proposition. Let (Cx,€x) and (Cy,€y) be additive right exact categories

and Cx £, Cy an additive functor. Then
(a) The functor F is weakly right ’exact’ iff it maps deflations to deflations and the

SeEquence
P(e)
F(Ker(e)) —— F(M) —— F(N) —— 0

is exact for any deflation M —— N.
(b) The functor F is weakly ’exact’ iff it maps deflations to deflations and the sequence

F(e)
0 —— F(Ker(e)) —— F(M) —— F(N) —— 0
is ’exact’ for any deflation M —— N.
Proof. See A.2(b). m

2.6. Conflations and fully exact subcategories of a right exact category.
Fix a right exact category (Cx,€x) with an initial object . We denote by Ex the class
of all sequences of the form K M N , where ¢ € €x and K Y, M is a kernel of e.
Expanding the terminology of exact additive categories, we call such sequences conflations.

2.6.1. Fully exact subcategories of a right exact category. We call a full
subcategory B of Cx a fully eract subcategory of the right exact category (Cx, €x), if B
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contains the initial object x and is closed under extensions; i.e. if objects K and N in a

conflation K —— M — N belong to B, then M is an object of B.
In particular, fully exact subcategories of (Cx, €x) are strictly full subcategories.

2.6.2. Proposition. Let (Cx,Ex) be a right exact category with an initial object x
and B its fully exact subcategory. Then the class €x g of all deflations M > N such
that M, N, and Ker(e) are objects of B is a structure of a right exact category on B such
that the inclusion functor B — Cx is an ‘exact’ functor (B,€x g) — (Cx,€x).

Proof. The argument is an application of facts of Appendix. m

2.6.3. Remark. Let (Cx, €x) be a right exact category with an initial object x and
B its strictly full subcategory containing xz. Let & be a right exact structure on B such

that the inclusion functor B —— C'x maps deflations to deflations and preserves kernels
of deflations. Then € is contained in €x g. In particular, € is contained in €x g if the
inclusion functor is an ’exact’ functor from (B, &) to (Cx,€x). This shows that if B is
a fully exact subcategory of (Cx,€x), then €x g is the finest right exact structure on B
such that the inclusion functor B — Cx is an exact functor from (B, €x ) to (Cx, €x).

2.7. Proposition. Let (Cx,€x) and (Cy,Ey) be right exact categories and F a
functor C'x — C'y which maps conflations to conflations. Suppose that the category Cy
1$ additive. Then the functor F is ’exact’.

2.7.1. Corollary. Let (Cx,€x) and (Cy,€y) be additive k-linear right exact cate-
gories and F' an additive functor Cx — Cy. Then the functor F is weakly ’exact’ iff it
s ‘exact’.

Proof. By 2.5.1, a k-linear functor C'x N Cy is a weakly ’exact’ iff it maps conflations
to conflations. The assertion follows now from 2.7. m

2.7.2. The property (}). In Proposition 2.7, the assumption that the category Cy
is additive is used only at the end of the proof (part (b)). Moreover, additivity appears
there only because it garantees the following property:

(1) if the rows of a commutative diagram

~ —~ ~

L — M — N

| | |

r — M —— N

are conflations and its right and left vertical arrows are isomorphisms, then the middle
arrow is an isomorphism.

So that the additivity of C'y in 2.7 can be replaced by the property (f) for (Cy, €y).
2.7.3. An observation. The following obvious observation helps to establish the
property (1) for many non-additive right exact categories:

If (Cx,€x) and (Cy, €y ) are right exact categories and C'x N Cy is a conservative
functor which maps conflations to conflations, then the property (f) holds in (Cx, €x)
provided it holds in (Cy, €y ).



2.7.3.1. Example. Let (Cy,€y) are right exact k-linear category, (Cx,€x) a

right exact category, and Cx £, Cy is a conservative functor which maps conflations to
conflations. Then the property (f) holds in (Cx, €x).

For instance, the property (f) holds for the right exact category (Alg, €°) of associa-
tive unital k-algebras with strict epimorphisms as deflations, because the forgetful functor

Alg Tk — mod is conservative, maps deflations to deflations (that is to epimorphisms)
and is left exact. Therefore, it maps conflations to conflations.

2.8. Proposition. (a) Let (Cx,€x) be a svelte right exact category. The Yoneda

embedding induces an ’exact’ fully faithful functor (Cx,&x) AN (Cxe, €%, ), where
Cx,. is the category of sheaves of sets on the presite (Cx,&x) and €%, the family of all
universally strict epimorphisms of Cx, (- the standard structure of a right exact category).

*

(b) Let (Cx,€x) and (Cy, €y) be right exact categories and (Cx, Ex) ., (Cy, Ey)

©
a weakly right ’exact’ functor. There exists a functor Cx, —— Cy, such that the diagram

*

CXL)CY

R (1)

*

@
Cx e CY@

quasi commutes, i.e. *j% ~ iy *. The functor ©* is defined uniquely up to isomorphism
and has a right adjoint, Q..

Proof. (a) Since the right exact structure €x of Cx is a subcanonical pretopology,
the Yoneda embedding takes values in the category Cx, of sheaves on (Cx,€x), hence
it induces a full embedding of C'x into Cx, which preserves all small limits and maps
deflations to deflations. In particular it is an ’exact’ functor from (Cx, €x) to (Cx,, €%, )-

(b) Every weakly right exact functor (Cx, €x) — (Cy, €y ) determines a continuous
(i.e. having a right adjoint) functor between the categories of presheaves of sets, which is
compatible with the sheafification functor, hence determines uniquely a continuous functor
between the corresponding categories of sheaves making commute the diagram (1). m

2.9. Application: right exact additive categories and exact categories.

2.9.1. Proposition. Let (Cx,€x) be an additive k-linear right exact category.
Then there exists an exact category (Cx,,€x,) and a fully faithful k-linear ’exact’ functor

(Cx,€x) X, (Cx.,€x,) which is universal; that is any ‘exact’ k-linear functor from
(Cx,Ex) to an exact k-linear category factorizes uniquely through % .

Proof. We take as Cx, the smallest fully exact subcategory of the category Cx, of
sheaves of k-modules on (Cx, €x) containing all representable sheaves. Objects of the
category Cx, are sheaves F such that there exists a finite filtration

O:f0—>f1—> —>fn:f
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such that F,,/F,,—1 is representable for 1 < m < n. The subcategory Cx_, being a fully
exact subcategory of an abelian category, is exact. The remaining details are left as an
exercise. m

3. Satellites in right exact categories.

3.1. Preliminaries: trivial morphisms, pointed objects, and complexes. Let
C'x be a category with initial objects. We call a morphism of C'x trivial if it factors through
an initial object. It follows that an object M is initial iff ¢d,, is a trivial morphism. If C'x
is a pointed category, then the trivial morphisms are usually called zero morphisms.

3.1.1. Trivial compositions and pointed objects. If the composition of arrows

f g . .. . . .
L — M —— N is trivial, i.e. there is a commutative square

f

L — M
£ l l g
T Z—N> N
where z is an initial object, and the morphism ¢ has a kernel, then f is the composition of
e
the canonical arrow Ker(g) tHe) M and a morphism L EENye er(g) uniquely determined

by f and £. If the arrow z N, N s a monomorphism, then the morphism ¢ is uniquely
determined by f and g ; therefore in this case, the arrow f, does not depend on &.

3.1.1.1. Pointed objects. In particular, f; does not depend on &, if N is a pointed
object. The latter means that therre exists an arrow N — x.

3.1.2. Complexes. A sequence of arrows

frt1 fn fn—1 frn_2
L n+1 Mn Mn—l —_— ... (1)

is called a complex if each its arrow has a kernel and the next arrow factors uniquely
through this kernel.

3.1.3. Lemma. Let each arrow in the sequence

f fa f1 £
C L M M, M, —— M, (2)

of arrows have a kernel and the composition of any two consecutive arrows is trivial. Then

f f f
LM, My~ M, (3)

is a complex. If My is a pointed object, then (2) is a complez.
Proof. The objects M; are pointed for ¢ > 2, which implies that (Ker(f;) T i1
are monomorphisms for all ¢ > 2, hence) (3) is a complex (see 3.1.1). m
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3.1.4. Corollary. A sequence of morphisms

fn+1 fn fn—l fn—2

s My M, M1 —— ...

unbounded on the right is a complex iff the composition of any pair of its consecutive arrows
is trivial and for every i, there exists a kernel of the morphism f;.

3.1.5. Example. Let C'x be the category Alg, of unital associative k-algebras. The
algebra k is its initial object, and every morphism of k-algebras has a kernel. Pointed
objects of C'x which have a morphism to initial object are precisely augmented k-algebras.
If the composition of pairs of consecutive arrows in the sequence

f f f f
D Ay Ay A A

is trivial, then it follows from the argument of 3.1.2 that A; is an augmented k-algebra for
all 7 > 2. And any unbounded on the right sequence of algebras with trivial compositions
of pairs of consecutive arrows is formed by augmented algebras.

3.1.6. ’Exact’ complexes. Let (Cx,Ex) be a right exact category with an initial

object. We call a sequence of two arrows L oM % Nin Cx ’exact’ if the arrow g

has a kernel, and f is the composition of Ker(g) Oy and a deflation L ELN Ker(g). A

complex is called ’exact’ if any pair of its consecutive arrows forms an ’exact’ sequence.

3.2. O*-functors. Fix a right exact category (Cx, €x) with an initial object x and
a category Cy with an initial object. A 9*-functor from (Cx,Ex) to Cy is a system of
functors C'x L, Cy, i > 0, together with a functorial assignment to every conflation

; 2, (E)
E = (N - M - L) and every i > 0 a morphism T}, (L) —— T;(N) which depends

functorially on the conflation E and such that the sequence of arrows

Ta(e) 01(E) T1(j) T1(e) 00(E) To(j)
. —— (L) —— T (N) —— T (M) —— Ti(L) —— To(N) —— To(M)

i, (z)
is a complex. Taking the trivial conflation z — = — x, we obtain that T;(z) —— T;(z)

is a trivial morphism, or, equivalently, T;(z) is an initial object, for every i > 1.

Let T' = (T;,0;] i > 0) and T" = (T/,9}| ¢ > 0) be a pair of 9*-functors from (Cx,Ex)

to Cy. A morphism from T to 7" is a family f = (7; TR T! | i > 0) of functor morphisms

such that for any conflation E = (N - M —— L) of the exact category C'x and every
1 > 0, the diagram

Toa() 2 ()
fiv1(L) l fi(N)
2/(E)

‘(N)

(L) —— T
8



commutes. The composition of morphisms is naturally defined. Thus, we have the category
Hom*((Cx, €x),Cy) of 0*-functors from (Cx,Ex) to Cy.

3.2.1. Trivial 0*-functors. We call a 9*-functor T' = (7;,0;| i > 0) trivial if all
T; are functors with values in initial objects. One can see that trivial 9*-functors are
precisely initial objects of the category Hom*((Cx,€x),Cy). Once an initial object y of
the category Cvy is fixed, we have a canonical trivial functor whose components equal to
the constant functor with value in y — it maps all arrows of Cx to id,,.

3.2.2. Some natural functorialities. Let (Cx, €x) be a right exact category with
an initial object and C'y a category with initial object. If C; is another category with an

initial object and Cy i Cz a functor which maps initial objects to initial objects, then
for any 0*-functor T' = (7;,0;| ¢ > 0), the composition F oT = (F oT;, Fo;| i > 0) of T
with F' is a 0*-functor. The map (F,T) — F o T is functorial in both variables; i.e. it
extends to a functor

Cat.(Cy,Cz) x Hom*((Cx,€x),Cy) —— Hom™((Cx,€x),Cz). (1)

Here C'at, denotes the subcategory of C'at whose objects are categories with initial objects
and morphisms are functors which map initial objects to initial objects.

On the other hand, let (C'x, €x) be another right exact category with an initial object

and ® a functor Cy — C'x which maps conflations to conflations. In particular, it maps
id
initial objects to initial objects (because if z is an initial object of Cy, then 2 — M =iy V'

is a conflation; and ®(x — M M, pp ) being a conflation implies that ®(z) is an initial
object). For any 0*-functor T' = (T;,0;| ¢ > 0) from (Cx,€x) to Cy, the composition
To® = (T;0P,0,®| i >0) is a 0*-functor from (Cx, €x) to Cy. The map (T,P) —— Tod
extends to a functor

HOm*((Cx, QEX), Cy) X gl'*((Cx, Qfx), (Cx, Qfx)) E— ’Hom*((ng, @x), Cy), (2)

where £z, ((Cx, €x), (Cx, €x)) denotes the full subcategory of Hom(Cx,Cx) whose ob-
jects are preserving conflations functors C'y — C'x.

3.3. Universal 0*-functors. Fix a right exact category (Cx,€x) with an initial
object x and a category Cy with an initial object y.

A 9*-functor T = (T;,0;| i > 0) from (Cx, Ex) to Cy is called universal if for every 0*-
functor 7" = (7,0} i > 0) from (Cx,Ex) to Cy and every functor morphism T}, — Tp,
there exists a unique morphism f = (77 LN T; | © > 0) from T" to T such that fy = g.

3.3.1. Interpretation. Consider the functor

*

Hom*((Cx, €x),Cy) —— Hom(Cx,Cy) (3)

which assigns to every 0*-functor (resp. every morphism of 0*-functors) its zero compo-

nent. For any functor Cx N Cy, we have a presheaf of sets Hom(¥*(—), F') on the
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category Hom™*((Cx, €x),Cy). Suppose that this presheaf is representable by an object
(i.e. a O*-functor) ¥, (F'). Then W, (F') is a universal 0*-functor.
Conversely, if T' = (T;,0;| ¢ > 0) is a universal 9*-functor, then T' ~ ¥, (Tp).

3.3.2. Proposition. Let (Cx,&x) be a right exact category with an initial object x;
and let C'y be a category with initial objects, kernels of morphisms, and limits of filtered

systems. Then, for any functor Cx N Cy, there exists a unique up to isomorphism
universal 0*-functor T'= (T;,0;| i > 0) such that Ty = F.
In other words, the functor

*

Hom*((Cx, €x),Cy) —— Hom(Cx,Cy) 3)
which assigns to each morphism of 0*-functors its zero component has a right adjoint, V..
Proof. For an arbitrary functor C'x £, Cy, we set
S_(F)(L) =1lim Ker(F(t(e))),

where the limit is taken by the (filtered) system of all deflations M — L. Since deflations
S_(F)
form a pretopology, the map L — S_(F')(L) extends naturally to a functor Cx —— Cy.

By the definition of S_(F), for any conflation E = (N —» M — L), there exists a unique

09.(B) ~
morphism S_(F)(L) SR Ker(F(j)). We denote by 0%(FE) the composition of 9% (E)
and the canonical morphism Ker(F(j)) — F(N).
Notice that the correspondence F' —— S_(F) is functorial. Applying the iterations of
the functor S_ to F', we obtain a 9*-functor S® (F) = (S°(F)|i > 0). This 9*-functor is

universal. m

3.3.3. Remark. Let the assumptions of 3.3.2 hold. Then we have a pair of adjoint
functors

*

\'4 v,
Hom*((CX,Qfx),Cy) —_— Hom(CX,C'y) —_— HOm*((Cx,Qx),Cy)

By 3.3.2, the adjunction morphism ¥*W¥, — Id is an isomorphism which means that W,
is a fully faithful functor and ¥* is a localization functor at a left multiplicative system.

3.3.4. Proposition. Let (Cx,&x) be a right exact category with an initial object and
T = (T;,0; | i > 0) a 0*-functor from (Cx,Ex) to Cy. Let Cz be another category with
an initial object and F a functor from Cy to Cz which preserves initial objects, kernels of
morphisms and limits of filtered systems. Then

(a) If T is a universal O*-functor, then F oT = (F o T;, F0;| i > 0) is universal.

(b) If, in addition, the functor F' is fully faithful, then the O*-functor F oT is universal
iff T is universal.

Proof. (a) Since the functor F' preserves kernels of morphisms and filtered limits (that
is all types of limits which appear in the construction of S_(G)(L)), the natural morphism

FoS_(G)(L) — S_(FoG)(L)

10



is an isomorphism for any functor C'x S, Cy such that S_ (G)(L) = lim Ker(G(t(e))) ex-
ists. Therefore, the natural morphism FoS® (Ty)(L) — S* (FoTp)(L) is an isomorphism
forall 7 >0 and all L € ObCx.

(b) By (a), we have a functor isomorphism FoT;;; — FoS_(T;) for all i > 0. Since
the functor F' is fully faithful, this isomorphism is the image of a uniquely determined
isomorphism 7541 —— S_(T;). The assertion follows now from (the argument of) 3.3.2.
Details are left as an exercise. m

3.3.5. An application. Let (Cx, €x) be a right exact category and Cy a category.
We assume that both categories, C'x and Cy have initial objects. Consider the Yoneda

embedding
hy

Cy —— Cyp, M»—>M\:Cy(—,M).
of the category Cy into the category C{ of presheaves of sets on Cy. The functor hy is

fully faithful and preserves all limits. In particular, it satisfies the conditions of 3.3.4(b).
Therefore, a 0*-functor T = (73,9; | i > 0) from (Cx,Ex) to Cy is universal iff the
&*-functor T = hy oT = (JA},/D\Z | i >0) from (Cx,Ex) to Cy is universal.

Since the category C{ has all limits (and colimits), it follows from 3.3.2 that, for
any functor Cyx <, C{, there exists a unique up to isomorphism universal 9*-functor
T = (T;,0;] i > 0) = ¥,(G) whose zero component coincides with G. In particular, for
every functor Cx F, Cy, there exists a unique up to isomorphism universal 9*-functor
T = (T;,0; | i > 0) from (Cx,€x) such that Ty = hy o F' = F. It follows from 3.3.4(b)
that a universal 9*-functor whose zero component coincides with F' exists if and only if
for all L € ObCx and all ¢ > 1, the presheaves of sets T;(L) are representable.

3.3.6. Remark. Let (Cx,x) be a svelte right exact category with an initial object
x and Cy a category with an initial object y and limits. Then, by the argument of 3.3.2,
we have an endofunctor S_ of the category Hom(Cx,Cy) of functors from Cx to Cy,

together with a cone S_ 2, n, where  is the constant functor with the values in the
initial object y of the category Cy. For any conflation E = (N - M — L) of (Cx, €x)

F . .
and any functor Cx — Cy, we have a commutative diagram

FIN) —— F(M) —— F(I)

3.4. The dual picture: 0-functors and universal J-functors. Let (Cx,Jx) be
a left exact category, which means by definition that (C',J¥) is a right exact category.
A O-functor on (Cx,Jx) is the data which becomes a 0*-functor in the dual right exact
category. A O-functor on (Cx,Jx) is universal if its dualization is a universal 9*-functor.
We leave to the reader the reformulation in the context of d-functors of all notions and
facts about 0*-functors.
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3.5. Universal 0*-functors and ’exactness’.

3.5.1. The properties (CE5) and (CE5*). Let (Cx, €x) be aright exact category.
We say that it satisfies (CE5*) (resp. (CEb)) if the limit of a filtered system (resp. the
colimit of a cofiltered system) of conflations in (Cy, €y ) exists and is a conflation.

In particular, if (C'x, €x) satisfies (CE5*) (resp. (CED)), then the limit of any filtered
system (resp. the colimit of any cofiltered system) of deflations is a deflation.

The properties (CE5) and (CE5*) make sense for left exact categories as well. Notice
that a right exact category satisfies (CE5*) (resp. (CED)) iff the dual left exact category
satisfies (C'E5) (resp. (CE5*)).

3.5.2. Note. If (Cx,€x) is an abelian category with the standard exact structure,
then the property (CE5) for (Cx, €x) is equivalent to the Grothendieck’s property (AB5)
and, therefore, the property (CE5*) is equivalent to (AB5*) (see [Gr, 1.5]).

The property (CE5) holds for Grothendieck toposes.

In what follows, we use (CE5*) for right exact categories and the dual property (CE5)
for left exact categories.

3.5.3. Proposition. Let (Cx,€x), (Cy,y) be right exact categories, and (Cy , Ey)
satisfy (CE5*). Let F be a weakly right ‘exact’ functor (Cx,€x) — (Cy, €y) such that

S_(F) exists. Then for any conflation E = (N —— M - L) in (Cx, €x), the sequence

S—(F)() S—(F)(e) 20 (E) F(j)
S_(F)(N) —— S (F)(M) —— S_(F)(L) — F(N) —— F(M) (1)
is ’exact’. The functor S_(F') is a weakly right ’exact’ functor from (Cx, €x) to (Cy, €y ).

3.5.4. ’Exact’ 0*-functors and universal 0*-functors. Fix right exact categories
(Cx,€x) and (Cy, €y), both with initial objects. A 9*-functor T' = (T;,0;| ¢ > 0) from
(Cx,€x) to Cy is called ’ezact’if for every conflation F = (N - M — L) in (Cx, €x),
the complex

Ta(e) 01(E) T1(j) T1(e) 0 (E) To(j)
. —— Ty(L) —— Ti(N) ——T;(M) —— Ti(L) —— To(N) —— To(M)

is ’exact’.

3.5.4.1. Proposition. Let (Cx,€x), (Cy,Ey) be right exact categories. Suppose
that (Cy, €y) satisfies (CE5S*). Let T = (T;] i > 0) be a universal O*-functor from
(Cx,€x) to (Cy, Ey). If the functor Ty is right ’exact’, then the universal 0*-functor T
1s ‘exact’.

Proof. If Ty is right ’exact’, then, by 3.5.3, the functor T ~ S_(Tp) is right ’exact’

and for any conflation E = (N > M - L), the sequence

T:(3) T (e) 0 (E) To(j)
(N) —— T (M) —— Ti(L) —— To(N) —— To(M)

is 'exact’. Since T, 11 = S_(T},), the assertion follows from 3.5.3 by induction. =
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3.5.4.2. Corollary. Let (Cx,€x) be a right exact category. For each object L of
Cx, the O-functor ExtS (L) = (Exts, (L) | i > 0) is ’exact’.

Suppose that the category Cx is k-linear. Then for each L € ObCx, the O-functor
Exts (L) = (Ext' (L) | i > 0) is ‘exact’.

Proof. In fact, the 0-functor Ext$ (L) is universal by definition (see 3.4.1), and the
functor Ext% (L) = Cx(—, L) is left exact. In particular, it is left ’exact’.

If Cx is a k-linear category, then the universal 0-functors £xt% (L), L € ObCx, with
the values in the category of k-modules (defined in 3.4.2) are ’exact’ by a similar reason. m

4. Coeffaceable functors, universal 0*-functors, and pointed projectives.

4.1. Projectives and projective deflations. Fix a right exact category (Cx, €x).
We call an object P of Cx projective if every deflation M — P splits. Equivalently, any

morphism P I, N factors through any deflation M —— N.
We denote by Pe, the full subcategory of C'x generated by projective objects.

4.1.1. Example. Let (Cx,€x) be a right exact category whose deflations split.
Then every object of C'x is a projective object of (Cx, €x).

A deflation M — L is called projective if it factors through any deflation of L.
Any deflation P — L with P projective is a projective deflation. On the other hand,
an object P is projective iff the identical morphism P — P is a projective deflation.

4.2. Coeffaceble functors and projectives. Let (Cx,&€x) be a right exact cate-
gory and Cy a category with an initial object. We call a functor C'x i Cy coeffaceable,
or &x-coeffaceable, if for any object L of Cx, there exists a deflation M Y L such that
F(t) is a trivial morphism.

It follows that if a functor C'x £, Cy is €x-coeffaceable, then it maps all projectives

to initial objects and all projective deflations to trivial arrows.
So that if the right exact category (Cx,€x) has enough projective deflations (resp.

enough projectives), then a functor Cx L, Cy is Ex-coeffaceable iff F (e) is trivial for
any projective deflation ¢ (resp. F'(M) is an initial object for every projective object M).

4.3. Proposition. Let (Cx,Ex) be a right exact category with initial objects and
T = (T;,0; | i > 0) a universal 0*-functor from (Cx,€x) to Cy. Then T;(P) is an initial
object for any pointed projective object P and for all 1 > 1.

4.3.1. Corollary. Let (Cx,&x) be a right exact category with initial objects and
T = (T;,0; | i > 0) a universal O*-functor from (Cx,€x) to Cy. Suppose that (Cx,€x)
has enough projectives and projectives of (Cx,&x) are pointed objects. Then the functors
T; are coeffaceable for all i > 1.

Proof. The assertion follows from 4.3 and 4.2. =

4.4. Proposition. Let (Cx,€x) and (Cy, Ey) be right exact categories with initial
objects; and let T = (T;,0;| i > 0) be an ’exact’ 0*-functor from (Cx,Ex) to (Cy,Ey).
If the functors T; are €x -coeffaceable for i > 1, then T is a universal O*-functor.
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Proof. The argument is similar to the proof in [Gr] of the corresponding assertion for
abelian categories. m

4.5. Proposition. Let (Cx,€x), (Cy,€y), and (Cz,&Ez) be right exact categories.
Suppose that (Cx,€x) has enough projectives and Cy has kernels of all morphisms. If
T = (T3] i > 0) is a universal, ’exact’ O*-functor from (Cx,€x) to (Cy,&y) and F a
functor from (Cy, €y ) to (Cz, €z) which respects conflations, then the composition FoT =
(FoT;| i>0) is a universal ‘exact’ 0*-functor.

Proof. Under the conditions of the proposition, the composition F' o T is an ’exact’
functor such that the functors F'oT;, i > 1, map pointed projectives of (Cx, €x) to trivial
objects (because T; map pointed projectives to trivial objects by 4.3 and F' maps trivial
objects to trivial objects). Since there are enough pointed projectives (hence all projectives
are pointed), this implies that the functors F o T; are coeffaceable for ¢ > 1. Therefore, by
4.4, F oT is a universal 0*-functor. m

4.6. Sufficient conditions for having enough pointed projectives.

4.6.1. Proposition. Let (Cx,€x) and (Cz,€z) be right exact categories and

Cy EAR Cx a functor having a right adjoint f.. Suppose that f* maps deflations of

e(M)
the form N — f.(M) to deflations and the adjunction arrow f*f.(M) —— M is a

deflation for all M (which is the case if any morphism t of Cx such that f.(t) is a split
epimorphism belongs to €x ). Let (Cz, €z) have enough projectives, and all projectives are
pointed objects. Then each projective of (Cx,&x) is a pointed object.

If, in addition, f. maps deflations to deflations, then (Cx, €x) has enough projectives.

4.6.2. Note. The conditions of 4.6.1 can be replaced by the requirement that if
N — f.(M) is a deflation, then the corresponding morphism f*(N) — M is a deflation.
This requirement follows from the conditions of 4.6.1, because the morphism f*(N) — M

corresponding to N - f«(M) is the composition of f*(t) and the adjunction arrow
e(M

peron

4.6.3. Example. Let (Cx,€x) be the category Algy of associative k-algebras en-
dowed with the standard (that is the finest) right exact structure. This means that class
€ x of deflations coincides with the class of all are strict epimorphisms of k-algebras. Let
(Cy, €y) be the category of k-modules with the standard exact structure, and f, the for-
getful functor Algy, — k — mod. Its left adjoint, f* preserves strict epimorphisms, and
the functor f, preserves and reflects deflations; i.e. a k-algebra morphism ¢ is a strict epi-
morphism iff f,(¢) is an epimorphism. In particular, the adjunction arrow f*f.(A) — A
is a strict epimorphism for all A. By 4.6.1, (Cx, €x) has enough projectives and each
projective has a morphism to the initial object k; that is each projective has a structure
of an augmented k-algebra.

4.7. Acyclic objects and the universality of 0*-functors. Given a 0*-functor
T = (T;] i > 0) from a right exact category (Cx,&x) to a category Cy, we call an object
M of Cx T-acyclic if T;(M) is a trivial object for all i > 1.
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4.7.1. Proposition. Let (Cy, €y) and (Cx, Ex) be right exact categories with initial

objects and Cy S 0x a functor which preserves conflations. Let T' = (T;| i > 0) be an
‘exact’ O*-functor from (Cx,&x) to a category Cz with initial objects. If there are enough
objects M of Cx such that G(M) is a T-acyclic object, then T oG is a universal O*-functor.

Proof. Since the functor G maps conflation to conflations, and the 0*-functor T is
‘exact’, its composition T o G is an ’exact’ 0*-functor. Since there are enough objects in
Cq which the functor G maps to acyclic objects (i.e. for each object L of Cg, there is a
deflation M — L such that G(M) is T-acyclic), the functor T; o G is effaceable for all
i > 1. Therefore, by 4.6, the composition T o G is a universal 0*-functor. =

5. Universal problems for universal 0*- and 0-functors.

5.1. The categories of universal 0*- and J-functors. Fix a right exact svelte
category (Cx,€x) with an initial object. Let 0*Un(X, €x) denote the category whose
objects are universal 0*-functors from (Cx,€x) to categories Cy (with initial objects).
Let T be a universal 9*- functor from (C'x, €x) to Cy and T a universal 9*- functor from
(Cx,€x) to Cz. A morphism from T to T” is a pair (F, ¢), where F'is a functor from Cy to
Cz and ¢ is a 9*-functor isomorphism FoT —= T"'. If (F’, ¢') is a morphism from 7" to T",
then the composition of (F, ¢) and (F’, ¢’) is defined by (F’, ¢") o (F, ¢) = (F'o F, ¢’ o F'¢).

Dually, for a left exact category (Cx,Jx) with a final object, we denote by 0Un(X, Jx)
the category whose objects are universal 0-functors from (Cx,Jx) to categories with final
object. Given two universal d-functors T' and 7" from (Cx,Jx) to respectively Cy and
Cz, a morphism from T to T" is a pair (F, 1), where F is a functor from Cy to Cz and ¢
is a functor isomorphism 7" - F' o T. The composition is defined by (F’ ') o (F,¢) =
(F" o F,F'ip o).

5.2. Universal problems for universal 0-functors with values in complete
categories and 0*-functors with values in cocomplete categories.

Let (Cx, €x) be a svelte right exact category. We denote by 0*Un. (X, €x) the subcat-
egory of 0*Un(X, €x) whose objects are universal 0*-functors from (Cx, €x) to complete
(i.e. having limits of small diagrams) categories C'y and morphisms between these universal
O*-functors are pairs (F, ¢), where the functor F' preserves limits.

For a svelte left exact category (Cx,Jx), we denote by duUn®(X,Jx) the subcategory
of 0Un(X,Jx) whose objects are d-functors with values in cocomplete categories and mor-
phisms are pairs (F), 1) such that the functor F' preserves small colimits.

5.2.1. Proposition. Let (Cx,Ex) be a svelte right exact category with initial objects
and (Cx,Tx) a svelte left exact category with final objects. The categories 0*Un (X, Ex)
and 0Un (X, Jx) have initial objects.

Proof. Tt suffices to prove the assertion about 9Un®(X,Jx), because the assertion
about J*-functors is obtained via dualization.
Consider the Yoneda embedding

h
Cx =, Cé\(, M — Cx(—, M).
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We denote by Ext% 5 the universal d-functor from (Cx,Jx) to C% such that Exty 5 =
hx. The claim is that Ext% 5, is an initial object of the category OUn® (X, Jx).
In fact, let Cy be a cocomplete category. By [GZ, I1.1.3], the composition with the

Yoneda embedding Cy LEN C% is an equivalence between the category Hom(C%,Cy) of
continuous (that is having a right adjoint, or, equivalently, preserving colimits) functors

C’Q — Cy and the category Hom(Cx, Cy) of functors from Cx to Cy. Let Cx £, Cy be
an arbitrary functor and C% EiN Cy the corresponding continuous functor. By definition,

S, F(L) = colim(Cok(F(M — Cok(j)), where L —» M runs through inflations of L.
Since F preserves colimits, it follows from (the dual version of) 3.3.4(a) that F. o Ext§ 5
is a universal 0-functor whose zero component is F. o Eﬂ(a)e,jx = F. o hx = F. Therefore,
by (the dual version of the argument of) 3.3.2, the universal d-functor F\ o Eaxt% 5, 18
isomorphic to the right satellite S$F' of the functor F'. This shows that Ext5 5 is an
initial object of the category 0Un®(X,Jx). =

5.3. The universal problem for arbitrary universal 0- and 0*-functors. Let
(Cx,Jx) be a svelte left exact category with final objects. Let Cx_, denote the smallest
strictly full subcategory of the category C% containing all presheaves E:ct%jx(l)), L e
ObCx, n > 0. Let €rt} 5. denote the corestriction of the O-functor Ext% 5. to the
subcategory Cx,. Thus, Ext% 5. is the composition of the O-functor €rty 5, and the

3
inclusion functor Cx, =, C%. Tt follows that €rt 5. is a universal J-functor.

5.3.1. Proposition. Let (Cx,Tx) a svelte left exact category with final objects.
For any universal O-functor T = (T;,0; | i > 0) from (Cx,Jx) to a category Cy (with

final objects), there exists a unique (up to isomorphism) functor Cx, x, Cy such that
T =1%o €t% 5, and the diagram

*

0
A VP
cy —— Cy

334 T hs
T5

st —_— Cy

commutes. Here C’;ﬁop denote the category of presheaves of sets on Cy¥ (i.e. functors

Cy — Sets) and h§ the (dual) Yoneda functor Cy — CY."", L — Cy(L,—).; and T

is a unique continuous (i.e. having a right adjoint) functor such that Tif o hx = h$, o Tj.

Proof. The category Cl\ﬁop is cocomplete (and complete) and the functor h§ preserves
colimits. Therefore, by 3.3.4, the composition h{ o7 is a universal J-functor from (Cx,Jx)
to C}Yop. By 5.2.1, the O-functor h{. o T is the composition of the universal d-functor

T; o
Ext% 5, from (Cx,Jx) to Cy and the unique continuous functor C — Cy " such that
T5 o hx = h§, oTy. Since the functor A, is fully faithful, this implies that the universal 0-
functor T' = (71;,9; | i > 0) is isomorphic to the composition of the corestriction of Ext% 5,

to the subcategory Cx, and a unique functor Cx, —— Cy such that the composition
hy- o T* coincides with the restriction of the functor 7 to the subcategory Cx . m
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5.3.2. Note. The formulation of the dual assertion about the universal 9*-functors
is left to the reader.

5.4. The k-linear version. Fix a right exact svelte k-linear additive category
(Cx,€x). Let 9{4n(X, Ex) denote the category whose objects are universal k-linear 0*-
functors from (Cx,€x) to k-linear additive categories Cy. Let T be a universal k-linear
0*-functor from (Cx, €x) to Cy and T a universal k-linear 9*- functor from (Cx,€x) to
Cz. A morphism from T to T” is a pair (F, ¢), where F'is a k-linear functor from Cy to Cyz
and ¢ is a 9*-functor isomorphism F oT —= T’. If (F’,¢’) is a morphism from 7" to T",
then the composition of (F, ¢) and (F’, ¢’) is defined by (F’,¢')o(F,¢) = (F'oF,¢' o F'¢).

We denote by 0;4n‘(X, €x) the subcategory of 9;Un(X, €x) whose objects are k-
linear 0*-functors with values in complete categories and morphisms are pairs (F, ¢) such
that the functor F' preserves small limits.

Dually, for a left exact svelte k-linear additive category (Cx,Jx), we denote by
Orin(X,Jx) the category whose objects are universal k-linear O-functors from (Cx,Jx)
to additive k-linear categories. Given two universal d-functors 7" and T from (C'x,Jx) to
respectively Cy and Cz, a morphism from T to T is a pair (F, ), where F' is a k-linear
functor from Cy to Cz and 9 a functor isomorphism 7" =~ F o T'. The composition is
defined by (F’,¢") o (F,1) = (F' o F, F'ip o t)’).

We denote by dxin (X, Jx) the subcategory of dpiUn(X, Jx) whose objects are k-linear
O-functors with values in cocomplete categories and morphisms are pairs (F, 1) such that
the functor F' preserves small colimits.

5.4.1. Proposition. Let (Cx,€x) (resp. (Cx,Tx)) be a svelte right (resp. left) exact
additive k-linear category. The categories Optn (X, €x) and Optn®(X,Tx) have initial
objects.

Proof. By duality, it suffices to prove that the category Opin®(X,Jx) has an initial
object. The argument is similar to the argument of 5.2.1, except for the category C% of
presheaves of sets on the category Cy is replaced by the category My (X) of presheaves of
k-modules on Cx. The initial object of the category Jxin®(X,Jx) is the universal k-linear
O-functor Extly 5.y from (Cx,Jx) to the category My (X) whose zero component is the

(k-linear) Yoneda embedding Cx — Mg(X), L+— Cx(—,L). =

Let (Cx,Jx) be a svelte k-linear additive left exact category. Let Mj (X denote the
smallest additive strictly full subcategory of the category My (X) containing all presheaves
5xt?x ﬁx)(L)’ L € ObCx, n > 0. Let gﬂfx Ix) denote the corestriction of the 0-functor

5th3€ 3,) TO the subcategory Mj (X. Thus, <‘,’9th36 Jx) is the composition of the k-linear
O-functor &1ty 5. and the inclusion functor

~

Jx

It follows that €rt5 5, is a universal O-functor.

5.4.2. Proposition. Let (Cx,JTx) be a svelte left exact category with final objects.
For any universal O-functor T = (13,0; | i > 0) from (Cx,Jx) to a category Cy (with
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final objects), there exists a unique (up to isomorphism) functor Cx, , Cy such that
T =17 o€t 5, and the diagram

*

0 op
N V
Cy - Cy

S

T5
st — Cy

commutes. Here C’}v/op denote the category of presheaves of sets on Cy¥ (i.e. functors
Cy — Sets) and h$ the (dual) Yoneda functor Cy — Cy."", L +—— Cy(L,—).; and T
is a unique continuous (i.e. having a right adjoint) functor such that Tif o hx = h$ o Tj.

Proof. The argument is similar to that of 5.3.1. =
6. The stable category of a left exact category.

6.1. Reformulations. Fix a svelte left exact category (Cx,Jx). Let (:)} denote
the continuous (that is having a right adjoint) functor C% — C% determined (uniquely

up to isomorphism) by the equality Extl = (:)} o hx. To any conflation N - M — L,
corresponds the diagram

-~ o~

N M 1
| | 20(B) (1)
AN) o
r —— O%(N)

where L = h x (L) and 7 is the final object of the category C% of presheaves on Cx.
Due to the universality of Ext%, all the information about universal 0-functors from

the left exact category (Cx,Jx), is encoded in the diagrams (1), where N -+ M —- L
runs through the class of conflations of (Cx,Jx).

In fact, the universal 0-functor Ext% is of the form (@? ohx, @;}1(00)|n > 0); and
for any functor F' from C'x to a category Cy with colimits and final objects, the universal
O-functor (73,9, | i > 0) from (Cx,Jx) to Cy with Ty = F is isomorphic to

F* o Ext% = (F*O% o hx, F*O%"(0) | n > 0). (2)

6.2. Note. If Cx is a pointed category, then the presheaf T = Cx(—,x) is both a

~

AN)  ~ ~
final and an initial object of the category C%. In particular, the morphism & —— ©% (N)
in (1) is uniquely defined, hence is not a part of the data. In this case, the data consists
of diagrams

-~

©)

~ — ~ W(E) ~

N M L 0% (N),

where E = (N SRERy LN L) runs through conflations of (Cx,Jx).
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6.3. Stable category of (Cx,Jx). Consider the full subcategory Cx,_ of the cat-

egory C% whose objects are @j}l(/\/l), where M runs through representable presheaves
and n through nonnegative integers. We denote by 0x, the endofunctor Cx, — Cx,

induced by (:)} It follows that C'x, is the smallest @}—stable strictly full subcategory of
the category C'§ containing all presheaves M = Cx(—, M), M € ObCx.

6.3.1. Triangles. We call the diagram

~ ; — ~ (E)

N I3 0% (N), (1)

quasi-suspended where E = (N ERENY /L L) is a conflation in (Cx,Jx), a standard
triangle.
A triangle is any diagram in Cx_ of the form

N M= £ 2 0y, (N), (2)

which is isomorphic to a standard triangle. It follows that for every triangle, the diagram

[4

M — L

l l®

AN o
. —— OxWN)

commutes. Triangles form a category Tty : morphisms from

j [4 0

N M c 6 (N)

to
N oM (V)

are given by commutative diagrams

j 0

N LM S V)

I | g | » | 6x(n)

-/ ’

j e o’

N - M ! — Oy ( ./\[/)
The composition is obvious.

6.3.2. The prestable category of a left exact category. Thus, we have obtained
a data (Cx,_, (0x,,A),%Trx,). We call this data the prestable category of the left exact
category (Cx,Jx).

6.3.3. The stable category of a left exact category with final objects. Let
(Cx,Jx) be a left exact category with a final object z and (Cx_,0x,,\; Trx,) the associ-
ated with (Cx,Jx) presuspended category. Let ¥ = Yy, be the class of all arrows t of
Cx, such that 0x_(t) is an isomorphism.
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We call the quotient category Cx, = X7 1Cx, the stable category of the left exact
category (Cx,Jx). The endofunctor fx_ determines a conservative endofunctor x_ of

*

q
the stable category Cx,. The localization functor Cx, — Cx, maps final objects to final

objects. Let A; denote the image ¥ = q}(Z) — 0, of the cone T 2, Ox,.

Finally, we denote by Trx_ the strictly full subcategory of the category of diagrams
of the form N' — M — L — 0x, (N) generated by g% (Trx, ).

The data (Cx,,0x,,As; Trx, ) will be called the stable category of (Cx,Jx).

6.4. Dual notions. If (Cx,€x) is a right exact category with an initial object,
one obtains, dualizing the definitions of 6.3.2 and 6.3.3, the notions of the precostable and
costable category of (Cx, €x).

6.5. The k-linear version. Let (Cx,Jx) be a k-linear additive svelte left exact
category. Replacing the category of C'% of presheaves of sets by the category M (X)
of presheaves of k-modules on Cx and the functor Emt%X %) by its k-linear version,

5wt%X 3x) We obtain the k-linear versions of prestable and stable categories of the left
exact category (Cx,Jx).

6.5.1. Note. If (Cx,Jx) is a k-linear exact category (that is Jx happen to be
the class of inflations of a k-linear exact category) with enough injectives, than its stable
category defined above is equivalent to the conventional stable category of (Cx,Jx). Recall

that the latter has the same objects as C'x and its morphisms are homotopy classes of
s

morphisms of Cx: two morphisms M “— N are homotopy equivalent to each other if
g

their difference f — g factors through an i‘njective object.

Notice that our construction of stable category of (C,Jx) does not require any addi-
tional hypothesis. In particular, it extends the notion of the stable category to arbitrary
exact categories.

7. Complement: presuspended and quasi-suspended categories. It is tempt-
ing to follow Keller’s example [Kel], [KeV] and turn essential properties of prestable and
stable categories of a left exact category into axioms. We call the corresponding notions
respectively presuspended and quasi-suspended categories.

7.1. Presuspended categories. Fix a category Cx with a final object = and a

0
functor Cyx RGN x\Cx, or, what is the same, a pair (0%, \), where 0% is an endofunctor

Cx — Cx and )\ is a cone x — 0. We denote by Tty the category whose objects are
all diagrams of the form

N —— M c B2 (N)

such that the square

AN)
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commutes. Morphisms from

N—Mm c B ()

to
j/ e/ D/

M c O (N

Nl

are triples (N 7, N M -2 ML L") such that the diagram

N M o 2 gV

I | g K | 6x(n)

Y / /

N S 2 (V)

commutes. The composition of morphisms is natural.

7.1.1. Definition. A presuspended category is a triple (Cx, O, Ttx), where Cx and

535 = (0%, \) are as above and Tty is a strictly full subcategory of the category Tty whose
objects are called triangles, which satisfies the following conditions:
(PS1) Let Cx, denote the full subcategory of Cx generated by objects N such that

there exists a triangle N' —— M — £ - 6z (N). For every N’ € ObCx,, the diagram

i N
N B ALY

is a triangle.
(PS2) For any triangle N' > M — £ - 02 (N) and any morphism N ANV

with NV € ObCx,, there is a triangle N’ ToM S 2 Ox(N') such that f extends
to a morphism of triangles

VoM £ 2 0e W) 2 LS e ().

(PS2’) For any pair of triangles
N oM 2 2 0e(NV) and N 2 M 2 0 (V)

and any commutative square

N — M
fl lg

N/ MI
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there exists a morphism £ . £ such that (f,g,h) is a morphism of triangles, i.e. the
diagram

) 0

N L M S T eV
I | g | » | 6x(n)
N S e
commutes.
(PS3) For any pair of triangles
NS M-S L 0xN) and M- M = M -5 05(M),

there exists a commutative diagram

N M — L —  0x(N)

idl x Jy id

/ ’ /
u v w

N — M — —  0x(N)

— id — r

0x (v)
Ox(M) —— 0x(L)

whose two upper rows and two central columns are triangles.
(PS4) For every triangle N' —» M — £ - 02 (N), the sequence

N Cx(@gg(./\/),—) E— Cx(ﬁ,—) —_— C}j(./\/l,—) —_— C}j(./\/,—)

is exact.

7.2. The category of presuspended categories. Let T, Cx = (Cx,0x, Ax;Trx)
and T, Cy = (Cy,0y,\y;Try) be presuspended categories. A triangle functor from
T, Cx to T Cy is a pair (F, ¢), where F'is a functor Cx — Cy which maps initial object
to an initial object and ¢ is a functor isomorphism F' o §x — g o F such that for every
triangle N —— M — L % 0x(N) of T, Cx, the sequence

F) 2% povy 2 pey Y gy r v

is a triangle of T, Cy. The composition of triangle functors is defined naturally:

(G ) o (F,¢) = (Go F,y)F o Go).
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Let (F,¢) and (F',¢') be triangle functors from T_Cx to T_Cg. A morphism from
(F, ) to (F',¢") is given by a functor morphism F' A, F’ such that the diagram

¢
GQJOF E— FOQ%

oy | | A0x
&
92) oFf —— Flo (9%

commutes. The composition is the compsition of the functor morphisms.

Altogether gives the definition of a bicategory PB&€at formed by svelte presuspended
categories, triangle functors as 1-morphisms and morphisms between them as 2-morphisms.

As usual, the term “category P€at” means that we forget about 2-morphisms.

Dualizing (i.e. inverting all arrows in the constructions above), we obtain the bicat-
egory P°Cat formed by precosuspended svelte categories as objects, triangular functors as
1-morphisms, and morphisms between them as 2-morphisms.

7.3. Quasi-suspended categories. We call a presuspended category (Cx, 0x, \; Ttx)
quasi-suspended if the functor O is conservative. We denote by &€at the full subcategory
of the category PCat of presuspended categories whose objects are conservative presus-
pended svelte categories.

7.3.1. Example. The main example is, of course, the stable category of a left exact
category. In the case when the left exact category is an exact (additive) category, the stable
category is suspended in the sense of [KeV]. So ’quasi-’ is added to avoid extra confusion
in mathematics terminology.

7.3.2. From presuspended categories to quasi-suspended categories. Let
(Cx,0x,\; Trx) be a presuspended category and ¥ = ¥y, the class of all arrows s of the
category Cx such that 0x(s) is an isomorphism. Let ©x denote the endofunctor of the
quotient category ¥ 7!Cx uniquely determined by the equality ©x o g% = g% o 0x, where
g% denotes the localization functor Cx — Y 71Cx. Notice that the functor q% maps final

objects to final objects. Let X denote the morphism g% (z) — Oz induced by z 2, Ox

a5 () —
(that is by g% () = g5 00x = O©x 0q%) and Try the essential image of Try. Then the

data (X7 !1C%, Ox, X; Trx) is a quasi-suspended category.
The constructed above map (Cyx,0x,\; Trx) — (X71C%, Ox, \; Tryx) extends to a
functor Pat 2, &eat which is a left adjoint to the inclusion functor GCat == Plat.

The natural triangle (localization) functors (Cx,0x, \; Ttx) N (2_16’357@35,}:; /T\;x)
form an adjunction arrow Idgpeqe — J«J*. The other adjunction arrow is identical.

7.5. Quasi-triangulated categories. Let (Cx,0x, \; Ttx) be a presuspended cate-
gory. We call it quasi-triangulated, if the endofunctor 0y is an auto-equivalence.

In particular, every quasi-triangulated category is quasi-suspended. Let Q%t denote
the full subcategory of P€at (or SCat) whose objects are quasi-triangulated subcategories.
We call a quasi-triangulated category strict if fx is an isomorphism of categories.
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7.5.1. Proposition. The inclusion functor Q%v — P&at has a left adjoint. More
precisely, for each prestable category, SCx = (Cx,0x,\;Trx), there is a triangle functor
from TCx to a strict quasi-triangulated category such that any triangle functor to a quasi-
triangulated category factors uniquely through this functor.

Proof. The argument is a standard procedure of inverting a functor, which was orig-
inated, probably, in Grothendieck’s work on derivators. One can mimik the argument of
the similar theorem (from suspended to strict triangulated categories) from [KeV]. m

7.6. The k-linear version. It is obtained by restricting to k-linear additive cate-
gories and k-linear functors. Otherwise all axioms and facts look similarly. Details are left
to the reader.

7.7. Remark. Notice that the notion of a quasi-suspended k-linear category presented
here differs from the notion of suspended category proposed by Keller and Vossieck [KeV1].
In particular, the notion of a quasi-triangulated k-linear category is different from the
notion of a triangulated k-linear category.
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Appendix: some properties of kernels.

A.1. Proposition. Let M T Nbea morphism of Cx which has a kernel pair,
M xny M :il M. Then the morphism f has a kernel iff p1 has a kernel, and these two

P2
kernels are naturally isomorphic to each other.

Proof. Suppose that f has a kernel, i.e. there is a cartesian square

Ker(f) —— M

Then we have the commutative diagram

Ker(f) —— MxyM —— M

f! l pll l f (2)

T 7J—M> M — N

which is due to the commutativity of (1) and the fact that the unique morphism x N, N

factors through the morphism M . N. The morphism ~ is uniquely determined by
the equality ps o v = €(f). The fact that the square (1) is cartesian and the equalities
paoy =t(f) and iy = f oip imply that the left square of the diagram (2) is cartesian,

ie. Ker(f) M X n M is the kernel of the morphism p;.
Conversely, if p; has a kernel, then we have a diagram

t(p1) p2
Ker(py)) —— MxyM —— M

P} l cart pll cart l f

; s
s -, M L. N

which consists of two cartesian squares. Therefore the square

e(f)
Ker(p1) —— M

p’ll cart Jf
o NN

with &(f) = p2 o €(p1) is cartesian. m
A.2. Remarks. (a) Needless to say that the picture obtained in (the argument of)

-
A.1 is symmetric, i.e. there is an isomorphism Ker(p;) —> Ker(py) which is an arrow in
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the commutative diagram

E(1?1) p1

Ker(py) —— MxyM —— M

TJ/c lz Ty l? lidM

t(p2) P2
Ker(py) —— MxyM —— M

(b) Let a morphism M I, N have a kernel pair, M x y M :;1 M, and a kernel. Then,

P2
t(p1)
by A.1, there exists a kernel of py, so that we have a morphism Ker(p;) L M x N M
A
and the diagonal morphism M MM x ~ M. Since the left square of the commutative
diagram

/

p
r —— Ker(p) —

l cart c(pl)l J

Apg P1
M — MxyM —

is cartesian and compositions of the horizontal arrows are identical morphisms, it follows
that its left square is cartesian too. Loosely, one can say that the intersection of Ker(p;)

with the diagonal of M Xy M is zero. If there exists a coproduct Ker(py) [[ M, then the

t(p1) A
pair of morphisms Ker(p;) M x NM < M determine a morphism

Ker(py) [[M —— M xy M.

If the category C'x is additive, then this morphism is an isomorphism, or, what is the
same, Ker(f)[[M ~ M xxy M. In general, it is rarely the case, as the reader can find
out looking at the examples of 1.4.

A.3. Proposition. Let

M —— N
g l cart l g (3)
f
M —— N

be a cartesian square. Then Ker(f) exists iff Ker(f) exists, and they are naturally iso-
morphic to each other.

A.4. The kernel of a composition and related facts. Fix a category C'x with
an initial object x.

A.4.1. The kernel of a composition. Let L L M and M —% N be morphisms
such that there exist kernels of ¢ and g o f. Then the argument similar to that of A.3
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shows that we have a commutative diagram

Ker(gf) —— Kerlg) ——
t(gf) l cart l t(g) cart l iN (1)

L — M — N

whose both squares are cartesian and all morphisms are uniquely determined by f, g and
the (unique up to isomorphism) choice of the objects Ker(g) and Ker(gf).
Conversely, if there is a commutative diagram

’

u g
K —— Ker(g9) — =

t l cart l t(9) l iN

L -1 M N

whose left square is cartesian, then its left vertical arrow, K N L, is the kernel of the

L gof
composition L —— N.

A.4.2. Remarks. (a) It follows from A.3 that the kernel of L L M exists iff

!
the kernel of Ker(gf) —— Ker(g) exists and they are isomorphic to each other. More
precisely, we have a commutative diagram

Ker(H) —2L Ker(gf) —— Kerlg) ——

Zl E(gf)l cart l{?(g) cart liN
Ker(f) ﬂ L I M . N

whose left vertical arrow is an isomorphism.
(b) Suppose that (Cx, €x) is a right exact category (with an initial object x). If the
morphism f above is a deflation, then it follows from this observation that the canonical

f
morphism Ker(gf) —— Ker(g) is a deflation too. In this case, Ker(f) exists, and we
have a commutative diagram

Ker(f) & Ker(gf) 1 Ker(g)

zl (gf) J cart l t(g)

(f) f
Ker(f) —— L — M

whose rows are conflations.

The following observations is useful (and are used) for analysing diagrams.
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A.4.3. Proposition.(a) Let M 25 N be a morphism with a trivial kernel. Then

a morphism L I M has a kernel iff the composition g o f has a kernel, and these two
kernels are naturally isomorphic one to another.

(b) Let
L 1w
v | | g
Mo N

be a commutative square such that the kernels of the arrows f and ¢ exist and the kernel
of g is trivial. Then the kernel of the composition ¢ o~y is isomorphic to the kernel of the
morphism f, and the left square of the commutative diagram

~ e(f) f
Ker(f) —— Ker(¢y) —— L —— M

ﬁl cart ’yl lg

t(¢) ~
Ker(¢p) —— M —— N

18 cartesian.

Proof. (a) Since the kernel of ¢ is trivial, the diagram A.4.1(1) specializes to the
diagram

Ker(gf) L x N x
tf) | cart | (g) | i
AV 4N

with cartesian squares. The left cartesian square of this diagram is the definition of Ker(f).
The assertion follows from A.4.1.

(b) Since the kernel of g is trivial, it follows from (a) that Ker(f) is naturally isomor-
phic to the kernel of g o f = ¢ o y. The assertion follows now from A.4.1. m

A.4.4. Corollary. Let Cx be a category with an initial object x. Let L M be a

t(g)
strict epimorphism and M —2> N a morphism such that Ker(g) —— M exists and is a
monomorphism. Then the composition g o f is a trivial morphism iff g is trivial.

A.4.4.1. Note. The following example shows that the requirement ” Ker(g) — M
is a monomorphism” in A.4.4 cannot be omitted.

Let Cx be the category Algy of associative unital k-algebras, and let m be an ideal
of the ring k such that the epimorphism k& — k/m does not split. Then the identical
morphism k/m — k/m is non-trivial, while its composition with the projection & — k/m
is a trivial morphism.
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A.5. The coimage of a morphism. Let M . N be an arrow which has a kernel,
i.e. we have a cartesian square

e(f)

Ker(f) ——
1 l cart l f
T v, N
e(f)
with which one can associate a pair of arrows Ker(f) — M, where Oy is the composition
Oy
of the projection f’ and the unique morphism z -*% M. Since iy = f o4, the morphism
e(f)
f equalizes the pair Ker(f) — M. If the cokernel of this pair of arrows exists, it will
Of

be called the coimage of f and denoted by Coim(f), or. loosely, M/Ker(f).
Let M — N be a morphism such that Ker(f) and Coim(f) exist. Then f is the

by
composition of the canonical strict epimorphism M —— Coim(f) and a uniquely defined

j
morphism Coim(f) TN,

A.5.1. Lemma. Let M -1 N be a morphism such that Ker(f) and Coim(f) ezist.
There is a natural isomorphism Ker(f) — Ker(ps).

Proof. The outer square of the commutative diagram

f/

Ker(f) —— x —
E(f)l cart l | l (1)

M —— Com(f) ——

is cartesian. Therefore, its left square is cartesian which implies, by A.3, that Ker(py) is
isomorphic to Ker(f'). But, Ker(f') ~ Ker(f). m

A.5.2. Note. By A.4.1, all squares of the commutative diagram

Ker(f) L x
1d l cart l

. bs .
Ker(jrps) —— Ker(js) —— =@ (2)

E(f)l cart l cart l
Mo coim(f) 2 L

are cartesian.
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If Cx is an additive category and M L L is an arrow of C x having a kernel and

Jf
a coimage, then the canonical morphism Coim(f) —— L is a monomorphism. Quite a
few non-additive categories have this property.

A.5.3. Example. Let Cx be the category Algy of associative unital k-algebras.
Since cokernels of pairs of arrows exist in Algy, any algebra morphism has a coimage. It
follows from 1.4.1 that the coimage of an algebra morphism A —~ B is A/K(y), where
K(p) is the kernel of ¢ in the usual sense (i.e. in the category of non-unital algebras).
The canonical decomposition ¢ = j, o p, coincides with the standard presentation of ¢ as
the composition of the projection A — A/K(p) and the monomorphism A/K(p) — B.
In particular, ¢ is strict epimorphism of k-algebras iff it is isomorphic to the associated

coimage map A 2, Coim(p) = A/K(p).
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