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5 Lecture 5: Uniqueness of 5P"

The purpose of this lecture is to prove Theorem 5.1, which replaces the unproven “Theorem
2.17 in [MC/1]. As before, k is a field of characteristic 0, and P™ is the cohomology operation
of bidegree (2n(¢ — 1), n(¢ — 1)) referred to in Lecture 2. (The n of this lecture is unrelated
to the n in the norm residue homomorphism of the Bloch-Kato conjecture.)

Note that the Bockstein ( is a derivation, SP" is additive and commutes with simplicial

suspension Y by [RPO]. Thus by axiom 2.2(2), if y € H>*"(X,Z/{) then P"(y) = y* and:

BP"(Xy) = NH(P"y) = SA(Y') = (36(y) = 0.
Thus SP" satisfies (1) and (2) of the following uniqueness theorem.

Theorem 5.1. Let ¢: H?Hn(— 7)) — H*+208(— 7,/0) be a cohomology operation such

that for all X and all x € H*""(X,7Z):
1. ¢(bx) = bop(x) for b€ Z;
2. If v = Xy fory € H*™"(X,Z) then ¢(x) = 0.
Then ¢ is a multiple of GP™.
Remark 5.1.1. In topology, BP" is the image of a cohomology operation H*"™'"(— 7Z) —

H2e+2nt(— 7). We will see the relevance of this in the next Lecture.

We saw in Lecture 2 (2.6) that the cohomology operations described in Theorem 5.1
correspond to elements of H*(BK,,Z/{). We saw in Lecture 4 (see 4.8) that a complete
description of this cohomology is possible, but it is messy for n > 1. To cut down on the
bookkeeping in the proof of 5.1, it is useful to introduce the notion of scalar weight.

The multiplicative action of the monoid (Z, x) on the sheaf of Z-modules K, = ulL"

and BK, = ull"[1] defines an action of Z/¢* on H**(K,,Z/l) and H*(BK,,Z/l), at
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least when n > 0. The induced representations of (Z/¢)* decompose the cohomology
into the direct sum of its isotypical pieces, corresponding to the irreducible representations
Z)C, e, 1S3, ... pu$ 2 We will say that the isotypical piece corresponding to u$** has scalar
weight s; an element x € H**(K,,Z/() has scalar weight s if a - x =’z for all a € Z /(.

Recall from 4.6(b) that K, ~ S>(V},), and that R, (K,,) ~ @Rtr(§ivn) = @S! (L").

Theorem 5.2. Under the decomposition H*(K,,7/0) = &H**(5V,,Z/(), the summands

H**(5'V,,, Z,/0) = Hompp (SE L7, R(x)[%]) have scalar weight i mod (£ — 1).

Lemma 5.3. If R(q)[p] is a summand of S;*(L"), and m = s mod ({—1) for 0<s < /{—1,

tr

then:

(a) q>ns, with equality iff m < {

(b) ¢>n(¢ —1) if s =0, with equality iff m = ¢ — 1.
(c) p>2¢>2n

Proof. Recall from Theorem 4.16 that R(q)[p] = L?[b] for b>0, so p = 2q + b. Hence (a)
and (b) imply (c). If m < £ then S{'(L") = L™ and ¢ = mn by 4.7.1. This yields the ‘if’
parts. To prove the ‘only if” parts of (1) and (2), suppose that m > ¢ and write m = m;/",
noting that > m; > mg, Y. m; =m mod (£ —1). We also have ¢ > (>_m;)n+ (£ — 1) by
Proposition 4.8. Since Y m; > s, we have ¢ > ns. If s =0 then > m; > ¢ — 1 and we have

g>(n+1)-1). O

Remark 5.3.1. These are the equations (2.6), (2.7) and (2.8) of [MC/]], strengthened to

inequalities when m > ¢.

We now turn to the cohomology of KA ...AK, in scalar weight 1. The following presen-

tation is due to Voevodsky and is taken from [MC/1].
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Lemma 5.4. The scalar weight s = 1 part of HPY(K)" Z/{) vanishes if ¢ < nl and r>2,

and also if ¢ = nl and p < 2nl.

Proof. ([MC/1, 2.7 and 2.8]) By 4.13, 4.11 and 5.2 it suffices to consider 71 ® - - - ® x, where
the z; are in Hom(Si/ L™, R(q:)[pi]), Xpi = p, ¢ = q and Xa; =1 mod ({ —1). If ¢ < nl
then a; # 0 by 5.3(b) and we must have Xa; > ¢, which is excluded by 5.3(a) as ¢>nXa;.

This establishes the case ¢ < nf. When g = nf, the vanishing comes from 5.3(c). O

We now analyze the motivic cohomology H?*""*+%"(BK, 7/(), where BK,, is the simpli-

cial classifying space [r] — (K,)".

There is a standard spectral sequence for the cohomology of a simplicial space with coeffi-

cients in Z/{(nl); for BK,, it has
(5.5) Er* = HS" (K" 7.)0) = H"™"(BK,,7]().

For n > 1, the spectral sequence converges because K" is nr-fold T-connected so that
E® = 0 for r > ¢. This in turn follows from the fact [RPO, 3.7] that K, is n-fold T-
connected, together the Kiinneth formula 4.13. (This is the argument of [MC/1, 2.6].)

The relevant part of the spectral sequence looks like this, using Lemma 5.4:

0
0 H2né+1,n€(Kn) N
s=2nf 0 HQnZ,nE(Kn) _ HQnZ,nE(KnAKn) N HQnK,nE(KT/T\S) _

0 0 (nothing in scalar weight 1 below here)

Recall from [RPO, 3.7 that H*""(K,,Z/{) = 7/ on the fundamental class «.
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Example 5.5.1. y = {(a®1+1®a) - a'®1 -1}/ {=a""TRa+ - +a®a'!
is an element of H2" (K, nK,,Z/0). A calculation shows that d>*"* maps v to zero in

H*™r (K nKon K, Z/0). (Formally this follows from 6(af) = —fy and 6% = 0).

Lemma 5.6. ([MC/1, 2.9]) Let D, denote the subset of elements of scalar weight one in
H2n8 (KA 7,/0). Then D, is the Z/(-vector space generated by monomials of the form

QAL onat, where iy + -+ i, = £ and each i; > 0.

Proof. The monomials are linearly independent by the Kiinneth formula 4.13. Lemma
5.4 implies that D, is generated by elements of the form z; ® -+ ® z, whre the z; €
Hom(S*“L", R(q;)[p:])- By 5.3(b), at most one z; can have scalar weight 0, and only if r = 2.

If r =2 and a; = 0 then ay = 1. Then by 3.4(a, b) we must have ¢ = n(¢ — 1) and

=1 and x5 = a. Thus we are

g2 = n, and p; = 2¢;. By 3.4(b) and (4.7) we must have z; = «
reduced to the case in which all a; #0 mod (¢ —1). By 5.3(a, ¢) and ¢ = nf we must have
Ya; = {, ¢ = na; and p; = 2¢;. Since Sii (L") = L™ by (4.7) we must have z; = a% up to

scalars. ]

Proof of Theorem 5.1: (Voevodsky) We regard ¢ as an element of H*""2"(BK, Z/().
Condition 5.1(1) says that ¢ has scalar weight one. Condition 5.1(2) says that ¢ (like 5P™)

is in the kernel of the map
H2n£+2’né(BKn, Zé) N H2ni+2,n€<2Kn’ Zf) — H2n€+1,n€(Kn7 Z/g)

defined by the inclusion of X K,, as the degree one part of BK,,. That is, ¢ and SP" lie in
the kernel of the edge map in the spectral sequence (5.5).

Voevodsky observes in [MC/1] that, by a formal calculation of Lazard [3, 1.21], the kernel
of E12 2né Ef’Z”Z is Z/¢ in scalar weight one, on the cycle v displayed in 5.5.1. Since SP"
represents a nonzero element of H2"*+2"(BK,  7/() by [1] and [RPO], it follows that every

such element ¢ must be a multiple of FP". O
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