COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY
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ABSTRACT. We study special values of L-functions of elliptic curves over (Q
twisted by Artin representations that factor through a false Tate curve exten-
sion Q (ppoo, r%/m)/Q. In this setting, we explain how to compute L-functions
and the corresponding Iwasawa-theoretic invariants of non-abelian twists of el-
liptic curves. Our results provide both theoretical and computational evidence
to the conjectures of non-commutative Iwasawa theory.
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1. INTRODUCTION

Let E/Q be an elliptic curve and let Foo = |J,, Fi» be an infinite Galois extension
of ). The type of questions that we are concerned with is how do the Mordell-
Weil group and the Selmer group of E change in the subfields of F,, and the
conjectural relations to the special values of twisted L-functions L(F, T, s)|s=1 for
Artin representations 7 that factor through Gal(F /Q).

Although for an arbitrary algebraic extension of () the questions might be hope-
lessly hard, a good deal is known for the p-adic extension of ) obtained by adjoining
all p-power roots of unity, Q(ppe) = J,, Q(pp=). This is the subject of cyclotomic
Iwasawa theory of elliptic curves. We will consider the false Tate curve extension

of Q, given by

-t

Fn:Q(ﬂp"a p%)’ Foo = Fn

n=1

for some fixed odd prime p and p-power free integer m. The motivation is that
this 1s the simplest non-abelian p-adic Lie extension to which the conjectures of
non-commutative Iwasawa theory apply.

Assume that £ has good ordinary reduction at p. For Artin representations 7 of
Gal(Fo /Q), the authors of [9, 22] have proposed precise modifications Lg (1) of the
L-values L(FE, T, 1), that are supposed to be interpolated by a non-abelian p-adic
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L-function of E. For self-dual Artin representations 7 with values in GL,(Q,),
their Main Conjecture asserts that

(1.1) ord, Lr(T) = ordy Xna(E, ),

where xpnq(F, 7) is the non-abelian Euler characteristic of the dual of the p®-Selmer
group of F/F,, twisted by 7 (see §4.1). Moreover, the conjectures imply that if 7
is congruent to 7 modulo p, then so are the p-adic numbers Lg(7) and Lg (7).

The purpose of this paper 1s to provide some evidence for these conjectures.
We will be concerned with two particular representations ¢ and p of G which are
congruent modulo p. First, under suitable hypotheses (see Theorem 5.2) we show
that

(1.2) ord, Xna(E,0) =0 <= ord, xna(E,p) =0,

as predicted by the conjectures. We also show that the corresponding statement
for ord, Lg(o) and ord, Lg(p) implied by the Main Conjecture also follows from
the conjecture of Birch and Swinnerton-Dyer (see §5.11). Finally, we test the full
congruence between Lg(c) and Lg(p) numerically for varying F, p and m.

Let us begin with a description of the Artin representations of G = Gal(F /Q)
(see, e.g., [19] for details). Forn > 1, let p,, denote the representation of GG obtained
by inducing any character of exact order p” of Gal(F,, /Q(up»)) to Gal(F,/Q). Then
pn 18 1rreducible; and every irreducible Artin representation of G is of the form x
or ppx for some n, where x is a 1-dimensional character of Gal(Q(upe)/Q). In
particular, let o, denote the sum of all 1-dimensional characters of Gal(Q(up»)/Q).
Forn > 1, both ¢y, and p,, are defined over (Q and, moreover, the two representations
are congruent modulo p (meaning that their reductions modulo p have isomorphic
semi-simplifications). For simplicity, we will denote o = 1 and p = p;.

Now, for any elliptic curve E/Q and any Artin representation 7, the twisted
L-function L(F,r,s) is an analytic function for Res > 3/2 that is conjectured to
have an analytic continuation to C. In fact, for Artin representations of G, this
conjecture follows from modularity of elliptic curves over Q and cyclic base change
from the theory of automorphic forms ([19], Theorem 14).

Deligne’s conjecture [16] then states that the quotient of L(E, 7, 1) by the period
Q+(E)d+(T)Q_(E)d_(T) is an algebraic number (see the list of notation §1.6). This
is also true for Artin representations of GG by the results of [5]. There it is also
shown that further modifying the value by the global e-factor of 7,

B L(E,11) _
RGO RGGGRR
lies in the field of definition of 7. In particular, L*(E, o) and L*(F, p,) are rational
numbers for n > 1.
Assume that E/Q has good ordinary reduction at p. For the false Tate curve

extension Fi, /@), the following modification of the L-value L(E, 1, 1) is proposed
in [9]:

L*(E,T)

— Lv/r’nP(E’T’ 1) € (7_ . PP(T*au_l)
QBT (BT 0 B )

(1.3) Lp(T) Sy

Here L., (F, 1, 8) is the L-function L(F, 7, s) with local factors at primes dividing
m and p removed. (These are the primes with infinite ramification in Fo,/Q.)
See §1.6 for the definitions of the other quantities in (1.3). Then Lg(7) € Q, and,
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furthermore, one has the following conjectures (see [9], 5.6-5.10 and the penultimate
paragraph of the paper). The definition of the non-abelian Euler characteristic
Xna(E, ) will be given in §4.1.

Conjecture 1.4. Let E be an elliptic curve over Q with good ordinary reduction at
pandlet 7: G — GL,(Q,) be a self-dual Artin representation. Then L(E,7,1) # 0
if and only if x,q(Z, 7) is finite. In this case, equation (1.1) holds.

Another consequence of the conjectures is that

(1'5) »CE(O-n) = *CE(pn) mod p .

(This follows from the fact that the representations are congruent modulo p and
the conjectural integrality of the non-abelian p-adic L-function, see Remark A.20.)
We can verify (1.5) numerically in many cases (see the Tables in Appendix B) for
n=1and p=3,5and 7. For p>7 or n>1, our approach is too computationally
demanding.

In fact, this type of congruence appears in the unpublished work of Balister [2],
which was the original motivation for our study of these L-values. We also note
that for o and p (i.e. n = 1) and p = 3, Bouganis [4] has proved the congruence
(1.5) in some cases.

There is a remarkable recent result due to Kato [30] that the conjectured ex-
istence and integrality of the p-adic L-function implies congruences to a higher
power p” for certain Artin representations of G. It would be very interesting to
test these higher congruences, at least numerically. Unfortunately, the conductors
of the relevant twists of E are extremely large.

For p = 3, if Lg(o) and Lg(p) are p-adic units, then the congruence between
them follows from the Birch—Swinnerton-Dyer conjecture. The point is that L (o)
and Lg(p) can be related to the Birch-Swinnerton-Dyer quotient for E/Q, E/Q(up)
and E/Q(¢/m). This gives a formula for the quotient Lg(c)/Lg(p), where the only
difficult terms are the orders of the Tate-Shafarevich groups. As these are squares,
for p = 3 they do not affect the congruence modulo 3. For p > 5 this argument
gives the congruence modulo squares in [F,, but the full congruence appears to be
stronger than what can be deduced from the Birch—Swinnerton-Dyer conjecture.

The structure of the paper is as follows.

In §2 and §3 we fix the notation and review some basic results concerning systems
of l-adic representations associated to twists of elliptic curves, Selmer groups and the
cyclotomic Iwasawa theory of elliptic curves. Also, in §3.21 we prove an auxiliary
result concerning characteristic elements that we use later on (Proposition 3.23,
Corollary 3.24).

Then we turn to false Tate curve extensions and non-commutative Iwasawa the-
ory of elliptic curves in §4. We prove the relation (1.2) in Theorem 5.2. From
here, the Main Conjecture implies the corresponding relation between the values
Lg(c) and Lg(p) of the p-adic L-function, that we show to be compatible with the
Birch-Swinnerton-Dyer conjecture (Proposition 5.13).

Next, we turn to numerical verification of the congruence (1.5) for n = 1. In
§6 we explain how to compute L(E, o, 1), L(E, p, 1) and various related arithmetic
invariants. We give an example for the elliptic curve 21A4 over Q(us, \5/5) illus-
trating both our results and computations in §7, and tabulate all other examples
in Appendix B. In §7.19 we also illustrate how similar computations can be carried
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out when the false Tate curve extension is replaced by a GLs extension, by taking
the curves 11A2 and 11A3 over their 5-division fields.

Appendix A by J. Coates and R. Sujatha deals with theoretical questions related
to regularity and Heegner like phenomena for the extension F.,/Q. In particular,
they generalise (1.2) to a larger class of curves and py, in place of p (Corollary A.14).

1.6. Notation. By a number field we will always mean a finite extension of Q. We
fix, once and for all, embeddings of @ into @Q; for all {. Throughout the paper we
keep the following notation:

p odd prime.

fpn group of p”-th roots of unity.

Hpoo union of y,» for n > 1.

ky completion of a field k at a prime v,

IFy, residue field at a prime v,

T contragredient representation of an Artin representation T,

di(r) dimensions of the %1 eigenspaces of complex conjugation on 7,
() the global e-factor of T,

ep(7)  the local e-factor of 7 at p (see §6.10),

n(r)  the p-valuation of the conductor N(r) (see §2.4),

|S] cardinality of S,

Alp] p-torsion of an abelian group A,

A[p™] p-primary component of an abelian group A.

Notation for the false Tate curve extension and its representations:

m an integer > 2 such that n? fm for n > 1,

F :Fle(ﬂp’ W)’

K = Q(ﬂp)’
o = oy, the regular representation of Gal(K/Q),
p = p1, the unique (p — 1)-dimensional irreducible representation

of Gal(F/Q), as above.

Notation relating to elliptic curves and Iwasawa theory:

E elliptic curve over () with good ordinary reduction at p,
P,(—,T) local polynomial of the L-series L(—,s) at ¢ (see §2.2),
U, W p-adic numbers, chosen so that u is a p-adic unit, defined by

Py(E,T)=1—a,T+pT? = (1—uT)(1—wT).
We denote by Q4 (E) the periods of E, defined by integrating the Néron differential
of a global minimal Weierstrass equation over the generators of the +1-eigenspaces
Hy(E(C),Z)* of complex conjugation. As usual, Q_ is chosen to lie in iR.

Acknowledgements. We would like to thank J. Coates for numerous discussions
and comments, and for his constant encouragement. We also thank J. Coates,
T. Fukaya, K. Kato, R. Sujatha and O. Venjakob who inspired the creation of this
paper by referring to it in [9] and [30].

2. TWISTED L-FUNCTIONS

We briefly recall the definition of L-functions of elliptic curves by Artin repre-
sentations, and the invariants attached to them which we will need. We refer to
[39] and [38] for - and L-functions of varieties, and to [16], [15] §§3-4 and [49] §4

for their twists.
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2.1. Systems of [-adic representations. Let E/Q) be an arbitrary elliptic curve
and 7 : Gal(Q/Q) — GL,(Q) be an Artin representation. Both £ and 7 determine
(a compatible system of) [-adic representations for primes [ of Q. In case of E, the
l-adic representation is M;(F) = H,(F,Z;) @z, Q or, equivalently, the dual of the
l-adic Tate module T;(E) with scalars extended to @;. The l-adic representation
that corresponds to 7 is M;(r) = 7 ® ©Q;. Now we can construct a system of
representations

Ml(E,T) = Ml(E) ®@z Ml(T).

2.2. L-functions. To a system of [-adic representations M = {M;}; we can asso-
ciate an L-function L(M,s) as follows. For a prime ¢ of @, the local polynomials
of L(M, s) are

(2.3) P,(M,T) = det(1 — Frob, ' T | M/*)
for any prime [ # ¢q. We define the local L-factor
Lq(M’ s) = Pq(M’ q_s)_l

and the global L-function (or L-series)
L(M,s) =] Lo(M,s) .
a

We write
L(E,s) = L(M(E),s), L(r,s)=L(M(r),s), L(E,r,s)=LM(ET),s).

The L-series L(7,s) converges to an analytic function on the half-plane Res > 1,
and it is classical that 1t has a meromorphic continuation to the entire com-
plex plane. The L-series L(FE,s) and L(E,7,s) converge to analytic functions on
Res > 3/2. Tt follows from the modularity of elliptic curves [55, 50, 7] that L(F, s)
possesses an analytic continuation to C. We will be concerned with L(FE, 7, s) when
7 factors through a false Tate curve extension, in which case there is also an analytic
continuation ([19], Theorem 14).
Finally, recall that L-functions are multiplicative,

L(E, 7 @ 1,s)=L(E,mn,s)L(E, m,s).

2.4. Conductors. In the formula (2.3) defining the local polynomials of L(M,s),
the inertia group /I, acts trivially on M; for all but finitely many primes ¢. Therefore
for almost all primes ¢ (the good primes of M) we have deg P,(M,T) = dim M;.
The primes ¢ with deg P,(M,T) < dim M; are called bad primes of M.

For a prime ¢ the local conductor N, (M) is given by (see [39], §2)

Nq(M) = qt‘1+6‘1, t, = codimyy, Mqu, (Sq > 0.

The term d, is defined in terms of the representation of the wild inertia subgroup on
M;. Tt is zero if and only if this subgroup acts trivially, i.e. M; is tamely ramified.

Finally, the (global) conductor is N(M) = Hq Ny(M). Once again, we write

N(E)=N(M(F)), N(r)=N(M(r)), N(E,7)=NME,T)).
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2.5. Functional equation. The twisted L-functions L(F, 1, s) conjecturally sat-
isfy a functional equation of the following form (see, e.g, [16] 5.2, [49] 4.5). Let

R N(FE s/2 dim 7 1\ dim 7
L(E,T,S):(#) r(%) F(S;) L(E,1,5s) .

Then, conjecturally,

(2.6) L(E,rs)=w(E,r)L(E,m,2—25)

~

with w(F,7) an algebraic number of complex absolute value 1. If 7 = 7*, then
w(E, 1) = +1 and we call it the sign in the functional equation.

2.7. L-functions of elliptic curves over number fields. Recall that for an
elliptic curve E a number field &, the L-function L(F/k,s) is given by the Euler
product

L(E[k,s) =[] Lo(E/k,s) = [] Po(E/k, Nijolv) ™) 7",
where v runs over primes of k& and
Py(E/k,T) = det(1 — Frob, " T'| M(E)"),  wjl.

The polynomials P, (E/k,T) depend on the reduction type of E over the local
field &, and are given explicitly by:

(2.8)
1—ay T4 Ny o(v)T?, good reduction,
_ 1-1T, split multiplicative reduction,
Py (E[k,T) = 1+ 7T, non-split multiplicative reduction,
1 additive reduction.

bl

In the case of good reduction, P,(F/k,1) = |E(FU)|, the number of points on the
reduction of £ at v.

Suppose the elliptic curve E is defined over @ and let k/Q be a finite extension.
Define Ry to be the representation of Gal(@/@) induced from the trivial represen-
tation of Gal(Q/k). In particular, if k/Q is Galois, Ry is the regular representation
of Gal(k/Q) considered as a representation of Gal(Q/Q). Also, for k arbitrary, Ry
is the permutation representation of Gal(Q/Q) on the set of embeddings of k into

@. One can show that the local factors satisfy Artin formalism,
Ly(E, Re,s) = [[ Lo(E/k,s) .
vlg
In particular, taking the product over all primes,
L(E,Ry,s) = L(E/k,s) .

This allows us to write L(E/k, s) as a product of twisted L-functions of F/Q that
correspond to irreducible pieces of Ry. If k/Q is abelian, L(E/k,s) becomes a
product of L-functions of ' twisted by Dirichlet characters.
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3. CYCLOTOMIC IWASAWA THEORY OF ELLIPTIC CURVES

In this section we introduce the main tools from cyclotomic Iwasawa theory of
elliptic curves. We use the following notation
p odd prime.
k a number field.
k?Ye  the maximal pro-p extension of k in k(e ).
Ty, the Galois group Gal(k®Ve/k).
Ay Iwasawa algebra of T'y.
Recall that A, = hénH Zy|T'x/H] where the limit is taken over the open subgroups
H of T'y. So it is simply the completion of the group ring Z,[I'x] in the profinite
topology. The group I'y is isomorphic to Z, and there is an isomorphism

A = Z[[T]]

obtained by sending a fixed topological generator of I'y to 1+ T'.

We recall the definition of the p”- and p®°-Selmer groups of an elliptic curve E
over an arbitrary algebraic extension of . (These definitions do not require that
p is odd or that E is good ordinary at p.)

If £ 1s a number field, we have an exact sequence

0 —> Selyn (E/k) — H(k, E[p"]) — HHl(kv, E(ky))[p"]

where v runs over the places of k ([43], §X.4). For arbitrary L C Q, let

kCL
where k runs over finite extensions of (J and the maps that define the inductive
system are induced by the restriction maps on cohomology. Finally, define the
p°-Selmer group by

Sel, (E/L) = li%mSelpn(E/L) .

n>1
Over a number field, the group Sel,~(E/k) is a part of the fundamental exact
sequence

(3.1) 0 — E(k) @z (Qp/Zp) — Selpe (E/k) — HI(E/k)[p™] — 0,

where III(E/k) is the Tate-Shafarevich group of E/k.
The Selmer group Selpe (E/k%Y°) is a discrete Ag-module. Let X (E/kY°) be its
Pontryagin dual,

X(E/kY) = Hom(Selpo (E/kY), Qp/Z,) ,

where Q,/Z, is a Ag-module with trivial I'y-action. This is a compact Ag-module
and it is an elementary fact in Iwasawa theory that X (E/k°) is finitely generated
over Ay (see, e.g., [32] Thm. 4.5.(a) or [12]).

3.2. Torsion modules. A A;-module is said to be torsion if for each element of
the module there is some non-zero element in Ay annihilating it.

We recall an important result due to Mazur and its corollary which we will use
later on:
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Theorem 3.3. (Mazur’s control theorem, [34], [24] Theorem 4.1). Let k be a
number field and E [k and elliptic curve with good ordinary reduction at all primes
above p. Assume that ke, = J,, kn ts a Galois extension of k with Galois group Z,.
Then the natural maps

Selyoo (E/ky) — Selpoe (B ko, ) Gl koe/n)
have finite kernels and cokernels. Their orders are bounded as n — co.

Theorem 3.4. ([34], [24] Corollary 4.9) Let k be a number field and let E/k be an
elliptic curve with good ordinary reduction at all primes above p. If Sel o (E/k) is
finite, then X(E/kY°) is Aj-torsion.

Mazur has conjectured that X (F/k¢) is always Aj-torsion when E has good
ordinary reduction at all primes v of & dividing p. The best result to date in this
direction is the following deep theorem due to Kato.

Theorem 3.5. (Kato [29]) If k/Q is abelian and E/Q has good ordinary reduction
at p, then X(E/k%°) is Ag-torsion.

3.6. Structure theory. A map of Ax-modules is a pseudo-isomorphism (denoted
&, Y) ifit has finite kernel and cokernel. There is a well-known structure theory
for finitely generated Aj-torsion modules up to pseudo-isomorphism (see e.g. [6]

Ch. 7 or [54] Theorem 13.12). For such a module X, one has
(3.7) X = DA/r & DA/
d J

Here the direct sums are finite, y;, m; > 1 are integers and f; are elements of
Ar. The f; are defined up to units in Ax and they can be chosen to map to
irreducible distinguished polynomials under the isomorphism Ay 22 Z,[[T]]. Recall
that distinguished means monic with all other coefficients divisible by p. With such
a choice of a canonical form for the f;, the above decomposition is unique up to

order. The product
Ix =TI 115"
i J

is called a characteristic element for X. It is uniquely defined up to a Ag-unit
and the characteristic ideal (fx) C Ay is well-defined. Characteristic elements are
multiplicative in short exact sequences.

Now let E/Q be an elliptic curve with good ordinary reduction at p. Provided
that X (F/kY°) is a Ag-torsion module (e.g. if £/Q is abelian), we can decompose
X(E/k¥°) as in (3.7) and define the following invariants:

fem = fxe/meey =[1; " Hj f;nj, the characteristic element.
KE/k = »_; Mi, the p-invariant.
Ap/ =deg fryp = dimg (X (E£/kY¢) @z, Qp), the A-invariant.

Remark 3.8. We note that 1/, = 0if and only if X (E/kY¢) is a finitely generated
Zp-module, and Mg/, = pp/r = 0 if and only if X (£/kY¢) is finite.

Remark 3.9. Assuming X (F/k°) is a Ag-torsion module, it is easy to see that
JE/k is divisible by 7" if and only if the coinvariant space (X (£/k¢))r, is infinite.
By Mazur’s control theorem (3.3), this is true if and only if Selye (E/k) is infinite.
In particular, Sel,o (E/k) is finite if and only if fg/, has a non-zero constant term.

We also mention the following result.
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Theorem 3.10. (Matsuno [33]) Let p be an odd prime. Let k be a totally imaginary
algebraic number field. Let E/k be an elliptic curve which has good reduction at
all primes above p. If X(E/k°) is Ap-torsion and ppj, = 0, then X (E/k°) is
p-torsion-free. In particular, if Agy, is also zero, then X(E/k¢) =0.

3.11. Euler characteristics. Let F be an elliptic curve over a number field & and
assume that X(E/kY°) is Ap-torsion. When Sel, (E/k) is finite, the homology
groups H;(Ty, X (E/kY)) are finite (¢ = 0,1), and the T'y-Euler characteristic is
defined by
cyc
L
1Lk, X(E/keve))]

(When Sel,o (E/k) is infinite, the groups are no longer finite, but one can never-
theless make sense of the quotient and define a “generalised Euler characteristic”,
see e.g. [11]).

Of importance to us are the following two formulae. First, xcy.(E/k) is a power
of p, and we have the basic Euler characteristic formula [36, 37]

JUL(E/R) ] Ty, [EE)PTT, e
[E(k)? '
Second, under the isomorphism A = Z,[[T]], the constant term of the character-
istic element recovers xeye(E/k),

(3.13) ordy Xeye(£/k) = ord, fr/i(0) .

Lemma 3.14. Let I be an elliptic curve over a number field k such that E has
good ordinary reduction at all primes above p. Suppose that Selyo (E/k) is finite.
Then X (E/k%°) is finite if and only if xcyc(E/k) = 1.

Proof. By Theorem 3.4, X(E/k%°) is Ap-torsion. By (3.13) we have f; # T for
every j. The f; are distinguished irreducible polynomials, so that every f; # 1" has
a constant term divisible by p. Lemma follows from (3.13). |

(3.12) ord, Xeye(E/k) = ord,

3.15. A- and p-invariants in p-extensions. The following theorem, due to Hachi-
mori and Matsuno, concerns the change in the A-invariant of X (FE/k%¢) when £ is
replaced by a finite p-extension of k. This will be very useful when studying the
behaviour of F in a false Tate curve tower.

Theorem 3.16. ([25], Theorem 3.1) Let k'/k be a Galois extension of number fields
of p-power degree. Let E[/k be an elliptic curve, good ordinary al primes above p
and such that whenever E has additive reduction at a prime v, the reduction stays
additive at every prime of k'V¢ above v. If X(E/k) is Ap-torsion and ppy, = 0,
then X(E/k') is Api-torsion, g =0 and

(3.17) Appi = (K9 kY Dpe + > (e() = 1) +2 ) (e(v) = 1).
veEV) vEV,

Here e(v) is the ramification index of v in k'V°/k%°, V| is the set of primes v [p
of k'Y where E has split multiplicative reduction and Vs is the set of primes v [p
of k'Y¢ where E has good reduction and E(ki¥°)[p] # 0.

Remark 3.18. The condition that the reduction stays additive is automatically
satisfied if p > 5 ([42], p. 498), and is vacuous if £/k is semistable.

It 1s useful to reformulate some of the conditions in the theorem as follows:
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Lemma 3.19. Let k'/k be a Galois extension of number fields of p-power degree.
Let E/k be an elliptic curve such that whenever E has additive reduction al a prime
of k, the reduction stays additive at every prime of k' above it. Let v {p be a prime
of k.
(1) v ramifies in k' if and only if any prime above v in k%V° ramifies in k'Y°.
(2) E has split multiplicative reduction at v if and only if E has split multi-
plicative reduction at any prime of k'°Y¢ above v.
(3) If E/k has good reduction at v{p and w is a prime of k'Y® above v, then
E(kv¢)[p] = 0 if and only if E(F,)[p] = 0.

Proof. First observe that the condition that the reduction stays additive at every
prime of k&’ above a given prime of k ensures that it also stays additive over every
prime of k’“¥® above it. This follows from the fact that p is the only prime that
ramifies in the p-cyclotomic extension of a number field.

(1). This also follows from the fact that p is the only prime that ramifies in the
p-cyclotomic extension of a number field.

(2). If E/k has additive reduction, it stays additive in &°Y¢ by assumption. If
the reduction i1s non-split multiplicative, it stays the same because the degree of
the extension is (pro-)odd.

(3). We show the asserted equivalence in two steps. First, for a prime w of &/°V¢
above v apply the multiplication by p map to the exact sequence

0= E(my) = Bk = E(F,) =0

where m,, is the maximal ideal and T, is the residue field of the local field k.cve.
We get a piece of the kernel-cokernel exact sequence

E(ma)[p] = E(k¥)[p] = E(Fu)lp] = E(m)/pE(ma) .

Since [p] on E(my,) is an isomorphism [43], IV.2.3, it follows that E(k/<v¢)[p] =
B(F,)[p]

It remains to show that E(F,)[p] = 0 if and only if E(IF,)[p] = 0. This follows
from Nakayama’s lemma: G = Gal(FF,, /TF,) is pro-p, so for any discrete p-primary

G-module A = 0 if and only if A¥ = 0. |

Corollary 3.20. Under the assumptions of Theorem 3.16, we have that gy =
gk if and only if either k' C k¢ or the following conditions are satisfied

(1) Agsx = 0.
(2) There are no primes of split multiplicative reduction of E [k that ramify in
k' /k.

(3) There are no primes v {p of good reduction of E/k that ramify in k' /k and
such that there is a non-trivial point of order p on the reduced curve E[F,.

Proof. This follows from Theorem 3.16 and Lemma 3.19. |

3.21. Divisibility of characteristic elements. The main result of this section
(Proposition 3.23) concerns the behaviour of the characteristic element fg/; when

changing the base field.

Lemma 3.22. Let k'/k be a finite Galois extension with Galois group A and let
E be an elliptic curve over k. Then the natural restriction map

H'(k, E[p™]) B3 B (K, E[p™])>
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has finite p-power kernel and cokernel. If either p [|A| or E/k" has trivial p-torsion,
then Res is an tsomorphism.

Proof. Denote M = E[p*](k'). The map Res is a part of the inflation-restriction
sequence
0— HY A, M) — H'(k, E[p™]) HY(K, E[p™])® — H*(A, M).

The groups H'(A, M) are annihilated by |A|. Furthermore, they are cofinitely
generated continuous Zp,-modules (since M is), and are therefore finite. If either
pf|A] or M =0, these groups are trivial and Res is an isomorphism. d

Res
—

Proposition 3.23. Let k'/k be a finite Galois extension of number fields such that
K Nk =k. Let E/k be an elliptic curve such that X (E/k%°) is Ay-torsion and
X(E/K'Y) is Agi-torsion. Fiz an isomorphism Ay = Z,[[T]]. It induces naturally
an isomorphism A = Z,[[T]] and, with this identification, fg/, divides fgp.

Proof. Denote A = Gal(k'/k). By Lemma 3.22 and the definition of the Selmer
group, we have an exact sequence of I'y-modules

0 — A — Selyoo (k) — Selyo (K'Y°)* — B — 0
with A finite. As Pontryagin dual is exact,
0— B — X(E/KY)/T — X(E/k%¥) — A —0

for some ideal I, so X (FE/k%°) is pseudo-isomorphic to a quotient of X (E/k'V¢)/T
as a Ag-module.

We have two structures of a Ag-module on X (E/k'V¢)/I.

First, we have that Ag = Ay as follows: if ¢ € Ty = Gal(k'Y°/k’), we can
consider it as an element of Gal(k'®¥¢/k) and we take it modulo A = Gal(k’?v¢/kve).
This gives an element of Gal(k¥°/k) = T'y. This gives an isomorphism T'ys = Ty,
since Gal(k’?¥°/k) is a direct product of A and T'ys. Hence Ap = Ay, inducing the
asserted isomorphism Ay & Zp[[T]]. This also allows us to consider X (E/k'°Y°)/I
as a Ag-module.

Second, Sel(k') is a Gal(k'®¥¢/k)-module and Sel(k’)2 is a Gal(k®¥/k)-module.
This gives a Ag-module structure on its Pontryagin dual X (E/k'®v¢)/I.

By inspection, these Ag-module structures are the same. Hence the Ag-characteristic
element of X (FE/k'¥¢)/I can be identified with its Ag-characteristic element. By
multiplicativity in short exact sequences, the former is divisible by fg/x while the
latter divides fg,z:. This completes the proof.

(I

Corollary 3.24. Let k'/k be a finite Galois extension of number fields such that
K Nkwve = k. Let E/k be an elliptic curve such that X(FE/k®°) is Ay-torsion
and X(E/k'Y) is Api-torsion. Then Agyi > Mgy and pigp > pgyk. Moreover,
assuming that Sel, (E/k) is finite, we have

AE/k’:AE/ka |Selpoo(E/k’/)|<OO,

KE/R = BE/K Xeye(E/K') = Xeye(E/k)
Proof. The first statement follows directly from the proposition. For the second
statement, observe that the proposition implies that Ag/p = Agy, and pg/p =

prk if and only if fg/p = fr/x. Now the implication “<” follows from formula
(3.13). For the reverse implication, | Selpo (E/k')| < oo is a consequence of Remark
3.9, and the equality of Euler characteristics follows from formula (3.13). |
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4. FALSE TATE CURVE EXTENSIONS

We now turn to non-commutative Iwasawa theory in the setting of a false Tate
curve extension Fi, /Q, with Foo = Q(ppee, */m). As always, p is an odd prime,
m > 2 a p-power free integer, and E/Q is an elliptic curve with good ordinary
reduction at p. We write

G Gal(Fo/k), for a number field k& C P,

A(Gy) Iwasawa algebra of (G, that is liénHSka open Zo|Gk/ H],

X(E/Fs) Pontryagin dual of Sel,(E/F.), as in the cyclotomic case,

Pl(k) for k C Fu, this is the set of primes w of k with w|m, w fp, where
E has split multiplicative reduction,

Pz(k) for k C Fu, this is the set of primes w of k with w|m, w fp, where
E has good reduction and the reduced curve has a point of order p.

4.1. Non-abelian Euler characteristic. Let & C F., be a number field and
G, = Gal(Fs /k). Similarly to the cyclotomic case, one can define a non-abelian
Gi-Fuler characteristic of a compact Gg-module X by

2
X(Gr, X) = [ 1Hi(Gr, X)|71°,
i=0
provided the above groups are finite. For an elliptic curve E/k we also write

Xna(E/k) == X(GkaX(E/FOO))

and call it the non-abelian Euler characteristic of £ /k. One can also define it using
the Gx-homology groups of Sel, (E/F, ), as for instance in [26]. The equivalence
of these definitions is a simple duality argument (see, e.g, [27] §1.1).

For a p-adic representation 7 : G — GL,(Z,) with finite image, write

Xna(EaT) = Xna(GkaX(E/FOO) ®Zp T)'

In fact, one can define the Euler characteristic for all Artin twists and not just
those defined over Z, (see [9]), but we will not need this.

4.2. A formula of Hachimori—Venjakob. There is an explicit formulafor xpq(E/k)
in terms of xcyc(E/k) due to Hachimori and Venjakob ([26], thm 4.1 and the note
following it).

Theorem 4.3. Assume p > 5. Let k C Fo be a number field that contains
K = Q(pp). Suppose E/k has good ordinary reduction at all primes in k above p,
and that Sel,o (E/k) is finite. Then xcyc(E/k) and xna(E/k) are finite and satisfy

(4.4) XnalB/K) = Xeye(B/R) [T 1Lo(B/K Dy,
vePFupH

Remark 4.5. In fact Hachimori and Venjakob have a slightly different definition
of Pz(k). For a prime v[p where F has good reduction, their condition is that
E(ky)[p] # 0, where k, is the completion of &k at v. Tt is equivalent to our re-

quirement that Z(TF,)[p] = 0 for the reduced curve, since multiplication by p is an
automorphism of the formal group of E at v (see [43], VII.2.1, VII.2.2 and 1V.2.3).
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Remark 4.6. Let v fp be a prime of k. Denote the residue field of v by F, and its
number of elements by Nv. Consider the local polynomial P,(p~%) = L,(E,s)~!
and let us write down how the valuation of P,(1/Nv) = L,(FE,1)~! depends on the
reduction type of I at v:

(1) Tf E has split multiplicative reduction at v, then P,(T) =1—T and Nv =1
modulo p, so P, (1/Nwv) has positive p-valuation.

(2) Tf E has non-split multiplicative reduction at v, then P,(T) = 1+ T and
Nv =1 modulo p, so P,(1/Nv) is a p-adic unit.

(3) If E has additive reduction at v, then P,(T) = 1.

(4) Finally, if £ has good reduction at v, we have

Py(1/Nv)= 1—ay5-+ NUW
= (No) ' (Nv—a, +1) = (No) " #E(F,) .

So P,(1/Nw) has positive p-valuation precisely when E(IF,) has non-trivial
p-torsion.

Thus Pl(k) and Pz(k) contain precisely those primes not dividing p for which |L,(E/k, 1)|,
is non-trivial. (Note that this also applies when p = 3). In particular, every term
in the product in (4.4) gives a non-trivial contribution and x,(E/k) = Xeye(E/k)

if and only if both Pl(k) and Pz(k) are empty.

4.7. Artin Formalism. Euler characteristics satisfy the “Artin formalism”. Re-
call that we write F' = Q(pp, ¢/m) and K = Q(y,), and that we have defined in
§1 two representations, o and p, of Gal(F/Q). Both ¢ and p can be realised over
the integers, and the regular representation of Gal(F/Q)is o & pP~1. The following
result is a direct consequence of [9] Theorem 3.10, and the multiplicative properties
of Euler characteristics.

Proposition 4.8. Let E/Q be an elliptic curve with good ordinary reduction at p.
Then we have the following equalities

(49) Xna(E/[{) = Xna(Ea U) 5

(4.10) Xna(E/F) = Xna(EaP)p_l “Xna(E,0) .

In particular, in the above equations the left-hand side is defined if and only if the
right-hand side 1is.

5. COMPATIBILITY OF THE CONJECTURES

In this section we establish the relation (1.2) between xnq(F, p) and xnq(FE, o).
This is the content of our main theorem (Theorem 5.2); see Theorem A.13 (Appen-
dix) for a more general argument.

Theorem 5.2 allows us to formulate explicit consequences of Conjecture 1.4 for
the L-values L(E, o, 1) and L(E, p, 1), namely Conjectures 5.9 and 5.10. These are
consistent with the congruence (1.5), and we also show that they follow from the
Birch-Swinnerton-Dyer conjecture.

5.1. Main theorem. Recall that p is an odd prime, m > 2 a p-power free integer,
K = Q(up), and o and p are the (p — 1)-dimensional representations of Gal(F/Q)
defined in §1.
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Theorem 5.2. Let E be an elliptic curve over () with good ordinary reduction
at p > 5. Assume that pg g = 0 and that Selp (E/K) s finite. Then xnq(E,0)
1s defined and, moreover,
Xna(E,0) =1,
of and only if
|Selyoo (E/F)| < 00 and  xna(E,p) = 1.

Proof. The theorem follows from the four lemmas below. To be able to use Iwasawa
theory, we first show that X (E/K%°) and X (E/F°) are torsion and that other
relevant technical conditions are satisfied (Lemma 5.3). Then we prove the asserted
equivalence in a sequence of steps (Lemmas 5.4, 5.5, 5.6):

Xna(E,0) =1
< |Selp (E/F)| < o0 and ordy Xeye(E/F) = ordy Xeye(E/K)
< |Selpe (E/F)| < o0 and xnq(E,p) =1.

d

Lemma 5.3. Under the assumptions of the theorem, X (E/K%°) is Ag-torsion,
X(E/FY¢) us Ap-torsion, pig/p =0, Xna(L,0) is defined and xno(E, p) is defined
provided that | Selye (E/F)| < c0.

Proof. By Theorem 3.4, X(FE/K°) is Ag-torsion. By Hachimori-Matsuno (The-
orem 3.16), X(E/F%¢) is Ap-torsion and pp;rp = 0. By Hachimori-Venjakob
(Theorem 4.3), xno(E/K) is defined and, provided that |Sel,(E/F)| is finite,
Xna(E/F) is also defined. Now, Artin formalism for non-abelian Euler characteris-
tics applied to ¢ and p (equations (4.9) and (4.10)) proves the claim for y,q(Z, o)
and xnq(E, p). d

Lemma 5.4. Under the assumptions of the theorem,
Xna(E,0) =1
of and only if
Ar/r = AE/K-
Proof. By assumption, X (E/K%¢) is Ag-torsion and, by Lemma 5.3, X (F/F%°)
is Ap-torsion. Thus Ag;x and Ag,p are defined.

Artin formalism (Proposition 4.8, formula (4.9)) together with the theorem of
Hachimori and Venjakob (Theorem 4.3), imply that

XnalE, 0) = Xna(E/K) = Xeye(E/K) H |Lo(E/K,1)p-
ve P upo
Now, each term |L,(E/K,1)|, in the above product is divisible by p (Remark
4.6). Moreover, ord, Xcyc(E/K) > 0 (see formula (3.13)), and, as pp;x = 0 by
hypothesis, ord, Xcy.(£/K) =0 if and only if Ap;x =0 (Lemma 3.14).
Therefore, ord, xna(£,0) = 0 if and only if Ag;x = 0 and the sets Pl(K) and

PZ(K) are both empty. By the theorem of Hachimori and Matsuno (Theorem 3.16
and Lemma 3.19), this is equivalent to Ag/x = Ag/p. O
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Lemma 5.5. Under the assumptions of the theorem,
AR/F = AB/K
of and only if
|Selpoe (E/F)| < o0 and  ordp Xeye(E/F) = ordy Xeye(E/K).
Proof. This is a direct consequence of Lemma 5.3 and Corollary 3.24. |

Lemma 5.6. Under the assumptions of the theorem and supposing, furthermore,
that Selp, (E/F) is finite, we have

ordy Xeye(E/F) = ordp Xeye (E/K).
of and only if
Xna(E, p) =1.

Proof. By the Artin formalism for non-abelian Euler characteristics (Proposition
4.8, formula (4.10)),
~1_ Xna(E/F)
Xna E, p=l e g
Applying the formula of Hachimori and Venjakob for non-abelian Euler character-
istics (Theorem 4.3) for both E/F and E/K gives

(E,p)P—t Xeye(E/F) HwEPl(F)UPQ(F) |Lw (E/F, 1),
Xnallly, p = — _ .
chc(E/A) Hvepl(K)UPéK) |LU(E/A’1)|p

The primes v in Pl(K) (respectively Pz(K)) are in one-to-one correspondence with
the primes w in Pl(F) (respectively PZ(F)), since all such primes ramify totally in the
extension F'/K. Moreover, if w|v is such a pair, both the reduction type of £ and
the residue fields are the same at v and at w. So |L,(E/K,1)|, = |Lo(E/F,1)|,

and the products in the above formula cancel out,

Xna(E, ppt = XeelEE)
’ Xeye(E/K)
The lemma follows. O

The proof of Theorem 5.2 is now complete.

The difficult part of the theorem is the implication xpq(E, p) = 1 = xna(F,0) =
1. For the converse, if xpq(F,0) = 1, then it is not hard to show that the whole
module X(F/Fs) is trivial, so that x,, = 1 for any twist:

Theorem 5.7. Let E be an elliptic curve over () with good ordinary reduction
at p > b. Assume that Sel,(E/K) is finite and that xn.(E,0) is defined and
equals 1. Then X(E/Fs) = 0. In particular, xnqa(E,7) = 1 for every Artin
representation T that factors through Fo.

Proof. By Theorem 3.4, X (E/K%°) is Ag-torsion. The formula of Hachimori and

Venjakob (see 4.3) for xpo(E/K) = xna(E, o) shows that Pl(K) and PZ(K) are both
empty and that xcyo(£/K) = 1. By Lemma 3.14, Ag/x = pg/x = 0.

(k)

Now suppose that & C Fi is a finite Galois extension of K. Note that P;"’ and

Pz(k) remain empty. The theorem of Hachimori and Matsuno (Theorem 3.16) shows
that X (E/k®°) is Ap-torsion and that pp;r = g/, = 0. It follows that X (E/k%°)
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is finite and hence, by the theorem of Matsuno (Theorem 3.10), X (F/k¥¢) = 0.
Taking the limit over intermediate fields K C k C Foo, we get X(E/Fo) =0. O

5.8. Conjectures for the L-values. In view of our Theorem 5.2, the Main Con-
jecture predicts the following behaviour of L-values. Note that the conjectures
below are a special case of the congruence (1.5).

Conjecture 5.9. (consequence of Conjecture 1.4) Let E be an elliptic curve over
@Q with good ordinary reduction at p > 5. Assume that pp;x = 0 and that
Selyee (E/K) is finite. Then

ord, (Le(p)) =0 <= ord,(LE(o)) =0.

Theorem 5.2 and the above conjecture are stated under the assumption that
p > 5. The primary obstacle in generalising the theorem to p = 3 is that the
result of Hachimori—Venjakob (Theorem 4.3), which gives an explicit formula for
Xna, assumes that p > 5.

We believe that Theorem 4.3 also holds for p = 3 under the additional assumption
that whenever F has additive reduction at a prime of K, the reduction stays additive
in F (as in 3.16). If that were the case, it would imply that our Theorem 5.2 is
also valid for p = 3 under the same hypothesis. Then the Main Conjecture would
imply the following:

Conjecture 5.10. (Version of 5.9 for p = 3.) Let E be an elliptic curve over @
with good ordinary reduction at p = 3. Assume that whenever F has additive
reduction at a prime of K| the reduction stays additive in #'. Suppose furthermore
that /g = 0 and that Sel, (£/K) is finite. Then

ord, (Le(p)) =0 <= ord,(LE(o)) =0.

5.11. Relation with the Birch—Swinnerton-Dyer conjecture. Let E/Q be
an elliptic curve and k/Q a number field. Recall that a global Weierstrass minimal
model of F over () does not necessarily stay minimal over k. To correctly state the
Birch—Swinnerton-Dyer formula for E/k using the periods of E/Q, we define the
fractional ideal Ap,;, of k by

Ho(gk,Ql) = AE/k WE

where Q' is the sheaf of invariant differentials on the Néron model &, of E over k
and wg is the Néron differential of £ over Q. The ideal Ag/; is v-adically trivial
whenever the Néron model of E over Q; (with v|l) remains a Néron model of F
over k,. In particular this holds if E/Q; has good or multiplicative reduction, so
Ag/k is the unit ideal if £/Q is semistable.

Conjecture 5.12. (Consequence of the Birch-Swinnerton-Dyer conjecture for E/K
and E/F, [47]). Let p be an odd prime and E/@Q an elliptic curve with E(K) finite.
Then IMI(E/K) and II(E/F) are finite,

L(E,0,1) (o) _ NigjolApy )W (E/K) T, e
0 (B)= (20 (B) =17 B
and
L(E,p,1) e(p) o [ |EWE)PNFyo(Apyp) UL(E/F) [, cw

Qu(B)e-Dr20_(B)r-0/2 =\ E(F)PNgjo(Ap/k) T(E/K)T], 0 |
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The second formula may read 0 = 0, in which case it states that L(E, p,1) = 0 if
and only if E(F) is infinite.

Proposition 5.13. Let p be an odd prime and E/Q an elliptic curve with good
ordinary reduction at p and E(K) finite.
(a) Assume the Birch-Swinnerton-Dyer conjecture for E/K. Then

ord, Lp(c) = ord, (chc(E/K) II B/, 1)—1) .

vePFyp{H)
(b) Assume the Birch-Swinnerton-Dyer conjecture for E/K and EJ/F. Then
Lr(p) =0 tf Selp (E/F) s infinite, and otherwise
(chc(E/F) H’LUEP(F)UP(F) Lw(E/F, 1)_1)
ord . 1 2 _ —
Xeye(E/K) HvePl(K)uPQ(K) Ly(E/K,1)

(c) Consequently, the conjectures 5.9 and 5.10 follow from the Birch—-Swinnerton-
Dyer congecture.

d =
ord, Lr(p) =1

Proof. (a) First we substitute the formula for L(E, o, 1) from 5.12 into the formula
(1.3) defining Lg (o),

Lg(o) =

255 Nicjo(Apyx ) IL(E/K) T, e L al0) Blou™)
|E(A) H Ll . (o)

{|mp

The terms 2%, E:(Ug), ") and Nkjo(Ag k) are p-adic units. The formula
(3.12) yields

Xeye E/A Py(o,u™t)
ord, Lg(o) = ordp< |2 lll_[ Li(E P;:ﬁ .
mp
By Remark 4.6,
od, [[ LiEe)=od, J[ Lu(E/E1).

l|m,i#p vEPfK)UPéK)

Decomposing o into 1-dimensionals, all of which except 1 are ramified at p, we see
that P,(0,T) =1 —T. Hence, by Lemma 5.14,

Py(o,u™t) . 1
Pplo,w™h) | E(F,)|?

ord, Ly(E,0,1)7) =0,

The assertion follows.
(b) To begin with, if Sel,o (E/F) is infinite, then finiteness of HI(E/F) (5.12)
implies that F(F') is infinite, which in turn (5.12 again) implies L(F, p, 1) = 0.
Now we proceed as in the proof of (a), first using the Birch—Swinnerton-Dyer
formula from Conjecture 5.12 to eliminate L(E, p,1) = *</L(E/F,1)/L(E/K,1)
from (1.3). Then we substitute x.ye from (3.12) and deduce that

_ p—1 XCZ/C(E/F) -2 p—1 lemp Lw(E/Fa 1)_1
ord, Lr(p) = ordp( 1/7chc(E/[() S| E(IF,)| 7 0 LB/
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.| Nejo(A P (P’“_l) ) | gEst
NK/@ p— 1/A1/2 A1/2

where § = 0 or 1 depending on whether the prime above p ramifies or splits in
F/K.

Again 21)2;1, ") Nrjo(Ag/r) and Ng/q(Ag k) are p-adic units. By the
conductor-discriminant formula and the fact that the conductor of p is €,(p)* up
to a unit, so is the term €,(p)/ »=/*--. By Remark 4.6,

lemw/rp w(E/F 1) HwEP(F)UP(F)L (E/F 1)
o 1_[vlm U/rp (/K1) - II ve PG ) L,(E/K,1)"

It is not hard to see that P,(p,T) = (1 — T)° with & as above. Then, by Lemma
5.14,

Po(p,ut) 1 -1\ _
Ordp(Pp(p,w—l) . |E(}Fp)|25 -L,(E,p,1) ) =0.

The assertion follows.

(c) Tt remains to prove that Conjectures 5.9, 5.10 follow from (a) and (b). For
p > b we know (Theorem 4.3) that the right-hand sides in the formulae in (a) and
(b) are the p-adic valuations of x,n4(F, ) and xnq(E, p). Then our main theorem
(Theorem 5.2) implies Conjecture 5.9.

The reason that this does not apply when p = 3 is that we do not have Hachimori—
Venjakob’s formula (Theorem 4.3) in this case. However, except for this formula
and Artin formalism, our proof of main theorem (Theorem 5.2) does not actually
use anything else about y,4. Thus, if we define

Xna(E,0) = Xeye(B/K)  J]  Lo(B/K,1)7

vePFyp{H)

and

/ Xeve(E/F)  Tluepmupe Lu(B/F, 1) 70 2
Xna(Eap) = — - - — ’
Xeye(E/K) HUEPl(K)UPQ(K) Ly(E/K,1)

the proof goes through word for word with x/,, in place of x,,. The condition
on additive reduction in Conjecture 5.10 is needed for the formula of Hachimori—
Matsuno (Theorem 3.16) when p = 3. O

Lemma 5.14. Let p be an odd prime and E/Q an elliptic curve with good ordinary
reduction at p. Let T be an Artin representation with P,(1,T) = (1 —T)°. Then

Pp(r,u_l)

P 26
B = 32

Py(E,7,1/p) mod Zj.

Proof. As E has good reduction at p, we have P,(F,7,7) = P,(E,T)°. By multi-
plicativity, it suffices to prove the formula when § = 1. Thus P,(7,T) =1 - 1T,

B(E, 7, 1/p) = (E 1/p) = (1= ayT +pT%) |y, = |1E(E)|/p,

Prw )y =1-wt=1-u/p=1/p mod Z
Pp(r,u_l):l—u_l_1—u—1—(u—|—w)—1—ap—|—p—|E( p)| mod Zj.
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6. COMPUTATIONS

The main purpose of the remainder of the paper is to provide numerical evidence
for the congruence (1.5). In view of Theorem 5.2, this also supports Conjectures
5.9 and 5.10, and thus the main conjecture of [9].

To do this, we pick a small odd prime p and an elliptic curve E/Q with good
ordinary reduction at p, finite Sel,(L/K) and pp/x = 0. Recall that we are
working with K' = Q(pp), F = Q(pp, ¥/m) and two (p— 1)-dimensional Artin
representations ¢ and p which factor through Gal(F/Q). The congruence reads

(6.1) Lg(c) = Le(p) modp.

For varying m, we compute L(E, o, 1) and L(F, p, 1) numerically, and deduce
the values Lg(c) and Lg(p). The tables with our results can be found in Appendix
B. In all cases, the computations agree with the congruence.

In this section, we first explain how to compute the two L-values L(E, o, 1) and
L(E,p,1). Next, we show how we determine the local epsilon factors of o and p at
p. The other modifying factors in the expressions for Lg are fairly straightforward
to determine. Finally, we make some remarks concerning the data in our tables.

6.2. Computing [-values: analytic side. To begin with, the two L-functions
L(E,0,s) and L(FE,p,s) have an analytic continuation and satisfy the functional
equation (2.6). This can be shown using cyclic base change from the theory of
automorphic forms (see [19], Theorem 14).

There is a standard procedure for computing values of so-called motivic L-
functions. This method applies to L-functions of twists of elliptic curves, and
we will briefly outline it in our case. See [51], [13] 10.3 and [18] for details.

Let E be an elliptic curve over (@, and let 7 be a d-dimensional Artin represen-
tation, such that 7 = 7*. For brevity, denote

N =N(E,7).

Assume furthermore that the twisted L-function L(E, 7, s) has an analytic contin-
uation to C and satisfies the functional equation

(6.3) L(E,7,s) =+L(E,1,2—5s),

where ) N s/2 rsnd sl d
L(E,T,s):(ﬁ) F(i) r( . )L(E,T,s).

Expanding the Euler product defining the L-function, we see that it can be written
as a Dirichlet series,

oQ

L(E,Ts) Zns, Re(s) > 3/2.

Consider the inverse Mellin transform q/) ) of the full T-factor, defined by

() () e

This is a real-valued function for ¢ > 0, which decays exponentially as ¢t — oo. One
can show that the functional equation (6.3) is equivalent to

(6.4) tZZanqb (n—) iz nq/)( J_)
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We remark that the above formula allows one to test the functional equation
numerically. Provided that ¢(¢) can be computed, evaluate the two sides of (6.4),
say for ¢ = 1, and check that the two (exponentially convergent) sums yield the
same result.

By considering the Mellin transform of ., an¢d(ntm?//N), splitting the inte-
gral into two, and using (6.4), one arrives at a formula for ﬁ(E, T,8),

~ d d
(6.5) L(E,7,5) = ) anGo("5) £ ) anGamy(PF)
n=1 n=1

where
e d
Gs(t)y=1t"° / é(x) xs?x, t>0
¢

is the incomplete Mellin transform of ¢(¢). Again, for fixed s, the function G,(¢)
decays exponentially with ¢, so that (6.5) gives an exponentially converging series for
L(E,r,s) for arbitrary s € C. Note that, in particular, unlike the initial Dirichlet
series, this expression is valid not only when Re(s) > 3/2.

The remaining issue is that of being able to efficiently compute the function
Gs(t) for s € C and t > 0. (In fact, we are only interested in the critical value
L(E,r 1), i.e. only when s = 1.) There are various ways to compute G4(t). In
principle, there is a method due to Tollis [51], based on earlier work of Lavrik [31],
which is applicable in our situation and gives precise and explicit error bounds. Let
us note here that G (t) is totally independent of the elliptic curve F, and depends
only on the dimension d of r. Thus this is purely a problem in transcendental
function theory.

However, although G;(t) depends only on d, the conductor N influences the
rate of convergence of the series (6.5). To obtain an approximation to the value
L(E,r,1) we need roughly V/N terms in the series. In our examples, we of-
ten deal with very large N (e.g. for E = 1943, p = 7 and m = 2, we have
N(E,p) = 21271195 &~ 10?3). Thus the issue of computing G(t) efficiently be-
comes significant. We used empirical algorithms described in [18] and implemented
as a PARI package ComputeL [17] to compute the L-values.

Remark 6.6. If 7 decomposes as 7 = @, ;, then
L(E,1s) = HL(E,TZ',S) .

It is more efficient to compute the individual terms in the right-hand side of the
equation, as these have smaller conductors. For instance, this applies to 7 = o,
which decomposes as a sum of 1-dimensional representations. We should mention

that these need not satisfy 7; = 7. However, it is easy to modify the above method
to deal with such representations as well (see [18], Remark 2.7).

6.7. Computing /-values: arithmetic side. We now specialise to our setting.
As usual, we write K = Q(pp). Recall that the regular representation of Gal(F/Q)
decomposes as o @ pP !, where ¢ is a sum of 1-dimensional representations, and p
is irreducible. Both ¢ and p have dimension p — 1, and ¢* 2 ¢ and p* = p.

We aim to compute L(E, o, s) and L(F,p,s) at s = 1. To apply the methods
described in §6.2, we need to determine arithmetic invariants of the two L-functions:
the Dirichlet coefficients, the conductor and the sign in the functional equation. We
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refer the reader to §2 for the definitions of these quantities and the basic results
and notation.

6.7.1. Dirichlet coefficients. In order to compute the Dirichlet coefficients, we deter-
mine the local factors of L(F, o, s) and L(F, p, s) at all primes. The two L-functions
are related to L-functions of E over number fields as follows:

L(E,0,s)= L(E/K,s),  L(E,p,s)=L(E/QR/m),s)/L(E/Q,s).

Similar formulae hold for the local L-factors. If ¢ is a prime where E/Q has good
reduction, write the local polynomial of L(E/Q, s) at q as

PyET)=1—a, T+ qT% = (1 —a,0)(1 - 3,T).
For any number field %,
Ly(E, Re,s) = [T Lo(E/k,s) = [T = (af + 87 )a™" +¢*7") 7"

v|g v|g

where n, = [F, : Fy]. Hence we can compute these local factors if we know how to
determine a, for rational primes ¢, and how primes decompose in k. In particular,
this gives us a method for computing the local factors of L(E, o,s) and L(E, p,s)
for all primes of good reduction of E.

It remains to deal with the finitely many factors L,(E/k, s), for primes v of k
dividing N (F). Tate’s algorithm ([48],[44] §1V.9) determines the reduction type of
E at v and a local minimal Weierstrass equation. The local factor is then given
by (2.8). If bad reduction of E/(Q, becomes good for E/k,, we can compute a, by
brute force, counting points on E over the residue field of v.

6.7.2. Conductors. Next we consider the conductors N(F, o) and N(E,p). For
every prime ¢ we need to determine the local conductor of the [-adic representations
M(E) @ Mi(o) and M;(E) @ M;(p). The conductors of E, ¢ and p themselves are
computed using Tate’s algorithm for F, and the conductor-discriminant formula,

|Agym)l
Ny =18kl Vo)== = 1qum)
We now describe the local conductors of M;(E)® M;(c) and M;(E)® M;(p). As
the local conductor at ¢ depends only on the action of the inertia subgroup I, it
follows that for a prime ¢ where either M;(E) or M;(p) is good,

[ Ny(E)me o pgood at g,
(6.8) Ny(E,p) = { Nq(p)z, E has good reduction at q.

The same formula holds for o.

It remains to deal with the case when ¢ is a bad prime for both £ and p. (This
does not happen with o, as the only bad prime for ¢ is p, and E has good reduction
at p.) The local conductor has a tame and a wild part, Ny (E, p) = gta(E0)+0q(Eop),
The tame contribution is, by definition,

t4(E, p) =2dimp — deg(Py(E, p, T)).

To compute the wild contribution, first observe that the only prime where p can
be wildly ramified is ¢ = p. Indeed, primes q # p are unramified in K/Q), so the
action of the inertia subgroup I, on p factors through Gal(F/K). The latter group
has no elements of order ¢, so wild inertia acts trivially.
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As FE has good reduction at p, we now see that there are no primes ¢ where both
Mi(F) and M;(p) are wildly ramified. We can thus use an analogue to formula
(6.8) for the wild inertia subgroup,

SAE. o) — (dim p)éq(E), M;(p) tamely ramified at ¢,
a(£,p) = 264(p), M;(F) tamely ramified at gq.

6.8.3. Sign. Finally, to determine the signs in the functional equations of L(Z, o, s)
and L(FE, p,s), we use the following result:

Theorem 6.9. ([19], Theorem 1) Let E be an elliptic curve over Q. Let T be an
Artin representation with 7 22 7*. Set Py (respectively, Pa ) to be the set of primes
where E has multiplicative (respectively, additive) reduction. Suppose that no prime
m Py 1s bad for T.

If the sign in the functional equation for L(E,s) is wg, then the sign in the
funetional equation for L(E,T,s) is

wim T (—1)4 () H sgimT_dim v det(Frob;1 |71») H det(Frob;1 |7)Ne(E)

PEPNM peEPA
where sp 15 —1 of E has split multiplicative reduction at p, and +1 if the reduction
1s non-split.

The theorem allows to determine the sign for L(E, o,s). It also applies to
L(E,p,s), except for the case when F has additive reduction at a prime divid-
ing m, since such a prime is also bad for p. In such cases, we compute the sign
numerically from (6.4).

6.10. The local e-factors. In this section we briefly sketch how the local epsilon
factors at p for p and ¢ can be computed. For the precise definitions and properties
we refer the reader to [49]. The necessary results in class field theory are contained
in the articles of Serre and Tate in [8].

To define the local epsilon factor of an Artin representation over @, it is first
necessary to pick a Haar measure y on @, and an additive character s given by
a homomorphism from (Qp,+) to C. We take u to be the canonical measure
determined by p(Z,) =1 and

S(Clp_n) — eZwia/Pn’ a € Zp .
In particular s(z) =1 iff # € Z,. We then write
ep(T) = €p(T, 11, 8) .

The local epsilon factor €, (o) can be computed by writing o = €, x; as the sum
of all 1-dimensional representations of Gal(K/Q),

o) = [T o)

The local epsilon factor of the trivial representation 1 is 1 and, for x; # 1, it is
given by
p—1
ep(xi) =Y _(xio0p)(j/p) - >/
j=1
Here 0, is the local reciprocity map at p given by class field theory.
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Next, we compute the local epsilon factor €,(p). Both ¢ and p are induced from
1-dimensional representations of Gal(F/K),

c=1Ind1, p=Ind,

with any non-trivial 1-dimensional ¢». The inductive property of local epsilon factors
yields

() _ cwy)

&) (1)
Here ¢, is the local epsilon factor at the prime v of K above p defined with any
measure and the additive character s o Trg, ;g,. Choose a uniformiser 7 of K,.
Denote n(¢) = ord, N (1), which can be computed from the conductor-discriminant
formula in F/K. Then it is not hard to see that

Zﬁf; = S (ot (x) - TR

where 6, 1s the local reciprocity map at v and 7' is a set of additive representatives
of ﬂz_p_”(¢)0}v modulo 7?7 O, for instance

zeT

1-p
T:{ Z aiﬂ'i‘Ogaigp—l, az_p_nw);éO}.
i=2—p—n(y)
It remains to explain how compute o8, (z) for € T. First, we can approximate
x by &' € K such that ¢ 00, () = ¥ 00, (z') because ¥ o is trivial on 147" O, .
Now, by the product formula in global class field theory,

[Iow) =1,

where the product is taken over all (Archimedean and non-Archimedean) places of
K. Whenever w is unramified in F/K,

0y (z") = Froby, ordu (+) ,
which is easy to compute from the explicit action of the Galois group on the p-th
roots of m. To make sure that the ramified primes do not contribute to the product,
use the Chinese remainder theorem for ideals to choose ' with
n(¢)
v”(l/’) ’
The above congruences are taken modulo ideals, so v is treated as a prime ideal of
Ok . Note that the conditions at the infinite places are automatically satisfied as
K has no real embeddings. Now 6,(z) = 6,(2') = Hwiv 0 (2')~1, which can be
explicitly computed.

' =2z mod v, =1 mod

6.11. The finiteness of Sel,(E/K) and the py-invariant. Conjectures 5.9 and
5.10 require that the curve in question has finite Sel,(£/K) and pp/x = 0. In
view of Theorem A.13 (Appendix), this restriction should in fact not be necessary.
We now indicate what we can say about these conditions for the curves in our tables
in Appendix B.

For p = 3 we perform 3-descent for E/Q and for the quadratic twist of E
by —3, using Magma [3]. For those curves in our tables for which 3-descent is
implemented, we find that Sels(E/K) is generated by the 3-torsion points, so the
Mordell-Weil rank of E/K is zero and HI(E/K)[3] = 0. Tt follows from (3.1) that
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Selgee (E/K) = 0. For p =5 and the curve X;(11) (Table 5-11A3), Fisher [20] has
done b5-descent over Q(us), and he has shown that Selse (E/K) = 0. For all other
curves, we appeal to the Birch-Swinnerton-Dyer conjecture and deduce from the
non-vanishing of the L-functions that Sel,- (E/K) is finite.

The check whether yi/ g = 0 we first compute the Euler characteristic yeye(£/K).
For this we need the order of HI(E/K)[p®], that we either know to be 1 or compute
from L(F/K, 1) using the second part of the Birch-Swinnerton-Dyer conjecture,

Xeye(E/K) = L*(E/K) - |E(F,)|*  mod Z.

(Note that |E(F,)| = P,(F,1) can be read off from the tables.)

If Xeye(E/K) = 1, then by Lemma 3.14 the module X(E/K°) is finite and
so Ag/k = pe/k = 0. When xcy.(£/K) is non-trivial, the question is whether
the power of p comes from the A-invariant. If we can find a point of infinite order
of B in Q(ppee) = K, it guarantees that the A-invariant is non-trivial. Thus
if Xeye(£/K) = p, this ensures that pug/x = 0. We can do this for p = 3 in
case of the curves 20A1, 92A1 and 116C2 where we have found explicit points of
infinite order over @ (o). For the curve 128B2 we also found such a point but, as
Xeye(E/K) = p*, we only know that Ag/x > 0 and pp/x < 1.

6.12. Reliability of computations. As explained earlier, the most computation-
ally demanding task is that of determining the value of L(FE,p,1). The time to
compute it numerically to a given precision is roughly proportional to the square
root of the conductor N(FE, p). For p = 3, we restrict ourselves to those m < 2000
for which N(FE, p) is small enough that we can evaluate L(E, p, 1) to at least 6 dig-
its precision with 2-10¢ Dirichlet coefficients of L(E, p,s). For p = 5 we require at
least 2 digits precision with 1-10% coefficients. In many cases the precision is much
higher, up to 40 decimal digits. The error bounds for the method [18] that we use
have not been proved in general, but the ones for the computations of L(F, o, 1)
for all p and of L(E, p, 1) for p = 3 can be established.

Recall that the L-functions L(F,o,s) and L(FE,p,s) are defined on all of C
(and, in particular, at s = 1) and the modified L-values L*(E/Q), L*(E/K) and
L*(E/Q(#m)) are rational (see §1). If we had an upper bound on their denomi-
nators, we could then use our numerical approximations to find the actual values
of L*(E/Q), L*(E/K) and L*(E/Q(¥/m)) (or, equivalently, of L(F,1), L(E,c,1)
and L(F, p,1)). We do not have such upper bounds, so we used the conjectural ones
predicted by the Birch-Swinnerton-Dyer conjecture: the denominator of L*(E/k)
is at most | E(k)eors|?.

As a sanity check, we compute the analytic order of Il of F/Q, E/K and
E/Q(¥/m). To begin with, this number is always an integer to the correct precision.
Next, this integer (possibly 0) is always a square. Finally, we use 2-descent over the
three fields to compute the order of the corresponding 2-Selmer groups and check
that they are consistent with our conjectural orders of IlI. Moreover, over Q) and,
for p = 3, over K we use 3-descent for a similar comparison between the 3-Selmer
groups and II[3]. The descents are carried out using Magma [3].

We have also computed 4 examples for p = 7 (Tables 7-17A1, 7-19A3), but
the conductors in these cases are too large to make the computations reliable.
Nevertheless, the L-values lead to plausible orders of III.
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6.13. Observations. For all curves in our tables, the congruence (6.1) holds. Note
that for some curves, the congruence reads 0 = 0 mod p for most m. In view of
Conjecture 1.4, this corresponds to xpne(F, o) being non-unit for such m. This can
happen for various reasons (cf. Theorem 4.3):

(1) If E(K)[p] # 0, then every prime v of K with v {p, v|m and where E has

good reduction lies in the set PZ(K) of Theorem 4.3 and thus contributes to
Xna(E, o). See, for instance, Tables 3-20A3, 5-11A3.

(2) If E(K)[p] = 0 but E(F,)[p] # 0, then xn.(E,0) is non-unit for every m.
See, for instance, Tables 3-128B2, 3-275B1.

(3) If E(K)[p] = 0 and p divides one of the Tamagawa numbers ¢, for a prime
v of K, then again xpq(Z, o) is non-unit for every m. See, for instance,

Table 3-116C2, 3-260A1.

It is interesting to note that in cases (2) and (3) there appear to be congruences
modulo a higher power p*t1. In all our examples, this extra power b is exactly the
power of p in the product of [], ¢, and |E(Fp)[p]| Note, however, that (at least in
case (3)) the congruence only holds when both terms have valuation exactly 6. Tt
would be interesting to have an explanation of this.

7. NUMERICAL EXAMPLES

To illustrate the theory in the previous sections, let us describe an example
in detail. We take the elliptic curve 2144, in the notation of Cremona [14], of
conductor 21. We will twist it by Artin representations coming from Q(us, v/2)/Q.
Thus

Eor iy +aey=23+2 (21A4)
p=>5
m =2

K = Q(ps), F =Q(ps, V2).
In this section, we set L = Q(\S/i) This example is the first row in Table 5-21A4.

7.1. Reduction types. First, consider Fs; over Q). Its standard invariants are

3
J(Ea1) = ;%, A(Ey)=—63=-32.7 N(Ey)=21=3.7.
The curve has multiplicative reduction at ¢ = 3 and ¢ = 7 and good reduction
otherwise. The Kodaira symbols for the reduction types and the local Tamagawa
numbers are
3 1> split c3 = 2,
7 I, non-split e¢7 = 1.

We will now look at E3; over the number fields K, L and F'. The corresponding
local information can be computed using Tate’s algorithm. However, for semistable
curves (like Fa1), it can also be determined from the reduction behaviour over Q
as follows.

Recall that split multiplicative reduction stays split multiplicative in any exten-
sion. Non-split multiplicative reduction becomes either split or non-split, depending
on the parity of the degree of the residue field extension. Recall also from Tate’s
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algorithm that in case of multiplicative reduction,
ord, (A(F)), split,
g =1% 2, non-split, ordy (A(E)) even,
, non-split, ord, (A(E)) odd.

Now we look at Fa1/K. The curve has good reduction at all primes of K not
dividing 3 or 7. Both 3 and 7 are inert in K /@, so there are unique primes v3|3 and
v7|7 with residue field extensions [F,, : Fs] = 4 and [[F,, : F7] = 4. So for Fa /K
we have

vz : Iy split ¢, =2,
v7 Iy split ¢, = 1.

Next, consider Fs1/L. The primes 3 and 7 decompose in L as 3 = zél)zéz) and

7= 2 with [F ) i F3] = 1, [F, ) : Fr] = 4and [F o) : Fa] = 1, [F ) : Fe] = 4.
3 7 3 7
This can be seen by factoring > — 2 modulo 3 and 7. So for Es1/L we have

(1)

Zg ,zgz) : 15 split c,m = 2,
zél) : 11 non-split c,m = 1,
zéz) : Iy split @ = 1.

Finally, take Es1/F. The primes vz and vy of K split in F'//K as can be seen
from the decomposition of 3 and 7 in L. Hence, in F/Q,

(1),,2),,3), (4, (5) 7 (1),,(2),,3), (4, (5)

3= 1wy wy wywy wy =wy ‘wy Wy Wy Wy
with all residue degrees equal to 4. For Ea1/F we have

w:(j) : 1> split Cu( = 2,

w(;) : Iisplit ¢ o =1
7
7.2. Groups of Mordell, Weil, Selmer, Tate and Shafarevich. The curve
F21/Q has Mordell-Weil rank 0, and F3(Q) = Z/47Z, with the point (1,1) as a
generator. Using 2-descent over O, K and L (e.g, using Magma [3]), we find

Selz(Ezl/Q) = Z/QZ,
Selz(Ezl/I() = Z/QZ,
Selz(Ezl/L) = Z/QZ

Thus, Ea1(k)/2E21(k) — Sela(Fa1/k) is an isomorphism for ¥ = Q, K, L, mapping
the 4-torsion point (1,1) to the generator. In particular, Fs; has no points of
infinite order and II(FE21)[2] is trivial over the three fields. Note that this implies
that F21(F) has Mordell-Weil rank 0 as well.

7.3. Artin representations. Recall that we are interested in the two representa-
tions o and p of the Galois group Gal(F/Q). Write ¢ = e27/5.

The group Gal(F/Q) has order 20 and acts faithfully on the 5 roots of #® — 2.
The subgroup Gal(F/L) fixes v/2 and Gal(F/K) acts as a 5-cycle. We fix their
generators by the requirement

g(V2)=V2, g(CV2) = V2

WD) =5, b = VR
As an abstract group, Gal(F/Q) is determined by the relations g* = h% = 1 and
ghg~' = h?, and it is usually called Gaq.
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The regular representation of Gal(F/Q) decomposes as o p* where 0 = 14y, B
X2 @ x3 1s the sum of distinct one-dimensional representations and p is irreducible.
Both ¢ and p are 4-dimensional and o factors through Gal(K/Q).

The character table of Gal(F/Q) (including the character of ) is

1 Ch Cgn Cpn Cyon

1|1 1 1 1 1

il 1 i -1

(7.4) 2|1 1 -1 1 -1
sl 1 —i -1 i

p |4 -1 0 0 0

o |4 4 0 0 0

We also record the actual characteristic polynomials of the elements of the Galois
group in ¢ and p,

| 1 Ch Cyn Cyzp Cyop
(7.5) o| (T-1) (T-1)1 TP -1 (17-1)7 T%-1
p | (T=1)* T*HT34T24T+1 TH-1 (T?—1)* T*-1

Note that the characters and, moreover, the characteristic polynomials of p and
o are congruent modulo 5. In fact, the representations themselves are congruent.
(They can be realised over Z and the semi-simplifications of their reductions modulo
5 are isomorphic.)

The conductors of ¢ and p are given by the conductor-discriminant formula,
_ 1ALl

|Aql
Next, we determine the inertia subgroups and Frobenius elements of Gal(F/Q) at
all primes.

The primes 2 and 5 ramify in the extension F/Q. The prime 5 is totally ramified
(as it ramifies both in K/Q and in L/Q), so the inertia subgroup Is is the whole
of Gal(F/Q) and the Frobenius element is trivial. The inertia invariant subspaces
of o and p are, respectively, 1 and 0-dimensional.

The prime 2 is inert in K/Q and ramifies in F'/K. The inertia subgroup I C
Gal(F/Q)is Gal(F/K) and the Frobenius element is g (modulo inertia). The inertia
invariant subspaces of ¢ and p are, respectively, the whole of & and 0.

If ¢ # 2,5, then the inertia subgroup I, C Gal(F/Q) is trivial, so the represen-
tations ¢ and p are unramified at ¢. Primes ¢ = 42 mod 5 are inert in K/Q, so
that Frob, € Gal(F/Q) (defined up to conjugation) has order either 4 or 20. Since
Gap only has elements of orders 1, 2, 4 and 5, this implies that ¢ splits in F/K
and Frob, has exact order 4. Similarly, for primes ¢ = —1 mod 5, the Frobenius
Frob, € Gal(F/Q) has order 2.

It remains to deal with the primes ¢ = 1 mod 5. These split in K/Q and may
either be totally split in F//Q) or remain inert in F/K. In the first case Frob, = 1,
and in the second case Frob, has order 5. To see which category ¢ falls into, it
suffices to determine whether ¢ is totally split or inert in L/Q. This can be done
by counting roots of > — 2 modulo ¢. For instance, 2® — 2 is irreducible modulo
11, 80 ¢ = 11 is inert in L/Q. On the other hand,

2 — 2= (x — 22)(x — 25)(x — 49)(x — 90)(x — 116) mod 151,
so ¢ = 151 splits completely in L/Q.

N(o) = |Ak| =5, N(p) = 2%5°%.
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7.6. Twists by Artin representations. Now we turn to the conductors and the
Euler products for L(F21,0,s) and L(Fa1, p,s). To begin with, the local L-factors
for Fa; are (see §7.1 and (2.8)),
1_((] +1- |E21(FQ)|)T+(]T2’ q+3,7
Pq(EZI/QaT): 1_Ta q:3a
1+1T, q=1.
The local L-factors ¢ and p are determined by the action of Frobenius on the
inertia invariant subspace of the representation. From their classification in §7.3,
we have

1_Ta q= 5a
1-T%, g = =2 mod 5,

Py(o,T) = (1—1T2)2, ¢g=—1 mod 5,
(1-1T)%, ¢g=1 mod 5.

and
L, q=2,
L, q=05,
_ 1-T%, ¢q==42 modb, g #£2

Palp, T) =0 (1 — 122, g=—1 mod 5,
I+T+T?+T24+T%, ¢=1 mod 5, 2° — 2 irreducible over F,,
(1-1T)%, ¢ =1 mod b, x° — 2 splits over .

Now we can determine the local polynomialsfor the twisted L-functions Py (E21, o, T)
and Py(E91,p,T). We illustrate this for p, the case of ¢ being identical. By defini-
tion,

Py(Eo1,p,T) = det(1 — Frob, ' T' | (My(Ea1) @ Mi(p))'?)

Recall that M;(Fa21) is essentially the dual of the l-adic Tate module T;(Ea;) and
M;i(p) is just p with coefficients taken in Q rather than C. If ¢ # 2,3,5,7, then the
inertia group I, acts trivially on both M;(F21) and M;(p). Then the eigenvalues of
Frobenius on M;(F21) ® M;(p) are all pairwise products of eigenvalues on M;(F21)
with eigenvalues on M;(p). In other words, the local polynomial P,(E41, p,T) can
be constructed from P, (E21,T) and P,(p,T) that we already know.

The same holds for o for ¢ # 3,5, 7. For instance, if ¢ = 2, we have

Py(Es,T) = 14T+2T2 = (1—aT)(1—asT),  a;o= 22T
Py, T) = 1-T* = (1=T)(1+T)(1 —iT)(1 +iT).
Thus,
Py(En,T) =
= (1—Ole)(1—|—Oz1T)(1—ZOle)(1—|—ZO[1T)(1—OzzT)(1—|—Oz2T)(1—ZOz2T)(1—|—ZOé2T)
=1-T*+167T%.

For primes ¢ = 2,3,5 and 7 1t 1s still true in our case that
(7.7) (Mi(E21) @ Mi(p))'* = Mi(Ex)'* @ Mi(p)'s

since one of the constituents is always unramified. So the same process of con-
structing the local polynomials P,(Es1, p,T) from P,(E21,T) and P,(p,T) works.
Again, the same holds for & in place of p. (In fact, (7.7) holds for any semistable
curve and any Artin representation.)
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Here 1s the summary of local polynomials for ¢ = 2,3,5 and 7:

9 Pq(Eﬂ’T) Pq(U’T) Pq(p,T) Pq(Eﬂ’U’T) Pq(E21apaT)
2| 1+T+217 | 1-T1 1 1—T"+167°% | 1

311-T -1 -1 -1 -1

5| 1427+51%|1-T 1 1427 +57% |1

7T114+T 1-7* 1-7* 1-7* 1—-T74

This completes the description of all the local factors.
Finally, the formula (6.8) gives us the conductors for the twisted L-functions,

N(Ea1,0) = 3*°7%  N(Ea,p) = 2%3*5107%.
Note that, except for 51° in case of N(F21,p), all other exponents are 8 (which is
dim M;(Fa1) @ Mi(p) = dim My (Ea21) ® Mi(c)) less the degree of the correspond-

ing local polynomial. In other words, except for ¢ = b for p, there is no wild
ramification.

7.8. L-functions. Now that we have the local polynomials for the twisted L-
functions, we can compute their Dirichlet expansions,

L(EZLO-aS) = HqPq(EZMan_s)_i = %_52_2—1—%—1— 1é§_ 2;);—1_4?; t...
L(EZLP’S) = HqPq(E21apaq_s)_ = F_m‘i‘m_m‘km—FW—F
We recall that these functions can be extended to entire functions on C and satisfy

functional equations (2.6). We have already computed the conductors. Theorem
6.9 allows us to compute the signs in the functional equations,

—

Whyy o = wHn T (1AM [T ooy sdime=dim et dog (Frob ! [ols),
Wi = wigty (=D T s gy 5§ 7 2 det(Froby ! [o").

In the notation of the theorem, wg,, = 1 is the sign for L(F3/Q,s). Next,
dime™ = dimp~ = 2 since complex conjugation, as an element of Gal(F/Q),
lies in the conjugacy class of Cyzp (see (7.4) and (7.5)). The curve has split mul-
tiplicative reduction at ¢ = 3 and non-split multiplicative reduction at ¢ = 7, so
s3 = —1 and s7 = 1. These primes are good for ¢ and p, so I3 and I7 act trivially.
Finally, Frobs and Frobs both have characteristic polynomial 7% — 1 on both ¢ and
p (see (7.5)) and, in particular, have determinant 1. We get

WEy,0 = +1’ WEz,p = +1 :

The signs 41 are consistent with the Birch-Swinnerton-Dyer conjecture for Fa; /K
and Fs1/L as the Mordell-Weil rank is 0 over both fields.

7.9. L-values. We have now collected all the necessary information to compute
the values L(Fa21,0,1) and L(F21,p, 1) as in §6.2. In fact, for efficiency reasons, we
may compute L(Ea1, o, 1) as the product of 1-dimensional twists (see Remark 6.6).
We find

L(F21/Q,1) ~ 0.451115405388,

L(F21,0,1) &~ 2.12709564136,

L(F21,p,1) &~ 1.70167651313.
Note that the L-values are non-zero as predicted by the Birch—-Swinnerton-Dyer

conjecture for Ea1/Q, Es1/K and Ea1/L, given that F2; has no points of infinite
order over these fields.
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The periods of Fs; are
Q4 ~ 3.60892324311, Q_ ~1.91098978075H7 .

Now we can compute the orders of HI(FE3/Q), HI(F2/K) and HI(Es /L) pre-
dicted by the Birch-Swinnerton-Dyer formula 5.12,

_ L(Ean, 1) [E0(Q)
- Q+(E21) C3C7

(7.10) M4 (Fa1/Q) ~ 1.0000000000 ,

L(Ezl,O', 1)AK |E21([{)|2

(7.11) Mgy (Eo /K) = ‘ ~ 10000000000,

Qp (F21)2(2Q-(E21))? | cusCoy
(7.12)
L(Es1,p, )L(E21/Q, DALl |Exn(L)]?
., (E-1/L) = ~ 1.0000000000,
( 21/ ) ‘ Q+(E21)3(29_(E21))2 6221)6222)CZ§1)CZ§2)

in agreement with II(Fs /Q)[2] = 1, (E2/K)[2] = 1 and T(Es /L)[2] = 1.

Remark 7.13. The L-functions of the Artin representations, L(c,s) and L(p,s),
also have a meromorphic continuation to C and satisfy a functional equation. In
fact, they can be expressed in terms of Dedekind zeta functions,

_ Gls)
C s
Thus their values at s = 1 have a similar arithmetic interpretation. Recall that by
the class number formula, for a number field k/Q,
271 (2m)"™2 Regy, | CL(O% )|
e[/ B ’
where 75 1 (resp. 7k o) is the number of real (resp. pairs of complex) embeddings

of k, Regy is the regulator, Cl(Oy) is the class group of & and i is the set of all
roots of unity in k.

L(o,s) = Ck(s), Lp, s)

Ress=1 (i (s) =

7.14. Iwasawa theory. To apply results of Iwasawa theory to Es1, we first need
to know that E9; has good ordinary reduction at p = 5. This 1s easily verified, as
Ps(E/Q) =1+ 2T + 5T? has a non-zero linear term modulo 5.

Next, we need the p-invariant of Es1/K to be zero for p = 5. This condition is
genuinely hard. At present, this requires knowing Selgee (Fq1/K ). For some curves
with rational 5-torsion subgroups, Fisher [20, 21] carried out 5-descent to determine
the structure of their 5-Selmer groups. Our curve has

Gal(Q(F21[5])/Q) = GL2(F5) (order 480) ,

so doing 5-descent is probably unrealistic.
We can numerically determine the conjectural order of HI(Es;/K) from the

L-value L(FEay,0,1) (see §7.9). We find
MI(E /K) = 1,

where the equality would hold if we knew the Birch-Swinnerton-Dyer conjecture
for Es1 /K and precise estimates for our L-value computations. As we already know
that the Mordell-Weil rank of Ea;/K is zero, this would imply that Selse (Ea1/K)
is trivial.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 31

We can compute the cyclotomic Euler characteristic of Fa1 /K, given by (3.12),

1 Ea(Fs) [Peu, e0, | IIL(E/K) [5*]] .
cye(Fa1/K) = - d Zg .
Xey ( 21/ X) |E(I\/)t07‘s|2 mo 5

As all the terms are coprime to 5, we get
chc(EZI/[() =1.

Now, by Lemma 3.14, we get

KEs /K = ABy k= 0.

In other words, the characteristic element fp,,/x = 1, so that Selseo (£21/Q (p5e))
1s finite.

The theorem of Hachimori-Matsuno (Theorem 3.16) tells us that X (Fa/F) is
Ap-torsion and pp,, ,, = 0. Moreover, as m = 2 is coprime to the conductor
N(FE21) = 21 and |E21(F16)| = 16 is coprime to b, Corollary 3.20 implies that
Am,/r = 0. Again, we get that the characteristic element fgp,, ,» = 1, so that

Selsee (Ea1/Q (500, \5/5)) is finite.

The reverse implication of Lemma 3.14 now tells us that
BEs/F = AB,p =0 = Xeye(Ea/F)=1.
In particular, by the Euler characteristic formula (3.12),
MI(E/F)se = 1.

7.15. Non-abelian Euler characteristics. To test the main conjecture 1.4 for
FE21, we compute the non-abelian Euler characteristics xpq(F21,0) and xna(Fa21, p).
First, the formula of Hachimori—Venjakob (Theorem 4.3) yields

Xna(EZIa [{) = XCyC(E21a [{) =1, Xna(EZIa F) = XCyC(E21a F) =1.

This is because Pl(K) and Pl(F) are empty since m = 2 is coprime to the conductor
N(F21) =21, and PZ(K) and PZ(F) are empty since |Ea1(F16)| = 16 is coprime to 5.
By Artin formalism for non-abelian Euler characteristics (Proposition 4.8),

Xna(E21,0) = Xna(Lo1, p) = 1.

This is consistent with Theorem 5.2, which states that one of the Euler character-
istics 1s trivial if and only if the other one is.

The main conjecture 1.4 predicts that the values of the p-adic L-function Lg,,,
given by (1.3), satisfy

ords Lg,, (0) = ords Xna(F21,0) =0
and

ords Lg,, (p) = ords Xna(Fa1,p) =0.

Note that Conjecture 5.9, that follows from the main conjecture and Theorem 5.2,
asserts that these two b-adic valuations are either both zero, or neither of them is.
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7.16. Verifying the main conjecture. Let us compute Lg,, (¢) and Lg,, (p).
Recall that

Lu,rm(Ezla £ 1)
Q4 (£21)*Q- (Ea1)?
and similarly for . Here

n(o) = ords N(o) = 3, n(p) =ords N(p) =5.
The 5-adic numbers u and w are determined by

Ps(E,T) =1+ 2T +5T> = (1 —uT)(1 —wT)  ueZE

L, (p) =

so, using Hensel’s Lemma,
u=3+25+452 4255451 4+4.5° + 2.5 + 58 + 5% + O(517),
w=  2.5+25354+3.5%4+4.554+2.5" +3.55 + 3.5 + O(519) .
The local e-factors e5(o) and e5(p) can be computed as in §6.10,
es(0) = =532, es(p) = =52
From (7.10), (7.11) and (7.12) we get numerically the values
L(Fa,0, 1)\/A—K
Q4 (B2 )?(29-(E21))?
L(Ea1,p, )VAL
Q4 (E21)?(29-(E21)?

We combine all this information to obtain

-1
Lp,(p) = L*(E2,p) H P, (E,p,q7Y) - ¢ (p) P5( ) T

\/|AL PS

L*(Ezl,O'): :1/8a

L*(Ea,p) = ‘

:2'(_4)'(1'1)'225—5/2'?“
=4425+252+4-5°+0(5%) .

Similarly, for o we have

¢s(0) Ps(a, u_l) .

Lp, (0) =L (Fa,0 ] PuE 0, —n(7)
E() (21 4=25 q \/|—45P50'w
1 -4 -8 -1 _2 —5%2 1 —u! _3

=44357 45+ 0(5%) .

As expected, Lg,, () and Lg,, (p) are 5-adic units and are congruent modulo 5, in
accordance with (6.1).

7.17. An example with additive reduction. The curve Fs; from the example
in §7 is everywhere semistable. If F/Q) has additive reduction at some prime [ of @,
some care has to be taken when computing the Birch-Swinnerton-Dyer quotient for
E/K and E/Q(¥/m) using a model over (. Let us illustrate this with an example.
Consider the elliptic curve F = 272C'1 in the notation of Cremona [14],

E:y?=2%—2%—4z.
The curve has bad reduction at { = 2 and [ = 17 with

ords A(E) =8, additive red. at 2 of type I} ey = 4,
ordi7 A(E) =1, split multiplicative red. at 17 of type Iy e¢17 = 1.
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The given Weierstrass model for E/Q is minimal at all primes and
EQ) =27Z/27Z, QF & 3.47306346 20707 ~ 6.750082015 .
We can compute the Birch-Swinnerton-Dyer quotient and obtain, numerically,

L(E,1) [«
R~ -1.00000000
QF |E(Q)[?
so the analytic order of III(E/Q) is 1.
Now let p=3, m = 2 and L = Q(¢/m) = Q(3/2). We use 2-descent to conclude
that £(Q) = F(L), compute the local Tamagawa numbers ¢, for Z/L and the value
L(E/L,1), leading to

L(E/L1)
7.18 \/ ~ +2.00000000 .
(7.18) |QtQ+T20-| |E

Clearly the real number on the right is not supposed to be the analytic order of III
(being not a square of an integer). The reason is that the model that we use for £
is no longer minimal and the Néron differential of E/Q is not the Néron differential
for E/L at | = 2. Thus, if we use the same differential as over @, then the ideal
Apg/r, is non-trivial. In fact, it is not hard to see that Ag,; = (\e/i) and 1ts norm
Nrjo(Ag/r) = 2 contributes to the Birch-Swinnerton-Dyer quotient, leading to
I,,(E/L) =1 (in agreement with 2-descent.)

Alternatively, note that over () the curve F has another minimal Weierstrass
equation,

y? — 2wy = 2% — 227 — 4a |
which can be written over L as
vy — mley =23 — 2% — 7S¢, r=2.

Zz' and y = 73y, transforming the latter model into

E/ . (y/)Z _ 71'21"3/ — (l‘/)S _ 71'(90’)2 _ 7T2l‘/ )

Now let x =«

From Tate’s algorithm, it follows that this is a minimal Weierstrass equation at all
primes, so A’ = 1 for the differential of this model. On the other hand, from the
transformation of coordinates it follows that, with this differential,

(Q+)/:7TQ+, (Q_)/:TFQ_.

With these “corrected” periods the analytic order of IIT from (7.18) becomes 1, as
asserted.

7.19. An example for a GLs-extension. One can make L-value computations
for an elliptic curve E in p-adic Lie extensions other than F.,/Q. For example,
one may take an extension of the form Q(C[p*])/Q for some elliptic curve C/Q.
For non-CM curves (', the Galois group of this extension is an open subgroup of
GL3(Zp) and is the whole of GL; for almost all p, see [40]. These extensions (with
E = C) are the main focus of [9]. One can again define a non-abelian Euler char-
acteristic xnq(F, ) of E twisted by an Artin representation 7 that factors through
such an extensmn. There is also a conjectural p-adic L-function Lg, interpolat-
ing the special values of twisted L-functions L(Z, 7, s) ([9], Conjecture 5.7). The
“Main Conjecture” ([9], Conjecture 5.8) gives a relation between the values Lg(7)
and Euler characteristics xpq(Z, 7).
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Example 7.20. Take p = 5 and consider the elliptic curve £ = 1143 = X;(11)
over ),

E: y*+y=2a3—22.
The field Q(E[5°°]) contains the fields k1, k2 of b-torsion points of E and of its
isogeneous curve 1142. Both are extensions of degree 5 of Q(ps) and can be ex-
plicitly described as follows. In Q(\/g) one can write —11 = af with a = %

and g = #. Then

ki =0 (s, ﬁ) ks = Q(ps, V11) .

Their Galois groups are the same as in the first layer of the false Tate curve extension
for p =5,
Gal(k’l/(@) = G20 = Gal(k’z/(@) .
In particular, we have two 4-dimensional irreducible Artin representations py, p2 of
Gal(Q(E[5°°])/Q) that factor through k; and ks respectively.
The Main Conjecture implies that ([9], 5.7-5.10)
(7.21)

LR(E Pi 1) P5(pz' u_l) _ .
ds(Xna(E, pi)) = ord T : ue ) =12.
ords (\nal E, pi)) = ords (9+<E>29_<E>2 P i ;
Here R = {5, 11} is the set of primes that contains p and those primes that divide
the denominator of the j-invariant j(E) = —2'2/11. The modified L-function

Lr(E, pi,s) is that of E of twisted by p; with the local factors at [ € R removed.
We proceed to verify this conjecture, similarly to the false Tate curve case.
First, the curve £ has a b-torsion point over @, and

BQUu) B2 2/5Z,  B()B™] 2 (Z/52)%  B(ks)[5™] = Z/57.

By results of Fisher [20], E has Mordell-Weil rank 0 over Q(us), k1 and k2, and

WH(E/Q(us)) 5] =0,  WI(E/k)[6%] = (2/5Z)°,  WL(E/k2)[5*]=0.

Since F has good ordinary reduction at p = 5, the module X (£/Q(u5)Y¢) is Ag(y
torsion by Theorem 3.4. Using formula 3.12, it is easy to see that xcye(£/Q (us))
L. Tt follows from Lemma 3.14 that Ap;q(u) = #E/Q(us) = 0. By Theorem 3.16,
both X(FE/k{¥) and X(FE/k5Y) are torsion and their p-invariants are 0.

Next, we compute xpnq(E, p;). By Artin formalism ([9] Theorem 3.10),

4 Xna(E/ki)
Xna(E/Q(p5))
A formula for x,, of E over number fields in Q(FE[5%°]) has been worked out in

Coates-Howson [10], Theorem 1.1. In our case, for a number field & C Q(F[5*])
for which Selse (E/k) is finite, it states

Xna(E/k) = Xeye(E/R) T Lo (B, 1)ls,

v|11

5)”

Xﬂa(Eapi) =

the product taken over primes of k dividing 11. (That the theorem is applicable
here follows from [10], Theorem 6.4.)

Now, the above two formulae together with the values of [TII(E/k;)| and |IT(E/Q (u5))]
yield

(7.22) Xna(E/k1) =57, Xna(F/ks) = 5'.
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To test the main conjecture numerically, we evaluate the right-hand side of (7.21).
We compute the L-values as described in §§6.2-6.7 with mild modifications in the
case of F/k;. We find

L(E, p1,1) ~ 126706100,  L(E, p2, 1) ~ 4.05459521 .
The local e-factors e5(p1) and e5(p2) can be determined as in §6.10,

es(p1) = =572, es(p2) = —5°/7 .

Next,
Ps(p1,T)=1-T, Ps(p2, T) =1,
P5(E,p1,T):1—T+5T2, P5(E,p2,T):1,
Pll(E,pl,T):l, Pll(E,pz,T):l.
and
Q1 ~ 6.34604652, Qo & 1.45881662¢ .
Finally,

u=1+4-5+3-542-5°40(5%), w=5+5"+2-534+0(5).
Combining the above information, we obtain

LR(Eaplal) .P5(p1au_1)
0 (B2 (EP Pslpr,u )
LR(EaPQal) P5(p2au_1) -7 2 3

. € u 2 =4.54+4.5*4+0(5°) .
0 (B0 (E) Polpn, w1 ) &)

This agrees with (7.22), as predicted by the main conjecture.

es5(p1) uw i =4.5%4+2.5% + O(5°)

APPENDIX A (BY J. COATES AND R. SUJATHA)

The aim of this appendix is to prove several theoretical results, which are related
to, and illustrated by, the numerical calculations carried out in this paper. As
earlier, let p be an odd prime number, and put K = Q(up), KY° = Q(ppe). Let
m > 1 be an integer, which is p-power free, and put

(A.1) Foo = K¥("y/m :n=1,2.), G = Gal(Foo /Q).
Let E be an ellipic curve over (), which we shall always assume satisfies:

Hypothesis A.2. I has good ordinary reduction at p, and m is not divisible by
any prime of additive reduction for F.

The hypothesis on m is made to ensure that the principal results of [25] and [26]
remain valid for p = 3 in our case.

We write X(F/Fs) for the Pontryagin dual of the p*-Selmer group of E over
Fs. If J is any compact p-adic Lie group, A(J) will denote the Twasawa algebra
of J. Then X(E/Fs) is in fact A(G)-torsion (see [26]), thanks to Kato’s [29]
deep theorem that the dual of the Selmer group of E over K¢ is A(T'g)-torsion,
where ' = Gal(K¥°/K). However, the ideas of [9] suggest that something much
stronger should always be true for X(EF/Fy). Let H = Gal(Fo, /Q%°), where Q¢
denotes the cyclotomic Z,-extension of (), and let My (G) denote the category of
all finitely generated A(G)-modules M such that M/M[p®] is finitely generated
over A(H); here M[p®] denotes the p-primary submodule of M.

Conjecture A.3. X(FE/Fs) belongs to My (G).
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Using similar techniques to those discussed in §5 of [9], it is easy to see that
Conjecture A.3 is equivalent to the assertion that

(A1) pax (X(E/Fo)) = pry (X (B/KY9)),

where G is the pro-p group given by Gg = Gal(F /K), and pg, (M) denotes the
p-invariant of any finitely generated torsion A(Gg)-module M as defined in [28, 35],
and similarly pr, (R) denotes the p-invariant of a finitely generated torsion A(T'x)-
module R. Moreover, Conjecture A.3 is true if there exists an elliptic curve F’ over
K, which is isogenous to E over K, such that X (E’'/K¢) is a finitely generated
Zp-module.

As always, we shall find that the deepest arithmetic questions arise from the in-
terplay between the A(G)-module X (F/F.,) and the complex L-functions L(F, ¢, s),
which are studied earlier in the paper, where ¢ runs over all Artin representations of
(. We recall that the L(E, ¢, s) are known to be entire, and to satisfy the standard
functional equation. Moreover, if k£ denotes any finite extension of ) contained in
Foso, we write L(E/k, s) for the complex L-function of E over k, and we define

(A.5) 9e/k = rkz(E(k)), rg/k = ords=1 (L(E/k,s)) .

Of course, the conjecture of Birch and Swinnerton-Dyer predicts that we always
have gp/i = rg/k-
We first discuss the notion of regularity for E over Fi,.

Definition A.6. We say E is regular over Fy, if X(F/Fs) = 0.

As we shall explain below, the calculations in this paper provide many examples
when F is regular over Fi,. But first we note the following theorem.

Theorem A.7. Assume I is reqular over Fo.,. Then g/ = rgs, for all fimite
extensions k of Q contained in Foo if and only if L(E,¢,1) # 0 for all Artin

representations ¢ of G.

Proof. As earlier, let Sel o (E/k)  (resp. Selpes(E/F.,)) denote the p™-Selmer
group of F over k (resp. Fs ). Now the kernel of the restriction map

Selyoo (E/k) = Selyoo (F/ o)

is always finite (see [26]). Assuming now that Sel,(E/Fs) = 0, it follows that
Selpe (£/k) must be finite, and so gg/, = 0 for all finite extensions k of @ con-
tained in Foo. Thus it remains to show that rgz,;, = 0 for all finite extensions k of
@ contained in F, if and only if L(E, ¢,1) # 0 for all irreducible Artin represen-
tations ¢ of G. But on the one hand, for any finite extension & of QQ in F,, we
have L(E/k,s) = L(E,0,s), where @ is the Artin representation of ¢ induced by
the trivial representation of Gal(F /k), and so one direction is clear. The other
direction is plain from the holomorphy of the L(E, ¢, s) at s = 1, and the fact that,
for any finite Galois extension k& of Q contained in F, with Galois group A, we
have

(A.8) L(E[k,s)= ] L(E, ¢,5)",
€A

where A denotes the set of all irreducible Artin representations of A, and ny denotes
the dimension of ¢. This completes the proof. a
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The following result leads to a useful numerical criterion for deciding whether or
not F is regular over Fi,. Let M be a compact A(G)-module, and G’ an open sub-
group of G. As always, we say M has finite G'~-Euler characteristic if the H;(G’, M)
(i = 0,1,2) are finite, and we then define

2
(G M) =TT 1H(G, M)V
i=0
Proposition A.9. Assume that X(FE/F) belongs to the category M (G). Then
E is reqular over Foy if and only if

(A.10) X(Gg,X(E/Fs)) =1, where Gg = Gal(Fo/K) .
Proof. Assume (A.10) holds. We show that X(F/Fs) = 0 by using the gen-

eral remarks made in [9] in paragraph immediately after the proof of Lemma
3.9. Of course, Gk is pro-p, and entirely analogous arguments to those given
in the proof of Lemma 2.5 of [11] show that Hi(Hg,X(E/Fs)) = 0, where
Hg = Gal(Foo /Q(tpe=)). Finally, it is proven in [26] that X(E/F.) has no non-
zero pseudo-null A(G)-submodule. Hence, as explained in [9], (A.10) implies that
X(FE/Fs) =0, as required. d

We remark that Proposition A.9 is just a slight generalisation of Theorem 5.7.

The next result enables us to read off many examples when E is regular over
Fo from the tables in Appendix B. As earlier, let ¢ = 1 : G — GL,(Q,), where
r = p—1, be the Artin representation given by the direct sum of the p—1 characters
of Gal(K/Q), and let Lg(o) be defined by formula (1.3) of §4.

Corollary A.11. Assume that the Mazur-Swinnerton-Dyer p-adic L-function of
E over K lies in A(Tk). If Lg(0) is a p-adic unit, then E is reqular over Feo, i.€.
X(E/Fs)=0.

Proof. Assume that Lg(o) is a p-adic unit. Define

An= J[ ILo(E/K,1)7",
v|m,v/{/p

where the product is taken over all places v of K, which divide m, and which do
not divide p, and where L,(E/K,s) denotes the Euler factor at v of the complex
L-function of E over K. Since Lg(c) is a p-adic unit, it follows easily that A,, is a
p-adic unit and the Mazur-Swinnerton-Dyer p-adic L-function of F over K is a unit
in A(Tx). From this latter assertion and the results of Kato [29] and Matsuno [33],
it follows that X (E/K%°) = 0, whence X(E/Fs) must belong to Mg (G). But it
is proven in [26] that, whenever X (E/K¢) has finite I'g-Euler characteristic, we
have

X(GE, X(E/Fx)) = X(Tx, X(E/KY)) - [An]
In particular, we conclude that the right hand side of this formula, and so also the
left hand side, is equal to 1. Hence the corollary follows from Proposition A.9. O

Needless to say, it is conjectured that the Mazur-Swinnerton-Dyer p-adic L-
function of E over K always lies in A(T'x). This is known when the Galois module
Ep] is either irreducible, or contains either Z/pZ or p, as a Galois submodule (see

[52]).
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The next result was motivated by the congruences studied in this paper, together
with the “main conjecture” of [9]. If ¢ : G — GL;(Z,) is an Artin representation
of G, which we assume, for simplicity, can be realised over Q,, and M is a compact
A(G)-module, we recall from [9] that

(Al?) tW¢(M) =M ®Zp Z;n

endowed with the obvious left diagonal action of G. For each integer n > 1, we let py,
be the irreducible Artin representation of G of dimension p”~!(p—1) defined earlier
in the paper (see §1). Let o, denote the direct sum of the p"~!(p — 1) characters
of the Galois group of Q(pn) over (. Now, assuming the Mazur-Swinnerton-Dyer
p-adic L-function of E over K belongs to A(T}), it follows easily tht Lg(o) is a
p-adic unit if and only if Lg(oy) is a p-adic unit for any n > 1. Thus, assuming
both the congruence

Lo(pn) = Lulon) mod p

and Corollary 5.10 of the “main conjecture” of [9], it would follow that E is regular
over Fo, if and only if x(G,tw,, (X(E/F))) = 1 for some n > 1. We now give an
unconditional proof of this last assertion.

Theorem A.13. Let M be a A(G)-module such that (1) M € My (G), (i) Hi(H', M)
is finite for all open subgroups H' of Hg, and (iii) M has no non-zero pseudo-null
A(G)-submodule. Then M = 0 if and only if there exists an integer n > 1 such that
x(G tw,, (M) =1.

Corollary A.14. Assume that X(FE/Fu) belongs to My (G). Then X(E/Fs) =0
if and only if there exists an integer n > 1 such that x(G,tw,, (X(E/Fx))) = 1.

Indeed, (iii) of Theorem A.13 is proven for M = X(F/F.) in [26], and (ii) is
valid by a similar argument to that used to prove Lemma 2.5 of [11].

Prior to proving Theorem A.13, we state a lemma which will be proven at the
end of the Appendix, after a general discussion Akashi series. If G’ is an open
subgroup of G, let ' = HNG', TV = G'/H’', and write Q(T") for the field of
quotients of A(I'). If M € Mgy (G), we recall that Akg/ (M) is defined to be the
image in Q(TV)*/A(T')* of fo/f1, where fy (resp. fi) is a characteristic element
in A(T) for Ho(H', M) (resp. H1(H', M)). For each integer n > 1, let

(A15) = Q(ﬂp"a p%)a FT/l = Q(/’Lp"a p"—W) )
and let G, (resp. G)) be the open subgroup of G fixing F, (resp. F}). Put
(A.16) H,=G,NH, H =G,nH,

and note that

(A.17) r,=G,/H, =G, /H]

is, in fact, the unique closed subgroup of I' = G/H of index p"~!.
Lemma A.18. Assume M € My (G). Then, for alln > 1, we have
(A.19) Akp, (M) = Akg, (M) Akg (tw,, (M))P~" .

Moreover, if in addition M satisfies condition (ii) of Theorem A.13, then Aky(tw,, (M))
belongs to A(T).
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Remark A.20. If one accepts that X (E/Fs) belongs to My (G) and Case 2 of
Conjecture 4.8 of [9], the above lemma implies that the G-characteristic element
of X(F/Fs) isin A(G). In view of the “main conjecture” of [9], the same should
hold for the p-adic L-function Lg.

We now prove Theorem A.13. Let us pick a topological generator of I', and so
identify A(T") with the formal power series ring Z,[[T]]. We assume that there exists
an integer n > 1 such that

(A.21) x(G tw,, (M) =1,

and we must deduce that M = 0. Put f, = Akg(tw,, (M)). By Lemma A.18, f,
belongs to Z,[[T]]. Moreover, by the connexion between Euler characteristics and
Akashi series ([9], Theorem 3.6), we have f,(0) € Z by virtue of (A.21). Hence
fn belongs to A(T')*. Let g, (resp. g,) denote a characteristic power series for the
A(T'y)-module (M)g, (resp. (M)g:). Since f, is a unit in A(T'), and M satisfies
condition (ii) of Theorem A.13, it follows from Lemma A.18 that we can assume
that

(A22) 9n = g;t :
We show that (A.22) forces M to be zero.

Let M[p™] denote the p-primary submodule of M. We first show that necessarily
M[p™] = 0. If G' is a pro-p open subgroup of GG, we recall that pg (M) denotes

the p-invariant of M viewed as a A(G’)-module. Since Gy, C G, C G are all pro-p
open subgroups of G, and [GL, : G,,] = p, we have

(A.23) pe, (M) =p- pa,(M).
On the other hand, we claim that
(A.24) pe, (M) = pr, (M)m,),  pa, (M) = pr, (M)m;) -

We give the proof of the first equation in (A.24), and the proof of the second is
entirely similar. Put Y (M) = M/M[p>]. Then we have the exact sequence

(A.25) Hy(Hp, Y(M)) = (M[p= g, = (Mg, > Y(M))g, = 0.

Since M belongs to M (G) and H,, is open in H, the homology groups H;(H,,Y (M))
(¢ = 0,1) are finitely generated Z,-modules, whence (A.25) implies that

(A.26) pr, (M) m,) = pr, (M=) m,) -

But, since G, is pro-p, a standard argument with the Hochschild-Serre spectral
sequence (see [11]) shows that

(A.27) pa, (M) = pr, (M[p™))a,) — pr, (Hi(Hn, M[p™])) .

But Hi(H,, M[p*]) injects into Hi(H,, M), and thus Hi(H,, M[p>]) is finite
because of hypothesis (i) on M. Thus the term on the extreme right of (A.27) is
0, and the first equation in (A.24) follows on combining (A.26) and (A.27). If we
now combine (A.22) and (A.24), we conclude that ug, () = pa: (M). Comparing
this last equation with (A.23), it follows that ug, (M) = 0. Thus M[p] must be
pseudo-null as a A(G)-module, and so M[p™] = 0 because of hypothesis (iii) on M.

Since M[p™] = 0, M is finitely generated over A(H ), and so also over A(H,) and
A(H}). If Ais aring with no zero divisors, and W is a finitely generated A-module,
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we write 74 (W) for the rank of W over A. Since H,, C H], C H; are all pro-p open
subgroups of H, and [H), : H,] = p, we have

On the other hand, we have the well known formula
1
(A.29) raon = Y (=1 rg, (Hi(Hy, M),
i=0
and similarly for r5(gy(ar). But then, as M satisfies hypothesis (ii), (A.22) and
(A.29) together imply that ra,)(M) = ram,)(M). Hence, in view of (A.28),
we have 75, (M) = 0. By a result of Venjakob [53], we then conclude that M

is pseudo-null, whence M = 0 by hypothesis (iii). This completes the proof of
Theorem A.13.

We next discuss some remarkable arithmetic phenomena which arise from the
interplay between root numbers and Iwasawa theory for our false Tate curve ex-
tension F,,. For each integer n > 1, we write w(F, p,) = *1 for the sign in the
functional equation of L(FE, p,,s). We also write w(E/K) for the sign in the func-
tional equation for L(E/K,s). It is an important fact, first proven in [19], that the
value w(E, py) is independent of n (it is assumed in [19] that the conductor Ng of
E is cube free, but the assertion remains valid for all E provided m is not divisible
by a prime of additive reduction for F, see (A.33) below.) Suppose that we have

(A.30) w(E, pp) =—1 Yn>1.

Since all L(E, pn,s) are holomorphic at s = 1 and p,, has dimension p"~!(p — 1),
it follows immediately on applying (A.8) to F,,/Q that, if (A.30) is valid, then

where I7, is given by (A.15) and K,, = Q(upn) (note that rg/x, is bounded as
n — oo by an important theorem of Rohrlich). We identify A(T'x) with Z,[[T]]
by mapping a fixed topological generator vy of ' to 1 + 7. By Kato’s theorem,
X(E/K)is atorsion A(I' )-module, and we write ¢ /g for the multiplicity of the
zero at I' = 0 of a characteristic power series of X (E/K¢). We havetg/x > gr/k,
and conjecturally there is always equality.

Theorem A.32. Assume that X(E/K%°) is a finitely generated Z,-module, and
that tg/x = rg/xk mod 2. Then (A.30) is valid if and only if X(E/Fy) has odd
A(Hg)-rank. In particular, (A.30) implies that E is not reqular over Fu.

Proof. Let S be the set of primes of multiplicative reduction for £ which divide m.
Then, as was remarked to us by V. Dokchitser, similar arguments to those used to
prove Propositions 9 and 11 of [19] show that

(A.33) w(E, p,) = w(E/K) [] (3) , n=1,2,.
p
q€S
On the other hand, let h(E/Fs ) denote that A(Hg)-rank of X(E/F). We can de-
termine h(E/F.,) modulo 2 as follows. Let A denote the Z,-corank of X (E/K°).
For each prime ¢ # p, let s, denote the number of primes of K above ¢. Since K/Q
is a cyclic extension of conductor p, one sees easily that s, is odd if and only if

(;1—)) = —1. We define 57 to be the subset of S consisting of all primes ¢ dividing
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m such that £ has split multiplicative reduction at all primes of K above ¢. Let
U denote the set of all primes ¢ # p satisfying (i) ¢ divides m, (ii) E has good
reduction at ¢, and (iii) p divides the order of Eq(k’v) for each prime v of K above
q, where Eq denotes the reduction of £ modulo ¢, and %k, denotes the residue field
at v. Then a standard argument applying the formula (A.29) for Hg and the fact
that Hy(Hg, X(F/Fu)) = 0 shows that

(A.34) hE/Foo) =X+ Y sq+2> s

qES1 qelU
(see [26], Theorem 3.1 for an alternative proof when p > 5). Define Sz to be the set
of all primes ¢ of multiplicative reduction such that (Z—) = —1. Clearly S» C 5

since a ¢ in Sy is inert in the quadratic subfield of K, and so has split multiplicative
reduction at all primes of K above ¢. Hence we have

(A.35) Z sq = Z 1 mod 2.

ge St gES2

To determine the parity of A, we use Greenberg’s theorem [23] which asserts that
the characteristic ideal of X (E/K¢) is invariant under the involution of A(T'k)
which sends each v in T'x to y~1. Hence, if f(T') denotes the monic distinguished
polynomial which generates the characteristic ideal of X (F/K%°), and if « is any
non-zero root of f(T') lying in the algebraic closure of (,, then H—Loc — 1 must also
be a root distinct from «. Hence the degree A of f(7T') must satisfy

Combining (A.33),(A.34),(A.35) and (A.36), and recalling the hypothesis that t ;g =
rg/xk mod 2, we conclude that (A.30) holds if and only if h(FE/F.) is odd. This
completes the proof of Theorem A.32. |

Proposition A.37. Assume that X(E/K%°) is a finitely generated Z,-module,
and take m = q, where q is a prime of multiplicative reduction for E. Then
X(E/Fs) has A(Hg)-rank 1 if and only if either (i) q is inert in K, and X (E/K%°) =
0, or (ii) E has non-split multiplicative reduction at the primes of K above ¢, and
X(E/K%) = Z,, with trivial action of Tk .

Proof. The sufficiency follows from (A.34) above. Conversely, assume that X (E£/Fy)
has A(Hg)-rank 1. Since X(E/K°) is assumed to be a finitely generated Z,-
module, Matsuno’s theorem [33] shows that X (F/K°) has no non-zero finite
I'x-submodule. Hence (A.34) implies that either (i) there is a single prime of K
above ¢ and X(E/K%°) =0, or (ii) £ has non-split multiplicative reduction at the
primes of K above ¢, and X(E/K°) is a free Z,-module of rank 1. In the second
case, the same argument with Greenberg’s theorem as in the proof of Theorem A .32
shows that T'x must act trivially on X (E/K¢). O

We now deal with the two different cases occuring in Proposition A.37 separately.
Recall that F, = Q(upn, »/q).

Theorem A.38. Assume that X(E/K%°) =0 and rg;x = 0. Take m = q, where
q 1s a prime of multiplicative reduction for FE, which ts inert in KV¢, Then we
have
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Moreover, if we assume that gg,r, = rr/r, for a given integer n > 1, then

(i) g9g/F, = = 9/ Fe =p" -1,

( i) HI(E/F,)[p™] is finite,

i) 111(E/F) =] = 0,

(iv) L(FE, pi, s) has a simple zero at s =1 for 1 <k <n, and
V) TB/0(ryg) = -

In particular, under the hypotheses of Theorem A.38, we see that if we as-
sume the Birch—Swinnerton-Dyer conjecture gg;r, = rgsp, for all n > 1, then
OI(E/Fs)[p™] = 0, and X(E/F.) is dual to E(Fy) @ Qp/Zp. Remarkably, if
one assumes the hypothesis of Theorem A.38 and, in addition, that £ has prime
conductor, H. Darmon and Y. Tian have informed us that they can prove that
9e/F, =7Tr/r, for all n > 1. We also mention that the calculations carried out in
this paper give numerical examples of Theorem A.38, for example

E=1143,p=3,9q=11,

E=38Bl,p=3,q=2,

E=21A4,p=5,gq=3o0rq=1,

E=24A4p=54¢=3,

E=26A1,p=5¢=1,

E:84Bl,p:5,q:3or qg="1,

=17TAl,p="T,4q=17.

The hypothesw that X(E/[’Cyc) = 0 in each of these cases can be verified by noting
from the tables that Lg (o) is a p-adic unit for some choice of m (cf. the proof of
Corollary A.11).

We now prove Theorem A.38. By Theorem A.32 and Proposition A.37, we have
w(l, pn) = —1 for all n > 1. Hence, by (A.31) and the fact that rp;x = 0, we
have rg g, > p" — 1 for all n > 1; and if there is equality for a given n, L(E, pg, s)
must have a simple zero at s = 1 for 1 < k < n. Also we have

(A.40) LIE/Q("/q),8) = L(E/Q, 5 H (B, pr,s),

whence assertion (v) is then clear.

To establish the upper bound for gp,p, in (A.39), we apply the theorem of
Hachimori-Matsuno [25] to the Galois extension F¥¢/ K¢ of degree p”. In this
extension, & has split multiplicative reduction at the unique prime of K¢ above g,
which is totally ramified, and no other prime of KY° not dividing p ramifies. Hence
X(E/ESY°) is a finitely generated Z,module of rank p” — 1, and, by Matsuno’s
theorem [33], it is a free Z,-module. All the remaining assertions of Theorem A .38
are now clear if we note that the restriction map from the p®-Selmer group of
over F, to the p*-Selmer group of E over F¥¢ has finite kernel. This completes
the proof.

Theorem A.41. Assume that rg/x = 1, and that X(E/KY) = Zp, with trivial
action of I'g. Take m = q, where q s a prime number such that E has non-split
multiplicative reduction at the primes of K above q. Then we have

Moreover, if we assume that gg,r, = rr/r, for a given integer n > 1, then
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Again, under the hypotheses of Theorem A.41, we see that if we assume that
9e/F, = TE/F, for all n > 1, then II(E/F.)[p™] = 0, and X(E/F) is dual
to E(Fs) ® Qp/Z,. We believe that there must be many numerical examples of
curves FE satisfying the hypotheses of Theorem A.41. However, the condition that
X(E/K®°) is a free Zp,-module of rank 1 is more delicate to verify. We are very
grateful to C.Wuthrich for providing us with the following example. Let E be the
elliptic curve 7T9A1 of Cremona’s tables given by

(A.43) v +ry+y=a2>+ 27— 2,

which has non-split multiplicative reduction at ¢ = 79. Moreover, £ has good
ordinary reduction at p =3, rg;x = 1, and Wuthrich has shown that E(K°) is a
free Z,-module generated by P = (0,0), and that X(E/K°) is a free Zsg-module
of rank 1 (we omit his proof). Finally, 79 splits in K, so that £ has non-split
multiplicative reduction at both primes of K above 79. Thus all the hypotheses of
Theorem A.38 are valid in this case with p = 3 and ¢ = 79.

The proof of Theorem A.41 is entirely parallel to that of Theorem A.38. As
rg/k = 1, (A.31) shows that rp,p, > p”, and that if there is equality the L(Z, py, s)
must have a simple zero at s = 1 for 1 < k < n. On the other hand, as X(FE/K%°)
is a free Z,-module of rank 1 and E has non-split multiplicative reduction at the
primes of K above ¢, the theorems of Hachimori-Matsuno and Matsuno applied to
the extension F¥¢/ K3V of degree p” show that X(E/FY°) is a free Z,-module of
rank p”. The assertions of Theorem A.41 now follow as in the proof of Theorem

A 38.

We remark that variants of Theorems A.38 and A.41 hold for certain other
choices of the integer m defining the false Tate curve extension. For example, with
the same hypotheses and the same choice of a prime ¢ of multiplicative reduction
of F as before, the conclusions of Theorems A.38 and A.41 remain valid if we take
m = m’q, where m’ is a p-power free integer all of whose prime factors are either
p or primes [ such that E has good ordinary reduction modulo [, and the order
of El(k'v) s prime to p; where E; denotes the reduction of E modulo [, v denotes
any prime of K above [, and k, 1s the residue field of v. Similarly, if we assume
that rg g = 1 and that X(E/K%¢) = Z, with trivial action of I'r, and now take
m = m’ as just defined, the conclusions of Theorem A.41 again hold. The proofs
are entirely analogous to those given before.

We end this appendix by establishing an analogue of the Artin formalism for
Akashi series for an arbitrary compact p-adic Lie group G with a closed normal
subgroup H such that I' = G/H is isomorphic to Z,. Let G’ be an open normal
subgroup of G, and put

H=HnG, TI'=¢G/H,

so that there is a natural inclusion of I' as an open subgroup in I'. Let A =
G/G', and write L for some fixed finite extension of @, such that all absolutely
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irreducible representations of A can be realized over L. Let O denote the ring
of integers of L, and write Ap(T') for the Iwasawa algebra of T' with coefficients
in 0. If M is a compact A(G)-module, we define Mo = M ®z, O Assume now
that GG has no element of order p. For M € My (G), we recall (see §3 of [9])
that Akg(Mo) (resp. Akp (Mo)) is defined to be the image in Qo (T')* /Ao (T)*
(resp. Qo (I")* /Ao (T7)*) of the alternating product of the characteristic elements
in Ap(T) (resp. in Ao (T)) of the H;(H, Mo) (resp. H;(H', Mp)) for all i > 0.
Again, A will denote the set of all irreducible representations of A, and we write
n, for the dimension of p in A.

Theorem A.44. For each M in My (G), we have

(A.45) Akp (Mo)"T = TT Akp (tw,(Mo))™ .
pEA
Before proving Theorem A.44, we note that Lemma A.18 follows on applying it
to the two Galois extensions F,,/Q and F),/Q. Since the set of all irreducible repre-

sentations of Gal(F,, /Q) consists of p,, together with all irreducible representations
of Gal(F},/Q), we conclude that, for a suitable choice of L, we have

Ak, (Mo)?"™ = Akgy (Mo)?"™ Ak (tw,, (Mo))?" #=Y).

We then obtain Lemma A.18 on extracting p”~!-th roots of both sides, taking the
norm map from Qe (T)* to @(T')*, and recalling that A(T') is a unique factorization
domain.

We end this Appendix by proving Theorem A.44. Let Ko(Mp(G)) be the
Grothendieck group of the category My (G), and write [M] for the class of a module
in this group. As usual, we define

nd&, (Mo) = A(G) @a(ary Mo = R®o Mo,

where R = O[A] is the O-group ring of A. Let Cr be the category of all finitely
generated R-modules, and let Ky(Cgr) be the Grothendieck group in this category.
For each irreducible representation p of A, let L, be a free O-module of rank n,

realizing p, and put
w=epL, .

pEA
Since W ®¢ L is isomorphic to R ®o L as L[A]-modules, a theorem of Swan ([46],
Theorem 3) implies that
(A.46) [W]=[R] in Kuy(Cr).

But Swan ([46], Theorem 1.2) has shown that the natural inclusion of the category
Dpg of all finitely generated R-modules which are O-free in Cg induces an isomor-
phism from Ky(Dgr) to Ko(Cr). As W and R are O-free, it follows from (A.46)
that there exist a finite number of exact sequences
(AA4T) 0— 4 —B —C; —0 (i=1,...,n)
in Dg such that

R—W =Y (Bi— A - Ci)

i=1
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in the free abelian group on the isomorphism classes of Dgr. Since the modules in
the exact sequence (A.47) are O-free, it remains exact when we tensor it over O
with any O-module. Tt follows that, for each M in My (G), we must have

(A.48) [R@o Mo] = [W ®o Mo]
in Ko(Mg(G)). Now Akg(-) is well defined on Ko(Mg(G)). By Shapiro’s lemma
Hi(H,R® Mo) = Tor™ 9 (A(G/H),IndS, (Mo)) = Hi(H', Mo)"™1,

and so Akg (R®o Mo) is the left hand side of (A.45). But Akg(W @0 Mo) is, by
definition, the right hand side of (A.48). Hence Theorem A.44 follows from (A.48).

Finally, we remark without proof (see Theorem 6.8 of [1] for the case of p-primary
modules in My (G)) that (A.48) can also be used to establish the Artin formalism
for the characteristic elements of any module in Mg (G).

APPENDIX B. TABLES

Take an odd prime p and an elliptic curve E/Q with good ordinary reduction at
p. Define K = Q(up) and let ¢ be the regular representation of Gal(K/Q). Assume
that /K has Mordell-Weil rank 0.

In each table we list the prime p, the name (as in Cremona’s tables [14]) and the
equation of E, the local polynomial P,(E/Q,T) of E at p (see 2.7), the conductors
N(E)and N(E, o) (see 2.4) and the orders of the torsion groups F(Q) and E(K).
Next, we compute numerically the Birch—-Swinnerton-Dyer quotients

* LB L(E, 0, )R
PERI=om MRS ea e meoe

and the analytic orders of the Tate-Shafarevich groups III(F/Q) and HI(E/K). We
also list the reduction types of E/Q; and E/K, at bad primes [ € @ and primes
v|l of K.
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Finally, for varying m that defines the extension Foo = Q(ppe, */m)/Q, we
tabulate the following data:

Table columns:

m p-th power free integer, m > 1. It specifies the false Tate curve
extension Foo = Q(ppoe, *3/m)/Q. (When m and m’ define the
same field, e.g. 20 and 50 for p = 3, we take the smaller one.)

N(p) conductor of p (the representation of Gal(Q(up, ¢/m)/Q) in §1).

N(E,p) conductor of the twist of E by p.

I L (B/Q(y/m) _ | L& p1)\/Aoym
O] | @00 (B)0-07
I Analytic order of II(E/Q(+m)). We write “~” if the analytic

rank of F/Q(¥/m) is non-zero.

Lg(c)  The quantity in (1.3). Conjecturally, this is the value of the
non-abelian p-adic L-function for F., /Q at o.

Le(p) The quantity in (1.3). Conjecturally, this is the value of the
non-abelian p-adic L-function for F, /Q at p.

We do not include m for which L(Z, p, s) has sign -1 in the functional equation.

In the table below we give a list of our tables specifying whether the curve has
one of the contributions in (1), (2) and (3) of §6.13, and whether the curve is
semistable. We also list what we can say concerning the p-invariant pp/r. We
write “0” if we can prove that Selye (£/K) is finite and pp,x = 0. We write “«ol>
if we can deduce this from the Birch—-Swinnerton-Dyer conjecture, and write “I”
otherwise.

Table E(K)[p] E®,)p] plIl,cv semistable pgp,x  page
p=3 3-11A3 . . . X 0 47
3-20A3 X X X . T 48
3-26A1 X X X X T 49
3-35A1 X X X X T 50
3-38B1 . . . X 0 50
3-50B1 0’ 49
3-56B1 . . . . 0 51
3-77C1 . . . X 0 52
3-80B2 . . . . 0’ 52
3-92A1 X X X 0’ 54
3-116C2 . . X 0’ 54
3-128B2 . X r 51
3-152B1 . X r 55
3-176B1 . X r 55
3-224B1 . . 0 48
3-260A1 . . X r 53
3-272C1 . . . 0 54
3-275B1 . X . . r 53
3-395B1 . . X X r 55
3-800E1 . X X . r 56
p=5 5-11A3 X X . X 0 56
5-19A3 . . X 0’ 56
5-21A4 . . . X 0’ 57
5-24A4 0’ 57
5-44A1 0’ 58
5-56A1 . . 0’ 57
5-56B1 . X r 57
5-84B1 . . . . 0’ 58
p=7 T7-17A1 . . . X 0° 58
7-19A3 . . . X 0’ 58
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Table 3-11A3

/Q N(E) =11 L*(E/Q)=5" |EQ)|=5 [LI(E/Q)|= 1?

/K N(E,c)=3%.11%2 L*(E/K)=5"2%2 |E(K)|=5 [NI(E/K)| =12

/Q11 I, split, c;; =1 /Ky (v[11) I, split, co, =1
m__ | N(p) N(E, p) L* | | £g(o) Lr(r)
2 2233 2436112 1 1?2 | 1.3° +2.3240(3%) | 1-3° +1:3240(3%)
3 35 310112 1 1?2 | 2:3%942.3142.3240(3%) | 2.3%+1.31+1.3240(3%)
5 3252 3654112 22 | 22 | 1-3%41.3! +03%) | 1.394+2.3141.3240(3%)
6 2235 243107912 1 1?2 | 1.30 +2:324+0(3%) | 1.3042.3! +0(3%)
7 3272 3674112 1 1?2 | 2.30 +2.3240(3%) | 2-3942-314+2.32 4 0(3%)
10 | 223.52 243254112 1 1?2 | 2.3%941.3! +0(3%) | 2:3° +1:3240(3%)
12 | 2235 24310172 22 |22 | 1.3 +2.3240(3%) | 1-3° +0(3%)
13 | 3%132 36112134 1 12 | 2.3941.3! +0(3%) | 2:3%41-3141.324+0(3%)
14 | 223372 243674112 1 1?2 | 1-3%42.3042.3240(3%) | 1-3%+1.31+1.3240(3?)
15 | 3552 31054112 1 1?2 | 1-3%941.3! +0(3%) | 1:3° +2:3240(3%)
17 | 3172 32112174 1 12 | 1394130 41.3240(3%) | 1-3042.31 +1.3240(3%)
19 | 3.19? 3211219% 1 1?2 | 2:3%41.30+1.3240(3%) | 2.3° +2:3240(3%)
20 | 223352 243654112 1 1?2 | 2.3%941.3! +0(3%) | 2:3° +0(3%)
21 | 3572 31074112 22 | 22 | 230 +2.3240(3%) | 239 42.31 +0(3%)
23 | 3%232 36112234 24 | 42 | 1.3%41.3141.3240(3%) | 1-3°0 +0(3%)
26 | 223.132 | 243211213 | 22 | 22 | 1-3%941-3141.3240(3%) | 1.3 +2:3240(3%)
28 | 223.72 243274112 1 1?2 | 1-3%942.3142.3240(3%) | 1-3041.3! +0(3%)
29 | 33292 36112204 32 |32 | 232 +0(3%) | 1-3% +1:324+0(3%)
30 | 223%82 2431054112 | 1 12 | 2.3941.3! +0(3%) | 2:3%41-3142.324+0(3%)
31 | 3%312 36112314 1 1?2 | 2.30 +2.3240(3%) | 239 41.31 +0(3%)
34 | 2233172 | 243011217 | 52 | 52 | 2.3941.3142.3240(3%) | 2.3 +0(3%)
35 | 3.5272 325474112 1 1?2 | 1.3° +0(3%) | 1.3%42.3! +0(3%)
37 | 3.37% 32112374 22 | 22 | 2.3042.31 +0(3%) | 2:3%42.3141.324+0(3%)
45 | 3552 31054172 1 1?2 | 1-3%941.3! +0(3%) | 1:3° +2:3240(3%)
46 | 223.232 | 243211223 | 22 | 22 | 2.3041.3142.3240(3%) | 239 42-31 4+2.32 4 0(3%)
52 | 223%132 | 243611213% | 2% | 4% | 1.3941.3141.3240(3%) | 1-3%41.3! +0(3%)
53 | 3.532 32112534 32 | 3% | 1-3%41.3% +0(3%) | 1:3242.3%42.32 1 0(3%)
60 | 223%52 2431054112 | 112 | 112 | 2.3041.31 +0(3%) | 2:3° +0(3%)
62 | 223.312 | 243211231 |1 1?2 | 1-3942.3142.3240(3%) | 1.3042.3! +0(3%)
63 | 3572 31074112 24 | 42 | 2.30 +2:324+0(3%) | 2.3041.3! +0(3%)
68 | 2233172 | 243011217 | 2% | 42 | 2.3941.3142.3240(3%) | 2.3 +1:3240(3%)
71 | 3.712 32112714 0 — | 1.3 +0@3% | o
73 | 3.732 32112734 22 | 22 | 2:3%941.3142.3240(3%) | 239 42.31 +2.32 4+ 0(3%)
82 | 223-41% | 2%3211%41% |1 12 | 2.3941.3! +0(3%) | 2.30 +0(3%)
89 | 3.892 32112894 32 | 3% | 1-3%42.3% +0(3%) | 1.3%242.33 +0(3%)
90 | 223%52 2431054112 | 22 | 22 | 2.3041.31 +0(3%) | 2:3° +1:3240(3%)
o1 | 3.7%213% | 327411213 |1 1?2 | 2.3%942.3! +0(3%) | 2:3° +1:3240(3%)
116 | 223.20% | 2%3211220% | 32 | 32 | 1.3242.3%341.3*40(3%) | 2:3241.32+1.3* + O(3%)
150 | 223552 2431054112 | 1 1?2 | 2.3%941.3! +0@3%) | 2.30+1.3142.3210(3%)
172 | 223.432 | 2%3%11%43% | 1 1?2 | 1394130 41.3240(3%) | 1-3%+1.31+2.3240(3%)
188 | 223.47%2 | 2%3211%47% | 1 12 | 2.30 +2-3240(3%) | 2:3941.31+2.324+0(3%)
325 | 3.5%213% | 325%11213% |52 |52 | 1.3042.31 +0(3%) | 1-3042.31 +0(3%)
350 | 223.5272 | 24325474112 | 1 1?2 | 2.3%942.3! +0(3%) | 2.3 +2.3141.3240(3%)

47



48 T. DOKCHITSER, V. DOKCHITSER
E =2043 ¢° = 2%+ 2% — 36z — 140 Table 3-20A3
p=3 Py (E/Q,T)=1+ 2T+ 3T?

/Q N(E)=2%5 L*(E/Q)=27"  |EQ)|=2 [LI(E/Q)|= 1?

/K N(E,c)=2%*.3%2.52 L"(E/K)=2"! |E(K)| =6 [NI(E/K)| =12

/Q2 IV¥ o =1 /Ky (v|2) IV* ¢, =3

/Qs I¢ non-split, cs =2 /K, (v|5) Ig split, c, = 6
m N(p) N(E, p) L* 01 | £5(0) L(r)
3 35 2431052 2.32 12 | 2324233 42.3* 4+ 0(3%) 2.32 +0(37)
7 3372 24365274 0 — | 2-3%42.354+1.3540(37) 0
10 223.52 223254 22 1?2 | 1-3%41.3% +0(3%) 2.3%41.3% +0(3%)
11 32112 243652114 0 — | 2.3%41.3% +0(37) 0
13 32132 243652134 2.3% 32 | 2.3%42.3541-3540(37) 2.3%442.3%41.3540(37)
17 3.172 243252174 2.32 12 | 1-3%41.3% +0(37) 1-3441.3542.3540(37)
19 3.192 243252194 2.32 12 | 2.3%42.3542.35 4+ 0(37) 2.3 41.3%41.3540(37)
21 3572 243105274 2.3% 32 | 2.3%42.3541-3540(37) 2.3%42.35 +0(37)
23 32232 243652234 0 — |1.3% +2-374+0(3%) 0
30 223552 2231054 2232 32 | 1-3%41.3% +0(3%) 2.3% +1-354+0(3%)
37 3.372 243252374 0 — | 2.3 +0(31%) 0
53 3.532 24325253% 2.32 12 | 1.3%41.8° +0(37) 1.3 41.35 +0(37)
63 3572 243105274 0 — | 2-3%42.354+1.3540(37) 0
70 22335272 | 22365474 0 — | 1-3541.3%41.3740(3%) 0
71 3.712 243252714 2332 22 | 1.3%42.3541-3540(37) 1.3 42.35 +0(37)
73 3.732 243252734 2.3% 32 | 2.3%4+2.3742.38 4 0(3) 2.3541.3741-3540(3%)
20 223552 2231054 2432 62 | 1-3%41.3% +0(3%) 2.3%242.3441.354+0(37)
110 | 223352112 | 223%5%11% 2234 92 | 1.3542.3% +0(3%) 1-3542.3541.3740(3%)
130 | 223352132 | 223954134 2234 92 | 1.3°4+1-3541-37+0(3%) 2.3542.3%42.374 0(3%)
150 | 223%52 2231054 2232 32 | 1.3% 1.3 +0(3%) 2.33 +1-3°40(3%)
170 | 223.5%2172 | 223254174 2232 32 | 2.3% +1:374+0(3%) 1-3541-3641.374+0(38)
190 | 223.5219% | 22325%19% 2232 32 | 1.3%41.3% +0(3%) 2.3541.3%42.3710(319)
350 | 2%3.5%27%2 | 22325474 2232 32 | 1-3°4+1-3541-374+0(3%) 2.3% +2-374+0(3%)
370 | 2%23.5%237% | 223254374 2234 92 | 1.37 +2.32+0(3!%) 2.3741-3%41.3° 1 0(3'1)
490 | 223%5272 | 22365474 2234 92 | 1.3541.3%41.374+0(3%) 2.35 +0(3%)
539 | 3.7%11° 24325274114 | 2.3% 32 | 2.3%4+1-3742-38 4 0(3%) 1-38 +0(3%)
550 | 223.5%211% | 22325%11% 2232 32 | 1.3542.3% +0(3%) 1-3542.3542.3740(3%)
650 | 223%52132 | 22365413 2434 182 | 1-3541-3541.374+0(38) 2.354+1.3542.3740(3%)
1450 | 223.5220% | 22325%29% 2432 6% | 2.3%41.37 +0(31%) 1-3% +1-374+0(31%)
2150 | 223.5%43% | 22325%43% 223252 | 152 | 1-3%41.31042.311 4 0(312) | 2.35+1.3542.37 4+ 0O(3%)
2350 | 223.5%247% | 22325%47¢ 2234 92 | 1.37 +1-32+0(3'%) 1-3742.3% +0(31%)
E=224B1 3> =2°—2°+ 22 Table 3-224B1

p=3 Py(E/Q,T)=1-2T +3T?

/Q N(E)=2°17 L*(E/Q)=2"" |B(Q)|=2 [I(E/Q)| = 1°

/K N(E,0)=210.32.72 L[*(E/K)=2"1 |E(K)|=2 [II(E/K)| = 12

/D 01, ey = 2 /K, (v]2) 01, ¢y = 2

/Q7 I; split, c7 =1 /Ky (v]7) I, split, ¢, =1
m__ | N(p) N(E, p) L* || £Lg(o) L(r)
2 2233 2103672 1 1?2 | 1-3942.3141.324+0(3%) | 1.3° +2.324+0(3%)
6 2235 21031072 22 22 | 1.3%42.3141.3240(3%) | 1-3%+2.31 +2.32 4+ 0(3%)
10 | 223.52 210325472 | 32 32 | 1.3241.3%3 42324 0(3%) | 232 +1-3% +1.3* +0(3%)
12 | 2235 21031072 1 12 [ 1-3942.3141.3240(3%) | 1394131 +1.324+0(3%)
14 | 223372 2103674 223 | 22 | 1-3%242.3%342.3*4+0(3%) | 1.3142.3% +0(3%)
20 | 223352 210365472 | 5232 | 62 | 1.3241.3%342.3* 1 0(3%) | 2.32+2.3% +2.32 1 0(3%)
26 | 223.132 | 210327213% | 32 32 | 1-3%41-3541-354+0(3%) | 1-3241-3°+2-32 1 0(37)
28 | 223.72 2103274 3 12 | 1.3242.3%42.3* 4 0(3%) | 1-3! +1-3340(3%
44 | 223.11%7 | 2103272114 | 1 1?2 | 2.3942.31 +0@3%) | 2.3%+2.31 +2.32 4+ 0(3%)
46 | 223.232 | 210327223% | 26 82 | 2.3942.3142.3240(3%) | 2.3%+1.31 +1.32+0(39)
350 | 223.5272 | 210325474 | 33 32 | 1.3%41.3° +0(3%) | 2.3° +0(39)
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E=2641 y’+oy+y=2>—-5z—-8 Table 3-26A1
p=3 P3(E/Q,T)y=1-T +3T?

/Q N(E) =213 L*(E/Q)=3"" |E(Q)|=3 [LI(E/Q) = 1°

/K N(E,oc)=2%.32.132 [*(E/K)=3"! |E(K)|=9 [NI(E/K)| =12

/Q2 I3 non-split, cp = 1 /Ky (v|2) I3 split, ¢, = 3

/Q13 I3 split, c13 = 3 /Ky (v|13) I3 split, ¢, = 3
m__ | N(p) N(E, p) L* | IOI | £g(o) Lr(r)
3 35 22310132 223 | 22 | 1-3141-32+1.324+0(3%) 1-31+2.3242.3% 1 0(3%)
5 3352 223654132 33 12 | 1.3%42.35 +0(3%) 2.3%41.3%42.35 + 0(3%)
7 3272 223674132 33 32 | 1.3% +2-374+0(3%) 1-3% +0(3%)
11 | 32112 2236114132 33 32 | 1.3%41.35 +0(37) 2.3% 42.3% +0(37)
13 | 3%132 2236134 32 12 | 1334134 42.3° 1 0(3%) 1-3%24+1.3%41.3* 4+ 0(3%)
15 | 3552 2231054132 0 — | 1-3%42.3° +0(3%) 0
17 | 3172 2232132174 223 | 22 | 233413 41.3°4+0(3%) 2.33 +1:354+0(3%)
19 | 3-19? 2232132194 33 32 | 1.3542.3541.374+0(3%) 1-3541.3%42.3740(3%)
21 | 3572 2231074132 0 — |1.3% +2-374+0(3%) 0
36 | 3.5272 22325474132 | 33 32 | 1-3%41.3° +0@3ty | 2.3% 41.38 +0(3%)
37 | 3.372 2232132374 33 32 | 1.3% +1-374+0(3%) 1-3541.38 +0(3%)
39 | 3%132 22310134 34 32 | 1.3%+1.3%42.35 1 0(3%) 1-3% +0(3%)
45 | 3552 2231054132 33 32 | 1.3*42.35 +0(3%) 2.3%42.3% +0(3%)
53 | 3.532 2232132534 223% | 22 | 1.3742-3%42.3° yO(310) | 2.8° +0(3%)
55 | 3.5211%2 | 22325%114132 | 0 — | 1374238 423240031y |0
63 | 3%72 2231074132 33 32 | 1.8° +2-374+0(3%) 1-3%42.3%42.35 1 0(37)
65 | 3%52132 | 223654134 2234 | 62 | 1.3642.37+1.3540(311) | 2.3%41.35 +0(37)
o1 | 3-7213%2 | 22327%13% 34 32 | 1.37 +0(3'1% | 1.3541.37 +0(3%)
117 | 35132 22310134 32 12 | 1334134 42.3° 4 0(3%) 1-32 +0(3%)
143 | 3-11213% | 223211%13% 223% | 6% | 1-3%4+1-37+1-3%+0(3%) 2.3% +2.324+0(3%)
325 | 3-5%2132 | 223254134 0 — | 1.3%42.3741.3%3+0@3M) |o
E=50B1 ¥’ +ay+y=a"+a2®—-3z+1 Table 3-50B1

p=3 P(E/QT)=1+T+ 3T?

/Q N(E) =25 L*(E/Q)=5"" |E(Q)|=5 [I(E/Q)| = 1?

/K N(E,o)=22.32.5¢ L*(E/K)=5"1 |E(K)|=5 [II(E/K)| = 12

/Q2 Iz split, co =5 /Ky (v]|2) Iz split, c, =5

/Qs II, s =1 /Ky (v]5) I, o =1
m N(p) N(E, p) L* I | £g(o) L(r)
3 35 2231054 5 1?2 | 1:3941.3142.3240(3%) | 1-3%+42.31 +1.3240(3%)
5 3352 223654 2.5 1?2 | 1:3941.3142.3240(3%) | 1-3%+1.37+1.3240(3%)
7 3372 22365474 | 5 12 | 1.3° +2-3240(3%) | 1-3%+41-31 +2.32 4+ 0(3%)
11 32112 223%5411% | 325 32 | 2.3341.3%+2.354+0(3%) | 2.324+1-3%4+1.32 1 0(3%)
13 32132 223%5413% | 5 12 | 1:3942.3142.3240(3%) | 1-3%+42.37 +1.3240(3%)
15 3552 2231054 2.5 1?2 | 1.3941.3142.3240(3%) | 1-3° +0(3%)
17 3.172 223254%17% | 0 — | 2-3%41.3% +0(3%) | o
19 3.192 22325%10% | 0 — | 1-3% +0@3% | o
35 3.5272 | 22325%7% | 2.5 1?2 | 1.3 +2.3240(3%) | 1-3%42.31 +1.324+0(3%)
37 3.372 223254374 | 5 1?2 | 1.3 +0(3%) | 1.3° +0(3%)
45 3552 2231054 235 22 | 1.3%41.3142.3240(3%) | 1-3041.31 +0(3%)
55 3.52112 | 223%5%11% | 0 — | 233413242354+ 0@3% | o
65 3252132 | 223%5%13% | 2%5 22 | 1.3%42.31+2.3240(3%) | 1.3041.31 +0(3%)
145 | 3.5220% | 22325%20% | 2.3%25 | 32 | 1.32 +1-3%40(3%) | 2-32 +0(3%)
175 | 325272 | 223%5%7% | 2.5 12 | 1.3° +2-3240(3%) | 1394231 42.32 4 0(3%)
215 | 3.5%43% | 22325%43% | 2.5 1?2 | 1:3942.3141.324+0(3%) | 1-3%42.3! +0(3%)
235 | 3.52472 | 22325%47% | 22325 | 62 | 2.3%42.3%+2.35+0(3%) | 2.32 4232 4+1.3 1 O(3%)
275 | 3%52112 | 22365%11% | 2.3%5 | 32 | 2.3%341.3%42.3540(3%) | 2.3 +1-3* 4+ 0(3%)
325 | 3.5213% | 22325%13% | 2.5 1?2 | 1.3942.3142.3240(3%) | 1-3° +2:3240(3%)
575 | 3.5223° | 223%5%23% | o — | 233413 41.35+0@3% | o
775 | 352317 | 223%5%314 | 2.3%5 | 32 | 1.3%42.3%41.3*40(3%) | 1.32 +0(3%)
1025 | 3.52412 | 22325%41¢ | 2.325 | 32 | 2.3%41.3%42.354+0(37) | 2-3242.3% +0(37)
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E=3541 ¢y’ +y=2>4+2®+92+1 Table 3-35A1
p=3 P3(E/Q,T)y=1-T +3T?
/Q N(E)=5-7 L*(E/Q)=3"" |E@Q)|=3 [LI(E/Q)|= 1?
/K N(E,0)=3%.52.72 L*(E/K)=3"1 |E(K)| =9 [II(E/K)| = 12
/Qs Is non-split, cs =1 /K, (v|5) I3 split, c, = 3
/Q7 I3 split, c; =3 /Ky (v]7) I3 split, c, = 3
m__ | N(p) N(E, p) L* | IOI | Lg(o) L(r)
2 2233 24365272 0 — |13 +1-3°40(3%) 0
3 3% 3105272 3 12 | 1-3141.3241-324+0(3%) 1-3141.3241.3240(3%)
6 2235 243105272 33 1?2 | 138 +1-3°40(3%) 2.3% +2.3°40(3%)
7 3272 365274 32 12 | 1:3%41-3442.35 4+ 0(3%) 1-3% +0(37)
11 | 32112 365272114 0 — | 2.3%41.3% +0(37) 0
12 | 2235 243105272 33 32 | 1.3% +1-354+0(3%) 2.3% +2-354+0(3%)
13 | 3132 365272134 0 — | 1-3%542.3%42.3740(3'%) |0
14 | 223372 24365274 34 3% | 1-8° +2-374+0(3%) 2.3 41.3°41.3540(37)
17 | 3172 325272174 3 12 | 2:3% 4134 41.35 4+ 0(3%) 2.3%4+1.34 42354+ 0(3%)
19 | 3.192 325272194 0 — | 1-3542.3541.374+0(3%) 0
21 | 3572 3105274 2232 | 22 | 1.3%41-3%42.354+0(3%) 1-3% +2-3240(37)
26 | 223.132 24325272134 | 33 32 | 1-3741-3%341-3°4+0(3%) | 2:3°41-3%+1-37+0(3%)
28 | 223.72 24325274 32 12 | 1.3% +2.3740(3%) 2.3442.3542.3540(37)
37 | 3.372 325272374 33 32 | 1.3° +0(3%) 1-3541.3% +0(3%)
42 | 223572 243105274 0 — | 1:3% +2-374+0(3%) 0
44 | 223.122 24325272114 | 33 32 | 2.3642.37 +0(3'?) | 1.3° +2-374+0(3%)
46 | 223.232 24325272234 | 38 32 | 2.3642.374+2.33 4 0(31%) | 1.3541.3642.3740(3%)
53 | 3.532 325272534 223 | 2% | 2:.3%42.3% +0(37) 2.3% +0(3%)
63 | 3572 3105274 0 — | 133413 42.35 4+ 0(3%) 0
84 | 223572 243105274 34 3% | 1-8° +2-374+0(3%) 2.3%42.3%42.3510(37)
o1 | 3.7%13% 325274134 0 — | 1-3742.38 +0@3%y | o
116 | 223.292 24325272294 | 33 3% | 2.374+1-3%41-3°4+0(3!%) | 1.3° +1-374+0(31%)
126 | 223572 243105274 0 — | 1:3% +2-374+0(3%) 0
154 | 223.72112 | 2432527411 | 3¢ 32 | 2.3%42.3%42.310 031y | 1.3%41-37+2-38 4+ 0(3?)
252 | 223572 243105274 34 32 | 1.3° +2.3740(3%) 2.3442.3542.3540(37)
539 | 3.7%112 325274114 0 — | 2:3%41.3742.3540(3%) 0
E=3%8B1 v +aoyty=a®+22+1 Table 3-38B1
p=3 P3(E/Q,T)y=1+T +3T?
/Q N(E)=2-19 L*(E/Q)=5"" |EBE(Q)=5 [I(E/Q)|= 17
/K N(E,oc)=2%.32.19° L*(E/K)=5"! |E(K)|=5 [NI(E/K)| =12
/Q2 Iz split, co =5 /Ky (v|2) Is split, ¢, = 5
/Q19 I; non-split, ci19 =1 /K, (v[19) I; non-split, ¢, = 1
m__ | N(p) N(E, p) L* | | £g(o) L(r)
3 3% 22310192 5 12 | 1394131 42.3240(3%) | 1-3°+2.31 +1-3240(3%)
5 3252 223654192 5 1?2 | 2:3%941.3142.3240(3%) | 2.30 +2.3240(3%)
7 3272 223674192 225 | 22 | 1-3%942.3142.324+0(3%) | 1-3942.3! +0(3%)
11 | 32112 2236114192 5 12 | 2:3%941.3142.3240(3%) | 2.3%+1.31 +1.3240(3?)
13 | 3%132 2236134192 325 | 32 | 1-3241-3%41.3440(3%) | 1-3242-3341.344+0(37)
15 | 3552 2231054192 225 | 22 | 2:3941.3142.3240(3%) | 2:3° +0(3%)
17 | 3172 2232174192 0 — | 2.3241.3% +0@3% | o
19 | 3-19? 2232194 5 1?2 | 139423 41.3240(3%) | 1-30 +2.3240(3%)
36 | 3.5272 | 22325474102 | 5 12 | 2.3 +2:3240(3%) | 2-3%42.3! +0(3%)
37 | 3.372 2232192374 5 1?2 | 1.3 +0(3%) | 1-3° +0(3%)
45 | 3552 2231054192 5 1?2 | 2:3%941.3142.3240(3%) | 2.3%+1.31 +1.3240(3?)
53 | 3.532 2232192534 225 | 22 | 2.3041.31 +0(3%) | 2:3%+1.3141.3240(3%)
55 | 3.5211% | 22325%11%19% | 5 1?2 | 1394130 41.3240(3%) | 1-30 +1-3240(3%)
57 | 3%192 22310194 225 | 22 | 1.3942.3141.324+0(3%) | 1-3° +2.3240(3%)
171 | 35192 223107194 225 | 22 | 1.3942.3141.324+0(3%) | 1-3° +2.3240(3%)
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E=56B1 3> =2°%—a2%—4 Table 3-56B1
p=3 P3(E/Q,T)=1-2T+3T?

/Q N(E)=2°7 L*(E/Q)=27"  |EQ)|=2 [LI(E/Q) = 1°

/K N(E,oc)=120.32.72 [*E/K)=2"! |E(K)|=2 [II(E/K)| = 12

/02 TIT*, 5 = 2 /K, (v]2) IIT*, ¢y = 2

/Q7 I, split, c;7 =1 /Ky (v|7) I, split, co, =1
m N(p) N(E, p) L* | I | £Lg(o) L)
2 2238 263672 22 1?2 | 1-3942.3141.3240(3%) | 1-39+1.31+2.3240(3%)
6 2235 2631072 24 22 | 1-3942.3141.3240(3%) | 1-3° +2-3240(3%)
10 223.52 26325472 | 22 1?2 | 2:3° +0(3%) | 2.3° +0(3%)
12 2235 2631072 22 1?2 | 1-3942.3141.3240(3%) | 1-3942.31 +2.3240(3%)
14 223372 263674 0 — | 1.3%242.3%342.324+0@3% | o
20 223352 26365472 | ot 22 | 2.30 +0(3*) | 2.3941.314+2.3240(3%)
22 2232112 263%7211% | o — | 1.3% +0@3% | o
26 223.132 263272134 | 22 1?2 | 1-3942.3141.3240(3%) | 1-3942.3! +0(3%)
28 223.72 263274 223 | 1?2 | 1-3%242.3342.324+0(3%) | 131 4+1.32+1.3%3+0(3%)
30 223552 263105472 | 92 12 | 2.30 +0(3%) | 2.3941.3! +0(3%)
42 223572 2631074 243 | 22 | 1.3%242.3342.324+0(3%) | 131 4+1.32+2.3%3 4+ 0(3%)
44 223.112 263272114 | 2232 | 32 | 1.32 +0(3%) | 232 +1.3%+2.3* 4+ 0(39)
46 223.232 263272034 | o 22 | 2.3942.3142.3240(3%) | 2:3942.31 +1.324+0(3%)
52 2232132 263672134 | 24 22 | 1.3042.3141.3240(3%) | 1:3941-31 +1.324+0(3%)
60 223552 263105472 | o4 22 | 2.30 +0(3%) | 2.3° +2:324+0(3%)
62 223.312 263272314 | 28 42 | 1.30 +0@3%) | 1-3%+1.31 +1.32+0(3%)
70 22335272 | 26365474 | 2%3 | 22 | 2.32 +2.3240(3%) | 2.31 +1-3340(3%)
82 223.412 263272414 | 2252 | 52 | 2.394+1.3142.324+0(3%) | 2:3%41-31 +1.32+0(3%)
84 223572 2631074 223% | 32 | 1.3242.3%342.3* 4+ 0(3%) | 1.3° +2.3°+0(39)
90 223552 263105472 | 6 42 | 2.30 +0(3%) | 2.3%+2.31 +2.32 4+ 0(3%)
116 | 223.292 263272004 | 22 12 | 2.30 +2.3240(3%) | 2.3%41.3! +0(3%)
126 | 223%72 2631074 223 | 1?2 | 1-3%242.3%342.3*+0(3%) | 1.3! +2.324+0(3%)
140 | 22335272 | 26365474 | 2%3 | 22 | 2.37 +2.3440(3%) | 2:3! +1-324+0(39)
150 | 223%52 263105472 | 9252 | 52 | 2.30 +0@3%) | 2.3%+2.31 +1.324+0(3%)
154 | 223.72112 | 2%327411% | 2233 | 32 | 1.3% +1-3540(3%) | 2-3° +1-3540(3%)
172 | 2%3.432 263272434 | 2232 | 32 | 1.3% +0(37) | 1-3%41-3° +0(3")
252 | 223572 2631074 263 | 4?2 | 1-3242.3%342.3* 4+ 0(3%) | 1-3142.32 +0(3%)
350 | 223.5272 | 26325474 | 223 | 12 | 2.32 +2-3240(3%) | 2.3142.32 +0(3%)
476 | 2%23.7217% | 293274174 | 223% | 32 | 2.3242.3%42.32 1 0(3%) | 2.3%4+1-3%42.35+0(3%)
490 | 2%23%5272 | 28365474 | 2233 | 32 | 2.37 +2-3240(3%) | 2-3%4+1-3*+2-35+0(37)
1666 | 223.72172 | 263274174 | 223 | 1% | 232 42:.3%42.3* 4+ 0(3%) | 231 4+1.32+2.33 4+ 0(3%)
2366 | 223.72132 | 263274134 | 223% | 32 | 1.3242.3%42.3*10(3%) | 1.3° +0(37)
E=128B2 y* =242 —-22—-2 Table 3-128B2

p=3 Py(E/Q,T) =1+ 2T + 377

/Q N(E)=2" L*(E/Q)=27" |EQ)=2 [I(E/Q)|=1?

/K N(E,o)=24.32 L[*E/K)=2"2 |E(K)| =2 |II(E/K) =12

/Q2 I, e =1 /Ky (v|2) I, co =1
m__ | N(p) N(E,p) | L* | Ol | Lg(o) L)
2 2233 21436 0 — | 1-3241-3%341.3*4+0(3%) | 0
6 2235 214310 2.32 | 3% | 1-3%241-3%41.3*+0(3%) | 1.32 +0(37)
10 | 223.52 | 214325% | 2 12 | 2.3242.3% +0(3% | 2.32+1.3% +0(3%)
12 | 2235 214310 0 — | 1.32+1.3341.3*+0@3% | 0
14 | 223372 | 2143674 | 29.32 | 32 | 1.3242.3 +0(3%) | 1-32 +1-344+0(3%)
20 | 223352 | 2143%5% | o — | 2.3%242.3% +0@3% | o
26 | 223.13% | 21%3213% | 0 — | 13*+1.3%42.3%4+0@3%) | 0
28 | 223.72 | 243274 | 2 12 | 1.3242.3% +0(3%) | 1-32 +2-3440(3%)
44 | 223.11%7 | 21432114 | 2 12 | 2.3241.3% +0(3%) | 232 42.3% +1.3* 4 0(3%)
46 | 223.23% | 2143223 | 2 12 | 2:3241.3%42.3* 4+ 0(3%) | 2.32+1.3% +1-34+0(3%)
116 | 223.29% | 21432204 | 0 — | 2-3541.3%542.3740(3%) | 0
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E=77C1 y2 + zy = 22+ 22 +4z 4+ 11 Table 3-77C1
p=73 P3(E/Q,T)=1-2T+ 3T?
/Q N(E) =711 L*(E/Q)=2"" |E(Q)|=2 [L(E/Q)| = 1°
/K N(E,c)=32.72.112 [*(E/K)=2"! |E(K)|=2 [NI(E/K)| =12
/Q~ I3 non-split, c7 = 1 /Ky (v]7) I3 non-split, ¢, = 1
/Q11 I, split, c;; = 2 /Ky (v|11) I, split, ¢, = 2
m__ | N(p) N(E, p) L* | I | £5(0) L(r)
2 2233 243672112 28 22 | 2.3041.31 +0(3%) | 2.3042.31 41.3240(3%)
3 3% 31072112 2 12 | 13942.3141.3240(3%) | 1-3°+2-31 42.3240(3%)
5 3252 365472112 28 22 | 2.3041.3141.3240(3%) | 2:3041-31 +2.3240(3%)
6 2235 2431072112 2 1?2 | 2.3%41.3! +0(3%) | 2.3942.31 42.324+0(3%)
7 3272 3674112 2 1?2 | 1394131 42.3240(3%) | 1-3942.3! +0(3%)
10 | 223.52 24325472112 | 2 12 | 1.30 +0(3%) | 1.3° +0(3%)
12 | 2235 2431072112 2 1?2 | 2.3%41.3! +0(3%) | 2.3942.31 42.3240(3%)
13 | 3132 3672112134 2 1?2 | 130 +0(3%) | 1-3° +1-3240(3%)
14 | 223372 243674112 2.52 | 52 | 2.3942.3041.3240(3%) | 2.30 +2.3240(3%)
17 | 3172 3272112174 23 22 | 2.3041.3! +0(3%) | 2:3%+1.3142.324.0(3%)
19 | 3.19? 3272112194 2 1?2 | 130 +2.3240(3%) | 1-3° +2.3240(3%)
20 | 223352 24365472112 | 2 1?2 | 130 +0(3%) | 1-3%+1.31 +1.3240(3%)
21 | 3572 31074112 252 [ 52 | 1.3941.3142.324+0(3%) | 1-3%42.31 +1.32+0(3%)
26 | 223.132 | 24327211213% | 2 1?2 | 2:3° +0(3%) | 2:3%+2.31 +1.3240(3?)
28 | 223.72 243274112 2 1?2 | 2:3%942.3141.3240(3%) | 2.3° +2.3240(3%)
35 | 3.5272 325474112 2.52 | 52 | 2.3942.3142.3240(3%) | 2.30 +1-3240(3%)
37 | 3.37% 3272112374 23 22 | 1-3942.3141.3240(3%) | 1-3041.31 +0(3%)
63 | 3572 31074112 2 1?2 | 1394131 42.3240(3%) | 1-30 +2.3240(3%)
o1 | 3.7%13% | 327%11213% 2.72 | 72 | 1394231 42.3240(3%) | 1-3%+1.31 +2.3240(3?)
350 | 223.5272 | 24325474112 | 2.72 | 72 | 1.3042.3142.3240(3%) | 1.3042.3! +0(3%)
E=80B2 y?=z%-22—-12 Table 3-80B2
p=3 P3(E/Q,T)=1-2T+3T?
/Q N(E)=2%5 L*(E/Q)=27 |E(Q)|=2 [I(E/Q)| = 1?
/K N(E,oc)=28.32.52 L"(E/K)=2"2 |E(K)| =2 [NI(E/K)| =12
/Q2 I, e =1 /Ky (v]|2) I, o =1
/Qs I) non-split, cs =1 /K, (v|5) I, split, co, =1
m__ | N(p) N(E, p) L* || £Lg(o) L(r)
2 2233 283652 12 | 239 42.3! +0(3%) | 2.30 +1-3240(3%)
3 35 2831052 1 1?2 | 2.3942.31 +0(3%) | 2.3942.31 42.3240(3%)
6 2235 2831052 2 1?2 | 2.3942.31 +0(3%) | 2.3942.31 42.3240(3%)
7 3272 28365274 | 22 22 | 2.30 +0(3%) | 2.3%+1.31 +1.324+0(3%)
11 | 3112 283652114 | 2232 | 62 | 2.3241.3%41.3*4+0(3%) | 1-3%241.3° +0(3%)
12 | 2235 2831052 28 22 | 2.3042.3! +0(3%) | 2.3041-3142.324+0(3%)
14 | 223372 | 28305274 | 2 1?2 | 2:3° +0(3%) | 2:3%+2.31 +1.32+0(3%)
17 | 3172 283252174 | 32 32 | 1.3241.3% 42324 0(3%) | 1.3241-3%+1-3*+0(3%)
19 | 3.192 283252104 | 1 12 | 239 41.3! +0(3%) | 2:3%+1.3142.324+0(3%)
22 | 2233112 | 283%5211¢ | 0 — | 2-3%+41.3%+1.3*+0@3% | o
26 | 223.13% | 28325213% | 2.32 | 32 | 2.3242.3%42.3* 4+ 0(3%) | 2.3242.3%+1.3* 4+ 0(3)
28 | 223.72 | 2832527% | 2 1?2 | 2:3° +0(3%) | 2-3° +2.324+0(3%)
37 | 3.37% 283252374 | 2232 | 62 | 2.3% +1-384+0(37) | 2-32 +0(3%)
44 | 223.11% | 28325211% | 2.32 | 32 | 2.3241-3%41.3*+0(3%) | 1-32+42.3%+2.3* 4+ O(3)
46 | 223.23% | 28325223% | 2.32 | 32 | 1.3% +1-3°4+0(3%) | 1-32 +2.3*+0(3%)
62 | 223.317 | 283252314 | 2 12 | 2:3941.3141.3240(3%) | 2.3%42.31 +0(3%)
116 | 223.292 | 28325220% | 2.32 | 32 | 1.3% +1-3°4+0(3%) | 1-3242-33 1.3+ 0(3%)
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E =26041 y° =% — 2% — 2812 4+ 1910 Table 3-260A1
p=3 P3(E/Q,T)=1-2T+3T?
/Q N(E)=2%-513 L*(E/Q)=27" |E(Q)|=2 [L(E/Q)| = 1°
/K N(E,o)=2%.3%2.52.132 [*(E/K)=3 |E(K)| =2 [NI(E/K)| =12
/Q2 IV, =1 /Ky (v]|2) IV, ¢y =3
/Qs I, non-split, c5 =1 /Ky (v]5) I, split, ¢, =1
/Q13 I, non-split, ¢13 = 2 /Ky (v[13) I> non-split, ¢, = 2
m N(p) N(E, p) L* 01 | £5(0) L(r)
3 3% 2431052132 3 12 | 2.3141.32 +0(3%) | 2:3142.3242.3% +0(3%)
7 3372 24365274132 | o — | 23%+1.3*42.3%4+0@3% | 0
10 223.52 223254132 2.32 32 | 1.3242.3% +0(3%) | 2-3%+1.3*+1.35+0(3%)
13 32132 243652134 3.72 72 | 2.3141.3% +0(3%) | 2-31 +0(3%)
17 3.172 243252132174 | 3 12 | 131 42:3241.3240(3%) | 131 4+1-3241:32 4+ 0(3%)
19 3.192 243252132194 | 3.52 52 | 2.31 +1-3240(3%) | 2-31 +2.32 +0(3%)
20 223352 223654132 2.32 32 | 1.3%242.3% +0(3%) | 2.3% +2.3%+0(@3M)
30 223552 2231054132 2.3% 92 | 1-3242.3% +0(3%) | 2:3542.36 +0(3%)
60 223552 2231054132 0 — | 1.3242.3% +0@3% | o
90 223552 2231054132 2532 62 | 1.3242.3% +0(3%) | 2.3% +2:354+0(3%)
130 | 223352132 | 223954134 2.3272 | 212 | 1-3%42.3% +0(3%) | 2.3% +1:354+0(3%)
150 | 22382 2231054132 2.32 32 | 1-3242.3% +0(3%) | 2:3%42.3% +0(37)
350 | 2%23.5272 | 22325474132 | 2832 32 | 1.3%42.3541.3540(3%) | 2.3% 42.3¢ +0(3%)
550 | 223.5%211% | 22325%114132 | 2.3% 92 | 2.3%242.3°+1-3240(3%) | 1-3°42-3%41-37 4+ 0(3%)
650 | 223%52132 | 223954134 2334 182 | 1-3%42.3% +0(3%) | 2.3% +0(3%)
1300 | 223252132 | 223654134 0 — | 1.3242.3% +0@(3%) | o
E=275B1 ¥ +y=as>4+2>2—-8x+19 Table 3-275B1
p=3 P(E/Q,T)=1-T+3T?
/Q N(E)=5%11 L(E/Q)=1 |E@Q)=1 [I(E/Q)| = 1?
/K N(E,0)=32.5*.11? L¥E/K)=1 |E(K)|=1 [HI(E/K)| = 1?
/Qs ,es=1 /Ko (v]5) 5, co =1
/Q11 I; split, c;; =1 /Ky (v|11) I, split, co, =1
m__ | N(p) N(E, p) L* | | £g(9) L(r)
2 2233 243654112 32 | 3% | 2:3241.3%42.3 4+ 0(3%) | 2:3242.3%+1.3240(3%)
3 35 31054172 32 | 3% | 1324133413+ 0(3%) | 1-3241.3%3+1.3240(3%)
5 3252 3654112 0 — | 1.32+1.3%34+1.32403% |o
6 2235 2431054112 | 32 | 32 | 2.3241.3%42.34 1 0(3%) | 2.32 +2-3410(3%)
10 | 223.52 243254112 5 12 | 2:3241.3%42.3* 1 0(3%) | 2.32 +2.3*+0(3%)
12 | 2235 2431054112 | o — | 2:32+1.3242.3240(3%) |o
15 | 3552 31054112 325 | 32 | 1-3241-3%341.3*+0(3%) | 1-3241-3%2+1.3*+0(3%)
17 | 3172 325411217 |1 12 | 2.32 +2.3240(3%) | 2:32+41-3%24+2.3* 4+ 0(3%)
19 | 3.19? 325411210 | 1 1?2 | 1-3242.3% +0(3%) | 1-32+41.3%+2.3* 4+ 0(3%)
20 | 223352 243654112 325 | 32 | 2:3241.3%42.3+0(3%) | 2:3242.3%+1.3240(3%)
28 | 223.72 24325474112 | 32 | 32 | 2.3941.3541.3540(37) | 2-3%42.3542.3540(37)
30 | 22352 2431054112 | 325 | 32 | 2.3241.3%42.32 4 0(3%) | 2.32 +2.3*+0(3%
35 | 3.5272 325474112 325 | 32 | 1.3%41.3542.3540(37) | 1-3%+2.3542.3%510(3%)
45 | 3552 31054172 325 | 32 | 1-3241-3%41.3*+0(3%) | 1-3241.3%3+1.3240(3%)
60 | 223%52 2431054112 | 325 | 32 | 2.3241.3242.34 1 0(3%) | 2.32 +2-3410(3%)
90 | 223%52 2431054112 | o — | 2:32+1.3242.3240(3%) |o
150 | 223552 2431054112 | 325 | 32 | 2.3241.3%42.3240(3%) | 2.32 +2.3*+0(3%)
325 | 3.5%213% | 325%11%213* | 325 | 32 | 1.3% +2.3%8 40310 | 1.3* +0(3%)
350 | 223.5272 | 24325474112 | 325 | 32 | 2.3%41.3541.354+0(37) | 2.3%42.3%4+2.3540(37)
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E=27201 3?2 =2 2% —4x Table 3-272C1
p=73 P3(E/Q,T)=1-2T+3T?
/Q N(E) =217 L*(E/Q)=2"" |E(Q)|=2 [LI(E/Q)|= 1?
/K N(E,c)=2%8.32.17% IL*(E/K)=1 |E(K)| =2 [NI(E/K)| =12
/Q2 15, c2 =2 /Ky (v|2) 5, co =4
/Q17 I, split, c;7 =1 /Ky (v|17) I, split, co, =1
m | N(p) N(E, p) L* |0 | Lg(o) L)
2 | 2233 2836172 2 1?2 | 2.3%41.3! +0(3%) | 2:3° +1-3240(3%)
3 |35 28310172 22 12 | 2.3941.3! +0(3%) | 2:3%+1.3142.324.0(3%)
5 | 3%52 283654172 | 22 1?2 | 130 +0(3%) | 1-3%+2.31 +2.3210(3?)
6 | 223° 28310172 2 1?2 | 2.3%941.3! +0(3%) | 2.3942.31 42.324+0(3%)
7 | 3372 283674172 | o — | 2-3%+1.3%42.324+0@3% | o
10 | 223.52 | 283254172 | 2 12 | 1.30 +0(3%) | 1.3° +0(3%)
12 | 2235 28310172 28 22 | 2.3041.31 +0(3%) | 2.3041-3142.3240(3%)
14 | 223372 | 283674172 | 2.3% | 3% | 2.3241.3%42.32 4+ 0(3%) | 232 +42.3% +1.3* 1 0(3%)
19 | 3-19? 2832172104 | 2¢ 22 | 2.30 +1:3240(3%) | 2:3%42-31 +1.324+0(3%)
20 | 223352 | 283654172 | 2° 42 | 1.30 +0(3%) | 1.3° +2-324+0(3%)
26 | 223.13% | 2832134172 | 2.32 | 3% | 2.3%241-3%42.3* 1 0(3%) | 2:3%242-33 1.3+ O(3%)
28 | 223.72 | 283274172 | 2.32 | 3% | 2.3%241-3%42.3* 1 0(3%) | 2:37 +2.3*40(3%)
44 | 223.11% | 283%11%172 | 0 — | 2324134 41.3°4+0@3%) | o
E=9241 > =z>4+224+20+1 Table 3-92A1
p=3 Py(E/Q,T)=1-T +3T?
/Q N(E) = 2%-23 L*(E/Q)=3"" |E(Q)|=3 [I(E/Q)| = 1°
/K N(E,o)=2%.32.232 [*(E/K)=3"1 |E(K)| =3 [H(E/K)| =12
/Q2 IV, 2 =3 /Ky (v|2) IV, ¢, =3
/Q2s I; non-split, co3 =1 /K, (v|23) I; split, ¢y, =1
m | N(p) N(E, p) L* Ul | £Lg(o) L)
3 3% 24310932 3 1?2 | 131 41.3241.3240(3%) | 1-3'+1.324+1.3%2 4 0(3%)
5 3352 243654032 0 - | 1.3 +0@i3% | o
7 3372 243674232 0 — 1-3341.3442.3540(3%) | 0
11 | 3112 2436114032 | 38 32 | 1.3%42.3441.354+0(3%) | 233 42.3¢ +0(37)
17 | 3-172 2432174232 | 3 1?2 | 2.3% +0(3%) | 2.3 +1.3*+2.35 4 0(3%)
19 | 3-192 2432104232 | 0 — | 1-3542.3541.374+0(3%) |0
35 | 3.5272 | 24325474232 | 33 32 | 1.35 +1:3740(3%) | 2.3541.36 +0(3%)
46 | 223.232 | 223223 2.371 | 12 | 2.3242.3° +0(3%) | 1.32+1.3%42.32 1 0(3%)
92 | 2233232 | 223623 2.3 32 | 2-3242.3° +0(3%) | 1-3242-3°4+1-3*+0(3")
138 | 2235232 | 22310234 2.3 32 | 2.3242.3% +0(3%) | 1.32+1.3%42.32 1 0(3%)
276 | 2235232 | 22310934 2.3 32 | 2.3242.3% +0(3%) | 1-3241-3%242.3* 4+ 0(3%)
414 | 2235232 | 2231023 253 122 | 2.3%42.3% +0(3%) | 1-3% +0(37)
828 | 2235232 | 22310234 233 62 | 2.3242.3% +0(3%) | 1.3242.33 +0(3%)
E=11602 y?2 =a%—22—-9z+ 14 Table 3-116C2
p=3 P3(E/Q,T)=1-2T + 377
/Q N(E) = 2%-29 L*(E/Q)=27" [E(Q)]=2 [I(E/Q)| = 1?
/K N(E,oc)=2%.3%2.29° [*(E/K)=272.3 |E(K)| =2 [NI(E/K)| =12
/Q2 IV, 2 =1 /Ky (v|2) IV, ¢y =3
/ Q29 I; non-split, cog =1 /K., (v|29) I, split, ¢, =1
m N(p) N(E, p) L* | WOl | £Lg(o) L)
3 3% 24310292 3 12 | 2.3 42.32 +0(3%) | 231 42.3242.3% + 0(3%)
5 3352 243%5%29% | 3 12 | 1-3142.3% +0(3%) | 131 +1.32+1.3%2 4+ 0(3%)
7 3372 243674292 | 3 12 | 2:3141.3%242.3% 1 0(3%) | 2.31+2.32+1.32 4+ 0(3%)
17 3.172 2432174297 | 3 12 | 1-3141.3% +0@3%) | 131 +1.32+1.3%2 +0(3%)
19 3.192 2432194292 | 223 | 22 | 2.3142.3241.3340(3%) | 2-3! +1-3340(3%
58 2233292 2238294 0 — | 2.3 +2.344+0(3%) | 0
406 | 2%3.7%229% | 223%27%20% | 2.3% | 92 | 2.3242.3%4+1.3240(3%) | 2354136 +0(31%)
1450 | 223.52202 | 22325%29% | 2%32 | 62 | 1.3241.3° +0(3%) | 1.3% +0(39)
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E=152B1 y* =242 -8z —16 Table 3-152B1
p=3 P3(E/Q,T)=1-T+3T?
/Q N(E)=2°19 L*(E/Q)=1 |EQ)=1 [LI(E/Q) = 1°
/K N(E,0c)=25.32.19° [*(E/K)=1 |E(K)|=1 [NI(E/K)| =12
/Q2 IT*, co =1 /Ky (v|2) II*, co =1
/Q19 I; split, c19 = 1 /Ky (v[19) I, split, co, =1
m N(p) N(E, p) L* | IOI | £g(o) L)
2 2238 2639192 0 — | 1324133 +1.3* 4+ 0(3%) 0
6 2235 26310192 0 — | 1-3241-3%241:3* 4+ 0(3%) 0
10 223.52 263254192 | 0 — |1.3* +0(37) 0
12 2235 26310192 0 — | 1324133 +1.3*+0(3%) 0
14 223372 263674192 | 0 — | 1-3242.3%41.3* 4+ 0(3%) 0
20 223352 263654192 | 2332 | 32 | 1.3% +0(37) 2.32 +1-3*4+0(3%)
26 223.132 2632134192 | 28 12 | 1-3241-3%41.3* 4+ 0(3%) 1-3241.3% +0(3%)
28 223.72 263274192 | 28 12 | 1324232 41.3* 4+ 0(3%) 1-3% +2-3140(37)
38 2233192 2636194 0 — | 1-3542.3741.3%340(3%) 0
44 223.112 2632114192 | 28 12 | 2.3241.3% +0(3%) 2.3242.3%241.3* 4+ 0(3%)
46 223.232 2632192234 | 28 12 | 2:3% +2:344+0(3%) 2.324+1.3% 41344+ 0(3%)
76 223%192 2636104 2%3% | 32 | 1.3%42.3741-3%+0(3%) 1.3% +1-354+0(37)
190 | 223.5%2192 | 2%325%10* | 0 — | 1-3841.3242.31040@31) | o
1900 | 223.52192 | 2%325%19% | o — | 138 41.3%942.31%4 031 | 0
E=176B1 2 =2z%4+2%2—-52—-13 Table 3-176B1
p=3 P3(E/Q,T)=1-T+3T?
/Q N(E) =211 L*(E/Q)=1 |EQ)=1 [LI(E/Q) = 1°
/K N(E,c)=2%.32.11? I*E/K)=1 |E(K)|=1 [NI(E/K)| =12
/Q2 IT*, co =1 /Ky (v|2) II*, co =1
/Q11 Ii non-split, c;1 =1 /K., (v|11) I, split, co, =1
m_| N(p) N(E, p) L* |0l | Lg(o) LEg(p)
2 | 2233 2836112 0 — | 1324133413+ 0@3% | o
3 |35 283107912 32 32 | 1-3241-3341-3*40(3%) | 1-3241.32+1.3* +0(3%)
5 | 3%52 283654112 | o — | 232 +0@i3% | o
6 | 223° 28310172 0 — | 1324133413+ 0@3% | o
7 | 3872 283674112 | 32 32 | 1.3%41.3542.3540(37) | 1-32 +0(37)
10 | 2%23.5% | 283254112 | 28 12 | 232 +0(3%) | 2.3241.3% +0(3%)
12 | 2235 28310172 0 — | 1324133413+ 0@3% | o
14 | 223372 | 283874112 | 2232 | 32 | 1.3%41.3542.3%4+0(37) | 1-3241-8° +0(37)
17 | 3-172 2832112174 | 1 12 | 2.3% +2-3240(3%) | 2:3241.324+2.3* 1 0(3%)
19 | 3-19? 2832112104 | 1 12 | 1.3%242.3% +0(3%) | 1.32+1.3%42.32 1 0(3%)
20 | 223%52 | 283654112 | 0 — | 2:3% +0@i3% | o
26 | 223.13%2 | 283211213% | 23 1 1-3%242.3%41.3*+0(3%) | 1.32+41.3° +0(3%)
28 | 223.72 | 283274112 |0 — | 1-3%41.3542.3540@37) | 0
46 | 223.23%2 | 283211223% | 23 12 | 232 +2.3240(3%) | 2:3241-3%+1.3*+ 0(3%)
E=395B1 P +aoy+y=2a2°+22—40c—-128 Table 3-395B1
p=3 Py(E/Q,T)=1-2T +3T?
/0 N(E)=579 LY(E/Q)=27"3  |E(Q)|=2 ILL1(E/Q)| = 12
/K N(E,s)=32.52.792 [*(E/K)=2"1.3 |E(K) =2 [NI(E/K)| =12
/Qs Ig split, cs = 6 /Ko (v]5) Ig split, c, = 6
/Qrg Ii non-split, crg =1 /K., (v|79) I; non-split, ¢, = 1
m | N(p) | N(E,p) L* |10 | Lg(o) L)
2 | 2233 243952792 223 | 22 | 2.3141.3% +0@3%) | 2.3142.32+1.3%2 4+ 0(3%)
3 |35 31052792 2.3 |12 | 1-3142:3241.324+0(3%) | 1-3142.3242.32 4+ 0(3%)
17 | 3-172 | 3252174792 | 0 — |1.3% +2-37+0(3%) | 0
28 | 223.72 | 2%32527%792 | 2.3% | 32 | 2.3%41.3%42.354+0(3%) | 2.3° +2.3°+0(39)
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E =800FE1 32 =a®+ 22 — 208z — 1412 Table 3-800E1
p=73 P3(E/Q,T)y=1-T +3T?
/Q N(E) = 2°-5° L*(E/Q)=3 [E@Q)|=1 [I(£/Q)|=1"
/K N(E,o) =210.32.5¢* ["E/K)=3 |E(K) =1 |I(E/K) =12
/Q2 I§,e2=1 /Ky (v|2) 5, co=1
/Qs IV* s =3 /Ko (v]5) IV*, ¢y =3
m_| N(p) N(E, p) L* | IOI | Lg(o) L(r)
2 | 223® 2103654 2.3% [ 3% | 1-3°+1-3241.3540(37) | 1-3%42-3% +0(3%)
6 | 2235 21031054 0 — | 1-3%41.3%41.354+037) | 0
12 | 2235 21031054 2%3% | 6% | 1-3%41-3%4+1.354+0(37) | 1-3%42-3%42.35 4+ 0(3%)
28 | 223.72 | 210325%7% | 233 | 22 | 1.3% +1-354+0(37) | 1-3° +2:354+0(3%)
44 | 223.112 | 210325%11% | 2.3 | 1?2 | 2.3° +1.3°4+0(3%) | 2.3° +1-354+0(3%)
E=1143 ¢y’ +y=2°—2a? Table 5-11A3
p_5 P5(E/Q,T):1—T-I—5T2
/Q N(E)=11 L*(E/Q)=5" |E(Q)|=5 [I(E/Q)|= 17
/K N(E,o)=5%111 L*E/K)=5"2 |E(K)|=5 [II(E/K)| = 12
/Q11 I, split, c;; =1 /Ky (v[11) I, split, co, =1
m__ | N(p) N(E, p) L* | I | Lg(o) L(r)
2 2455 285107714 0 — | 45241.5% +0(%) | o
3 3455 38510114 0 — | 2.5244.5341.5440(57) | 0
5 59 518114 1 1? | 4-58943.51 +0(5%) | 4-5%+1.51+3.524+0(5%)
6 243455 | 2838510114 | 52 | 52 | 2.5 4+3.5541.5540(5%) | 4.524+2.5% +4.5¢ 4+ O(5%)
7 5374 5678114 22 | 22 | 4-524+4.5%43.5 1 O(5%) | 4.52+4.5%+4.54 1 0(5%)
11 | s%11% 510118 245 | 42 | 4.5%43.5° +0(57) | 451 +1.5243.52 4+ 0(5%)
12 | 243455 | 283851011% | o — | 25*43.5541.5%4+0(%) | 0
18 | 2%3%5% | 283%5011% |0 — | 25*43.554+1.5%4+0(%) | 0
22 | 245%11% | 28510118 53 | 52 | 4.5541.57 +0(5%) | 1-58%41.5% +2.5540(5%)
44 | 245%11% | 28510148 0 — | 4.5541.57 +0(%) | 0
48 | 2%3%5% | 2838510114 | 52 | 52 | 2.5 43.5%41.5540(5%) | 4.524+2.5% +4.5¢ 4+ O(5%)
8s | 245%11% | 28510118 52 |52 | 4.5541.57 +0(5%) | 1.5°+1.5% +2.5° 4+ 0(5%)
99 | 3%5%11* | 3856118 325 | 32 | 2.554+4.5741.554+0(57) | 4.5 +2.544+3.55 1 0(5%)
176 | 245%11% | 285118 5 12 | 4.58541.57 +0(5%) | 1.5°+3.5% +4.5%° + 0(59)
E=1943 ¢y’ +y=24+2’+= Table 5-19A3
p=>5 Ps(E/Q,T)=1—-3T +5T?
/Q N(E)=19 L*(E/Q)=372 |E(Q)|=3 [LI(E/Q)|= 1?
/K N(E,oc)=5%19* L*(E/K)=3"2%2 |E(K)| =3 [NI(E/K)| =12
/Q19 I, split, c19 =1 /Ky (v[19) I, split, co, =1
m_| N(p) N(E, p) L* | | £g(9) L(r)
2 | 245° 28510194 1 1?2 | 2.58%942.51 +4.524+0(5%) | 2.5°+1.51 +2.524+0(5%)
3 | 345° 38510194 22 | 22 | 3.58941.581 +2.524+0(5%) | 3.50+3.5! +0(5%)
5 | 5° 518194 24 | 42 | 3.58942.58143.524+0(5%) | 3.50+4.51 +1.524+0(5%)
6 | 2%3%55 | 2838510104 | 22 | 22 | 2.50 43.51 +0(5%) | 2.58943.51 +2.52 4 O(5%)
7 |57t 5678194 24 | 42 | 3.80 +2.5240(5%) | 3.58° +4.5240(5%)
12 | 243485 | 283851010% | 72 | 72 | 2.5043.5! +0(5%) | 2.5° +4.5240(5%)
18 | 243453 | 283850109% |1 1? | 2.5943.5! +0(5%) | 2.5%+4.5! +0(5%)
19 | 55194 510108 245 | 42 | 2.52 +2.5240(5%) | 3-51+3.5241-5240(5%)
48 | 243455 | 283851010% | 22 | 22 | 2.58043.50 +0(5%) | 2.5%+3.51 +2.521 0(5%)
57 | 3%5%19% | 385193 345 | 92 | 2.5241.58342.5*+0O(5%) | 3.51+4.524+3.52 1 O(5%)
76 | 245%19% | 2859198 265 | 82 | 3.5244.5%+4.5¢ 1 O(5%) | 2.5! +3.524+0(5%)
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E=2144 H+oy=2+a Table 5-21A4
p=>5 Ps(E/Q,T) =14 2T + 572
/Q N(E)=3-7 L*(E/Q)=27° |E(Q)|=4 [LI(E/Q)|= 1?
/K N(E,oc)=3%.5¢.7¢ [*(E/K)=2"% |E(K) =4 [II(E/K)| = 12
/Qs I split, cs =2 /Ky (v|3) I split, ¢, =
/Q7 Iy non-split, cr =1 /K, (v|7) I, split, co, =1
m__ | N(p) N(E, p) L* Ul | £Lg(o) L)
2 2455 283451074 | 2 1?2 | 4.50 +3.5240(5%) | 4.5°+2.5142.52 4 0(5%)
5 5° 3451874 23 22 | 4.50 +3-524+0(5%) | 4-58°4+1.51 +1.5240(5%)
21 | 3%5%7¢ 3851078 5.172 | 172 | 4.5 445 4+2.5540(57) | 2.51 +2.524+3.5° + O(5%)
63 | 345%7¢ 3851078 245 42 | 4.5°44.5%42.5540(57) | 351 +4-5%24+0(5%)
126 | 24345374 | 28385678 | 245 42 | 4.5°44.5*42.554+0(57) | 3-5! 4152 +0(5%)
147 | 3%*5574 3851078 5 12 | 45834454 42.5540(57) | 3.50+1.5244.55 4 O(5%)
168 | 24345374 | 28385678 | 225 22 | 4.5 44.5%42.5540(57) | 25! +0(5%)
567 | 345%7¢ 3851078 2%5 82 | 4.5%°44.5%42.5540(57) | 2.5'42.5241.5° + O(5%)
E=2444 > =2>-22>+z Table 5-24A4
p= Ps(E/Q,T) =1+ 2T + 5T
/Q N(E)=2°3 L*E/Q)=27° |E(Q)|=1 [I(E/Q)|= 17
/K N(E,o)=212.34.56 L[*(E/K)=2" |E(K)| =4 [II(E/K)| = 12
/02 I, c3 = 2 /Ko (v]2) I01, ¢y = 2
/Qs I, non-split, c3 = 1 /Ky (v|3) I, split, co, =1
m__ | N(p) N(E, p) L* | I | £g(o) L)
2 2455 21234510 2 12 | 480 +3-5240(5%) | 4-5°42.51 42.52 4+ 0(5%)
10 | 245° 21234518 25 | 42 | 4.8° +3.5240(5%) | 4-5°+1.51 +1.524+0(5%)
20 | 245? 21234518 25 | 42 | 4.8° +3.5240(5%) | 4-5°+1.51 +1.524+0(5%)
40 | 245° 21234518 25 | 42 | 4.89 +3-5240(5%) | 4-58°+1.51 +1.524+0(5%)
80 | 245° 21234518 2 1? | 480 +3.5240(5%) | 4-5°+4.51 +1.52+0(5%)
176 | 245%11% | 2123%5%118 | 2® | 22 | 4.504+4.5143.52 1 0(5%) | 4.50+1.51 +2.52 4 0(5%)
E=56A41 2 =z>+x+2 Table 5-56A1
p=>5 Ps(E/Q,T)=1-2T + 5T?
/Q N(E)=2°17 L*(E/Q)=27% |E(Q)|=1 [I(E/Q)|= 17
/K N(E,o)=2'2.56.7% L[*(E/K)=2"2 |E(K)| =4 [II(E/K)| = 12
/Q2 IF, co =4 /Ky (v|2) IF, co =4
/Q7 I, non-split, c7 = 1 /Ky (v]7) I, split, co, =1
m_| N(p) N(E, p) L* | WOl | £Lg(o) L)
2 | 2% 21251074 24 22 | 3.50 +0(5%) | 3.58942.51 +4.52 4 0(5%)
6 | 243455 | 2123851074 | 2232 | 32 | 2.50 41.51 +0(5%) | 2.5894+4.51 +4.52 4 O(5%)
12 | 243455 | 2123851074 | o4 22 | 2.58041.5! +0(5%) | 2.5894+1-51 +3.52 4+ 0O(5%)
18 | 23483 | 212385674 | 2232 | 32 | 2.50 41.5! +0(5%) | 2.58042.51 +0(5%)
48 | 23455 | 2123851074 | 2232 | 32 | 2.50 41.51 +0(5%) | 2.5%+4.51 14.52 4+ O(5%)
E=56B1 3> =2°%—a2%—4 Table 5-56B1
p=>5 Ps(E/Q,T)=1+4T + 577
/Q N(E)=2°7 L*(E/Q)=27"  |EQ)|=2 [LI(E/Q)|= 1?
/K N(E,o)=2'2.55.74 L[*(E/K)=2"! |E(K) =2 [II(E/K)| = 12
/02 TIT*, 5 = 2 /Ko (v]2) IIT*, ¢y = 2
/Q7 I, split, c;7 =1 /Ky (v]7) I, split, co, =1
m_| N(p) N(E, p) L* | I | £Lg(o) L)
2 | 245° 21251074 0 — | 3.5242.5% +0(5%) | o
6 | 2%3%55 | 2123851074 | 2352 | 52 | 3.52 4+1.534+4.54 1 O(5%) | 2-5%242.5% +3.54 4 O(5%)
12 | 243455 | 2123851074 | ¢ — | 3.5241.5°+4.540(%) | 0
18 | 243453 | 212385674 | 23 1?2 | 3.524+1-5%°+4.5 1 O(5%) | 3.52 +4-54+0(59)
48 | 243455 | 2123851074 | 2352 | 52 | 3.5241.5%4+4.5% 4+ O(5%) | 2.5242.5%+3.5¢ 1 O(5%)
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E=4441 > =2>4+224+30-1 Table 5-44A1
p=>5 Ps(E/Q,T) =14 3T + 572
/Q N(E)=2%11 L*(E/Q)=3"" |E(Q)|=3 [L(E/Q)| = 1°
/K N(E,oc)=2%.5%11* [*(E/K)=3"! |E(K) =3 [NI(E/K)| =12
/Q2 IV*, 2 =3 /Ky (v|2) IV*, ¢y =3
/Q11 I; non-split, c11 =1 /K., (v|11) I} non-split, ¢, = 1
m__ | N(p) N(E, p) L* | I | £g(9) L)
2 2455 28510774 28 1?2 | 458942.5'43.5240(5%) | 4-5°+3.51 +1.5240(5%)
3 3455 2838510714 | ¢ — | 2:5241.58°43.5*4+0(5%) | 0
6 243455 | 2838510114 | 2352 | 52 | 2.5241.5%43.59 4 O(5%) | 1-5°43-53 +4.5% 4+ O(5%)
7 5374 285978114 | o — | 452+43.5242.5440(5%) | 0
11 | 5511 28510118 263 | 8% | 4.5943.5143.5240(5%) | 4.5°+3.51 +2.524+0(5%)
12 | 23455 | 2838510114 | o — | 2:5241.58°43.5*4+0(8%) | 0
18 | 2%3%5% | 283%5011% |0 — | 252+41.524+3.544+0(5%) | 0
22 | 245%11% | 28510118 2234 | 92 | 4.5943.5143.5240(5%) | 4.5°+1.51 +4.524+0(5%)
44 | 2%5%11% | 28510118 2234 | 92 | 4.5943.5143.5240(5%) | 4.5°+1.51 +4.524+0(5%)
48 | 2%3%55 | 2838510114 | 2%82 | 52 | 2.5241.5%43.5% 4+ O(5%) | 1-5243.5% +4.54 4 O(5%)
8s | 245%11% | 28510118 2572 | 142 | 4.5943.5143.5240(5%) | 4.5°+3.51 +3.524+0(5%)
176 | 245%11% | 285118 2532 | 62 | 4.5943.5'43.5240(5%) | 4.5°+3.51 +2.52+0(5%)
E=84B1 > =2 —a2*—2—2 Table 5-84B1
p=>5 Ps(E/Q,T)=1—4T +5T?
/Q N(E) = 2737 L*(E/Q)=27" [E(Q) =2 [LI(E/Q)| = 1?
/K N(E,oc)=28.3*.58.7 [*(E/K)=2"1.3 |E(K)| =2 [NI(E/K)| =12
/Q2 IV, 2 =1 /Ky (v|2) IV, ¢y =3
/Qs I, non-split, c3 =1 /Ky (v|3) I, split, co, =1
/Q7 I> non-split, c7 = 2 /Ky (v]7) I, split, c, = 2
m__ | N(p) N(E, p) L* Ul | £g(o) L)
2 2455 283451074 | 22 1?2 | 1589435 +4.5240(5%) | 1.5°+4.51 +1.524+0(5%)
126 | 24345374 | 28385678 | 2.3%52 | 152 | 1.5 +4.5%+3.55+0(5%) | 3.52 +1-544+0(5%)
168 | 24345374 | 28385678 | 2.3252 | 152 | 1.5 4+4.5%+3.55 1+ 0(5%) | 3.52 +1-5%4+0(5%)
E=1741 V¥ Haoy+y=a>—-2>-z—-14 Table 7-17A1
p= P(E/Q,T)y=1-4T 4+ 7T?
/Q N(E) =17 L*(E/Q)=277 |E(Q)|=4 [LI(E/Q)| = 1?
/K N(E,0) =717 L[*(E/K)=2* |E(K) =4 [II(E/K)| = 82
/Q17 I, split, c;7 = 4 /Ky (v|17) 1, split, c, = 4
m | N(p) | N(E, p) L* | | Lg(o) L)
2 | 2877 | 212714176 | of 42 | 5.7042.7142.7240(7%) | 5-7045-7 +1. 72+ 0(7%)
3 | 8877 | 312714176 | 2872 | 282 | 5.7243.7% 4474+ 0(7%) | 272 +4- 73 +2. 71+ O(7)
E=1943 ¢y’ +y=24+2’+= Table 7-19A3
p=7 P7(E/Q,T):1-I—T-I—7T2
/Q N(E)=19 L*(E/Q)=37% |E(Q)|=3 [II(E/Q)|= 17
/K N(E,0)=7°.19¢ [*(E/K)=3"2 |E(K)| =3 [II(E/K)| = 12
/Q19 I, split, c19 =1 /Ky (v[19) I, split, co, =1
m | N(p) | N(E, p) L* | I | Lg(o) L)
2 | 2877 | 212714196 | 1 1?2 [ 1794370 41.7240(@7%) | 1.7° +1-724+0(7%)
3 | 8877 | 312714196 | 22 | 22 | 3.7944.71 43.7240(7%) | 3.7° +4.7240(7%)
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