
. COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORYT. DOKCHITSER, V. DOKCHITSERAbstract. We study special values of L-functions of elliptic curves over Qtwisted by Artin representations that factor through a false Tate curve exten-sionQ(�p1; p1pm)=Q. In this setting, we explain how to computeL-functionsand the corresponding Iwasawa-theoretic invariants of non-abelian twists of el-liptic curves. Our results provide both theoretical and computational evidenceto the conjectures of non-commutative Iwasawa theory.Contents1. Introduction 12. Twisted L-functions 43. Cyclotomic Iwasawa theory of elliptic curves 74. False Tate curve extensions 125. Compatibility of the conjectures 136. Computations 197. Numerical examples 25Appendix A (by J. Coates and R. Sujatha) 35Appendix B. Tables 45References 591. IntroductionLet E=Q be an elliptic curve and let F1 = Sn Fn be an in�nite Galois extensionof Q. The type of questions that we are concerned with is how do the Mordell-Weil group and the Selmer group of E change in the sub�elds of F1, and theconjectural relations to the special values of twisted L-functions L(E; �; s)js=1 forArtin representations � that factor through Gal(F1=Q).Although for an arbitrary algebraic extension of Q the questions might be hope-lessly hard, a good deal is known for the p-adic extension ofQ obtained by adjoiningall p-power roots of unity, Q(�p1) = SnQ(�pn). This is the subject of cyclotomicIwasawa theory of elliptic curves. We will consider the false Tate curve extensionof Q, given by Fn = Q(�pn; pnpm); F1 = 1[n=1Fnfor some �xed odd prime p and p-power free integer m. The motivation is thatthis is the simplest non-abelian p-adic Lie extension to which the conjectures ofnon-commutative Iwasawa theory apply.Assume that E has good ordinary reduction at p. For Artin representations � ofGal(F1=Q), the authors of [9, 22] have proposed precise modi�cations LE(� ) of theL-values L(E; �; 1), that are supposed to be interpolated by a non-abelian p-adic1



2 T. DOKCHITSER, V. DOKCHITSERL-function of E. For self-dual Artin representations � with values in GLn(Qp),their Main Conjecture asserts that(1.1) ordp LE(� ) = ordp �na(E; � );where �na(E; � ) is the non-abelian Euler characteristic of the dual of the p1-Selmergroup of E=F1 twisted by � (see x4.1). Moreover, the conjectures imply that if �is congruent to � 0 modulo p, then so are the p-adic numbers LE(� ) and LE(� 0).The purpose of this paper is to provide some evidence for these conjectures.We will be concerned with two particular representations � and � of G which arecongruent modulo p. First, under suitable hypotheses (see Theorem 5.2) we showthat(1.2) ordp �na(E; �) = 0 () ordp �na(E; �) = 0;as predicted by the conjectures. We also show that the corresponding statementfor ordp LE(�) and ordp LE(�) implied by the Main Conjecture also follows fromthe conjecture of Birch and Swinnerton-Dyer (see x5.11). Finally, we test the fullcongruence between LE(�) and LE(�) numerically for varying E, p and m.Let us begin with a description of the Artin representations of G = Gal(F1=Q)(see, e.g., [19] for details). For n � 1, let �n denote the representation of G obtainedby inducing any character of exact order pn of Gal(Fn=Q(�pn)) to Gal(Fn=Q). Then�n is irreducible, and every irreducible Artin representation of G is of the form �or �n� for some n, where � is a 1-dimensional character of Gal(Q(�p1)=Q). Inparticular, let �n denote the sum of all 1-dimensional characters of Gal(Q(�pn)=Q).For n � 1, both �n and �n are de�ned overQ and, moreover, the two representationsare congruent modulo p (meaning that their reductions modulo p have isomorphicsemi-simpli�cations). For simplicity, we will denote � = �1 and � = �1.Now, for any elliptic curve E=Q and any Artin representation � , the twistedL-function L(E; �; s) is an analytic function for Re s > 3=2 that is conjectured tohave an analytic continuation to C . In fact, for Artin representations of G, thisconjecture follows from modularity of elliptic curves over Q and cyclic base changefrom the theory of automorphic forms ([19], Theorem 14).Deligne's conjecture [16] then states that the quotient of L(E; �; 1) by the period
+(E)d+(�)
�(E)d�(�) is an algebraic number (see the list of notation x1.6). Thisis also true for Artin representations of G by the results of [5]. There it is alsoshown that further modifying the value by the global �-factor of � ,L�(E; � ) = L(E; �; 1)
+(E)d+(�)
�(E)d�(�) �(��1)lies in the �eld of de�nition of � . In particular, L�(E; �n) and L�(E; �n) are rationalnumbers for n � 1.Assume that E=Q has good ordinary reduction at p. For the false Tate curveextension F1=Q, the following modi�cation of the L-value L(E; �; 1) is proposedin [9]:(1.3) LE(� ) = Lv6 jmp(E; �; 1)
+(E)d+(�)
�(E)d�(�) �p(� ) � Pp(��; u�1)Pp(�; w�1) � u�n(�) :Here Lv6 jmp(E; �; s) is the L-function L(E; �; s) with local factors at primes dividingm and p removed. (These are the primes with in�nite rami�cation in F1=Q.)See x1.6 for the de�nitions of the other quantities in (1.3). Then LE(� ) 2 �Qp and,



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 3furthermore, one has the following conjectures (see [9], 5.6-5.10 and the penultimateparagraph of the paper). The de�nition of the non-abelian Euler characteristic�na(E; � ) will be given in x4.1.Conjecture 1.4. Let E be an elliptic curve overQwith good ordinary reduction atp and let � : G! GLn(Qp) be a self-dual Artin representation. Then L(E; �; 1) 6= 0if and only if �na(E; � ) is �nite. In this case, equation (1.1) holds.Another consequence of the conjectures is that(1.5) LE(�n) � LE(�n) mod p :(This follows from the fact that the representations are congruent modulo p andthe conjectural integrality of the non-abelian p-adic L-function, see Remark A.20.)We can verify (1.5) numerically in many cases (see the Tables in Appendix B) forn = 1 and p = 3; 5 and 7. For p>7 or n>1, our approach is too computationallydemanding.In fact, this type of congruence appears in the unpublished work of Balister [2],which was the original motivation for our study of these L-values. We also notethat for � and � (i.e. n = 1) and p = 3, Bouganis [4] has proved the congruence(1.5) in some cases.There is a remarkable recent result due to Kato [30] that the conjectured ex-istence and integrality of the p-adic L-function implies congruences to a higherpower pk for certain Artin representations of G. It would be very interesting totest these higher congruences, at least numerically. Unfortunately, the conductorsof the relevant twists of E are extremely large.For p = 3, if LE(�) and LE(�) are p-adic units, then the congruence betweenthem follows from the Birch{Swinnerton-Dyer conjecture. The point is that LE(�)and LE(�) can be related to the Birch{Swinnerton-Dyer quotient forE=Q,E=Q(�p)and E=Q( ppm). This gives a formula for the quotient LE(�)=LE(�), where the onlydi�cult terms are the orders of the Tate-Shafarevich groups. As these are squares,for p = 3 they do not a�ect the congruence modulo 3. For p � 5 this argumentgives the congruence modulo squares in Fp, but the full congruence appears to bestronger than what can be deduced from the Birch{Swinnerton-Dyer conjecture.The structure of the paper is as follows.In x2 and x3 we �x the notation and review some basic results concerning systemsof l-adic representations associated to twists of elliptic curves, Selmer groups and thecyclotomic Iwasawa theory of elliptic curves. Also, in x3.21 we prove an auxiliaryresult concerning characteristic elements that we use later on (Proposition 3.23,Corollary 3.24).Then we turn to false Tate curve extensions and non-commutative Iwasawa the-ory of elliptic curves in x4. We prove the relation (1.2) in Theorem 5.2. Fromhere, the Main Conjecture implies the corresponding relation between the valuesLE(�) and LE(�) of the p-adic L-function, that we show to be compatible with theBirch{Swinnerton-Dyer conjecture (Proposition 5.13).Next, we turn to numerical veri�cation of the congruence (1.5) for n = 1. Inx6 we explain how to compute L(E; �; 1), L(E; �; 1) and various related arithmeticinvariants. We give an example for the elliptic curve 21A4 over Q(�5; 5p2) illus-trating both our results and computations in x7, and tabulate all other examplesin Appendix B. In x7.19 we also illustrate how similar computations can be carried



4 T. DOKCHITSER, V. DOKCHITSERout when the false Tate curve extension is replaced by a GL2 extension, by takingthe curves 11A2 and 11A3 over their 5-division �elds.Appendix A by J. Coates and R. Sujatha deals with theoretical questions relatedto regularity and Heegner like phenomena for the extension F1=Q. In particular,they generalise (1.2) to a larger class of curves and �n in place of � (Corollary A.14).1.6. Notation. By a number �eld we will always mean a �nite extension of Q. We�x, once and for all, embeddings of �Q into �Ql for all l. Throughout the paper wekeep the following notation:p odd prime.�pn group of pn-th roots of unity.�p1 union of �pn for n � 1.kv completion of a �eld k at a prime v,Fv residue �eld at a prime v,�� contragredient representation of an Artin representation � ,d�(� ) dimensions of the �1 eigenspaces of complex conjugation on � ,�(� ) the global �-factor of � ,�p(� ) the local �-factor of � at p (see x6.10),n(� ) the p-valuation of the conductor N (� ) (see x2.4),jSj cardinality of S,A[p] p-torsion of an abelian group A,A[p1] p-primary component of an abelian group A.Notation for the false Tate curve extension and its representations:m an integer � 2 such that np 6 jm for n > 1,F = F1 = Q(�p; ppm),K = Q(�p),� = �1, the regular representation of Gal(K=Q),� = �1, the unique (p� 1)-dimensional irreducible representationof Gal(F=Q), as above.Notation relating to elliptic curves and Iwasawa theory:E elliptic curve over Q with good ordinary reduction at p,Pq(�; T ) local polynomial of the L-series L(�; s) at q (see x2.2),u;w p-adic numbers, chosen so that u is a p-adic unit, de�ned byPp(E; T ) = 1�apT+pT 2 = (1�uT )(1�wT ).We denote by 
�(E) the periods of E, de�ned by integrating the N�eron di�erentialof a global minimalWeierstrass equation over the generators of the �1-eigenspacesH1(E(C );Z)� of complex conjugation. As usual, 
� is chosen to lie in iR.Acknowledgements. We would like to thank J. Coates for numerous discussionsand comments, and for his constant encouragement. We also thank J. Coates,T. Fukaya, K. Kato, R. Sujatha and O. Venjakob who inspired the creation of thispaper by referring to it in [9] and [30].2. Twisted L-functionsWe brie
y recall the de�nition of L-functions of elliptic curves by Artin repre-sentations, and the invariants attached to them which we will need. We refer to[39] and [38] for �- and L-functions of varieties, and to [16], [15] xx3-4 and [49] x4for their twists.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 52.1. Systems of l-adic representations. Let E=Q be an arbitrary elliptic curveand � : Gal( �Q=Q)! GLn( �Q) be an Artin representation. Both E and � determine(a compatible system of) l-adic representations for primes l of Q. In case of E, thel-adic representation is Ml(E) = H1et(E;Zl)
Zl �Ql or, equivalently, the dual of thel-adic Tate module Tl(E) with scalars extended to �Ql. The l-adic representationthat corresponds to � is Ml(� ) = � 
 �Ql. Now we can construct a system ofrepresentations Ml(E; � ) =Ml(E) 
�QlMl(� ) :2.2. L-functions. To a system of l-adic representations M = fMlgl we can asso-ciate an L-function L(M; s) as follows. For a prime q of Q, the local polynomialsof L(M; s) are(2.3) Pq(M;T ) = det�1� Frob�1q T ��M Iql �for any prime l 6= q. We de�ne the local L-factorLq(M; s) = Pq(M; q�s)�1and the global L-function (or L-series)L(M; s) =Yq Lq(M; s) :We writeL(E; s) = L(M (E); s); L(�; s) = L(M (� ); s); L(E; �; s) = L(M (E; � ); s) :The L-series L(�; s) converges to an analytic function on the half-plane Re s > 1,and it is classical that it has a meromorphic continuation to the entire com-plex plane. The L-series L(E; s) and L(E; �; s) converge to analytic functions onRe s > 3=2. It follows from the modularity of elliptic curves [55, 50, 7] that L(E; s)possesses an analytic continuation to C . We will be concerned with L(E; �; s) when� factors through a false Tate curve extension, in which case there is also an analyticcontinuation ([19], Theorem 14).Finally, recall that L-functions are multiplicative,L(E; �1 � �2; s) = L(E; �1; s)L(E; �2; s) :2.4. Conductors. In the formula (2.3) de�ning the local polynomials of L(M; s),the inertia group Iq acts trivially onMl for all but �nitely many primes q. Thereforefor almost all primes q (the good primes of M ) we have degPq(M;T ) = dimMl.The primes q with degPq(M;T ) < dimMl are called bad primes of M .For a prime q the local conductor Nq(M ) is given by (see [39], x2)Nq(M ) = qtq+�q ; tq = codimMl M Iql ; �q � 0:The term �q is de�ned in terms of the representation of the wild inertia subgroup onMl. It is zero if and only if this subgroup acts trivially, i.e. Ml is tamely rami�ed.Finally, the (global) conductor is N (M ) = Qq Nq(M ). Once again, we writeN (E) = N (M (E)); N (� ) = N (M (� )); N (E; � ) = N (M (E; � )) :



6 T. DOKCHITSER, V. DOKCHITSER2.5. Functional equation. The twisted L-functions L(E; �; s) conjecturally sat-isfy a functional equation of the following form (see, e.g, [16] 5.2, [49] 4.5). LetL̂(E; �; s) = �N (E; � )�2 dim � �s=2�� s2�dim ���s+ 12 �dim �L(E; �; s) :Then, conjecturally,(2.6) L̂(E; �; s) = w(E; � )L̂(E; ��; 2� s)with w(E; � ) an algebraic number of complex absolute value 1. If � �= ��, thenw(E; � ) = �1 and we call it the sign in the functional equation.2.7. L-functions of elliptic curves over number �elds. Recall that for anelliptic curve E a number �eld k, the L-function L(E=k; s) is given by the Eulerproduct L(E=k; s) =Yv Lv(E=k; s) =Yv Pv(E=k;Nk=Q(v)�s)�1 ;where v runs over primes of k andPv(E=k; T ) = det�1� Frob�1v T ��Ml(E)Iv�; v 6 j l :The polynomials Pv(E=k; T ) depend on the reduction type of E over the local�eld kv and are given explicitly by:(2.8)Pv(E=k; T ) = 8>><>>: 1�avT+Nk=Q(v)T 2; good reduction;1� T; split multiplicative reduction;1 + T; non-split multiplicative reduction;1; additive reduction:In the case of good reduction, Pv(E=k; 1) = j ~E(Fv)j, the number of points on thereduction of E at v.Suppose the elliptic curve E is de�ned over Q and let k=Q be a �nite extension.De�ne Rk to be the representation of Gal( �Q=Q) induced from the trivial represen-tation of Gal( �Q=k). In particular, if k=Q is Galois, Rk is the regular representationof Gal(k=Q) considered as a representation of Gal( �Q=Q). Also, for k arbitrary, Rkis the permutation representation of Gal( �Q=Q) on the set of embeddings of k into�Q. One can show that the local factors satisfy Artin formalism,Lq(E;Rk; s) =Yvjq Lv(E=k; s) :In particular, taking the product over all primes,L(E;Rk; s) = L(E=k; s) :This allows us to write L(E=k; s) as a product of twisted L-functions of E=Q thatcorrespond to irreducible pieces of Rk. If k=Q is abelian, L(E=k; s) becomes aproduct of L-functions of E twisted by Dirichlet characters.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 73. Cyclotomic Iwasawa theory of elliptic curvesIn this section we introduce the main tools from cyclotomic Iwasawa theory ofelliptic curves. We use the following notationp odd prime.k a number �eld.kcyc the maximal pro-p extension of k in k(�p1 ).�k the Galois group Gal(kcyc=k).�k Iwasawa algebra of �k.Recall that �k = lim �HZp[�k=H] where the limit is taken over the open subgroupsH of �k. So it is simply the completion of the group ring Zp[�k] in the pro�nitetopology. The group �k is isomorphic to Zp and there is an isomorphism�k �=Zp[[T ]]obtained by sending a �xed topological generator of �k to 1 + T .We recall the de�nition of the pn- and p1-Selmer groups of an elliptic curve Eover an arbitrary algebraic extension of Q. (These de�nitions do not require thatp is odd or that E is good ordinary at p.)If k is a number �eld, we have an exact sequence0 �! Selpn(E=k) �! H1(k;E[pn]) �!Yv H1(kv; E( �kv))[pn]where v runs over the places of k ([43], xX.4). For arbitrary L � �Q, letSelpn (E=L) = lim�!k�LSelpn (E=k)where k runs over �nite extensions of Q and the maps that de�ne the inductivesystem are induced by the restriction maps on cohomology. Finally, de�ne thep1-Selmer group by Selp1 (E=L) = lim�!n�1Selpn (E=L) :Over a number �eld, the group Selp1 (E=k) is a part of the fundamental exactsequence(3.1) 0 �! E(k) 
Z(Qp=Zp) �! Selp1 (E=k) �!X(E=k)[p1] �! 0 ;where X(E=k) is the Tate-Shafarevich group of E=k.The Selmer group Selp1 (E=kcyc) is a discrete �k-module. Let X(E=kcyc) be itsPontryagin dual, X(E=kcyc) = Hom(Selp1 (E=kcyc);Qp=Zp) ;where Qp=Zp is a �k-module with trivial �k-action. This is a compact �k-moduleand it is an elementary fact in Iwasawa theory that X(E=kcyc) is �nitely generatedover �k (see, e.g., [32] Thm. 4.5.(a) or [12]).3.2. Torsion modules. A �k-module is said to be torsion if for each element ofthe module there is some non-zero element in �k annihilating it.We recall an important result due to Mazur and its corollary which we will uselater on:



8 T. DOKCHITSER, V. DOKCHITSERTheorem 3.3. (Mazur's control theorem, [34], [24] Theorem 4.1). Let k be anumber �eld and E=k and elliptic curve with good ordinary reduction at all primesabove p. Assume that k1 = Sn kn is a Galois extension of k with Galois group Zp.Then the natural mapsSelp1(E=kn) �! Selp1 (E=k1)Gal(k1=kn)have �nite kernels and cokernels. Their orders are bounded as n!1.Theorem 3.4. ([34], [24] Corollary 4.9) Let k be a number �eld and let E=k be anelliptic curve with good ordinary reduction at all primes above p. If Selp1(E=k) is�nite, then X(E=kcyc) is �k-torsion.Mazur has conjectured that X(E=kcyc) is always �k-torsion when E has goodordinary reduction at all primes v of k dividing p. The best result to date in thisdirection is the following deep theorem due to Kato.Theorem 3.5. (Kato [29]) If k=Q is abelian and E=Q has good ordinary reductionat p, then X(E=kcyc) is �k-torsion.3.6. Structure theory. A map of �k-modules is a pseudo-isomorphism (denotedX �=ps Y ) if it has �nite kernel and cokernel. There is a well-known structure theoryfor �nitely generated �k-torsion modules up to pseudo-isomorphism (see e.g. [6]Ch. 7 or [54] Theorem 13.12). For such a module X, one has(3.7) X �=psMi �k=p�i �Mj �k=fmjj ;Here the direct sums are �nite, �i;mj � 1 are integers and fj are elements of�k. The fj are de�ned up to units in �k and they can be chosen to map toirreducible distinguished polynomials under the isomorphism �k �=Zp[[T ]]. Recallthat distinguished means monic with all other coe�cients divisible by p. With sucha choice of a canonical form for the fj , the above decomposition is unique up toorder. The product fX =Yi p�iYj fmjjis called a characteristic element for X. It is uniquely de�ned up to a �k-unitand the characteristic ideal (fX ) � �k is well-de�ned. Characteristic elements aremultiplicative in short exact sequences.Now let E=Q be an elliptic curve with good ordinary reduction at p. Providedthat X(E=kcyc) is a �k-torsion module (e.g. if k=Q is abelian), we can decomposeX(E=kcyc) as in (3.7) and de�ne the following invariants:fE=k = fX(E=kcyc) = Qi p�i Qj fmjj ; the characteristic element.�E=k =Pi �i, the �-invariant.�E=k = deg fE=k = dimQp(X(E=kcyc) 
ZpQp), the �-invariant.Remark 3.8. We note that �E=k = 0 if and only ifX(E=kcyc) is a �nitely generatedZp-module, and �E=k = �E=k = 0 if and only if X(E=kcyc) is �nite.Remark 3.9. Assuming X(E=kcyc) is a �k-torsion module, it is easy to see thatfE=k is divisible by T if and only if the coinvariant space (X(E=kcyc))�k is in�nite.By Mazur's control theorem (3.3), this is true if and only if Selp1 (E=k) is in�nite.In particular, Selp1 (E=k) is �nite if and only if fE=k has a non-zero constant term.We also mention the following result.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 9Theorem 3.10. (Matsuno [33]) Let p be an odd prime. Let k be a totally imaginaryalgebraic number �eld. Let E=k be an elliptic curve which has good reduction atall primes above p. If X(E=kcyc) is �k-torsion and �E=k = 0, then X(E=kcyc) isp-torsion-free. In particular, if �E=k is also zero, then X(E=kcyc) = 0.3.11. Euler characteristics. Let E be an elliptic curve over a number �eld k andassume that X(E=kcyc) is �k-torsion. When Selp1 (E=k) is �nite, the homologygroups Hi(�k; X(E=kcyc)) are �nite (i = 0; 1), and the �k-Euler characteristic isde�ned by �cyc(E=k) = jH0(�k; X(E=kcyc))jjH1(�k; X(E=kcyc))j :(When Selp1(E=k) is in�nite, the groups are no longer �nite, but one can never-theless make sense of the quotient and de�ne a \generalised Euler characteristic",see e.g. [11]).Of importance to us are the following two formulae. First, �cyc(E=k) is a powerof p, and we have the basic Euler characteristic formula [36, 37](3.12) ordp �cyc(E=k) = ordp jX(E=k)[p1]jQvjp j ~E(Fv )j2Qv cvjE(k)j2 :Second, under the isomorphism � �=Zp[[T ]], the constant term of the character-istic element recovers �cyc(E=k),(3.13) ordp �cyc(E=k) = ordp fE=k(0) :Lemma 3.14. Let E be an elliptic curve over a number �eld k such that E hasgood ordinary reduction at all primes above p. Suppose that Selp1 (E=k) is �nite.Then X(E=kcyc) is �nite if and only if �cyc(E=k) = 1.Proof. By Theorem 3.4, X(E=kcyc) is �k-torsion. By (3.13) we have fj 6= T forevery j. The fj are distinguished irreducible polynomials, so that every fj 6= T hasa constant term divisible by p. Lemma follows from (3.13). �3.15. �- and �-invariants in p-extensions. The following theorem, due to Hachi-mori and Matsuno, concerns the change in the �-invariant of X(E=kcyc) when k isreplaced by a �nite p-extension of k. This will be very useful when studying thebehaviour of E in a false Tate curve tower.Theorem 3.16. ([25], Theorem 3.1) Let k0=k be a Galois extension of number �eldsof p-power degree. Let E=k be an elliptic curve, good ordinary at primes above pand such that whenever E has additive reduction at a prime v, the reduction staysadditive at every prime of k0cyc above v. If X(E=k) is �k-torsion and �E=k = 0,then X(E=k0) is �k0-torsion, �E=k0 = 0 and(3.17) �E=k0 = [k0cyc : kcyc]�E=k + Xv2V1(e(v) � 1) + 2Xv2V2(e(v) � 1) :Here e(v) is the rami�cation index of v in k0cyc=kcyc, V1 is the set of primes v 6 jpof k0cyc where E has split multiplicative reduction and V2 is the set of primes v 6 jpof k0cyc where E has good reduction and E(k0cycv )[p] 6= 0.Remark 3.18. The condition that the reduction stays additive is automaticallysatis�ed if p � 5 ([42], p. 498), and is vacuous if E=k is semistable.It is useful to reformulate some of the conditions in the theorem as follows:



10 T. DOKCHITSER, V. DOKCHITSERLemma 3.19. Let k0=k be a Galois extension of number �elds of p-power degree.Let E=k be an elliptic curve such that whenever E has additive reduction at a primeof k, the reduction stays additive at every prime of k0 above it. Let v 6 jp be a primeof k.(1) v rami�es in k0 if and only if any prime above v in kcyc rami�es in k0cyc.(2) E has split multiplicative reduction at v if and only if E has split multi-plicative reduction at any prime of k0cyc above v.(3) If E=k has good reduction at v 6 j p and w is a prime of k0cyc above v, thenE(k0cycw )[p] = 0 if and only if ~E(Fv)[p] = 0.Proof. First observe that the condition that the reduction stays additive at everyprime of k0 above a given prime of k ensures that it also stays additive over everyprime of k0cyc above it. This follows from the fact that p is the only prime thatrami�es in the p-cyclotomic extension of a number �eld.(1). This also follows from the fact that p is the only prime that rami�es in thep-cyclotomic extension of a number �eld.(2). If E=k has additive reduction, it stays additive in k0cyc by assumption. Ifthe reduction is non-split multiplicative, it stays the same because the degree ofthe extension is (pro-)odd.(3). We show the asserted equivalence in two steps. First, for a prime w of k0cycabove v apply the multiplication by p map to the exact sequence0! Ê(mw)! E(k0cycw )! ~E(Fw)! 0where mw is the maximal ideal and Fw is the residue �eld of the local �eld k0cycw .We get a piece of the kernel-cokernel exact sequenceÊ(mw)[p]! E(k0cycw )[p]! ~E(Fw)[p]! Ê(mw)=pÊ(mw) :Since [p] on Ê(mw) is an isomorphism [43], IV.2.3, it follows that E(k0cycw )[p] �=~E(Fw)[p].It remains to show that E(Fv)[p] = 0 if and only if E(Fw)[p] = 0. This followsfrom Nakayama's lemma: G = Gal(Fw=Fv) is pro-p, so for any discrete p-primaryG-module A = 0 if and only if AG = 0. �Corollary 3.20. Under the assumptions of Theorem 3.16, we have that �E=k0 =�E=k if and only if either k0 � kcyc or the following conditions are satis�ed(1) �E=k = 0.(2) There are no primes of split multiplicative reduction of E=k that ramify ink0=k.(3) There are no primes v 6 jp of good reduction of E=k that ramify in k0=k andsuch that there is a non-trivial point of order p on the reduced curve ~E=Fv.Proof. This follows from Theorem 3.16 and Lemma 3.19. �3.21. Divisibility of characteristic elements. The main result of this section(Proposition 3.23) concerns the behaviour of the characteristic element fE=k whenchanging the base �eld.Lemma 3.22. Let k0=k be a �nite Galois extension with Galois group � and letE be an elliptic curve over k. Then the natural restriction mapH1(k;E[p1]) Res�! H1(k0; E[p1])�



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 11has �nite p-power kernel and cokernel. If either p6 j j�j or E=k0 has trivial p-torsion,then Res is an isomorphism.Proof. Denote M = E[p1](k0). The map Res is a part of the in
ation-restrictionsequence0 �! H1(�;M ) �! H1(k;E[p1]) Res�! H1(k0; E[p1])� �! H2(�;M ) :The groups Hi(�;M ) are annihilated by j�j. Furthermore, they are co�nitelygenerated continuous Zp-modules (since M is), and are therefore �nite. If eitherp6 j j�j or M = 0, these groups are trivial and Res is an isomorphism. �Proposition 3.23. Let k0=k be a �nite Galois extension of number �elds such thatk0 \ kcyc = k. Let E=k be an elliptic curve such that X(E=kcyc) is �k-torsion andX(E=k0cyc) is �k0-torsion. Fix an isomorphism �k �=Zp[[T ]]. It induces naturallyan isomorphism �k0 �=Zp[[T ]] and, with this identi�cation, fE=k divides fE=k0 .Proof. Denote � = Gal(k0=k). By Lemma 3.22 and the de�nition of the Selmergroup, we have an exact sequence of �k-modules0 �! A �! Selp1 (kcyc) �! Selp1 (k0cyc)� �! B �! 0with A �nite. As Pontryagin dual is exact,0 �! B̂ �! X(E=k0cyc)=I �! X(E=kcyc) �! Â �! 0for some ideal I, so X(E=kcyc) is pseudo-isomorphic to a quotient of X(E=k0cyc)=Ias a �k-module.We have two structures of a �k-module on X(E=k0cyc)=I.First, we have that �k0 �= �k as follows: if � 2 �k0 = Gal(k0cyc=k0), we canconsider it as an element of Gal(k0cyc=k) and we take it modulo� = Gal(k0cyc=kcyc).This gives an element of Gal(kcyc=k) = �k. This gives an isomorphism �k0 �= �ksince Gal(k0cyc=k) is a direct product of � and �k0. Hence �k0 �= �k, inducing theasserted isomorphism �k0 �=Zp[[T ]]. This also allows us to consider X(E=k0cyc)=Ias a �k-module.Second, Sel(k0) is a Gal(k0cyc=k)-module and Sel(k0)� is a Gal(kcyc=k)-module.This gives a �k-module structure on its Pontryagin dual X(E=k0cyc)=I.By inspection, these �k-module structures are the same. Hence the �k-characteristicelement of X(E=k0cyc)=I can be identi�ed with its �k0-characteristic element. Bymultiplicativity in short exact sequences, the former is divisible by fE=k while thelatter divides fE=k0 . This completes the proof. �Corollary 3.24. Let k0=k be a �nite Galois extension of number �elds such thatk0 \ kcyc = k. Let E=k be an elliptic curve such that X(E=kcyc) is �k-torsionand X(E=k0cyc) is �k0-torsion. Then �E=k0 � �E=k and �E=k0 � �E=k. Moreover,assuming that Selp1 (E=k) is �nite, we have�E=k0 = �E=k;�E=k0 = �E=k () j Selp1 (E=k0)j <1;�cyc(E=k0) = �cyc(E=k) :Proof. The �rst statement follows directly from the proposition. For the secondstatement, observe that the proposition implies that �E=k0 = �E=k and �E=k0 =�E=k if and only if fE=k0 = fE=k. Now the implication \(" follows from formula(3.13). For the reverse implication, j Selp1(E=k0)j <1 is a consequence of Remark3.9, and the equality of Euler characteristics follows from formula (3.13). �



12 T. DOKCHITSER, V. DOKCHITSER4. False Tate curve extensionsWe now turn to non-commutative Iwasawa theory in the setting of a false Tatecurve extension F1=Q, with F1 = Q(�p1; p1pm). As always, p is an odd prime,m � 2 a p-power free integer, and E=Q is an elliptic curve with good ordinaryreduction at p. We writeGk Gal(F1=k), for a number �eld k � F1,�(Gk) Iwasawa algebra of Gk, that is lim �H�Gk; openZp[Gk=H],X(E=F1) Pontryagin dual of Selp1(E=F1), as in the cyclotomic case,P (k)1 for k � F1, this is the set of primes w of k with wjm, w 6 jp, whereE has split multiplicative reduction,P (k)2 for k � F1, this is the set of primes w of k with wjm, w 6 jp, whereE has good reduction and the reduced curve has a point of order p.4.1. Non-abelian Euler characteristic. Let k � F1 be a number �eld andGk = Gal(F1=k). Similarly to the cyclotomic case, one can de�ne a non-abelianGk-Euler characteristic of a compact Gk-module X by�(Gk; X) = 2Yi=0 jHi(Gk; X)j(�1)i ;provided the above groups are �nite. For an elliptic curve E=k we also write�na(E=k) = �(Gk; X(E=F1))and call it the non-abelian Euler characteristic of E=k. One can also de�ne it usingthe Gk-homology groups of Selp1(E=F1), as for instance in [26]. The equivalenceof these de�nitions is a simple duality argument (see, e.g, [27] x1.1).For a p-adic representation � : Gk ! GLn(Zp) with �nite image, write�na(E; � ) = �na(Gk; X(E=F1)
Zp � ):In fact, one can de�ne the Euler characteristic for all Artin twists and not justthose de�ned over Zp (see [9]), but we will not need this.4.2. A formula of Hachimori{Venjakob. There is an explicit formula for �na(E=k)in terms of �cyc(E=k) due to Hachimori and Venjakob ([26], thm 4.1 and the notefollowing it).Theorem 4.3. Assume p � 5. Let k � F1 be a number �eld that containsK = Q(�p). Suppose E=k has good ordinary reduction at all primes in k above p,and that Selp1 (E=k) is �nite. Then �cyc(E=k) and �na(E=k) are �nite and satisfy(4.4) �na(E=k) = �cyc(E=k) Yv2P (k)1 [P (k)2 jLv(E=k; 1)jp;Remark 4.5. In fact Hachimori and Venjakob have a slightly di�erent de�nitionof P (k)2 . For a prime v 6 j p where E has good reduction, their condition is thatE(kv)[p] 6= 0, where kv is the completion of k at v. It is equivalent to our re-quirement that ~E(Fv)[p] = 0 for the reduced curve, since multiplication by p is anautomorphism of the formal group of E at v (see [43], VII.2.1, VII.2.2 and IV.2.3).



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 13Remark 4.6. Let v 6 j p be a prime of k. Denote the residue �eld of v by Fv and itsnumber of elements by Nv. Consider the local polynomial Pv(p�s) = Lv(E; s)�1and let us write down how the valuation of Pv(1=Nv) = Lv(E; 1)�1 depends on thereduction type of E at v:(1) If E has split multiplicative reduction at v, then Pv(T ) = 1�T and Nv � 1modulo p, so Pv(1=Nv) has positive p-valuation.(2) If E has non-split multiplicative reduction at v, then Pv(T ) = 1 + T andNv � 1 modulo p, so Pv(1=Nv) is a p-adic unit.(3) If E has additive reduction at v, then Pv(T ) = 1.(4) Finally, if E has good reduction at v, we havePv(1=Nv) = 1� av 1Nv + Nv 1(Nv)2= (Nv)�1(Nv � av + 1) = (Nv)�1# ~E(Fv) :So Pv(1=Nv) has positive p-valuation precisely when E(Fv) has non-trivialp-torsion.Thus P (k)1 and P (k)2 contain precisely those primes not dividing p for which jLv(E=k; 1)jpis non-trivial. (Note that this also applies when p = 3). In particular, every termin the product in (4.4) gives a non-trivial contribution and �na(E=k) = �cyc(E=k)if and only if both P (k)1 and P (k)2 are empty.4.7. Artin Formalism. Euler characteristics satisfy the \Artin formalism". Re-call that we write F = Q(�p; ppm) and K = Q(�p), and that we have de�ned inx1 two representations, � and �, of Gal(F=Q). Both � and � can be realised overthe integers, and the regular representation of Gal(F=Q) is ���p�1. The followingresult is a direct consequence of [9] Theorem 3.10, and the multiplicative propertiesof Euler characteristics.Proposition 4.8. Let E=Q be an elliptic curve with good ordinary reduction at p.Then we have the following equalities(4.9) �na(E=K) = �na(E; �) ;(4.10) �na(E=F ) = �na(E; �)p�1 � �na(E; �) :In particular, in the above equations the left-hand side is de�ned if and only if theright-hand side is. 5. Compatibility of the conjecturesIn this section we establish the relation (1.2) between �na(E; �) and �na(E; �).This is the content of our main theorem (Theorem 5.2); see Theorem A.13 (Appen-dix) for a more general argument.Theorem 5.2 allows us to formulate explicit consequences of Conjecture 1.4 forthe L-values L(E; �; 1) and L(E; �; 1), namely Conjectures 5.9 and 5.10. These areconsistent with the congruence (1.5), and we also show that they follow from theBirch{Swinnerton-Dyer conjecture.5.1. Main theorem. Recall that p is an odd prime, m � 2 a p-power free integer,K = Q(�p), and � and � are the (p� 1)-dimensional representations of Gal(F=Q)de�ned in x1.



14 T. DOKCHITSER, V. DOKCHITSERTheorem 5.2. Let E be an elliptic curve over Q with good ordinary reductionat p � 5. Assume that �E=K = 0 and that Selp1 (E=K) is �nite. Then �na(E; �)is de�ned and, moreover, �na(E; �) = 1;if and only if j Selp1 (E=F )j <1 and �na(E; �) = 1:Proof. The theorem follows from the four lemmas below. To be able to use Iwasawatheory, we �rst show that X(E=Kcyc) and X(E=F cyc) are torsion and that otherrelevant technical conditions are satis�ed (Lemma 5.3). Then we prove the assertedequivalence in a sequence of steps (Lemmas 5.4, 5.5, 5.6):�na(E; �) = 1() �E=F = �E=K() j Selp1 (E=F )j <1 and ordp �cyc(E=F ) = ordp �cyc(E=K)() j Selp1 (E=F )j <1 and �na(E; �) = 1 : �Lemma 5.3. Under the assumptions of the theorem, X(E=Kcyc) is �K-torsion,X(E=F cyc) is �F -torsion, �E=F = 0, �na(E; �) is de�ned and �na(E; �) is de�nedprovided that j Selp1 (E=F )j <1.Proof. By Theorem 3.4, X(E=Kcyc) is �K-torsion. By Hachimori{Matsuno (The-orem 3.16), X(E=F cyc) is �F -torsion and �E=F = 0. By Hachimori{Venjakob(Theorem 4.3), �na(E=K) is de�ned and, provided that j Selp1(E=F )j is �nite,�na(E=F ) is also de�ned. Now, Artin formalism for non-abelian Euler characteris-tics applied to � and � (equations (4.9) and (4.10)) proves the claim for �na(E; �)and �na(E; �). �Lemma 5.4. Under the assumptions of the theorem,�na(E; �) = 1if and only if �E=F = �E=K :Proof. By assumption, X(E=Kcyc) is �K-torsion and, by Lemma 5.3, X(E=F cyc)is �F -torsion. Thus �E=K and �E=F are de�ned.Artin formalism (Proposition 4.8, formula (4.9)) together with the theorem ofHachimori and Venjakob (Theorem 4.3), imply that�na(E; �) = �na(E=K) = �cyc(E=K) Yv2P (K)1 [P (K)2 jLv(E=K; 1)jp:Now, each term jLv(E=K; 1)jp in the above product is divisible by p (Remark4.6). Moreover, ordp �cyc(E=K) � 0 (see formula (3.13)), and, as �E=K = 0 byhypothesis, ordp �cyc(E=K) = 0 if and only if �E=K = 0 (Lemma 3.14).Therefore, ordp �na(E; �) = 0 if and only if �E=K = 0 and the sets P (K)1 andP (K)2 are both empty. By the theorem of Hachimori and Matsuno (Theorem 3.16and Lemma 3.19), this is equivalent to �E=K = �E=F . �



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 15Lemma 5.5. Under the assumptions of the theorem,�E=F = �E=Kif and only ifj Selp1 (E=F )j <1 and ordp �cyc(E=F ) = ordp �cyc(E=K):Proof. This is a direct consequence of Lemma 5.3 and Corollary 3.24. �Lemma 5.6. Under the assumptions of the theorem and supposing, furthermore,that Selp1(E=F ) is �nite, we haveordp �cyc(E=F ) = ordp �cyc(E=K):if and only if �na(E; �) = 1:Proof. By the Artin formalism for non-abelian Euler characteristics (Proposition4.8, formula (4.10)), �na(E; �)p�1 = �na(E=F )�na(E=K) :Applying the formula of Hachimori and Venjakob for non-abelian Euler character-istics (Theorem 4.3) for both E=F and E=K gives�na(E; �)p�1 = �cyc(E=F )�cyc(E=K) � Qw2P (F )1 [P (F )2 jLw(E=F; 1)jpQv2P (K)1 [P (K)2 jLv(E=K; 1)jp :The primes v in P (K)1 (respectively P (K)2 ) are in one-to-one correspondence withthe primes w in P (F )1 (respectively P (F )2 ), since all such primes ramify totally in theextension F=K. Moreover, if wjv is such a pair, both the reduction type of E andthe residue �elds are the same at v and at w. So jLv(E=K; 1)jp = jLw(E=F; 1)jpand the products in the above formula cancel out,�na(E; �)p�1 = �cyc(E=F )�cyc(E=K) :The lemma follows. �The proof of Theorem 5.2 is now complete.The di�cult part of the theorem is the implication�na(E; �) = 1 =) �na(E; �) =1. For the converse, if �na(E; �) = 1, then it is not hard to show that the wholemodule X(E=F1) is trivial, so that �na = 1 for any twist:Theorem 5.7. Let E be an elliptic curve over Q with good ordinary reductionat p � 5. Assume that Selp1(E=K) is �nite and that �na(E; �) is de�ned andequals 1. Then X(E=F1) = 0. In particular, �na(E; � ) = 1 for every Artinrepresentation � that factors through F1.Proof. By Theorem 3.4, X(E=Kcyc) is �K-torsion. The formula of Hachimori andVenjakob (see 4.3) for �na(E=K) = �na(E; �) shows that P (K)1 and P (K)2 are bothempty and that �cyc(E=K) = 1. By Lemma 3.14, �E=K = �E=K = 0.Now suppose that k � F1 is a �nite Galois extension of K. Note that P (k)1 andP (k)2 remain empty. The theorem of Hachimori and Matsuno (Theorem 3.16) showsthat X(E=kcyc) is �k-torsion and that �E=k = �E=k = 0. It follows that X(E=kcyc)



16 T. DOKCHITSER, V. DOKCHITSERis �nite and hence, by the theorem of Matsuno (Theorem 3.10), X(E=kcyc) = 0.Taking the limit over intermediate �elds K � k � F1, we get X(E=F1) = 0. �5.8. Conjectures for the L-values. In view of our Theorem 5.2, the Main Con-jecture predicts the following behaviour of L-values. Note that the conjecturesbelow are a special case of the congruence (1.5).Conjecture 5.9. (consequence of Conjecture 1.4) Let E be an elliptic curve overQ with good ordinary reduction at p � 5. Assume that �E=K = 0 and thatSelp1(E=K) is �nite. Thenordp(LE(�)) = 0 () ordp(LE(�)) = 0 :Theorem 5.2 and the above conjecture are stated under the assumption thatp � 5. The primary obstacle in generalising the theorem to p = 3 is that theresult of Hachimori{Venjakob (Theorem 4.3), which gives an explicit formula for�na, assumes that p � 5.We believe that Theorem 4.3 also holds for p = 3 under the additional assumptionthat whenever E has additive reduction at a prime ofK, the reduction stays additivein F (as in 3.16). If that were the case, it would imply that our Theorem 5.2 isalso valid for p = 3 under the same hypothesis. Then the Main Conjecture wouldimply the following:Conjecture 5.10. (Version of 5.9 for p = 3.) Let E be an elliptic curve over Qwith good ordinary reduction at p = 3. Assume that whenever E has additivereduction at a prime of K, the reduction stays additive in F . Suppose furthermorethat �E=K = 0 and that Selp1 (E=K) is �nite. Thenordp(LE(�)) = 0 () ordp(LE(�)) = 0 :5.11. Relation with the Birch{Swinnerton-Dyer conjecture. Let E=Q bean elliptic curve and k=Q a number �eld. Recall that a global Weierstrass minimalmodel of E over Q does not necessarily stay minimal over k. To correctly state theBirch{Swinnerton-Dyer formula for E=k using the periods of E=Q, we de�ne thefractional ideal AE=k of k by H0(Ek;
1) = AE=k !Ewhere 
1 is the sheaf of invariant di�erentials on the N�eron model Ek of E over kand !E is the N�eron di�erential of E over Q. The ideal AE=k is v-adically trivialwhenever the N�eron model of E over Ql (with vjl) remains a N�eron model of Eover kv. In particular this holds if E=Ql has good or multiplicative reduction, soAE=k is the unit ideal if E=Q is semistable.Conjecture 5.12. (Consequence of the Birch{Swinnerton-Dyer conjecture forE=Kand E=F , [47]). Let p be an odd prime and E=Q an elliptic curve with E(K) �nite.ThenX(E=K) andX(E=F ) are �nite,L(E; �; 1) �(�)
+(E)(p�1)=2(2
�(E))(p�1)=2 = NK=Q(AE=K)X(E=K)Qv cvjE(K)j2and L(E; �; 1) �(�)
+(E)(p�1)=2(2
�(E))(p�1)=2 = p�1s jE(K)j2NF=Q(AE=F )X(E=F )Qw cwjE(F )j2NK=Q(AE=K)X(E=K)Qv cv :



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 17The second formula may read 0 = 0, in which case it states that L(E; �; 1) = 0 ifand only if E(F ) is in�nite.Proposition 5.13. Let p be an odd prime and E=Q an elliptic curve with goodordinary reduction at p and E(K) �nite.(a) Assume the Birch{Swinnerton-Dyer conjecture for E=K. Thenordp LE(�) = ordp��cyc(E=K) Yv2P (K)1 [P (K)2 Lv(E=K; 1)�1� :(b) Assume the Birch{Swinnerton-Dyer conjecture for E=K and E=F . ThenLE(�) = 0 if Selp1(E=F ) is in�nite, and otherwiseordp LE(�) = 1p� 1 ordp��cyc(E=F )�cyc(E=K) � Qw2P (F )1 [P (F )2 Lw(E=F; 1)�1Qv2P (K)1 [P (K)2 Lv(E=K; 1)�1� :(c) Consequently, the conjectures 5.9 and 5.10 follow from the Birch{Swinnerton-Dyer conjecture.Proof. (a) First we substitute the formula for L(E; �; 1) from 5.12 into the formula(1.3) de�ning LE(�),LE(�) = 2 p�12 NK=Q(AE=K )X(E=K)Qv cvjE(K)j2 �YljmpLl(E; �; 1)�1 � �p(�)�(�) � Pp(�; u�1)Pp(�;w�1) �u�n(�)The terms 2 p�12 , �p(�)�(�) , u�n(�) and NK=Q(AE=K) are p-adic units. The formula(3.12) yieldsordp LE(�) = ordp��cyc(E=K)j ~E(Fp)j2 � YljmpLl(E; �; 1)�1 � Pp(�; u�1)Pp(�;w�1)� :By Remark 4.6,ordp Yljm;l6=p Ll(E; �; 1) = ordp Yv2P (K)1 [P (K)2 Lv(E=K; 1) :Decomposing � into 1-dimensionals, all of which except 1 are rami�ed at p, we seethat Pp(�; T ) = 1� T . Hence, by Lemma 5.14,ordp� Pp(�; u�1)Pp(�;w�1) � 1j ~E(Fp)j2 �Lp(E; �; 1)�1� = 0 :The assertion follows.(b) To begin with, if Selp1(E=F ) is in�nite, then �niteness of X(E=F ) (5.12)implies that E(F ) is in�nite, which in turn (5.12 again) implies L(E; �; 1) = 0.Now we proceed as in the proof of (a), �rst using the Birch{Swinnerton-Dyerformula from Conjecture 5.12 to eliminate L(E; �; 1) = p�1pL(E=F; 1)=L(E=K; 1)from (1.3). Then we substitute �cyc from (3.12) and deduce thatordp LE(�) = ordp p�1s �cyc(E=F )�cyc(E=K) � jE(Fp)j�2� � p�1sQwjmp Lw(E=F; 1)�1Qvjmp Lv(E=K; 1)�1 �



18 T. DOKCHITSER, V. DOKCHITSER� p�1sNF=Q(AE=F )NK=Q(AE=K) � �p(�)p�1q�1=2F =�1=2K � Pp(�; u�1)Pp(�; w�1) � u�n(�) � 2 p�12 !where � = 0 or 1 depending on whether the prime above p rami�es or splits inF=K.Again 2 p�12 , u�n(�), NF=Q(AE=F ) and NK=Q(AE=K) are p-adic units. By theconductor-discriminant formula and the fact that the conductor of � is �p(�)2 upto a unit, so is the term �p(�)= p�1p� � �. By Remark 4.6,ordp Qwjm;w 6 j p Lw(E=F; 1)Qvjm;v 6 j p Lv(E=K; 1) = ordp Qw2P (F )1 [P (F )2 Lw(E=F; 1)Qv2P (K)1 [P (K)2 Lv(E=K; 1) :It is not hard to see that Pp(�; T ) = (1 � T )� with � as above. Then, by Lemma5.14, ordp�Pp(�; u�1)Pp(�; w�1) � 1j ~E(Fp)j2� �Lp(E; �; 1)�1� = 0 :The assertion follows.(c) It remains to prove that Conjectures 5.9, 5.10 follow from (a) and (b). Forp � 5 we know (Theorem 4.3) that the right-hand sides in the formulae in (a) and(b) are the p-adic valuations of �na(E; �) and �na(E; �). Then our main theorem(Theorem 5.2) implies Conjecture 5.9.The reason that this does not apply when p = 3 is that we do not have Hachimori{Venjakob's formula (Theorem 4.3) in this case. However, except for this formulaand Artin formalism, our proof of main theorem (Theorem 5.2) does not actuallyuse anything else about �na. Thus, if we de�ne�0na(E; �) = �cyc(E=K) Yv2P (K)1 [P (K)2 Lv(E=K; 1)�1and �0na(E; �) = � �cyc(E=F )�cyc(E=K) � Qw2P (F )1 [P (F )2 Lw(E=F; 1)�1Qv2P (K)1 [P (K)2 Lv(E=K; 1)�1� 1p�1 ;the proof goes through word for word with �0na in place of �na. The conditionon additive reduction in Conjecture 5.10 is needed for the formula of Hachimori{Matsuno (Theorem 3.16) when p = 3. �Lemma 5.14. Let p be an odd prime and E=Q an elliptic curve with good ordinaryreduction at p. Let � be an Artin representation with Pp(�; T ) = (1� T )�. Thenj ~E(Fp)j2� � Pp(�; u�1)Pp(�; w�1) Pp(E; �; 1=p) mod Z�p :Proof. As E has good reduction at p, we have Pp(E; �; T ) = Pp(E; T )�. By multi-plicativity, it su�ces to prove the formula when � = 1. Thus Pp(�; T ) = 1� T ,Pp(E; �; 1=p) = Pp(E; 1=p) = (1� apT + pT 2) ��T=1=p= j ~E(Fp)j=p ;Pp(�; w�1) = 1�w�1 = 1� u=p � 1=p mod Z�p ;Pp(�; u�1) = 1� u�1 � 1� u � 1� (u+ w) � 1� ap + p � j ~E(Fp)j mod Z�p :�



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 196. ComputationsThe main purpose of the remainder of the paper is to provide numerical evidencefor the congruence (1.5). In view of Theorem 5.2, this also supports Conjectures5.9 and 5.10, and thus the main conjecture of [9].To do this, we pick a small odd prime p and an elliptic curve E=Q with goodordinary reduction at p, �nite Selp1 (E=K) and �E=K = 0. Recall that we areworking with K = Q(�p), F = Q(�p; ppm) and two (p� 1)-dimensional Artinrepresentations � and � which factor through Gal(F=Q). The congruence reads(6.1) LE(�) � LE(�) mod p :For varying m, we compute L(E; �; 1) and L(E; �; 1) numerically, and deducethe values LE(�) and LE(�). The tables with our results can be found in AppendixB. In all cases, the computations agree with the congruence.In this section, we �rst explain how to compute the two L-values L(E; �; 1) andL(E; �; 1). Next, we show how we determine the local epsilon factors of � and � atp. The other modifying factors in the expressions for LE are fairly straightforwardto determine. Finally, we make some remarks concerning the data in our tables.6.2. Computing L-values: analytic side. To begin with, the two L-functionsL(E; �; s) and L(E; �; s) have an analytic continuation and satisfy the functionalequation (2.6). This can be shown using cyclic base change from the theory ofautomorphic forms (see [19], Theorem 14).There is a standard procedure for computing values of so-called motivic L-functions. This method applies to L-functions of twists of elliptic curves, andwe will brie
y outline it in our case. See [51], [13] 10.3 and [18] for details.Let E be an elliptic curve over Q, and let � be a d-dimensional Artin represen-tation, such that � �= ��. For brevity, denoteN = N (E; � ) :Assume furthermore that the twisted L-function L(E; �; s) has an analytic contin-uation to C and satis�es the functional equation(6.3) L̂(E; �; s) = �L̂(E; �; 2� s) ;where L̂(E; �; s) = � N�2d�s=2��s2�d��s + 12 �dL(E; �; s) :Expanding the Euler product de�ning the L-function, we see that it can be writtenas a Dirichlet series, L(E; �; s) = 1Xn=1 anns ; Re(s) > 3=2 :Consider the inverse Mellin transform �(t) of the full �-factor, de�ned by��s2�d��s + 12 �d = Z 10 �(t)ts�1dt :This is a real-valued function for t > 0, which decays exponentially as t!1. Onecan show that the functional equation (6.3) is equivalent to(6.4) t2 1Xn=1an��n t�dpN � = � 1Xn=1 an��n �dtpN � :



20 T. DOKCHITSER, V. DOKCHITSERWe remark that the above formula allows one to test the functional equationnumerically. Provided that �(t) can be computed, evaluate the two sides of (6.4),say for t = 1, and check that the two (exponentially convergent) sums yield thesame result.By considering the Mellin transform ofP1n=1 an�(nt�d=pN ), splitting the inte-gral into two, and using (6.4), one arrives at a formula for L̂(E; �; s),(6.5) L̂(E; �; s) = 1Xn=1anGs(n�dpN )� 1Xn=1anG2�s(n�dpN ) ;where Gs(t) = t�s Z 1t �(x) xs dxx ; t > 0is the incomplete Mellin transform of �(t). Again, for �xed s, the function Gs(t)decays exponentially with t, so that (6.5) gives an exponentially converging series forL(E; �; s) for arbitrary s 2 C . Note that, in particular, unlike the initial Dirichletseries, this expression is valid not only when Re(s) > 3=2.The remaining issue is that of being able to e�ciently compute the functionGs(t) for s 2 C and t > 0. (In fact, we are only interested in the critical valueL(E; �; 1), i.e. only when s = 1.) There are various ways to compute Gs(t). Inprinciple, there is a method due to Tollis [51], based on earlier work of Lavrik [31],which is applicable in our situation and gives precise and explicit error bounds. Letus note here that Gs(t) is totally independent of the elliptic curve E, and dependsonly on the dimension d of � . Thus this is purely a problem in transcendentalfunction theory.However, although Gs(t) depends only on d, the conductor N in
uences therate of convergence of the series (6.5). To obtain an approximation to the valueL(E; �; 1) we need roughly pN terms in the series. In our examples, we of-ten deal with very large N (e.g. for E = 19A3, p = 7 and m = 2, we haveN (E; �) = 212714196 � 1023). Thus the issue of computing Gs(t) e�ciently be-comes signi�cant. We used empirical algorithms described in [18] and implementedas a PARI package ComputeL [17] to compute the L-values.Remark 6.6. If � decomposes as � �=Li �i, thenL(E; �; s) =Yi L(E; �i; s) :It is more e�cient to compute the individual terms in the right-hand side of theequation, as these have smaller conductors. For instance, this applies to � = �,which decomposes as a sum of 1-dimensional representations. We should mentionthat these need not satisfy �i �= ��i . However, it is easy to modify the above methodto deal with such representations as well (see [18], Remark 2.7).6.7. Computing L-values: arithmetic side. We now specialise to our setting.As usual, we write K = Q(�p). Recall that the regular representation of Gal(F=Q)decomposes as � � �p�1, where � is a sum of 1-dimensional representations, and �is irreducible. Both � and � have dimension p� 1, and �� �= � and �� �= �.We aim to compute L(E; �; s) and L(E; �; s) at s = 1. To apply the methodsdescribed in x6.2, we need to determine arithmetic invariants of the two L-functions:the Dirichlet coe�cients, the conductor and the sign in the functional equation. We



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 21refer the reader to x2 for the de�nitions of these quantities and the basic resultsand notation.6.7.1. Dirichlet coe�cients. In order to compute the Dirichlet coe�cients, we deter-mine the local factors of L(E; �; s) and L(E; �; s) at all primes. The two L-functionsare related to L-functions of E over number �elds as follows:L(E; �; s) = L(E=K; s); L(E; �; s) = L(E=Q( ppm); s)=L(E=Q; s) :Similar formulae hold for the local L-factors. If q is a prime where E=Q has goodreduction, write the local polynomial of L(E=Q; s) at q asPq(E; T ) = 1� aqT + qT 2 = (1� �qT )(1 � �qT ) :For any number �eld k,Lq(E;Rk; s) =Yvjq Lv(E=k; s) =Yvjq (1� (�nvq + �nvq )q�s + q2�nvs)�1 ;where nv = [Fv : Fq ]. Hence we can compute these local factors if we know how todetermine aq for rational primes q, and how primes decompose in k. In particular,this gives us a method for computing the local factors of L(E; �; s) and L(E; �; s)for all primes of good reduction of E.It remains to deal with the �nitely many factors Lv(E=k; s), for primes v of kdividing N (E). Tate's algorithm ([48],[44] xIV.9) determines the reduction type ofE at v and a local minimal Weierstrass equation. The local factor is then givenby (2.8). If bad reduction of E=Qq becomes good for E=kv, we can compute av bybrute force, counting points on E over the residue �eld of v.6.7.2. Conductors. Next we consider the conductors N (E; �) and N (E; �). Forevery prime q we need to determine the local conductor of the l-adic representationsMl(E)
Ml(�) and Ml(E)
Ml(�). The conductors of E, � and � themselves arecomputed using Tate's algorithm for E, and the conductor-discriminant formula,N (�) = j�Kj; N (�) = j�Q( ppm)jj�Qj = j�Q( ppm)j :We now describe the local conductors ofMl(E)
Ml(�) andMl(E)
Ml(�). Asthe local conductor at q depends only on the action of the inertia subgroup Iq, itfollows that for a prime q where either Ml(E) or Ml(�) is good,(6.8) Nq(E; �) = � Nq(E)dim �; � good at q,Nq(�)2; E has good reduction at q:The same formula holds for �.It remains to deal with the case when q is a bad prime for both E and �. (Thisdoes not happen with �, as the only bad prime for � is p, and E has good reductionat p.) The local conductor has a tame and a wild part, Nq(E; �) = qtq(E;�)+�q(E;�).The tame contribution is, by de�nition,tq(E; �) = 2 dim� � deg(Pq(E; �; T )):To compute the wild contribution, �rst observe that the only prime where � canbe wildly rami�ed is q = p. Indeed, primes q 6= p are unrami�ed in K=Q, so theaction of the inertia subgroup Iq on � factors through Gal(F=K). The latter grouphas no elements of order q, so wild inertia acts trivially.



22 T. DOKCHITSER, V. DOKCHITSERAs E has good reduction at p, we now see that there are no primes q where bothMl(E) and Ml(�) are wildly rami�ed. We can thus use an analogue to formula(6.8) for the wild inertia subgroup,�q(E; �) = � (dim�)�q(E); Ml(�) tamely rami�ed at q,2�q(�); Ml(E) tamely rami�ed at q:6.8.3. Sign. Finally, to determine the signs in the functional equations of L(E; �; s)and L(E; �; s), we use the following result:Theorem 6.9. ([19], Theorem 1) Let E be an elliptic curve over Q. Let � be anArtin representation with � �= ��. Set PM (respectively, PA) to be the set of primeswhere E has multiplicative (respectively, additive) reduction. Suppose that no primein PA is bad for � .If the sign in the functional equation for L(E; s) is wE , then the sign in thefunctional equation for L(E; �; s) iswdim �E (�1)d� (�) Yp2PM sdim ��dim �Ipp det(Frob�1p j� Ip) Yp2PA det(Frob�1p j� )Np(E);where sp is �1 if E has split multiplicative reduction at p, and +1 if the reductionis non-split.The theorem allows to determine the sign for L(E; �; s). It also applies toL(E; �; s), except for the case when E has additive reduction at a prime divid-ing m, since such a prime is also bad for �. In such cases, we compute the signnumerically from (6.4).6.10. The local �-factors. In this section we brie
y sketch how the local epsilonfactors at p for � and � can be computed. For the precise de�nitions and propertieswe refer the reader to [49]. The necessary results in class �eld theory are containedin the articles of Serre and Tate in [8].To de�ne the local epsilon factor of an Artin representation over Q, it is �rstnecessary to pick a Haar measure � on Qp and an additive character s given bya homomorphism from (Qp;+) to C � . We take � to be the canonical measuredetermined by �(Zp) = 1 ands(ap�n) = e2�ia=pn ; a 2Zp :In particular s(x) = 1 i� x 2Zp. We then write�p(� ) = �p(�; �; s) :The local epsilon factor �p(�) can be computed by writing � =Li �i as the sumof all 1-dimensional representations of Gal(K=Q),�p(�) = p�1Yi=1 �p(�i) :The local epsilon factor of the trivial representation 1 is 1 and, for �i 6= 1, it isgiven by �p(�i) = p�1Xj=1(�i � �p)(j=p) � e2�ij=p :Here �p is the local reciprocity map at p given by class �eld theory.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 23Next, we compute the local epsilon factor �p(�). Both � and � are induced from1-dimensional representations of Gal(F=K),� = Ind1; � = Ind ;with any non-trivial 1-dimensional . The inductive property of local epsilon factorsyields �p(�)�p(�) = �v(�)�v(1) :Here �v is the local epsilon factor at the prime v of K above p de�ned with anymeasure and the additive character s � TrKv=Qp. Choose a uniformiser � of Kv.Denote n( ) = ordv N ( ), which can be computed from the conductor-discriminantformula in F=K. Then it is not hard to see that�v(�)�v(1) = Xx2T( � �v)(x) � e2�iTrKv=Qp(x) ;where �v is the local reciprocity map at v and T is a set of additive representativesof �2�p�n( )O�Kv modulo �2�pOKv , for instanceT = n 1�pXi=2�p�n( )ai�i ��� 0 � ai � p� 1; a2�p�n( ) 6= 0o :It remains to explain how compute  ��v(x) for x 2 T . First, we can approximatex by x0 2 K such that  ��v(x) =  ��v(x0) because  �� is trivial on 1+�n( )OKv .Now, by the product formula in global class �eld theory,Yw �w(x0) = 1 ;where the product is taken over all (Archimedean and non-Archimedean) places ofK. Whenever w is unrami�ed in F=K,�w(x0) = Frob�ordw(x0)w ;which is easy to compute from the explicit action of the Galois group on the p-throots ofm. To make sure that the rami�ed primes do not contribute to the product,use the Chinese remainder theorem for ideals to choose x0 withx0 � x mod vn( ); x0 � 1 mod n( )vn( ) :The above congruences are taken modulo ideals, so v is treated as a prime ideal ofOK . Note that the conditions at the in�nite places are automatically satis�ed asK has no real embeddings. Now �v(x) = �v(x0) = Qw 6=v �w(x0)�1, which can beexplicitly computed.6.11. The �niteness of Selp1(E=K) and the �-invariant. Conjectures 5.9 and5.10 require that the curve in question has �nite Selp1(E=K) and �E=K = 0. Inview of Theorem A.13 (Appendix), this restriction should in fact not be necessary.We now indicate what we can say about these conditions for the curves in our tablesin Appendix B.For p = 3 we perform 3-descent for E=Q and for the quadratic twist of Eby �3, using Magma [3]. For those curves in our tables for which 3-descent isimplemented, we �nd that Sel3(E=K) is generated by the 3-torsion points, so theMordell-Weil rank of E=K is zero andX(E=K)[3] = 0. It follows from (3.1) that



24 T. DOKCHITSER, V. DOKCHITSERSel31(E=K) = 0. For p = 5 and the curve X1(11) (Table 5-11A3), Fisher [20] hasdone 5-descent over Q(�5), and he has shown that Sel51(E=K) = 0. For all othercurves, we appeal to the Birch{Swinnerton-Dyer conjecture and deduce from thenon-vanishing of the L-functions that Selp1(E=K) is �nite.The check whether �E=K = 0 we �rst compute the Euler characteristic �cyc(E=K).For this we need the order ofX(E=K)[p1], that we either know to be 1 or computefrom L(E=K; 1) using the second part of the Birch{Swinnerton-Dyer conjecture,�cyc(E=K) = L�(E=K) � j ~E(Fp)j2 modZ�p :(Note that j ~E(Fp)j = Pp(E; 1) can be read o� from the tables.)If �cyc(E=K) = 1, then by Lemma 3.14 the module X(E=Kcyc) is �nite andso �E=K = �E=K = 0. When �cyc(E=K) is non-trivial, the question is whetherthe power of p comes from the �-invariant. If we can �nd a point of in�nite orderof E in Q(�p1) = Kcyc, it guarantees that the �-invariant is non-trivial. Thusif �cyc(E=K) = p, this ensures that �E=K = 0. We can do this for p = 3 incase of the curves 20A1, 92A1 and 116C2 where we have found explicit points ofin�nite order over Q(�9). For the curve 128B2 we also found such a point but, as�cyc(E=K) = p2, we only know that �E=K > 0 and �E=K � 1.6.12. Reliability of computations. As explained earlier, the most computation-ally demanding task is that of determining the value of L(E; �; 1). The time tocompute it numerically to a given precision is roughly proportional to the squareroot of the conductor N (E; �). For p = 3, we restrict ourselves to those m < 2000for which N (E; �) is small enough that we can evaluate L(E; �; 1) to at least 6 dig-its precision with 2�106 Dirichlet coe�cients of L(E; �; s). For p = 5 we require atleast 2 digits precision with 1�108 coe�cients. In many cases the precision is muchhigher, up to 40 decimal digits. The error bounds for the method [18] that we usehave not been proved in general, but the ones for the computations of L(E; �; 1)for all p and of L(E; �; 1) for p = 3 can be established.Recall that the L-functions L(E; �; s) and L(E; �; s) are de�ned on all of C(and, in particular, at s = 1) and the modi�ed L-values L�(E=Q), L�(E=K) andL�(E=Q( ppm)) are rational (see x1). If we had an upper bound on their denomi-nators, we could then use our numerical approximations to �nd the actual valuesof L�(E=Q), L�(E=K) and L�(E=Q( ppm)) (or, equivalently, of L(E; 1), L(E; �; 1)and L(E; �; 1)). We do not have such upper bounds, so we used the conjectural onespredicted by the Birch{Swinnerton-Dyer conjecture: the denominator of L�(E=k)is at most jE(k)torsj2.As a sanity check, we compute the analytic order of X of E=Q, E=K andE=Q( ppm). To begin with, this number is always an integer to the correct precision.Next, this integer (possibly 0) is always a square. Finally, we use 2-descent over thethree �elds to compute the order of the corresponding 2-Selmer groups and checkthat they are consistent with our conjectural orders ofX. Moreover, over Q and,for p = 3, over K we use 3-descent for a similar comparison between the 3-Selmergroups andX[3]. The descents are carried out using Magma [3].We have also computed 4 examples for p = 7 (Tables 7-17A1, 7-19A3), butthe conductors in these cases are too large to make the computations reliable.Nevertheless, the L-values lead to plausible orders ofX.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 256.13. Observations. For all curves in our tables, the congruence (6.1) holds. Notethat for some curves, the congruence reads 0 � 0 mod p for most m. In view ofConjecture 1.4, this corresponds to �na(E; �) being non-unit for such m. This canhappen for various reasons (cf. Theorem 4.3):(1) If E(K)[p] 6= 0, then every prime v of K with v 6 jp, vjm and where E hasgood reduction lies in the set P (K)2 of Theorem 4.3 and thus contributes to�na(E; �). See, for instance, Tables 3-20A3, 5-11A3.(2) If E(K)[p] = 0 but ~E(Fp)[p] 6= 0, then �na(E; �) is non-unit for every m.See, for instance, Tables 3-128B2, 3-275B1.(3) If E(K)[p] = 0 and p divides one of the Tamagawa numbers cv for a primev of K, then again �na(E; �) is non-unit for every m. See, for instance,Table 3-116C2, 3-260A1.It is interesting to note that in cases (2) and (3) there appear to be congruencesmodulo a higher power pb+1. In all our examples, this extra power b is exactly thepower of p in the product of Qv cv and j ~E(Fp)[p]j. Note, however, that (at least incase (3)) the congruence only holds when both terms have valuation exactly b. Itwould be interesting to have an explanation of this.7. Numerical examplesTo illustrate the theory in the previous sections, let us describe an examplein detail. We take the elliptic curve 21A4, in the notation of Cremona [14], ofconductor 21. We will twist it by Artin representations coming from Q(�5; 5p2)=Q.Thus E21 : y2 + xy = x3 + x (21A4)p = 5m = 2K = Q(�5); F = Q(�5; 5p2):In this section, we set L = Q( 5p2). This example is the �rst row in Table 5-21A4.7.1. Reduction types. First, consider E21 over Q. Its standard invariants arej(E21) = 47332 � 7 ; �(E21) = �63 = �32 � 7 N (E21) = 21 = 3 � 7:The curve has multiplicative reduction at q = 3 and q = 7 and good reductionotherwise. The Kodaira symbols for the reduction types and the local Tamagawanumbers are 3 : I2 split c3 = 2;7 : I1 non-split c7 = 1:We will now look at E21 over the number �elds K, L and F . The correspondinglocal information can be computed using Tate's algorithm. However, for semistablecurves (like E21), it can also be determined from the reduction behaviour over Qas follows.Recall that split multiplicative reduction stays split multiplicative in any exten-sion. Non-split multiplicative reduction becomes either split or non-split, dependingon the parity of the degree of the residue �eld extension. Recall also from Tate's



26 T. DOKCHITSER, V. DOKCHITSERalgorithm that in case of multiplicative reduction,cq = 8<: ordq(�(E)); split;2; non-split, ordq(�(E)) even;1; non-split, ordq(�(E)) odd:Now we look at E21=K. The curve has good reduction at all primes of K notdividing 3 or 7. Both 3 and 7 are inert in K=Q, so there are unique primes v3j3 andv7j7 with residue �eld extensions [Fv3 : F3] = 4 and [Fv7 : F7] = 4. So for E21=Kwe have v3 : I2 split cv3 = 2;v7 : I1 split cv7 = 1:Next, consider E21=L. The primes 3 and 7 decompose in L as 3 = z(1)3 z(2)3 and7 = z(1)7 z(2)7 with [Fz(1)3 : F3] = 1, [Fz(2)7 : F7] = 4 and [Fz(1)3 : F3] = 1, [Fz(2)7 : F7] = 4.This can be seen by factoring x5 � 2 modulo 3 and 7. So for E21=L we havez(1)3 ; z(2)3 : I2 split cz(i)3 = 2;z(1)7 : I1 non-split cz(1)7 = 1;z(2)7 : I1 split cz(2)7 = 1:Finally, take E21=F . The primes v3 and v7 of K split in F=K as can be seenfrom the decomposition of 3 and 7 in L. Hence, in F=Q,3 = w(1)3 w(2)3 w(3)3 w(4)3 w(5)3 ; 7 = w(1)7 w(2)7 w(3)7 w(4)7 w(5)7 ;with all residue degrees equal to 4. For E21=F we havew(i)3 : I2 split cw(i)3 = 2;w(i)7 : I1 split cw(i)7 = 1:7.2. Groups of Mordell, Weil, Selmer, Tate and Shafarevich. The curveE21=Q has Mordell-Weil rank 0, and E21(Q) �= Z=4Z, with the point (1; 1) as agenerator. Using 2-descent over Q,K and L (e.g, using Magma [3]), we �ndSel2(E21=Q)�=Z=2Z;Sel2(E21=K) �=Z=2Z;Sel2(E21=L) �=Z=2Z:Thus, E21(k)=2E21(k)! Sel2(E21=k) is an isomorphism for k = Q;K; L, mappingthe 4-torsion point (1; 1) to the generator. In particular, E21 has no points ofin�nite order andX(E21)[2] is trivial over the three �elds. Note that this impliesthat E21(F ) has Mordell-Weil rank 0 as well.7.3. Artin representations. Recall that we are interested in the two representa-tions � and � of the Galois group Gal(F=Q). Write � = e2�i=5.The group Gal(F=Q) has order 20 and acts faithfully on the 5 roots of x5 � 2.The subgroup Gal(F=L) �xes 5p2 and Gal(F=K) acts as a 5-cycle. We �x theirgenerators by the requirementg( 5p2) = 5p2; g(� 5p2) = �2 5p2;h( 5p2) = � 5p2; h(� 5p2) = �2 5p2:As an abstract group, Gal(F=Q) is determined by the relations g4 = h5 = 1 andghg�1 = h2, and it is usually called G20.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 27The regular representation of Gal(F=Q) decomposes as ���4 where � �= 1��1��2� �3 is the sum of distinct one-dimensional representations and � is irreducible.Both � and � are 4-dimensional and � factors through Gal(K=Q).The character table of Gal(F=Q) (including the character of �) is(7.4) 1 Ch Cgh Cg2h Cg3h1 1 1 1 1 1�1 1 1 i �1 �i�2 1 1 �1 1 �1�3 1 1 �i �1 i� 4 �1 0 0 0� 4 4 0 0 0We also record the actual characteristic polynomials of the elements of the Galoisgroup in � and �,(7.5) 1 Ch Cgh Cg2h Cg3h� (T�1)4 (T�1)4 T 4�1 (T 2�1)2 T 4�1� (T�1)4 T 4+T 3+T 2+T+1 T 4�1 (T 2�1)2 T 4�1Note that the characters and, moreover, the characteristic polynomials of � and� are congruent modulo 5. In fact, the representations themselves are congruent.(They can be realised overZand the semi-simpli�cations of their reductions modulo5 are isomorphic.)The conductors of � and � are given by the conductor-discriminant formula,N (�) = j�Kj = 53; N (�) = j�Ljj�Qj = 2455 :Next, we determine the inertia subgroups and Frobenius elements of Gal(F=Q) atall primes.The primes 2 and 5 ramify in the extension F=Q. The prime 5 is totally rami�ed(as it rami�es both in K=Q and in L=Q), so the inertia subgroup I5 is the wholeof Gal(F=Q) and the Frobenius element is trivial. The inertia invariant subspacesof � and � are, respectively, 1 and 0-dimensional.The prime 2 is inert in K=Q and rami�es in F=K. The inertia subgroup I2 �Gal(F=Q) is Gal(F=K) and the Frobenius element is g (modulo inertia). The inertiainvariant subspaces of � and � are, respectively, the whole of � and 0.If q 6= 2; 5, then the inertia subgroup Iq � Gal(F=Q) is trivial, so the represen-tations � and � are unrami�ed at q. Primes q � �2 mod 5 are inert in K=Q, sothat Frobq 2 Gal(F=Q) (de�ned up to conjugation) has order either 4 or 20. SinceG20 only has elements of orders 1, 2, 4 and 5, this implies that q splits in F=Kand Frobq has exact order 4. Similarly, for primes q � �1 mod 5, the FrobeniusFrobq 2 Gal(F=Q) has order 2.It remains to deal with the primes q � 1 mod 5. These split in K=Q and mayeither be totally split in F=Q or remain inert in F=K. In the �rst case Frobq = 1,and in the second case Frobq has order 5. To see which category q falls into, itsu�ces to determine whether q is totally split or inert in L=Q. This can be doneby counting roots of x5 � 2 modulo q. For instance, x5 � 2 is irreducible modulo11, so q = 11 is inert in L=Q. On the other hand,x5 � 2 = (x� 22)(x� 25)(x� 49)(x� 90)(x� 116) mod151 ;so q = 151 splits completely in L=Q.



28 T. DOKCHITSER, V. DOKCHITSER7.6. Twists by Artin representations. Now we turn to the conductors and theEuler products for L(E21; �; s) and L(E21; �; s). To begin with, the local L-factorsfor E21 are (see x7.1 and (2.8)),Pq(E21=Q; T ) = 8<: 1�(q + 1� j ~E21(Fq)j)T+qT 2; q 6= 3; 71� T; q = 3;1 + T; q = 7:The local L-factors � and � are determined by the action of Frobenius on theinertia invariant subspace of the representation. From their classi�cation in x7.3,we havePq(�; T ) = 8>><>>: 1� T; q = 5;1� T 4; q � �2 mod 5;(1� T 2)2; q � �1 mod 5;(1� T )4; q � 1 mod 5:and Pq(�; T ) = 8>>>>>><>>>>>>: 1; q = 2;1; q = 5;1� T 4; q � �2 mod 5; q 6= 2(1� T 2)2; q � �1 mod 5;1+T+T 2+T 3+T 4; q � 1 mod 5; x5 � 2 irreducible over Fq ;(1� T )4; q � 1 mod 5; x5 � 2 splits over Fq :Now we can determine the local polynomials for the twisted L-functions Pq(E21; �; T )and Pq(E21; �; T ). We illustrate this for �, the case of � being identical. By de�ni-tion, Pq(E21; �; T ) = det�1� Frob�1q T �� (Ml(E21)
Ml(�))Iq�Recall that Ml(E21) is essentially the dual of the l-adic Tate module Tl(E21) andMl(�) is just � with coe�cients taken in �Ql rather than C . If q 6= 2; 3; 5; 7, then theinertia group Iq acts trivially on both Ml(E21) andMl(�). Then the eigenvalues ofFrobenius on Ml(E21)
Ml(�) are all pairwise products of eigenvalues on Ml(E21)with eigenvalues on Ml(�). In other words, the local polynomial Pq(E21; �; T ) canbe constructed from Pq(E21; T ) and Pq(�; T ) that we already know.The same holds for � for q 6= 3; 5; 7. For instance, if q = 2, we haveP2(E21; T ) = 1 + T + 2T 2 = (1� �1T )(1� �2T ); �1;2 = �1�p�72 ;P2(�; T ) = 1� T 4 = (1� T )(1 + T )(1 � iT )(1 + iT ):Thus,P2(E21; T ) == (1��1T )(1+�1T )(1�i�1T )(1+i�1T )(1��2T )(1+�2T )(1�i�2T )(1+i�2T )= 1� T 4 + 16T 8:For primes q = 2,3,5 and 7 it is still true in our case that(7.7) (Ml(E21)
Ml(�))Iq �=Ml(E21)Iq 
Ml(�)Iqsince one of the constituents is always unrami�ed. So the same process of con-structing the local polynomials Pq(E21; �; T ) from Pq(E21; T ) and Pq(�; T ) works.Again, the same holds for � in place of �. (In fact, (7.7) holds for any semistablecurve and any Artin representation.)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 29Here is the summary of local polynomials for q = 2; 3; 5 and 7:q Pq(E21; T ) Pq(�; T ) Pq(�; T ) Pq(E21; �; T ) Pq(E21; �; T )2 1 + T + 2T 2 1� T 4 1 1� T 4 + 16T 8 13 1� T 1� T 4 1� T 4 1� T 4 1� T 45 1 + 2T + 5T 2 1� T 1 1 + 2T + 5T 2 17 1 + T 1� T 4 1� T 4 1� T 4 1� T 4This completes the description of all the local factors.Finally, the formula (6.8) gives us the conductors for the twisted L-functions,N (E21; �) = 345674; N (E21; �) = 283451074 :Note that, except for 510 in case of N (E21; �), all other exponents are 8 (which isdimMl(E21) 
Ml(�) = dimMl(E21) 
Ml(�)) less the degree of the correspond-ing local polynomial. In other words, except for q = 5 for �, there is no wildrami�cation.7.8. L-functions. Now that we have the local polynomials for the twisted L-functions, we can compute their Dirichlet expansions,L(E21; �; s) = Qq Pq(E21; �; q�s)�1 = 11s � 25s + 1611s + 116s � 125s + 841s + : : : ;L(E21; �; s) = Qq Pq(E21; �; q�s)�1 = 11s � 411s + 116s � 241s + 261s + 181s + : : : :We recall that these functions can be extended to entire functions on C and satisfyfunctional equations (2.6). We have already computed the conductors. Theorem6.9 allows us to compute the signs in the functional equations,wE21;� = wdim �E21 (�1)dim �� Qq2f3;7g sdim ��dim �Iqq det(Frob�1q j�Iq);wE21;� = wdim �E21 (�1)dim ��Qq2f3;7g sdim ��dim �Iqq det(Frob�1q j�Iq):In the notation of the theorem, wE21 = 1 is the sign for L(E21=Q; s). Next,dim�� = dim�� = 2 since complex conjugation, as an element of Gal(F=Q),lies in the conjugacy class of Cg2h (see (7.4) and (7.5)). The curve has split mul-tiplicative reduction at q = 3 and non-split multiplicative reduction at q = 7, sos3 = �1 and s7 = 1. These primes are good for � and �, so I3 and I7 act trivially.Finally, Frob3 and Frob7 both have characteristic polynomial T 4�1 on both � and� (see (7.5)) and, in particular, have determinant 1. We getwE21;� = +1; wE21;� = +1 :The signs +1 are consistent with the Birch{Swinnerton-Dyer conjecture for E21=Kand E21=L as the Mordell-Weil rank is 0 over both �elds.7.9. L-values. We have now collected all the necessary information to computethe values L(E21; �; 1) and L(E21; �; 1) as in x6.2. In fact, for e�ciency reasons, wemay compute L(E21; �; 1) as the product of 1-dimensional twists (see Remark 6.6).We �nd L(E21=Q;1) � 0:451115405388;L(E21; �; 1) � 2:12709564136;L(E21; �; 1) � 1:70167651313:Note that the L-values are non-zero as predicted by the Birch{Swinnerton-Dyerconjecture for E21=Q, E21=K and E21=L, given that E21 has no points of in�niteorder over these �elds.



30 T. DOKCHITSER, V. DOKCHITSERThe periods of E21 are
+ � 3:60892324311; 
� � 1:91098978075 i :Now we can compute the orders of X(E21=Q), X(E21=K) and X(E21=L) pre-dicted by the Birch{Swinnerton-Dyer formula 5.12,(7.10) Xan(E21=Q) = L(E21; 1)
+(E21) jE21(Q)j2c3c7 � 1:0000000000 ;(7.11) Xan(E21=K) = ���� L(E21; �; 1)�K
+(E21)2(2
�(E21))2 ���� jE21(K)j2cv3cv7 � 1:0000000000 ;(7.12)Xan(E21=L) = ����L(E21; �; 1)L(E21=Q;1)�L
+(E21)3(2
�(E21))2 ���� jE21(L)j2cz(1)3 cz(2)3 cz(1)7 cz(2)7 � 1:0000000000 ;in agreement withX(E21=Q)[2] = 1,X(E21=K)[2] = 1 andX(E21=L)[2] = 1.Remark 7.13. The L-functions of the Artin representations, L(�; s) and L(�; s),also have a meromorphic continuation to C and satisfy a functional equation. Infact, they can be expressed in terms of Dedekind zeta functions,L(�; s) = �K(s); L(�; s) = �L(s)�(s) :Thus their values at s = 1 have a similar arithmetic interpretation. Recall that bythe class number formula, for a number �eld k=Q,Ress=1 �k(s) = 2rk;1(2�)rk;2Regk jCl(Ok)jj�kjp�k ;where rk;1 (resp. rk;2) is the number of real (resp. pairs of complex) embeddingsof k, Regk is the regulator, Cl(Ok) is the class group of k and �k is the set of allroots of unity in k.7.14. Iwasawa theory. To apply results of Iwasawa theory to E21, we �rst needto know that E21 has good ordinary reduction at p = 5. This is easily veri�ed, asP5(E=Q) = 1 + 2T + 5T 2 has a non-zero linear term modulo 5.Next, we need the �-invariant of E21=K to be zero for p = 5. This condition isgenuinely hard. At present, this requires knowing Sel51(E21=K). For some curveswith rational 5-torsion subgroups, Fisher [20, 21] carried out 5-descent to determinethe structure of their 5-Selmer groups. Our curve hasGal(Q(E21[5])=Q)�= GL2(F5) (order 480) ;so doing 5-descent is probably unrealistic.We can numerically determine the conjectural order of X(E21=K) from theL-value L(E21; �; 1) (see x7.9). We �ndX(E21=K) ?= 1 ;where the equality would hold if we knew the Birch{Swinnerton-Dyer conjecturefor E21=K and precise estimates for our L-value computations. As we already knowthat the Mordell-Weil rank of E21=K is zero, this would imply that Sel51(E21=K)is trivial.



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 31We can compute the cyclotomic Euler characteristic of E21=K, given by (3.12),�cyc(E21=K) = j ~E21(F5)j2cv3cv7 jX(E=K)[51]jjE(K)torsj2 mod Z�5 :As all the terms are coprime to 5, we get�cyc(E21=K) = 1 :Now, by Lemma 3.14, we get �E21=K = �E21=K = 0 :In other words, the characteristic element fE21=K = 1, so that Sel51(E21=Q(�51))is �nite.The theorem of Hachimori{Matsuno (Theorem 3.16) tells us that X(E21=F ) is�F -torsion and �E21=F = 0. Moreover, as m = 2 is coprime to the conductorN (E21) = 21 and jE21(F16)j = 16 is coprime to 5, Corollary 3.20 implies that�E21=F = 0. Again, we get that the characteristic element fE21=F = 1, so thatSel51(E21=Q(�51; 5p2)) is �nite.The reverse implication of Lemma 3.14 now tells us that�E21=F = �E21=F = 0 =) �cyc(E21=F ) = 1 :In particular, by the Euler characteristic formula (3.12),X(E=F )51 = 1 :7.15. Non-abelian Euler characteristics. To test the main conjecture 1.4 forE21, we compute the non-abelian Euler characteristics �na(E21; �) and �na(E21; �).First, the formula of Hachimori{Venjakob (Theorem 4.3) yields�na(E21;K) = �cyc(E21;K) = 1; �na(E21; F ) = �cyc(E21; F ) = 1 :This is because P (K)1 and P (F )1 are empty since m = 2 is coprime to the conductorN (E21) = 21, and P (K)2 and P (F )2 are empty since jE21(F16)j = 16 is coprime to 5.By Artin formalism for non-abelian Euler characteristics (Proposition 4.8),�na(E21; �) = �na(E21; �) = 1:This is consistent with Theorem 5.2, which states that one of the Euler character-istics is trivial if and only if the other one is.The main conjecture 1.4 predicts that the values of the p-adic L-function LE21 ,given by (1.3), satisfy ord5 LE21(�) = ord5 �na(E21; �) = 0and ord5 LE21(�) = ord5 �na(E21; �) = 0 :Note that Conjecture 5.9, that follows from the main conjecture and Theorem 5.2,asserts that these two 5-adic valuations are either both zero, or neither of them is.



32 T. DOKCHITSER, V. DOKCHITSER7.16. Verifying the main conjecture. Let us compute LE21(�) and LE21(�).Recall that LE21 (�) = Lv6 j10(E21; �; 1)
+(E21)2
�(E21)2 � �5(�) P5(�; u�1)P5(�; w�1) � u�n(�) ;and similarly for �. Heren(�) = ord5N (�) = 3; n(�) = ord5N (�) = 5 :The 5-adic numbers u and w are determined byP5(E; T ) = 1 + 2T + 5T 2 = (1� uT )(1�wT ) u 2Z�5;so, using Hensel's Lemma,u = 3 + 2�5 + 4�52 + 2�53 + 54 + 4�55 + 2�57 + 58 + 59 + O(510);w = 2�5 + 2�53 + 3�54 + 4�56 + 2�57 + 3�58 + 3�59 +O(510) :The local �-factors �5(�) and �5(�) can be computed as in x6.10,�5(�) = �53=2; �5(�) = �55=2 :From (7.10), (7.11) and (7.12) we get numerically the valuesL�(E21; �) = ���� L(E21; �; 1)p�K
+(E21)2(2
�(E21))2 ���� = 1=8;L�(E21; �) = ���� L(E21; �; 1)p�L
+(E21)2(2
�(E21)2 ���� = 2:We combine all this information to obtainLE21 (�) = L�(E21; �) � (�2i)2 � Yq=2;5Pq(E; �; q�1) � �5(�)pj�Lj P5(�; u�1)P5(�; w�1) � u�n(�)= 2 � (�4) � (1 � 1) � �55=22255=2 � 11 � u�5= 4 + 2�5 + 2�52 + 4�53 + O(54) :Similarly, for � we haveLE21(�) = L�(E21; �) � (�2i)2 � Yq=2;5Pq(E; �; q�1) � �5(�)pj�Kj P5(�; u�1)P5(�;w�1) � u�n(�)= 18 � (�4) � (1�2�4+16�2�8)(1+2�5�1+5�5�2) � �53=253=2 � 1� u�11� w�1 � u�3= 4 + 3�52 + 53 +O(54) :As expected, LE21 (�) and LE21 (�) are 5-adic units and are congruent modulo 5, inaccordance with (6.1).7.17. An example with additive reduction. The curve E21 from the examplein x7 is everywhere semistable. If E=Q has additive reduction at some prime l of Q,some care has to be taken when computing the Birch{Swinnerton-Dyer quotient forE=K and E=Q( ppm) using a model over Q. Let us illustrate this with an example.Consider the elliptic curve E = 272C1 in the notation of Cremona [14],E : y2 = x3 � x2 � 4x :The curve has bad reduction at l = 2 and l = 17 withord2�(E) = 8; additive red. at 2 of type I�0 c2 = 4;ord17�(E) = 1; split multiplicative red. at 17 of type I1 c17 = 1:



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 33The given Weierstrass model for E=Q is minimal at all primes andE(Q) �=Z=2Z; 
+ � 3:47306346 2
+
� � 6:75008201i :We can compute the Birch{Swinnerton-Dyer quotient and obtain, numerically,L(E; 1)
+ � Ql cljE(Q)j2 � 1:00000000 ;so the analytic order ofX(E=Q) is 1.Now let p = 3, m = 2 and L = Q( ppm) = Q( 3p2). We use 2-descent to concludethat E(Q) = E(L), compute the local Tamagawa numbers cv for E=L and the valueL(E=L; 1), leading to(7.18) L(E=L; 1)j
+
+2
�jpj�Lj � Qv cvjE(L)j2 � 2:00000000 :Clearly the real number on the right is not supposed to be the analytic order ofX(being not a square of an integer). The reason is that the model that we use for Eis no longer minimal and the N�eron di�erential of E=Q is not the N�eron di�erentialfor E=L at l = 2. Thus, if we use the same di�erential as over Q, then the idealAE=L is non-trivial. In fact, it is not hard to see that AE=L = ( 3p2) and its normNL=Q(AE=L) = 2 contributes to the Birch{Swinnerton-Dyer quotient, leading toXan(E=L) = 1 (in agreement with 2-descent.)Alternatively, note that over Q the curve E has another minimal Weierstrassequation, y2 � 2xy = x3 � 2x2 � 4x ;which can be written over L asy2 � �3xy = x3 � �3x2 � �6x ; � = 3p2 :Now let x = �2x0 and y = �3y0, transforming the latter model intoE0 : (y0)2 � �2x0y0 = (x0)3 � �(x0)2 � �2x0 :From Tate's algorithm, it follows that this is a minimalWeierstrass equation at allprimes, so A0 = 1 for the di�erential of this model. On the other hand, from thetransformation of coordinates it follows that, with this di�erential,(
+)0 = �
+; (
�)0 = �
�:With these \corrected" periods the analytic order ofX from (7.18) becomes 1, asasserted.7.19. An example for a GL2-extension. One can make L-value computationsfor an elliptic curve E in p-adic Lie extensions other than F1=Q. For example,one may take an extension of the form Q(C[p1])=Q for some elliptic curve C=Q.For non-CM curves C, the Galois group of this extension is an open subgroup ofGL2(Zp) and is the whole of GL2 for almost all p, see [40]. These extensions (withE = C) are the main focus of [9]. One can again de�ne a non-abelian Euler char-acteristic �na(E; � ) of E twisted by an Artin representation � that factors throughsuch an extension. There is also a conjectural p-adic L-function LE , interpolat-ing the special values of twisted L-functions L(E; �; s) ([9], Conjecture 5.7). The\Main Conjecture" ([9], Conjecture 5.8) gives a relation between the values LE(� )and Euler characteristics �na(E; � ).



34 T. DOKCHITSER, V. DOKCHITSERExample 7.20. Take p = 5 and consider the elliptic curve E = 11A3 = X1(11)over Q, E : y2 + y = x3 � x2 :The �eld Q(E[51]) contains the �elds k1; k2 of 5-torsion points of E and of itsisogeneous curve 11A2. Both are extensions of degree 5 of Q(�5) and can be ex-plicitly described as follows. In Q(p5) one can write �11 = �� with � = 9+5p52and � = 9�5p52 . Thenk1 = Q��5; 5r�� �; k2 = Q(�5; 5p11) :Their Galois groups are the same as in the �rst layer of the false Tate curve extensionfor p = 5, Gal(k1=Q)�= G20 �= Gal(k2=Q) :In particular, we have two 4-dimensional irreducible Artin representations �1; �2 ofGal(Q(E[51])=Q) that factor through k1 and k2 respectively.The Main Conjecture implies that ([9], 5.7-5.10)(7.21)ord5(�na(E; �i)) = ord5� LR(E; �i; 1)
+(E)2
�(E)2 � P5(�i; u�1)P5(�i; w�1) �5(�i) u�f�i� ; i = 1; 2:Here R = f5; 11g is the set of primes that contains p and those primes that dividethe denominator of the j-invariant j(E) = �212=11. The modi�ed L-functionLR(E; �i; s) is that of E of twisted by �i with the local factors at l 2 R removed.We proceed to verify this conjecture, similarly to the false Tate curve case.First, the curve E has a 5-torsion point over Q, andE(Q(�5))[51] �=Z=5Z; E(k1)[51] �= (Z=5Z)2; E(k2)[51] �=Z=5Z:By results of Fisher [20], E has Mordell-Weil rank 0 over Q(�5), k1 and k2, andX(E=Q(�5))[51] = 0; X(E=k1)[51] �= (Z=5Z)2; X(E=k2)[51] = 0 :Since E has good ordinary reduction at p = 5, the moduleX(E=Q(�5)cyc) is �Q(�5)-torsion by Theorem 3.4. Using formula 3.12, it is easy to see that �cyc(E=Q(�5)) =1. It follows from Lemma 3.14 that �E=Q(�5) = �E=Q(�5) = 0. By Theorem 3.16,both X(E=kcyc1 ) and X(E=kcyc2 ) are torsion and their �-invariants are 0.Next, we compute �na(E; �i). By Artin formalism ([9] Theorem 3.10),�na(E; �i) = 4s �na(E=ki)�na(E=Q(�5)) :A formula for �na of E over number �elds in Q(E[51]) has been worked out inCoates-Howson [10], Theorem 1.1. In our case, for a number �eld k � Q(E[51])for which Sel51(E=k) is �nite, it states�na(E=k) = �cyc(E=k)Yvj11 jLv(E; 1)j5;the product taken over primes of k dividing 11. (That the theorem is applicablehere follows from [10], Theorem 6.4.)Now, the above two formulae together with the values of jX(E=ki)j and jX(E=Q(�5))jyield(7.22) �na(E=k1) = 53; �na(E=k2) = 51:



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 35To test the main conjecture numerically, we evaluate the right-hand side of (7.21).We compute the L-values as described in xx6.2-6.7 with mild modi�cations in thecase of E=k1. We �ndL(E; �1; 1) � 1:26706100; L(E; �2; 1) � 4:05459521 :The local �-factors �5(�1) and �5(�2) can be determined as in x6.10,�5(�1) = �53=2; �5(�2) = �55=2 :Next, P5(�1; T ) = 1� T; P5(�2; T ) = 1;P5(E; �1; T ) = 1� T + 5T 2; P5(E; �2; T ) = 1;P11(E; �1; T ) = 1; P11(E; �2; T ) = 1:and 
1 � 6:34604652; 
2 � 1:45881662 i :Finally,u = 1 + 4 � 5 + 3 � 52 + 2 � 53 +O(54); w = 5 + 52 + 2 � 53 + O(57) :Combining the above information, we obtainLR(E; �1; 1)
+(E)2
�(E)2 � P5(�1; u�1)P5(�1; w�1) �5(�1) u�f�1 = 4 � 53 + 2 � 54 +O(55)LR(E; �2; 1)
+(E)2
�(E)2 � P5(�2; u�1)P5(�2; w�1) �5(�2) u�f�2 = 4 � 5 + 4 � 52 + O(53) :This agrees with (7.22), as predicted by the main conjecture.Appendix A (by J. Coates and R. Sujatha)The aim of this appendix is to prove several theoretical results, which are relatedto, and illustrated by, the numerical calculations carried out in this paper. Asearlier, let p be an odd prime number, and put K = Q(�p), Kcyc = Q(�p1). Letm > 1 be an integer, which is p-power free, and put(A.1) F1 = Kcyc( pnpm : n = 1; 2::); G = Gal(F1=Q):Let E be an ellipic curve over Q, which we shall always assume satis�es:Hypothesis A.2. E has good ordinary reduction at p, and m is not divisible byany prime of additive reduction for E.The hypothesis on m is made to ensure that the principal results of [25] and [26]remain valid for p = 3 in our case.We write X(E=F1) for the Pontryagin dual of the p1-Selmer group of E overF1. If J is any compact p-adic Lie group, �(J) will denote the Iwasawa algebraof J . Then X(E=F1) is in fact �(G)-torsion (see [26]), thanks to Kato's [29]deep theorem that the dual of the Selmer group of E over Kcyc is �(�K)-torsion,where �K = Gal(Kcyc=K). However, the ideas of [9] suggest that something muchstronger should always be true for X(E=F1). Let H = Gal(F1=Qcyc), where Qcycdenotes the cyclotomic Zp-extension of Q, and let MH(G) denote the category ofall �nitely generated �(G)-modules M such that M=M [p1] is �nitely generatedover �(H); here M [p1] denotes the p-primary submodule of M .Conjecture A.3. X(E=F1) belongs toMH(G).



36 T. DOKCHITSER, V. DOKCHITSERUsing similar techniques to those discussed in x5 of [9], it is easy to see thatConjecture A.3 is equivalent to the assertion that(A.4) �GK (X(E=F1)) = ��K(X(E=Kcyc));where GK is the pro-p group given by GK = Gal(F1=K), and �GK (M ) denotes the�-invariant of any �nitely generated torsion �(GK)-moduleM as de�ned in [28, 35],and similarly ��K(R) denotes the �-invariant of a �nitely generated torsion �(�K)-module R. Moreover, Conjecture A.3 is true if there exists an elliptic curve E0 overK, which is isogenous to E over K, such that X(E0=Kcyc) is a �nitely generatedZp-module.As always, we shall �nd that the deepest arithmetic questions arise from the in-terplay between the �(G)-moduleX(E=F1) and the complexL-functions L(E; �; s),which are studied earlier in the paper, where � runs over all Artin representations ofG. We recall that the L(E; �; s) are known to be entire, and to satisfy the standardfunctional equation. Moreover, if k denotes any �nite extension of Q contained inF1, we write L(E=k; s) for the complex L-function of E over k, and we de�ne(A.5) gE=k = rkZ(E(k)); rE=k = ords=1(L(E=k; s)) :Of course, the conjecture of Birch and Swinnerton-Dyer predicts that we alwayshave gE=k = rE=k.We �rst discuss the notion of regularity for E over F1.De�nition A.6. We say E is regular over F1 if X(E=F1) = 0.As we shall explain below, the calculations in this paper provide many exampleswhen E is regular over F1. But �rst we note the following theorem.Theorem A.7. Assume E is regular over F1. Then gE=k = rE=k for all �niteextensions k of Q contained in F1 if and only if L(E; �; 1) 6= 0 for all Artinrepresentations � of G.Proof. As earlier, let Selp1 (E=k) (resp. Selp1(E=F1)) denote the p1-Selmergroup of E over k (resp. F1). Now the kernel of the restriction mapSelp1(E=k)! Selp1(E=F1)is always �nite (see [26]). Assuming now that Selp1(E=F1) = 0, it follows thatSelp1(E=k) must be �nite, and so gE=k = 0 for all �nite extensions k of Q con-tained in F1. Thus it remains to show that rE=k = 0 for all �nite extensions k ofQ contained in F1 if and only if L(E; �; 1) 6= 0 for all irreducible Artin represen-tations � of G. But on the one hand, for any �nite extension k of Q in F1, wehave L(E=k; s) = L(E; �; s), where � is the Artin representation of G induced bythe trivial representation of Gal(F1=k), and so one direction is clear. The otherdirection is plain from the holomorphy of the L(E; �; s) at s = 1, and the fact that,for any �nite Galois extension k of Q contained in F1 with Galois group �, wehave(A.8) L(E=k; s) = Y�2 ~�L(E; �; s)n� ;where ~� denotes the set of all irreducible Artin representations of �, and n� denotesthe dimension of �. This completes the proof. �



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 37The following result leads to a useful numerical criterion for deciding whether ornot E is regular over F1. Let M be a compact �(G)-module, and G0 an open sub-group of G. As always, we sayM has �nite G0-Euler characteristic if the Hi(G0;M )(i = 0; 1; 2) are �nite, and we then de�ne�(G0;M ) = 2Yi=0 jHi(G0;M )j(�1)i :Proposition A.9. Assume that X(E=F1) belongs to the category MH(G). ThenE is regular over F1 if and only if(A.10) �(GK ; X(E=F1)) = 1; where GK = Gal(F1=K) :Proof. Assume (A.10) holds. We show that X(E=F1) = 0 by using the gen-eral remarks made in [9] in paragraph immediately after the proof of Lemma3.9. Of course, GK is pro-p, and entirely analogous arguments to those givenin the proof of Lemma 2.5 of [11] show that H1(HK ; X(E=F1)) = 0, whereHK = Gal(F1=Q(�p1)). Finally, it is proven in [26] that X(E=F1) has no non-zero pseudo-null �(G)-submodule. Hence, as explained in [9], (A.10) implies thatX(E=F1) = 0, as required. �We remark that Proposition A.9 is just a slight generalisation of Theorem 5.7.The next result enables us to read o� many examples when E is regular overF1 from the tables in Appendix B. As earlier, let � = �1 : G ! GLr(Qp), wherer = p�1, be the Artin representation given by the direct sum of the p�1 charactersof Gal(K=Q), and let LE(�) be de�ned by formula (1.3) of x4.Corollary A.11. Assume that the Mazur{Swinnerton-Dyer p-adic L-function ofE over K lies in �(�K). If LE(�) is a p-adic unit, then E is regular over F1, i.e.X(E=F1) = 0.Proof. Assume that LE(�) is a p-adic unit. De�neAm = Yvjm;v 6 j pLv(E=K; 1)�1 ;where the product is taken over all places v of K, which divide m, and which donot divide p, and where Lv(E=K; s) denotes the Euler factor at v of the complexL-function of E over K. Since LE(�) is a p-adic unit, it follows easily that Am is ap-adic unit and the Mazur-Swinnerton-Dyer p-adic L-function of E over K is a unitin �(�K). From this latter assertion and the results of Kato [29] and Matsuno [33],it follows that X(E=Kcyc) = 0, whence X(E=F1) must belong toMH (G). But itis proven in [26] that, whenever X(E=Kcyc) has �nite �K-Euler characteristic, wehave �(GK ; X(E=F1)) = �(�K ; X(E=Kcyc)) � jAmj�1p :In particular, we conclude that the right hand side of this formula, and so also theleft hand side, is equal to 1. Hence the corollary follows from Proposition A.9. �Needless to say, it is conjectured that the Mazur{Swinnerton-Dyer p-adic L-function of E over K always lies in �(�K). This is known when the Galois moduleE[p] is either irreducible, or contains either Z=pZor �p as a Galois submodule (see[52]).



38 T. DOKCHITSER, V. DOKCHITSERThe next result was motivated by the congruences studied in this paper, togetherwith the \main conjecture" of [9]. If � : G ! GLm(Zp) is an Artin representationof G, which we assume, for simplicity, can be realised over Qp, and M is a compact�(G)-module, we recall from [9] that(A.12) tw�(M ) =M 
ZpZmpendowed with the obvious left diagonal action ofG. For each integer n � 1, we let �nbe the irreducible Artin representation of G of dimension pn�1(p�1) de�ned earlierin the paper (see x1). Let �n denote the direct sum of the pn�1(p � 1) charactersof the Galois group of Q(�pn) over Q. Now, assuming the Mazur{Swinnerton-Dyerp-adic L-function of E over K belongs to �(�k), it follows easily tht LE(�) is ap-adic unit if and only if LE(�n) is a p-adic unit for any n � 1. Thus, assumingboth the congruence LE(�n) � LE(�n) mod pand Corollary 5.10 of the \main conjecture" of [9], it would follow that E is regularover F1 if and only if �(G; tw�n (X(E=F1))) = 1 for some n � 1. We now give anunconditional proof of this last assertion.TheoremA.13. LetM be a �(G)-module such that (i)M 2MH(G), (ii)H1(H0;M )is �nite for all open subgroups H 0 of HK, and (iii) M has no non-zero pseudo-null�(G)-submodule. Then M = 0 if and only if there exists an integer n � 1 such that�(G; tw�n(M )) = 1.Corollary A.14. Assume that X(E=F1) belongs toMH(G). Then X(E=F1) = 0if and only if there exists an integer n � 1 such that �(G; tw�n (X(E=F1))) = 1.Indeed, (iii) of Theorem A.13 is proven for M = X(E=F1) in [26], and (ii) isvalid by a similar argument to that used to prove Lemma 2.5 of [11].Prior to proving Theorem A.13, we state a lemma which will be proven at theend of the Appendix, after a general discussion Akashi series. If G0 is an opensubgroup of G, let H 0 = H \ G0, �0 = G0=H0, and write Q(�0) for the �eld ofquotients of �(�0). If M 2 MH(G), we recall that AkH0(M ) is de�ned to be theimage in Q(�0)�=�(�0)� of f0=f1, where f0 (resp. f1) is a characteristic elementin �(�0) for H0(H 0;M ) (resp. H1(H0;M )). For each integer n � 1, let(A.15) Fn = Q(�pn; pnpm); F 0n = Q(�pn; pn�1pm) ;and let Gn (resp. G0n) be the open subgroup of G �xing Fn (resp. F 0n). Put(A.16) Hn = Gn \H; H 0n = G0n \H ;and note that(A.17) �n = Gn=Hn = G0n=H 0nis, in fact, the unique closed subgroup of � = G=H of index pn�1.Lemma A.18. Assume M 2MH(G). Then, for all n � 1, we have(A.19) AkHn (M ) = AkH0n (M )AkH (tw�n (M ))p�1 :Moreover, if in additionM satis�es condition (ii) of Theorem A.13, then AkH(tw�n (M ))belongs to �(�).



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 39Remark A.20. If one accepts that X(E=F1) belongs to MH(G) and Case 2 ofConjecture 4.8 of [9], the above lemma implies that the G-characteristic elementof X(E=F1) is in �(G). In view of the \main conjecture" of [9], the same shouldhold for the p-adic L-function LE .We now prove Theorem A.13. Let us pick a topological generator of �, and soidentify �(�) with the formal power series ringZp[[T ]]. We assume that there existsan integer n � 1 such that(A.21) �(G; tw�n(M )) = 1 ;and we must deduce that M = 0. Put fn = AkH(tw�n (M )). By Lemma A.18, fnbelongs to Zp[[T ]]. Moreover, by the connexion between Euler characteristics andAkashi series ([9], Theorem 3.6), we have fn(0) 2 Z�p by virtue of (A.21). Hencefn belongs to �(�)�. Let gn (resp. g0n) denote a characteristic power series for the�(�n)-module (M )Hn (resp. (M )H0n ). Since fn is a unit in �(�), and M satis�escondition (ii) of Theorem A.13, it follows from Lemma A.18 that we can assumethat(A.22) gn = g0n :We show that (A.22) forces M to be zero.LetM [p1] denote the p-primary submodule ofM . We �rst show that necessarilyM [p1] = 0. If G0 is a pro-p open subgroup of G, we recall that �G0(M ) denotesthe �-invariant ofM viewed as a �(G0)-module. Since Gn � G0n � G1 are all pro-popen subgroups of G, and [G0n : Gn] = p, we have(A.23) �Gn(M ) = p � �G0n(M ) :On the other hand, we claim that(A.24) �Gn(M ) = ��n((M )Hn ); �G0n (M ) = ��n((M )H0n ) :We give the proof of the �rst equation in (A.24), and the proof of the second isentirely similar. Put Y (M ) =M=M [p1]. Then we have the exact sequence(A.25) H1(Hn; Y (M ))! (M [p1])Hn ! (M )Hn ! (Y (M ))Hn ! 0 :SinceM belongs toMH(G) andHn is open inH, the homologygroupsHi(Hn; Y (M ))(i = 0; 1) are �nitely generated Zp-modules, whence (A.25) implies that(A.26) ��n((M )Hn ) = ��n((M [p1])Hn ) :But, since Gn is pro-p, a standard argument with the Hochschild-Serre spectralsequence (see [11]) shows that(A.27) �Gn(M ) = ��n((M [p1])Hn) � ��n(H1(Hn;M [p1])) :But H1(Hn;M [p1]) injects into H1(Hn;M ), and thus H1(Hn;M [p1]) is �nitebecause of hypothesis (ii) on M . Thus the term on the extreme right of (A.27) is0, and the �rst equation in (A.24) follows on combining (A.26) and (A.27). If wenow combine (A.22) and (A.24), we conclude that �Gn(M) = �G0n(M ). Comparingthis last equation with (A.23), it follows that �Gn(M ) = 0. Thus M [p1] must bepseudo-null as a �(G)-module, and soM [p1] = 0 because of hypothesis (iii) onM .SinceM [p1] = 0,M is �nitely generated over �(H), and so also over �(Hn) and�(H 0n). If A is a ring with no zero divisors, andW is a �nitely generated A-module,



40 T. DOKCHITSER, V. DOKCHITSERwe write rA(W ) for the rank of W over A. Since Hn � H 0n � H1 are all pro-p opensubgroups of H, and [H 0n : Hn] = p, we have(A.28) r�(Hn)(M ) = p � r�(H0n)(M ) :On the other hand, we have the well known formula(A.29) r�(Hn)(M) = 1Xi=0(�1)irZp(Hi(Hn;M )) ;and similarly for r�(H0n)(M). But then, as M satis�es hypothesis (ii), (A.22) and(A.29) together imply that r�(Hn)(M ) = r�(H0n)(M ). Hence, in view of (A.28),we have r�(Hn)(M ) = 0. By a result of Venjakob [53], we then conclude that Mis pseudo-null, whence M = 0 by hypothesis (iii). This completes the proof ofTheorem A.13.We next discuss some remarkable arithmetic phenomena which arise from theinterplay between root numbers and Iwasawa theory for our false Tate curve ex-tension F1. For each integer n � 1, we write w(E; �n) = �1 for the sign in thefunctional equation of L(E; �n; s). We also write w(E=K) for the sign in the func-tional equation for L(E=K; s). It is an important fact, �rst proven in [19], that thevalue w(E; �n) is independent of n (it is assumed in [19] that the conductor NE ofE is cube free, but the assertion remains valid for all E provided m is not divisibleby a prime of additive reduction for E, see (A.33) below.) Suppose that we have(A.30) w(E; �n) = �1 8n � 1 :Since all L(E; �n; s) are holomorphic at s = 1 and �n has dimension pn�1(p � 1),it follows immediately on applying (A.8) to Fn=Q that, if (A.30) is valid, then(A.31) rE=Fn � pn � 1 + rE=Kn 8n � 1 ;where Fn is given by (A.15) and Kn = Q(�pn) (note that rE=Kn is bounded asn ! 1 by an important theorem of Rohrlich). We identify �(�K) with Zp[[T ]]by mapping a �xed topological generator 
0 of �K to 1 + T . By Kato's theorem,X(E=Kcyc) is a torsion �(�K)-module, and we write tE=K for the multiplicity of thezero at T = 0 of a characteristic power series ofX(E=Kcyc). We have tE=K � gE=K ,and conjecturally there is always equality.Theorem A.32. Assume that X(E=Kcyc) is a �nitely generated Zp-module, andthat tE=K � rE=K mod 2. Then (A.30) is valid if and only if X(E=F1) has odd�(HK)-rank. In particular, (A.30) implies that E is not regular over F1.Proof. Let S be the set of primes of multiplicative reduction for E which divide m.Then, as was remarked to us by V. Dokchitser, similar arguments to those used toprove Propositions 9 and 11 of [19] show that(A.33) w(E; �n) = w(E=K)Yq2S�qp� ; n = 1; 2; ::On the other hand, let h(E=F1) denote that �(HK)-rank ofX(E=F1). We can de-termine h(E=F1) modulo 2 as follows. Let � denote the Zp-corank of X(E=Kcyc).For each prime q 6= p, let sq denote the number of primes of K above q. Since K=Qis a cyclic extension of conductor p, one sees easily that sq is odd if and only if� qp� = �1. We de�ne S1 to be the subset of S consisting of all primes q dividing



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 41m such that E has split multiplicative reduction at all primes of K above q. LetU denote the set of all primes q 6= p satisfying (i) q divides m, (ii) E has goodreduction at q, and (iii) p divides the order of ~Eq(kv) for each prime v of K aboveq, where ~Eq denotes the reduction of E modulo q, and kv denotes the residue �eldat v. Then a standard argument applying the formula (A.29) for HK and the factthat H1(HK ; X(E=F1)) = 0 shows that(A.34) h(E=F1) = � + Xq2S1 sq + 2Xq2U sq(see [26], Theorem 3.1 for an alternative proof when p � 5). De�ne S2 to be the setof all primes q of multiplicative reduction such that � qp� = �1. Clearly S2 � S1since a q in S2 is inert in the quadratic sub�eld of K, and so has split multiplicativereduction at all primes of K above q. Hence we have(A.35) Xq2S1 sq � Xq2S2 1 mod 2 :To determine the parity of �, we use Greenberg's theorem [23] which asserts thatthe characteristic ideal of X(E=Kcyc) is invariant under the involution of �(�K)which sends each 
 in �K to 
�1. Hence, if f(T ) denotes the monic distinguishedpolynomial which generates the characteristic ideal of X(E=Kcyc), and if � is anynon-zero root of f(T ) lying in the algebraic closure of Qp, then 11+� � 1 must alsobe a root distinct from �. Hence the degree � of f(T ) must satisfy(A.36) � � tE=K mod 2 :Combining (A.33),(A.34),(A.35) and (A.36), and recalling the hypothesis that tE=K �rE=K mod 2, we conclude that (A.30) holds if and only if h(E=F1) is odd. Thiscompletes the proof of Theorem A.32. �Proposition A.37. Assume that X(E=Kcyc) is a �nitely generated Zp-module,and take m = q, where q is a prime of multiplicative reduction for E. ThenX(E=F1) has �(HK)-rank 1 if and only if either (i) q is inert in K, and X(E=Kcyc) =0, or (ii) E has non-split multiplicative reduction at the primes of K above q, andX(E=Kcyc) =Zp, with trivial action of �K .Proof. The su�ciency follows from (A.34) above. Conversely, assume thatX(E=F1)has �(HK)-rank 1. Since X(E=Kcyc) is assumed to be a �nitely generated Zp-module, Matsuno's theorem [33] shows that X(E=Kcyc) has no non-zero �nite�K-submodule. Hence (A.34) implies that either (i) there is a single prime of Kabove q and X(E=Kcyc) = 0, or (ii) E has non-split multiplicative reduction at theprimes of K above q, and X(E=Kcyc) is a free Zp-module of rank 1. In the secondcase, the same argument with Greenberg's theorem as in the proof of Theorem A.32shows that �K must act trivially on X(E=Kcyc). �We now deal with the two di�erent cases occuring in Proposition A.37 separately.Recall that Fn = Q(�pn; pnpq).Theorem A.38. Assume that X(E=Kcyc) = 0 and rE=K = 0. Take m = q, whereq is a prime of multiplicative reduction for E, which is inert in Kcyc. Then wehave(A.39) gE=Fn � pn � 1 � rE=Fn ; 8n � 1 :



42 T. DOKCHITSER, V. DOKCHITSERMoreover, if we assume that gE=Fn = rE=Fn for a given integer n � 1, then(i) gE=Fn = gE=F cycn = pn � 1,(ii) X(E=Fn)[p1] is �nite,(iii) X(E=F cycn )[p1] = 0,(iv) L(E; �k; s) has a simple zero at s = 1 for 1 � k � n, and(v) rE=Q( pnpq) = n.In particular, under the hypotheses of Theorem A.38, we see that if we as-sume the Birch{Swinnerton-Dyer conjecture gE=Fn = rE=Fn for all n � 1, thenX(E=F1)[p1] = 0, and X(E=F1) is dual to E(F1) 
 Qp=Zp. Remarkably, ifone assumes the hypothesis of Theorem A.38 and, in addition, that E has primeconductor, H. Darmon and Y. Tian have informed us that they can prove thatgE=Fn = rE=Fn for all n � 1. We also mention that the calculations carried out inthis paper give numerical examples of Theorem A.38, for exampleE = 11A3; p = 3; q = 11,E = 38B1; p = 3; q = 2,E = 21A4; p = 5; q = 3 or q = 7,E = 24A4; p = 5; q = 3,E = 26A1; p = 5; q = 7,E = 84B1; p = 5; q = 3 or q = 7,E = 17A1; p = 7; q = 17.The hypothesis that X(E=Kcyc) = 0 in each of these cases can be veri�ed by notingfrom the tables that LE(�) is a p-adic unit for some choice of m (cf. the proof ofCorollary A.11).We now prove Theorem A.38. By Theorem A.32 and Proposition A.37, we havew(E; �n) = �1 for all n � 1. Hence, by (A.31) and the fact that rE=K = 0, wehave rE=Fn � pn � 1 for all n � 1; and if there is equality for a given n, L(E; �k; s)must have a simple zero at s = 1 for 1 � k � n. Also we have(A.40) L(E=Q( pnpq); s) = L(E=Q; s) nYk=1L(E; �k; s) ;whence assertion (v) is then clear.To establish the upper bound for gE=Fn in (A.39), we apply the theorem ofHachimori-Matsuno [25] to the Galois extension F cycn =Kcyc of degree pn. In thisextension, E has split multiplicative reduction at the unique prime of Kcyc above q,which is totally rami�ed, and no other prime of Kcyc not dividing p rami�es. HenceX(E=F cycn ) is a �nitely generated Zp-module of rank pn � 1, and, by Matsuno'stheorem [33], it is a free Zp-module. All the remaining assertions of Theorem A.38are now clear if we note that the restriction map from the p1-Selmer group of Eover Fn to the p1-Selmer group of E over F cycn has �nite kernel. This completesthe proof.Theorem A.41. Assume that rE=K = 1, and that X(E=Kcyc) =Zp, with trivialaction of �K . Take m = q, where q is a prime number such that E has non-splitmultiplicative reduction at the primes of K above q. Then we have(A.42) gE=Fn � pn � rE=Fn 8n � 1 :Moreover, if we assume that gE=Fn = rE=Fn for a given integer n � 1, then



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 43(i) gE=Fn = gE=F cycn = pn,(ii) X(E=Fn)[p1] is �nite,(iii) X(E=F cycn )[p1] = 0,(iv) L(E; �k; s) has a simple zero at s = 1 for 1 � k � n, and(v) rE=Q( pnpq) = n+ rE=Q.Again, under the hypotheses of Theorem A.41, we see that if we assume thatgE=Fn = rE=Fn for all n � 1, then X(E=F1)[p1] = 0, and X(E=F1) is dualto E(F1) 
 Qp=Zp. We believe that there must be many numerical examples ofcurves E satisfying the hypotheses of Theorem A.41. However, the condition thatX(E=Kcyc) is a free Zp-module of rank 1 is more delicate to verify. We are verygrateful to C.Wuthrich for providing us with the following example. Let E be theelliptic curve 79A1 of Cremona's tables given by(A.43) y2 + xy + y = x3 + x2 � 2x ;which has non-split multiplicative reduction at q = 79. Moreover, E has goodordinary reduction at p = 3, rE=K = 1, and Wuthrich has shown that E(Kcyc) is afree Zp-module generated by P = (0; 0), and that X(E=Kcyc) is a free Z3-moduleof rank 1 (we omit his proof). Finally, 79 splits in K, so that E has non-splitmultiplicative reduction at both primes of K above 79. Thus all the hypotheses ofTheorem A.38 are valid in this case with p = 3 and q = 79.The proof of Theorem A.41 is entirely parallel to that of Theorem A.38. AsrE=K = 1, (A.31) shows that rE=Fn � pn, and that if there is equality the L(E; �k; s)must have a simple zero at s = 1 for 1 � k � n. On the other hand, as X(E=Kcyc)is a free Zp-module of rank 1 and E has non-split multiplicative reduction at theprimes of K above q, the theorems of Hachimori-Matsuno and Matsuno applied tothe extension F cycn =Kcycn of degree pn show that X(E=F cycn ) is a free Zp-module ofrank pn. The assertions of Theorem A.41 now follow as in the proof of TheoremA.38.We remark that variants of Theorems A.38 and A.41 hold for certain otherchoices of the integer m de�ning the false Tate curve extension. For example, withthe same hypotheses and the same choice of a prime q of multiplicative reductionof E as before, the conclusions of Theorems A.38 and A.41 remain valid if we takem = m0q, where m0 is a p-power free integer all of whose prime factors are eitherp or primes l such that E has good ordinary reduction modulo l, and the orderof ~El(kv) is prime to p; where ~El denotes the reduction of E modulo l, v denotesany prime of K above l, and kv is the residue �eld of v. Similarly, if we assumethat rE=K = 1 and that X(E=Kcyc) =Zp with trivial action of �K, and now takem = m0 as just de�ned, the conclusions of Theorem A.41 again hold. The proofsare entirely analogous to those given before.We end this appendix by establishing an analogue of the Artin formalism forAkashi series for an arbitrary compact p-adic Lie group G with a closed normalsubgroup H such that � = G=H is isomorphic to Zp. Let G0 be an open normalsubgroup of G, and put H0 = H \G0; �0 = G0=H 0;so that there is a natural inclusion of �0 as an open subgroup in �. Let � =G=G0, and write L for some �xed �nite extension of Qp such that all absolutely



44 T. DOKCHITSER, V. DOKCHITSERirreducible representations of � can be realized over L. Let O denote the ringof integers of L, and write �O(�) for the Iwasawa algebra of � with coe�cientsin O. If M is a compact �(G)-module, we de�ne MO = M 
Zp O Assume nowthat G has no element of order p. For M 2 MH(G), we recall (see x3 of [9])that AkH(MO) (resp. AkH0(MO)) is de�ned to be the image in QO(�)�=�O(�)�(resp. QO(�0)�=�O(�0)�) of the alternating product of the characteristic elementsin �O(�) (resp. in �O(�0)) of the Hi(H;MO) (resp. Hi(H 0;MO)) for all i � 0.Again, �̂ will denote the set of all irreducible representations of �, and we writen� for the dimension of � in �̂.Theorem A.44. For each M in MH(G), we have(A.45) AkH0 (MO)[�:�0] = Y�2�̂AkH(tw�(MO))n� :Before proving Theorem A.44, we note that Lemma A.18 follows on applying itto the two Galois extensions Fn=Q and F 0n=Q. Since the set of all irreducible repre-sentations of Gal(Fn=Q) consists of �n together with all irreducible representationsof Gal(F 0n=Q), we conclude that, for a suitable choice of L, we haveAkHn(MO)pn�1 = AkH0n(MO)pn�1 AkH (tw�n (MO))pn�1(p�1):We then obtain Lemma A.18 on extracting pn�1-th roots of both sides, taking thenormmap fromQO(�)� to Q(�)�, and recalling that �(�) is a unique factorizationdomain.We end this Appendix by proving Theorem A.44. Let K0(MH(G)) be theGrothendieck group of the categoryMH(G), and write [M ] for the class of a modulein this group. As usual, we de�neIndGG0(MO) = �(G)
�(G0)MO = R
O MO;where R = O[�] is the O-group ring of �. Let CR be the category of all �nitelygenerated R-modules, and let K0(CR) be the Grothendieck group in this category.For each irreducible representation � of �, let L� be a free O-module of rank n�realizing �, and put W =M�2�̂L�n� :Since W 
O L is isomorphic to R
O L as L[�]-modules, a theorem of Swan ([46],Theorem 3) implies that(A.46) [W ] = [R] in K0(CR):But Swan ([46], Theorem 1.2) has shown that the natural inclusion of the categoryDR of all �nitely generated R-modules which are O-free in CR induces an isomor-phism from K0(DR) to K0(CR). As W and R are O-free, it follows from (A.46)that there exist a �nite number of exact sequences(A.47) 0 �! Ai �! Bi �! Ci �! 0 (i = 1; : : : ; n)in DR such that R�W = nXi=1(Bi � Ai � Ci)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 45in the free abelian group on the isomorphism classes of DR. Since the modules inthe exact sequence (A.47) are O-free, it remains exact when we tensor it over Owith any O-module. It follows that, for each M inMH(G), we must have(A.48) [R
O MO] = [W 
O MO]in K0(MH(G)). Now AkH(�) is well de�ned on K0(MH(G)). By Shapiro's lemmaHi(H;R
MO) = Tor�(G)(�(G=H); IndGG0(MO)) = Hi(H 0;MO)[�:�0 ];and so AkH (R
OMO) is the left hand side of (A.45). But AkH(W 
OMO) is, byde�nition, the right hand side of (A.48). Hence Theorem A.44 follows from (A.48).Finally, we remark without proof (see Theorem 6.8 of [1] for the case of p-primarymodules in MH(G)) that (A.48) can also be used to establish the Artin formalismfor the characteristic elements of any module inMH(G).Appendix B. TablesTake an odd prime p and an elliptic curve E=Qwith good ordinary reduction atp. De�ne K = Q(�p) and let � be the regular representation of Gal(K=Q). Assumethat E=K has Mordell-Weil rank 0.In each table we list the prime p, the name (as in Cremona's tables [14]) and theequation of E, the local polynomial Pp(E=Q; T ) of E at p (see 2.7), the conductorsN (E) and N (E; �) (see 2.4) and the orders of the torsion groups E(Q) and E(K).Next, we compute numerically the Birch{Swinnerton-Dyer quotientsL�(E=Q) = L(E; 1)
+(E) ; L�(E=K) = ���� L(E; �; 1)p�K(2
+(E)
�(E))(p�1)=2 ����and the analytic orders of the Tate-Shafarevich groupsX(E=Q) andX(E=K). Wealso list the reduction types of E=Ql and E=Kv at bad primes l 2 Q and primesvjl of K.



46 T. DOKCHITSER, V. DOKCHITSERFinally, for varying m that de�nes the extension F1 = Q(�p1; p1pm)=Q, wetabulate the following data:Table columns:m p-th power free integer, m > 1. It speci�es the false Tate curveextension F1 = Q(�p1; p1pm)=Q. (When m and m0 de�ne thesame �eld, e.g. 20 and 50 for p = 3, we take the smaller one.)N (�) conductor of � (the representation of Gal(Q(�p; ppm)=Q) in x1).N (E; �) conductor of the twist of E by �.L� L�(E=Q( ppm))L�(E=Q) = ����� L(E; �; 1)p�Q( ppm)(2
+(E)
�(E))(p�1)=2 ����� :X Analytic order ofX(E=Q( ppm)). We write \{" if the analyticrank of E=Q( ppm) is non-zero.LE(�) The quantity in (1.3). Conjecturally, this is the value of thenon-abelian p-adic L-function for F1=Q at �.LE(�) The quantity in (1.3). Conjecturally, this is the value of thenon-abelian p-adic L-function for F1=Q at �.We do not include m for which L(E; �; s) has sign -1 in the functional equation.In the table below we give a list of our tables specifying whether the curve hasone of the contributions in (1), (2) and (3) of x6.13, and whether the curve issemistable. We also list what we can say concerning the �-invariant �E=K . Wewrite \0" if we can prove that Selp1 (E=K) is �nite and �E=K = 0. We write \0?"if we can deduce this from the Birch{Swinnerton-Dyer conjecture, and write \?"otherwise.Table E(K)[p] E(Fp)[p] pjQv cv semistable �E=K pagep=3 3-11A3 � � � � 0 473-20A3 � � � � ? 483-26A1 � � � � ? 493-35A1 � � � � ? 503-38B1 � � � � 0 503-50B1 � � � � 0? 493-56B1 � � � � 0 513-77C1 � � � � 0 523-80B2 � � � � 0? 523-92A1 � � � � 0? 543-116C2 � � � � 0? 543-128B2 � � � � ? 513-152B1 � � � � ? 553-176B1 � � � � ? 553-224B1 � � � � 0 483-260A1 � � � � ? 533-272C1 � � � � 0 543-275B1 � � � � ? 533-395B1 � � � � ? 553-800E1 � � � � ? 56p=5 5-11A3 � � � � 0 565-19A3 � � � � 0? 565-21A4 � � � � 0? 575-24A4 � � � � 0? 575-44A1 � � � � 0? 585-56A1 � � � � 0? 575-56B1 � � � � ? 575-84B1 � � � � 0? 58p=7 7-17A1 � � � � 0? 587-19A3 � � � � 0? 58



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 47E = 11A3 y2 + y = x3 � x2 Table 3-11A3p = 3 P3(E=Q;T ) = 1 + T + 3T 2=Q N(E) = 11 L�(E=Q)= 5�2 jE(Q)j= 5 jX(E=Q)j= 12=K N(E;�) = 32 �112 L�(E=K) = 5�2 jE(K)j = 5 jX(E=K)j = 12=Q11 I1 split; c11 = 1 =Kv (vj11) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 2436112 1 12 1�30 +2�32+O(33) 1�30 +1�32+O(33)3 35 310112 1 12 2�30+2�31+2�32+O(36) 2�30+1�31+1�32+O(33)5 3352 3654112 22 22 1�30+1�31 +O(34) 1�30+2�31+1�32+O(33)6 2235 24310112 1 12 1�30 +2�32+O(33) 1�30+2�31 +O(33)7 3372 3674112 1 12 2�30 +2�32+O(34) 2�30+2�31+2�32+O(33)10 223�52 243254112 1 12 2�30+1�31 +O(34) 2�30 +1�32+O(33)12 2235 24310112 22 22 1�30 +2�32+O(33) 1�30 +O(33)13 33132 36112134 1 12 2�30+1�31 +O(33) 2�30+1�31+1�32+O(33)14 223372 243674112 1 12 1�30+2�31+2�32+O(34) 1�30+1�31+1�32+O(33)15 3552 31054112 1 12 1�30+1�31 +O(34) 1�30 +2�32+O(33)17 3�172 32112174 1 12 1�30+1�31+1�32+O(33) 1�30+2�31+1�32+O(33)19 3�192 32112194 1 12 2�30+1�31+1�32+O(35) 2�30 +2�32+O(33)20 223352 243654112 1 12 2�30+1�31 +O(34) 2�30 +O(33)21 3572 31074112 22 22 2�30 +2�32+O(34) 2�30+2�31 +O(33)23 33232 36112234 24 42 1�30+1�31+1�32+O(33) 1�30 +O(33)26 223�132 2432112134 22 22 1�30+1�31+1�32+O(34) 1�30 +2�32+O(34)28 223�72 243274112 1 12 1�30+2�31+2�32+O(34) 1�30+1�31 +O(33)29 33292 36112294 32 32 2�32 +O(35) 1�32 +1�34+O(35)30 223552 2431054112 1 12 2�30+1�31 +O(34) 2�30+1�31+2�32+O(34)31 33312 36112314 1 12 2�30 +2�32+O(33) 2�30+1�31 +O(34)34 2233172 2436112174 52 52 2�30+1�31+2�32+O(33) 2�30 +O(36)35 3�5272 325474112 1 12 1�30 +O(33) 1�30+2�31 +O(34)37 3�372 32112374 22 22 2�30+2�31 +O(35) 2�30+2�31+1�32+O(33)45 3552 31054112 1 12 1�30+1�31 +O(34) 1�30 +2�32+O(33)46 223�232 2432112234 22 22 2�30+1�31+2�32+O(34) 2�30+2�31+2�32+O(33)52 2233132 2436112134 24 42 1�30+1�31+1�32+O(34) 1�30+1�31 +O(33)53 3�532 32112534 32 32 1�32+1�33 +O(39) 1�32+2�33+2�34+O(35)60 223552 2431054112 112 112 2�30+1�31 +O(34) 2�30 +O(33)62 223�312 2432112314 1 12 1�30+2�31+2�32+O(33) 1�30+2�31 +O(33)63 3572 31074112 24 42 2�30 +2�32+O(34) 2�30+1�31 +O(34)68 2233172 2436112174 24 42 2�30+1�31+2�32+O(33) 2�30 +1�32+O(35)71 3�712 32112714 0 � 1�32 +O(35) 073 3�732 32112734 22 22 2�30+1�31+2�32+O(33) 2�30+2�31+2�32+O(33)82 223�412 2432112414 1 12 2�30+1�31 +O(33) 2�30 +O(35)89 3�892 32112894 32 32 1�32+2�33 +O(35) 1�32+2�33 +O(35)90 223552 2431054112 22 22 2�30+1�31 +O(34) 2�30 +1�32+O(39)91 3�72132 3274112134 1 12 2�30+2�31 +O(34) 2�30 +1�32+O(33)116 223�292 2432112294 32 32 1�32+2�33+1�34+O(38) 2�32+1�33+1�34+O(36)150 223552 2431054112 1 12 2�30+1�31 +O(34) 2�30+1�31+2�32+O(34)172 223�432 2432112434 1 12 1�30+1�31+1�32+O(33) 1�30+1�31+2�32+O(33)188 223�472 2432112474 1 12 2�30 +2�32+O(33) 2�30+1�31+2�32+O(33)325 3�52132 3254112134 52 52 1�30+2�31 +O(33) 1�30+2�31 +O(35)350 223�5272 24325474112 1 12 2�30+2�31 +O(33) 2�30+2�31+1�32+O(33)



48 T. DOKCHITSER, V. DOKCHITSERE = 20A3 y2 = x3 + x2 � 36x� 140 Table 3-20A3p = 3 P3(E=Q;T ) = 1 + 2T + 3T 2=Q N(E) = 22 �5 L�(E=Q)= 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 24 �32 �52 L�(E=K) = 2�1 jE(K)j = 6 jX(E=K)j = 12=Q2 IV�; c2 = 1 =Kv (vj2) IV�; cv = 3=Q5 I6 non-split; c5 = 2 =Kv (vj5) I6 split; cv = 6m N(�) N(E; �) L� X LE (�) LE (�)3 35 2431052 2�32 12 2�32+2�33+2�34+O(35) 2�32 +O(37)7 3372 24365274 0 � 2�34+2�35+1�36+O(37) 010 223�52 223254 22 12 1�33+1�34 +O(36) 2�33+1�34 +O(36)11 33112 243652114 0 � 2�34+1�35 +O(37) 013 33132 243652134 2�34 32 2�34+2�35+1�36+O(37) 2�34+2�35+1�36+O(37)17 3�172 243252174 2�32 12 1�34+1�35 +O(37) 1�34+1�35+2�36+O(37)19 3�192 243252194 2�32 12 2�34+2�35+2�36+O(37) 2�34+1�35+1�36+O(37)21 3572 243105274 2�34 32 2�34+2�35+1�36+O(37) 2�34+2�35 +O(37)23 33232 243652234 0 � 1�35 +2�37+O(38) 030 223552 2231054 2232 32 1�33+1�34 +O(36) 2�33 +1�35+O(36)37 3�372 243252374 0 � 2�36 +O(310) 053 3�532 243252534 2�32 12 1�34+1�35 +O(37) 1�34+1�35 +O(37)63 3572 243105274 0 � 2�34+2�35+1�36+O(37) 070 22335272 22365474 0 � 1�35+1�36+1�37+O(39) 071 3�712 243252714 2332 22 1�34+2�35+1�36+O(37) 1�34+2�35 +O(37)73 3�732 243252734 2�34 32 2�36+2�37+2�38+O(39) 2�36+1�37+1�38+O(39)90 223552 2231054 2432 62 1�33+1�34 +O(36) 2�33+2�34+1�35+O(37)110 223352112 223654114 2234 92 1�35+2�36 +O(39) 1�35+2�36+1�37+O(38)130 223352132 223654134 2234 92 1�35+1�36+1�37+O(38) 2�35+2�36+2�37+O(38)150 223552 2231054 2232 32 1�33+1�34 +O(36) 2�33 +1�35+O(36)170 223�52172 223254174 2232 32 2�35 +1�37+O(38) 1�35+1�36+1�37+O(38)190 223�52192 223254194 2232 32 1�35+1�36 +O(39) 2�35+1�36+2�37+O(310)350 223�5272 22325474 2232 32 1�35+1�36+1�37+O(39) 2�35 +2�37+O(38)370 223�52372 223254374 2234 92 1�37 +2�39+O(310) 2�37+1�38+1�39+O(311)490 22335272 22365474 2234 92 1�35+1�36+1�37+O(39) 2�35 +O(38)539 3�72112 24325274114 2�34 32 2�36+1�37+2�38+O(39) 1�36 +O(310)550 223�52112 223254114 2232 32 1�35+2�36 +O(39) 1�35+2�36+2�37+O(39)650 223352132 223654134 2434 182 1�35+1�36+1�37+O(38) 2�35+1�36+2�37+O(38)1450 223�52292 223254294 2432 62 2�36+1�37 +O(310) 1�35 +1�37+O(310)2150 223�52432 223254434 223252 152 1�39+1�310+2�311+O(312) 2�35+1�36+2�37+O(38)2350 223�52472 223254474 2234 92 1�37 +1�39+O(310) 1�37+2�38 +O(310)E = 224B1 y2 = x3 � x2 + 2x Table 3-224B1p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 25 �7 L�(E=Q) = 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 210 �32�72 L�(E=K) = 2�1 jE(K)j= 2 jX(E=K)j= 12=Q2 III; c2 = 2 =Kv (vj2) III; cv = 2=Q7 I1 split; c7 = 1 =Kv (vj7) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 2103672 1 12 1�30+2�31+1�32+O(33) 1�30 +2�32+O(34)6 2235 21031072 22 22 1�30+2�31+1�32+O(33) 1�30+2�31+2�32+O(33)10 223�52 210325472 32 32 1�32+1�33+2�34+O(35) 2�32+1�33+1�34+O(35)12 2235 21031072 1 12 1�30+2�31+1�32+O(33) 1�30+1�31+1�32+O(33)14 223372 2103674 223 22 1�32+2�33+2�34+O(36) 1�31+2�32 +O(34)20 223352 210365472 2232 62 1�32+1�33+2�34+O(35) 2�32+2�33+2�34+O(35)26 223�132 2103272134 32 32 1�34+1�35+1�36+O(38) 1�32+1�33+2�34+O(37)28 223�72 2103274 3 12 1�32+2�33+2�34+O(36) 1�31 +1�33+O(34)44 223�112 2103272114 1 12 2�30+2�31 +O(34) 2�30+2�31+2�32+O(35)46 223�232 2103272234 26 82 2�30+2�31+2�32+O(35) 2�30+1�31+1�32+O(39)350 223�5272 210325474 33 32 1�34+1�35 +O(38) 2�33 +O(36)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 49E = 26A1 y2 + xy + y = x3 � 5x� 8 Table 3-26A1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 2�13 L�(E=Q) = 3�1 jE(Q)j= 3 jX(E=Q)j= 12=K N(E;�) = 22 �32 �132 L�(E=K) = 3�1 jE(K)j= 9 jX(E=K)j= 12=Q2 I3 non-split; c2 = 1 =Kv (vj2) I3 split; cv = 3=Q13 I3 split; c13 = 3 =Kv (vj13) I3 split; cv = 3m N(�) N(E; �) L� X LE (�) LE (�)3 35 22310132 223 22 1�31+1�32+1�33+O(35) 1�31+2�32+2�33+O(34)5 3352 223654132 33 12 1�34+2�35 +O(38) 2�33+1�34+2�35+O(36)7 3372 223674132 33 32 1�35 +2�37+O(38) 1�33 +O(38)11 33112 2236114132 33 32 1�34+1�35 +O(37) 2�33+2�34 +O(37)13 33132 2236134 32 12 1�33+1�34+2�35+O(36) 1�32+1�33+1�34+O(36)15 3552 2231054132 0 � 1�34+2�35 +O(38) 017 3�172 2232132174 223 22 2�33+1�34+1�35+O(36) 2�33 +1�35+O(36)19 3�192 2232132194 33 32 1�35+2�36+1�37+O(38) 1�35+1�36+2�37+O(39)21 3572 2231074132 0 � 1�35 +2�37+O(38) 035 3�5272 22325474132 33 32 1�38+1�39 +O(311) 2�35+1�36 +O(39)37 3�372 2232132374 33 32 1�35 +1�37+O(39) 1�35+1�36 +O(38)39 35132 22310134 34 32 1�33+1�34+2�35+O(36) 1�34 +O(38)45 3552 2231054132 33 32 1�34+2�35 +O(38) 2�33+2�34 +O(36)53 3�532 2232132534 2233 22 1�37+2�38+2�39+O(310) 2�35 +O(38)55 3�52112 223254114132 0 � 1�37+2�38+2�39+O(311) 063 3572 2231074132 33 32 1�35 +2�37+O(38) 1�33+2�34+2�35+O(37)65 3352132 223654134 2234 62 1�36+2�37+1�38+O(311) 2�34+1�35 +O(37)91 3�72132 223274134 34 32 1�37 +O(310) 1�36+1�37 +O(39)117 35132 22310134 32 12 1�33+1�34+2�35+O(36) 1�32 +O(36)143 3�112132 2232114134 2234 62 1�36+1�37+1�38+O(39) 2�36 +2�38+O(39)325 3�52132 223254134 0 � 1�36+2�37+1�38+O(311) 0E = 50B1 y2 + xy + y = x3 + x2 � 3x+ 1 Table 3-50B1p = 3 P3(E=Q;T ) = 1 + T + 3T 2=Q N(E) = 2�52 L�(E=Q) = 5�1 jE(Q)j= 5 jX(E=Q)j= 12=K N(E;�) = 22 �32�54 L�(E=K) = 5�1 jE(K)j = 5 jX(E=K)j= 12=Q2 I5 split; c2 = 5 =Kv (vj2) I5 split; cv = 5=Q5 II; c5 = 1 =Kv (vj5) II; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)3 35 2231054 5 12 1�30+1�31+2�32+O(33) 1�30+2�31+1�32+O(35)5 3352 223654 2�5 12 1�30+1�31+2�32+O(33) 1�30+1�31+1�32+O(33)7 3372 22365474 5 12 1�30 +2�32+O(34) 1�30+1�31+2�32+O(33)11 33112 223654114 325 32 2�33+1�34+2�35+O(36) 2�32+1�33+1�34+O(35)13 33132 223654134 5 12 1�30+2�31+2�32+O(33) 1�30+2�31+1�32+O(35)15 3552 2231054 2�5 12 1�30+1�31+2�32+O(33) 1�30 +O(33)17 3�172 223254174 0 � 2�32+1�33 +O(35) 019 3�192 223254194 0 � 1�32 +O(35) 035 3�5272 22325474 2�5 12 1�30 +2�32+O(34) 1�30+2�31+1�32+O(33)37 3�372 223254374 5 12 1�30 +O(34) 1�30 +O(33)45 3552 2231054 235 22 1�30+1�31+2�32+O(33) 1�30+1�31 +O(33)55 3�52112 223254114 0 � 2�33+1�34+2�35+O(36) 065 3352132 223654134 235 22 1�30+2�31+2�32+O(33) 1�30+1�31 +O(33)145 3�52292 223254294 2�325 32 1�32 +1�34+O(35) 2�32 +O(35)175 335272 22365474 2�5 12 1�30 +2�32+O(34) 1�30+2�31+2�32+O(33)215 3�52432 223254434 2�5 12 1�30+2�31+1�32+O(33) 1�30+2�31 +O(33)235 3�52472 223254474 23325 62 2�33+2�34+2�35+O(36) 2�32+2�33+1�34+O(35)275 3352112 223654114 2�325 32 2�33+1�34+2�35+O(36) 2�32 +1�34+O(35)325 3�52132 223254134 2�5 12 1�30+2�31+2�32+O(33) 1�30 +2�32+O(34)575 3�52232 223254234 0 � 2�33+1�34+1�35+O(36) 0775 3�52312 223254314 2�325 32 1�32+2�33+1�34+O(35) 1�32 +O(35)1025 3�52412 223254414 2�325 32 2�33+1�34+2�35+O(37) 2�32+2�33 +O(37)



50 T. DOKCHITSER, V. DOKCHITSERE = 35A1 y2 + y = x3 + x2 + 9x+ 1 Table 3-35A1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 5�7 L�(E=Q)= 3�1 jE(Q)j= 3 jX(E=Q)j= 12=K N(E;�) = 32 �52 �72 L�(E=K) = 3�1 jE(K)j = 9 jX(E=K)j = 12=Q5 I3 non-split; c5 = 1 =Kv (vj5) I3 split; cv = 3=Q7 I3 split; c7 = 3 =Kv (vj7) I3 split; cv = 3m N(�) N(E; �) L� X LE (�) LE (�)2 2233 24365272 0 � 1�33 +1�35+O(36) 03 35 3105272 3 12 1�31+1�32+1�33+O(35) 1�31+1�32+1�33+O(35)6 2235 243105272 33 12 1�33 +1�35+O(36) 2�33 +2�35+O(36)7 3372 365274 32 12 1�33+1�34+2�35+O(36) 1�32 +O(37)11 33112 365272114 0 � 2�34+1�35 +O(37) 012 2235 243105272 33 32 1�33 +1�35+O(36) 2�33 +2�35+O(36)13 33132 365272134 0 � 1�35+2�36+2�37+O(310) 014 223372 24365274 34 32 1�35 +2�37+O(38) 2�34+1�35+1�36+O(37)17 3�172 325272174 3 12 2�33+1�34+1�35+O(36) 2�33+1�34+2�35+O(36)19 3�192 325272194 0 � 1�35+2�36+1�37+O(38) 021 3572 3105274 2232 22 1�33+1�34+2�35+O(36) 1�32 +2�34+O(37)26 223�132 24325272134 33 32 1�37+1�38+1�39+O(310) 2�35+1�36+1�37+O(38)28 223�72 24325274 32 12 1�35 +2�37+O(38) 2�34+2�35+2�36+O(37)37 3�372 325272374 33 32 1�35 +O(38) 1�35+1�36 +O(38)42 223572 243105274 0 � 1�35 +2�37+O(38) 044 223�112 24325272114 33 32 2�36+2�37 +O(312) 1�35 +2�37+O(39)46 223�232 24325272234 33 32 2�36+2�37+2�38+O(310) 1�35+1�36+2�37+O(38)53 3�532 325272534 223 22 2�33+2�34 +O(37) 2�33 +O(36)63 3572 3105274 0 � 1�33+1�34+2�35+O(36) 084 223572 243105274 34 32 1�35 +2�37+O(38) 2�34+2�35+2�36+O(37)91 3�72132 325274134 0 � 1�37+2�38 +O(312) 0116 223�292 24325272294 33 32 2�37+1�38+1�39+O(310) 1�35 +1�37+O(310)126 223572 243105274 0 � 1�35 +2�37+O(38) 0154 223�72112 24325274114 34 32 2�38+2�39+2�310+O(311) 1�36+1�37+2�38+O(39)252 223572 243105274 34 32 1�35 +2�37+O(38) 2�34+2�35+2�36+O(37)539 3�72112 325274114 0 � 2�36+1�37+2�38+O(39) 0E = 38B1 y2 + xy + y = x3 + x2 + 1 Table 3-38B1p = 3 P3(E=Q;T ) = 1 + T + 3T 2=Q N(E) = 2�19 L�(E=Q) = 5�1 jE(Q)j= 5 jX(E=Q)j= 12=K N(E;�) = 22 �32�192 L�(E=K) = 5�1 jE(K)j= 5 jX(E=K)j = 12=Q2 I5 split; c2 = 5 =Kv (vj2) I5 split; cv = 5=Q19 I1 non-split; c19 = 1 =Kv (vj19) I1 non-split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)3 35 22310192 5 12 1�30+1�31+2�32+O(33) 1�30+2�31+1�32+O(35)5 3352 223654192 5 12 2�30+1�31+2�32+O(34) 2�30 +2�32+O(33)7 3372 223674192 225 22 1�30+2�31+2�32+O(34) 1�30+2�31 +O(33)11 33112 2236114192 5 12 2�30+1�31+2�32+O(33) 2�30+1�31+1�32+O(33)13 33132 2236134192 325 32 1�32+1�33+1�34+O(36) 1�32+2�33+1�34+O(37)15 3552 2231054192 225 22 2�30+1�31+2�32+O(34) 2�30 +O(33)17 3�172 2232174192 0 � 2�32+1�33 +O(35) 019 3�192 2232194 5 12 1�30+2�31+1�32+O(33) 1�30 +2�32+O(33)35 3�5272 22325474192 5 12 2�30 +2�32+O(34) 2�30+2�31 +O(33)37 3�372 2232192374 5 12 1�30 +O(34) 1�30 +O(33)45 3552 2231054192 5 12 2�30+1�31+2�32+O(34) 2�30+1�31+1�32+O(33)53 3�532 2232192534 225 22 2�30+1�31 +O(34) 2�30+1�31+1�32+O(33)55 3�52112 223254114192 5 12 1�30+1�31+1�32+O(33) 1�30 +1�32+O(33)57 35192 22310194 225 22 1�30+2�31+1�32+O(33) 1�30 +2�32+O(33)171 35192 22310194 225 22 1�30+2�31+1�32+O(33) 1�30 +2�32+O(33)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 51E = 56B1 y2 = x3 � x2 � 4 Table 3-56B1p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 23 �7 L�(E=Q) = 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 26 �32�72 L�(E=K) = 2�1 jE(K)j = 2 jX(E=K)j= 12=Q2 III�; c2 = 2 =Kv (vj2) III�; cv = 2=Q7 I1 split; c7 = 1 =Kv (vj7) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 263672 22 12 1�30+2�31+1�32+O(33) 1�30+1�31+2�32+O(33)6 2235 2631072 24 22 1�30+2�31+1�32+O(33) 1�30 +2�32+O(33)10 223�52 26325472 22 12 2�30 +O(34) 2�30 +O(34)12 2235 2631072 22 12 1�30+2�31+1�32+O(33) 1�30+2�31+2�32+O(33)14 223372 263674 0 � 1�32+2�33+2�34+O(36) 020 223352 26365472 24 22 2�30 +O(34) 2�30+1�31+2�32+O(33)22 2233112 263672114 0 � 1�32 +O(36) 026 223�132 263272134 22 12 1�30+2�31+1�32+O(33) 1�30+2�31 +O(34)28 223�72 263274 223 12 1�32+2�33+2�34+O(36) 1�31+1�32+1�33+O(35)30 223552 263105472 22 12 2�30 +O(34) 2�30+1�31 +O(33)42 223572 2631074 243 22 1�32+2�33+2�34+O(36) 1�31+1�32+2�33+O(35)44 223�112 263272114 2232 32 1�32 +O(36) 2�32+1�33+2�34+O(36)46 223�232 263272234 24 22 2�30+2�31+2�32+O(35) 2�30+2�31+1�32+O(33)52 2233132 263672134 24 22 1�30+2�31+1�32+O(33) 1�30+1�31+1�32+O(33)60 223552 263105472 24 22 2�30 +O(34) 2�30 +2�32+O(33)62 223�312 263272314 26 42 1�30 +O(33) 1�30+1�31+1�32+O(34)70 22335272 26365474 243 22 2�32 +2�34+O(36) 2�31 +1�33+O(36)82 223�412 263272414 2252 52 2�30+1�31+2�32+O(34) 2�30+1�31+1�32+O(34)84 223572 2631074 2233 32 1�32+2�33+2�34+O(36) 1�33 +2�35+O(36)90 223552 263105472 26 42 2�30 +O(34) 2�30+2�31+2�32+O(34)116 223�292 263272294 22 12 2�30 +2�32+O(34) 2�30+1�31 +O(33)126 223572 2631074 223 12 1�32+2�33+2�34+O(36) 1�31 +2�33+O(34)140 22335272 26365474 243 22 2�32 +2�34+O(36) 2�31 +1�33+O(36)150 223552 263105472 2252 52 2�30 +O(34) 2�30+2�31+1�32+O(33)154 223�72112 263274114 2233 32 1�34 +1�36+O(38) 2�33 +1�35+O(36)172 223�432 263272434 2232 32 1�34 +O(37) 1�32+1�33 +O(37)252 223572 2631074 263 42 1�32+2�33+2�34+O(36) 1�31+2�32 +O(35)350 223�5272 26325474 223 12 2�32 +2�34+O(36) 2�31+2�32 +O(34)476 223�72172 263274174 2233 32 2�32+2�33+2�34+O(36) 2�33+1�34+2�35+O(36)490 22335272 26365474 2233 32 2�32 +2�34+O(36) 2�33+1�34+2�35+O(37)1666 223�72172 263274174 223 12 2�32+2�33+2�34+O(36) 2�31+1�32+2�33+O(34)2366 223�72132 263274134 2233 32 1�32+2�33+2�34+O(35) 1�33 +O(37)E = 128B2 y2 = x3 + x2 � 2x� 2 Table 3-128B2p = 3 P3(E=Q;T ) = 1 + 2T + 3T 2=Q N(E) = 27 L�(E=Q)= 2�2 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 214 �32 L�(E=K) = 2�2 jE(K)j = 2 jX(E=K)j= 12=Q2 II; c2 = 1 =Kv (vj2) II; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 21436 0 � 1�32+1�33+1�34+O(35) 06 2235 214310 2�32 32 1�32+1�33+1�34+O(35) 1�32 +O(37)10 223�52 2143254 2 12 2�32+2�33 +O(35) 2�32+1�33 +O(35)12 2235 214310 0 � 1�32+1�33+1�34+O(35) 014 223372 2143674 2�32 32 1�32+2�33 +O(35) 1�32 +1�34+O(35)20 223352 2143654 0 � 2�32+2�33 +O(35) 026 223�132 21432134 0 � 1�34+1�35+2�36+O(38) 028 223�72 2143274 2 12 1�32+2�33 +O(35) 1�32 +2�34+O(35)44 223�112 21432114 2 12 2�32+1�33 +O(35) 2�32+2�33+1�34+O(35)46 223�232 21432234 2 12 2�32+1�33+2�34+O(35) 2�32+1�33+1�34+O(36)116 223�292 21432294 0 � 2�35+1�36+2�37+O(39) 0



52 T. DOKCHITSER, V. DOKCHITSERE = 77C1 y2 + xy = x3 + x2 + 4x+ 11 Table 3-77C1p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 7�11 L�(E=Q) = 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 32 �72 �112 L�(E=K) = 2�1 jE(K)j = 2 jX(E=K)j = 12=Q7 I3 non-split; c7 = 1 =Kv (vj7) I3 non-split; cv = 1=Q11 I2 split; c11 = 2 =Kv (vj11) I2 split; cv = 2m N(�) N(E; �) L� X LE (�) LE (�)2 2233 243672112 23 22 2�30+1�31 +O(34) 2�30+2�31+1�32+O(33)3 35 31072112 2 12 1�30+2�31+1�32+O(33) 1�30+2�31+2�32+O(33)5 3352 365472112 23 22 2�30+1�31+1�32+O(33) 2�30+1�31+2�32+O(33)6 2235 2431072112 2 12 2�30+1�31 +O(34) 2�30+2�31+2�32+O(33)7 3372 3674112 2 12 1�30+1�31+2�32+O(33) 1�30+2�31 +O(33)10 223�52 24325472112 2 12 1�30 +O(33) 1�30 +O(34)12 2235 2431072112 2 12 2�30+1�31 +O(34) 2�30+2�31+2�32+O(33)13 33132 3672112134 2 12 1�30 +O(35) 1�30 +1�32+O(33)14 223372 243674112 2�52 52 2�30+2�31+1�32+O(33) 2�30 +2�32+O(35)17 3�172 3272112174 23 22 2�30+1�31 +O(33) 2�30+1�31+2�32+O(33)19 3�192 3272112194 2 12 1�30 +2�32+O(33) 1�30 +2�32+O(33)20 223352 24365472112 2 12 1�30 +O(33) 1�30+1�31+1�32+O(33)21 3572 31074112 2�52 52 1�30+1�31+2�32+O(33) 1�30+2�31+1�32+O(34)26 223�132 243272112134 2 12 2�30 +O(35) 2�30+2�31+1�32+O(33)28 223�72 243274112 2 12 2�30+2�31+1�32+O(33) 2�30 +2�32+O(33)35 3�5272 325474112 2�52 52 2�30+2�31+2�32+O(34) 2�30 +1�32+O(33)37 3�372 3272112374 23 22 1�30+2�31+1�32+O(33) 1�30+1�31 +O(33)63 3572 31074112 2 12 1�30+1�31+2�32+O(33) 1�30 +2�32+O(33)91 3�72132 3274112134 2�72 72 1�30+2�31+2�32+O(33) 1�30+1�31+2�32+O(33)350 223�5272 24325474112 2�72 72 1�30+2�31+2�32+O(33) 1�30+2�31 +O(34)E = 80B2 y2 = x3 � x2 � x Table 3-80B2p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 24 �5 L�(E=Q) = 2�2 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 28 �32�52 L�(E=K) = 2�2 jE(K)j = 2 jX(E=K)j= 12=Q2 II; c2 = 1 =Kv (vj2) II; cv = 1=Q5 I1 non-split; c5 = 1 =Kv (vj5) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 283652 2 12 2�30+2�31 +O(33) 2�30 +1�32+O(33)3 35 2831052 1 12 2�30+2�31 +O(33) 2�30+2�31+2�32+O(33)6 2235 2831052 2 12 2�30+2�31 +O(33) 2�30+2�31+2�32+O(33)7 3372 28365274 22 22 2�30 +O(33) 2�30+1�31+1�32+O(33)11 33112 283652114 2232 62 2�32+1�33+1�34+O(35) 1�32+1�33 +O(35)12 2235 2831052 23 22 2�30+2�31 +O(33) 2�30+1�31+2�32+O(33)14 223372 28365274 2 12 2�30 +O(33) 2�30+2�31+1�32+O(34)17 3�172 283252174 32 32 1�32+1�33+2�34+O(36) 1�32+1�33+1�34+O(35)19 3�192 283252194 1 12 2�30+1�31 +O(33) 2�30+1�31+2�32+O(33)22 2233112 283652114 0 � 2�32+1�33+1�34+O(35) 026 223�132 283252134 2�32 32 2�32+2�33+2�34+O(36) 2�32+2�33+1�34+O(35)28 223�72 28325274 2 12 2�30 +O(33) 2�30 +2�32+O(33)37 3�372 283252374 2232 62 2�34 +1�36+O(37) 2�32 +O(35)44 223�112 283252114 2�32 32 2�32+1�33+1�34+O(35) 1�32+2�33+2�34+O(35)46 223�232 283252234 2�32 32 1�33 +1�35+O(39) 1�32 +2�34+O(35)62 223�312 283252314 2 12 2�30+1�31+1�32+O(38) 2�30+2�31 +O(34)116 223�292 283252294 2�32 32 1�33 +1�35+O(36) 1�32+2�33+1�34+O(35)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 53E = 260A1 y2 = x3 � x2 � 281x+ 1910 Table 3-260A1p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 22�5�13 L�(E=Q)= 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 24 �32 �52 �132 L�(E=K) = 3 jE(K)j= 2 jX(E=K)j = 12=Q2 IV; c2 = 1 =Kv (vj2) IV; cv = 3=Q5 I1 non-split; c5 = 1 =Kv (vj5) I1 split; cv = 1=Q13 I2 non-split; c13 = 2 =Kv (vj13) I2 non-split; cv = 2m N(�) N(E; �) L� X LE (�) LE (�)3 35 2431052132 3 12 2�31+1�32 +O(35) 2�31+2�32+2�33+O(34)7 3372 24365274132 0 � 2�33+1�34+2�35+O(36) 010 223�52 223254132 2�32 32 1�32+2�33 +O(35) 2�33+1�34+1�35+O(36)13 33132 243652134 3�72 72 2�31+1�32 +O(34) 2�31 +O(34)17 3�172 243252132174 3 12 1�31+2�32+1�33+O(34) 1�31+1�32+1�33+O(34)19 3�192 243252132194 3�52 52 2�31 +1�33+O(34) 2�31+2�32 +O(34)20 223352 223654132 2�32 32 1�32+2�33 +O(35) 2�33 +2�35+O(311)30 223552 2231054132 2�34 92 1�32+2�33 +O(35) 2�35+2�36 +O(39)60 223552 2231054132 0 � 1�32+2�33 +O(35) 090 223552 2231054132 2532 62 1�32+2�33 +O(35) 2�33 +2�35+O(36)130 223352132 223654134 2�3272 212 1�32+2�33 +O(35) 2�33 +1�35+O(36)150 223552 2231054132 2�32 32 1�32+2�33 +O(35) 2�33+2�34 +O(37)350 223�5272 22325474132 2332 32 1�34+2�35+1�36+O(38) 2�33+2�34 +O(36)550 223�52112 223254114132 2�34 92 2�32+2�33+1�34+O(35) 1�35+2�36+1�37+O(38)650 223352132 223654134 2334 182 1�32+2�33 +O(35) 2�35 +O(38)1300 223352132 223654134 0 � 1�32+2�33 +O(35) 0E = 275B1 y2 + y = x3 + x2 � 8x+ 19 Table 3-275B1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 52 �11 L�(E=Q)= 1 jE(Q)j= 1 jX(E=Q)j= 12=K N(E;�) = 32 �54 �112 L�(E=K) = 1 jE(K)j = 1 jX(E=K)j= 12=Q5 I�0; c5 = 1 =Kv (vj5) I�0; cv = 1=Q11 I1 split; c11 = 1 =Kv (vj11) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 243654112 32 32 2�32+1�33+2�34+O(35) 2�32+2�33+1�34+O(35)3 35 31054112 32 32 1�32+1�33+1�34+O(36) 1�32+1�33+1�34+O(36)5 3352 3654112 0 � 1�32+1�33+1�34+O(36) 06 2235 2431054112 32 32 2�32+1�33+2�34+O(35) 2�32 +2�34+O(35)10 223�52 243254112 5 12 2�32+1�33+2�34+O(35) 2�32 +2�34+O(35)12 2235 2431054112 0 � 2�32+1�33+2�34+O(35) 015 3552 31054112 325 32 1�32+1�33+1�34+O(36) 1�32+1�33+1�34+O(36)17 3�172 3254112174 1 12 2�32 +2�34+O(38) 2�32+1�33+2�34+O(35)19 3�192 3254112194 1 12 1�32+2�33 +O(36) 1�32+1�33+2�34+O(36)20 223352 243654112 325 32 2�32+1�33+2�34+O(35) 2�32+2�33+1�34+O(35)28 223�72 24325474112 32 32 2�34+1�35+1�36+O(37) 2�34+2�35+2�36+O(37)30 223552 2431054112 325 32 2�32+1�33+2�34+O(35) 2�32 +2�34+O(35)35 3�5272 325474112 325 32 1�34+1�35+2�36+O(37) 1�34+2�35+2�36+O(38)45 3552 31054112 325 32 1�32+1�33+1�34+O(36) 1�32+1�33+1�34+O(36)60 223552 2431054112 325 32 2�32+1�33+2�34+O(35) 2�32 +2�34+O(35)90 223552 2431054112 0 � 2�32+1�33+2�34+O(35) 0150 223552 2431054112 325 32 2�32+1�33+2�34+O(35) 2�32 +2�34+O(35)325 3�52132 3254112134 325 32 1�36 +2�38+O(310) 1�34 +O(38)350 223�5272 24325474112 325 32 2�34+1�35+1�36+O(37) 2�34+2�35+2�36+O(37)



54 T. DOKCHITSER, V. DOKCHITSERE = 272C1 y2 = x3 � x2 � 4x Table 3-272C1p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 24 �17 L�(E=Q) = 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 28 �32�172 L�(E=K) = 1 jE(K)j = 2 jX(E=K)j = 12=Q2 I�0; c2 = 2 =Kv (vj2) I�0; cv = 4=Q17 I1 split; c17 = 1 =Kv (vj17) I1 split; cv = 1m N(�) N(E;�) L� X LE (�) LE (�)2 2233 2836172 2 12 2�30+1�31 +O(34) 2�30 +1�32+O(33)3 35 28310172 22 12 2�30+1�31 +O(34) 2�30+1�31+2�32+O(33)5 3352 283654172 22 12 1�30 +O(33) 1�30+2�31+2�32+O(33)6 2235 28310172 2 12 2�30+1�31 +O(34) 2�30+2�31+2�32+O(33)7 3372 283674172 0 � 2�32+1�33+2�34+O(35) 010 223�52 283254172 2 12 1�30 +O(33) 1�30 +O(34)12 2235 28310172 23 22 2�30+1�31 +O(34) 2�30+1�31+2�32+O(33)14 223372 283674172 2�32 32 2�32+1�33+2�34+O(35) 2�32+2�33+1�34+O(36)19 3�192 2832172194 24 22 2�30 +1�32+O(33) 2�30+2�31+1�32+O(34)20 223352 283654172 25 42 1�30 +O(33) 1�30 +2�32+O(33)26 223�132 2832134172 2�32 32 2�32+1�33+2�34+O(36) 2�32+2�33+1�34+O(35)28 223�72 283274172 2�32 32 2�32+1�33+2�34+O(35) 2�32 +2�34+O(35)44 223�112 2832114172 0 � 2�33+1�34+1�35+O(36) 0E = 92A1 y2 = x3 + x2 + 2x+ 1 Table 3-92A1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 22 �23 L�(E=Q) = 3�1 jE(Q)j= 3 jX(E=Q)j= 12=K N(E;�) = 24 �32 �232 L�(E=K) = 3�1 jE(K)j= 3 jX(E=K)j= 12=Q2 IV; c2 = 3 =Kv (vj2) IV; cv = 3=Q23 I1 non-split; c23 = 1 =Kv (vj23) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)3 35 24310232 3 12 1�31+1�32+1�33+O(35) 1�31+1�32+1�33+O(35)5 3352 243654232 0 � 1�33 +O(36) 07 3372 243674232 0 � 1�33+1�34+2�35+O(36) 011 33112 2436114232 33 32 1�33+2�34+1�35+O(36) 2�33+2�34 +O(37)17 3�172 2432174232 3 12 2�33 +O(39) 2�33+1�34+2�35+O(36)19 3�192 2432194232 0 � 1�35+2�36+1�37+O(38) 035 3�5272 24325474232 33 32 1�35 +1�37+O(38) 2�35+1�36 +O(39)46 223�232 2232234 2�3�1 12 2�32+2�33 +O(36) 1�32+1�33+2�34+O(35)92 2233232 2236234 2�3 32 2�32+2�33 +O(36) 1�32+2�33+1�34+O(37)138 2235232 22310234 2�3 32 2�32+2�33 +O(36) 1�32+1�33+2�34+O(35)276 2235232 22310234 2�3 32 2�32+2�33 +O(36) 1�32+1�33+2�34+O(35)414 2235232 22310234 253 122 2�32+2�33 +O(36) 1�32 +O(37)828 2235232 22310234 233 62 2�32+2�33 +O(36) 1�32+2�33 +O(35)E = 116C2 y2 = x3 � x2 � 9x+ 14 Table 3-116C2p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 22 �29 L�(E=Q) = 2�2 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 24 �32�292 L�(E=K) = 2�2 �3 jE(K)j = 2 jX(E=K)j= 12=Q2 IV; c2 = 1 =Kv (vj2) IV; cv = 3=Q29 I1 non-split; c29 = 1 =Kv (vj29) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)3 35 24310292 3 12 2�31+2�32 +O(34) 2�31+2�32+2�33+O(34)5 3352 243654292 3 12 1�31+2�32 +O(34) 1�31+1�32+1�33+O(34)7 3372 243674292 3 12 2�31+1�32+2�33+O(34) 2�31+2�32+1�33+O(35)17 3�172 2432174292 3 12 1�31+1�32 +O(34) 1�31+1�32+1�33+O(34)19 3�192 2432194292 223 22 2�31+2�32+1�33+O(34) 2�31 +1�33+O(34)58 2233292 2236294 0 � 2�32 +2�34+O(35) 0406 223�72292 223274294 2�34 92 2�32+2�33+1�34+O(35) 2�35+1�36 +O(310)1450 223�52292 223254294 2332 62 1�32+1�33 +O(36) 1�33 +O(36)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 55E = 152B1 y2 = x3 + x2 � 8x� 16 Table 3-152B1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 23 �19 L�(E=Q)= 1 jE(Q)j= 1 jX(E=Q)j= 12=K N(E;�) = 26 �32 �192 L�(E=K) = 1 jE(K)j = 1 jX(E=K)j= 12=Q2 II�; c2 = 1 =Kv (vj2) II�; cv = 1=Q19 I1 split; c19 = 1 =Kv (vj19) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 2636192 0 � 1�32+1�33+1�34+O(36) 06 2235 26310192 0 � 1�32+1�33+1�34+O(36) 010 223�52 263254192 0 � 1�34 +O(37) 012 2235 26310192 0 � 1�32+1�33+1�34+O(36) 014 223372 263674192 0 � 1�32+2�33+1�34+O(35) 020 223352 263654192 2332 32 1�34 +O(37) 2�32 +1�34+O(35)26 223�132 2632134192 23 12 1�32+1�33+1�34+O(36) 1�32+1�33 +O(36)28 223�72 263274192 23 12 1�32+2�33+1�34+O(35) 1�32 +2�34+O(37)38 2233192 2636194 0 � 1�36+2�37+1�38+O(39) 044 223�112 2632114192 23 12 2�32+1�33 +O(36) 2�32+2�33+1�34+O(35)46 223�232 2632192234 23 12 2�32 +2�34+O(35) 2�32+1�33+1�34+O(35)76 2233192 2636194 2333 32 1�36+2�37+1�38+O(39) 1�33 +1�35+O(37)190 223�52192 263254194 0 � 1�38+1�39+2�310+O(311) 01900 223�52192 263254194 0 � 1�38+1�39+2�310+O(311) 0E = 176B1 y2 = x3 + x2 � 5x� 13 Table 3-176B1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 24 �11 L�(E=Q)= 1 jE(Q)j= 1 jX(E=Q)j= 12=K N(E;�) = 28 �32 �112 L�(E=K) = 1 jE(K)j = 1 jX(E=K)j= 12=Q2 II�; c2 = 1 =Kv (vj2) II�; cv = 1=Q11 I1 non-split; c11 = 1 =Kv (vj11) I1 split; cv = 1m N(�) N(E;�) L� X LE (�) LE (�)2 2233 2836112 0 � 1�32+1�33+1�34+O(36) 03 35 28310112 32 32 1�32+1�33+1�34+O(36) 1�32+1�33+1�34+O(36)5 3352 283654112 0 � 2�32 +O(36) 06 2235 28310112 0 � 1�32+1�33+1�34+O(36) 07 3372 283674112 32 32 1�34+1�35+2�36+O(37) 1�32 +O(37)10 223�52 283254112 23 12 2�32 +O(36) 2�32+1�33 +O(35)12 2235 28310112 0 � 1�32+1�33+1�34+O(36) 014 223372 283674112 2332 32 1�34+1�35+2�36+O(37) 1�32+1�33 +O(37)17 3�172 2832112174 1 12 2�32 +2�34+O(38) 2�32+1�33+2�34+O(35)19 3�192 2832112194 1 12 1�32+2�33 +O(36) 1�32+1�33+2�34+O(36)20 223352 283654112 0 � 2�32 +O(36) 026 223�132 2832112134 23 12 1�32+2�33+1�34+O(35) 1�32+1�33 +O(36)28 223�72 283274112 0 � 1�34+1�35+2�36+O(37) 046 223�232 2832112234 23 12 2�32 +2�34+O(35) 2�32+1�33+1�34+O(35)E = 395B1 y2 + xy + y = x3 + x2 � 40x� 128 Table 3-395B1p = 3 P3(E=Q;T ) = 1� 2T + 3T 2=Q N(E) = 5�79 L�(E=Q)= 2�1 �3 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 32 �52 �792 L�(E=K) = 2�1 �3 jE(K)j= 2 jX(E=K)j = 12=Q5 I6 split; c5 = 6 =Kv (vj5) I6 split; cv = 6=Q79 I1 non-split; c79 = 1 =Kv (vj79) I1 non-split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2233 243652792 233 22 2�31+1�32 +O(35) 2�31+2�32+1�33+O(34)3 35 31052792 2�3 12 1�31+2�32+1�33+O(34) 1�31+2�32+2�33+O(34)17 3�172 3252174792 0 � 1�35 +2�37+O(38) 028 223�72 24325274792 2�33 32 2�33+1�34+2�35+O(36) 2�33 +2�35+O(36)



56 T. DOKCHITSER, V. DOKCHITSERE = 800E1 y2 = x3 + x2 � 208x� 1412 Table 3-800E1p = 3 P3(E=Q;T ) = 1� T + 3T 2=Q N(E) = 25 �52 L�(E=Q)= 3 jE(Q)j= 1 jX(E=Q)j= 12=K N(E;�) = 210 �32 �54 L�(E=K) = 3 jE(K)j = 1 jX(E=K)j = 12=Q2 I�0; c2 = 1 =Kv (vj2) I�0; cv = 1=Q5 IV�; c5 = 3 =Kv (vj5) IV�; cv = 3m N(�) N(E;�) L� X LE (�) LE (�)2 2233 2103654 2�33 32 1�33+1�34+1�35+O(37) 1�33+2�34 +O(38)6 2235 21031054 0 � 1�33+1�34+1�35+O(37) 012 2235 21031054 2333 62 1�33+1�34+1�35+O(37) 1�33+2�34+2�35+O(36)28 223�72 210325474 233 22 1�33 +1�35+O(37) 1�33 +2�35+O(38)44 223�112 2103254114 2�3 12 2�33 +1�35+O(36) 2�33 +1�35+O(36)E = 11A3 y2 + y = x3 � x2 Table 5-11A3p = 5 P5(E=Q;T ) = 1� T + 5T 2=Q N(E) = 11 L�(E=Q)= 5�2 jE(Q)j= 5 jX(E=Q)j= 12=K N(E;�) = 56 �114 L�(E=K) = 5�2 jE(K)j = 5 jX(E=K)j = 12=Q11 I1 split; c11 = 1 =Kv (vj11) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2455 28510114 0 � 4�52+1�53 +O(55) 03 3455 38510114 0 � 2�52+4�53+1�54+O(57) 05 59 518114 1 12 4�50+3�51 +O(54) 4�50+1�51+3�52+O(53)6 243455 2838510114 52 52 2�54+3�55+1�56+O(58) 4�52+2�53+4�54+O(55)7 5374 5678114 22 22 4�52+4�53+3�54+O(55) 4�52+4�53+4�54+O(55)11 55114 510118 245 42 4�54+3�55 +O(57) 4�51+1�52+3�53+O(54)12 243455 2838510114 0 � 2�54+3�55+1�56+O(58) 018 243453 283856114 0 � 2�54+3�55+1�56+O(58) 022 2455114 28510118 53 52 4�56+1�57 +O(59) 1�53+1�54+2�55+O(58)44 2455114 28510118 0 � 4�56+1�57 +O(59) 048 243455 2838510114 52 52 2�54+3�55+1�56+O(58) 4�52+2�53+4�54+O(55)88 2455114 28510118 53 52 4�56+1�57 +O(59) 1�53+1�54+2�55+O(58)99 3453114 3856118 325 32 2�56+4�57+1�58+O(59) 4�53+2�54+3�55+O(56)176 2453114 2856118 5 12 4�56+1�57 +O(59) 1�53+3�54+4�55+O(56)E = 19A3 y2 + y = x3 + x2 + x Table 5-19A3p = 5 P5(E=Q;T ) = 1� 3T + 5T 2=Q N(E) = 19 L�(E=Q)= 3�2 jE(Q)j= 3 jX(E=Q)j= 12=K N(E;�) = 56 �194 L�(E=K) = 3�2 jE(K)j = 3 jX(E=K)j = 12=Q19 I1 split; c19 = 1 =Kv (vj19) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2455 28510194 1 12 2�50+2�51+4�52+O(53) 2�50+1�51+2�52+O(53)3 3455 38510194 22 22 3�50+1�51+2�52+O(53) 3�50+3�51 +O(53)5 59 518194 24 42 3�50+2�51+3�52+O(53) 3�50+4�51+1�52+O(53)6 243455 2838510194 22 22 2�50+3�51 +O(53) 2�50+3�51+2�52+O(55)7 5374 5678194 24 42 3�50 +2�52+O(53) 3�50 +4�52+O(53)12 243455 2838510194 72 72 2�50+3�51 +O(53) 2�50 +4�52+O(53)18 243453 283856194 1 12 2�50+3�51 +O(53) 2�50+4�51 +O(53)19 55194 510198 245 42 2�52 +2�54+O(55) 3�51+3�52+1�53+O(54)48 243455 2838510194 22 22 2�50+3�51 +O(53) 2�50+3�51+2�52+O(55)57 3453194 3856198 345 92 2�52+1�53+2�54+O(56) 3�51+4�52+3�53+O(54)76 2453194 2856198 265 82 3�52+4�53+4�54+O(55) 2�51 +3�53+O(55)



COMPUTATIONS IN NON-COMMUTATIVE IWASAWA THEORY 57E = 21A4 y2 + xy = x3 + x Table 5-21A4p = 5 P5(E=Q;T ) = 1 + 2T + 5T 2=Q N(E) = 3�7 L�(E=Q)= 2�3 jE(Q)j= 4 jX(E=Q)j= 12=K N(E;�) = 34 �56 �74 L�(E=K) = 2�3 jE(K)j = 4 jX(E=K)j = 12=Q3 I2 split; c3 = 2 =Kv (vj3) I2 split; cv = 2=Q7 I1 non-split; c7 = 1 =Kv (vj7) I1 split; cv = 1m N(�) N(E;�) L� X LE (�) LE (�)2 2455 283451074 2 12 4�50 +3�52+O(53) 4�50+2�51+2�52+O(53)5 59 3451874 23 22 4�50 +3�52+O(53) 4�50+1�51+1�52+O(53)21 345574 3851078 5�172 172 4�53+4�54+2�55+O(57) 2�51+2�52+3�53+O(54)63 345574 3851078 245 42 4�53+4�54+2�55+O(57) 3�51 +4�53+O(54)126 24345374 28385678 245 42 4�53+4�54+2�55+O(57) 3�51+1�52 +O(54)147 345574 3851078 5 12 4�53+4�54+2�55+O(57) 3�51+1�52+4�53+O(54)168 24345374 28385678 225 22 4�53+4�54+2�55+O(57) 2�51 +O(54)567 345574 3851078 265 82 4�53+4�54+2�55+O(57) 2�51+2�52+1�53+O(54)E = 24A4 y2 = x3 � x2 + x Table 5-24A4p = 5 P5(E=Q;T ) = 1 + 2T + 5T 2=Q N(E) = 23 �3 L�(E=Q)= 2�3 jE(Q)j= 4 jX(E=Q)j= 12=K N(E;�) = 212 �34 �56 L�(E=K) = 2�3 jE(K)j = 4 jX(E=K)j = 12=Q2 III; c2 = 2 =Kv (vj2) III; cv = 2=Q3 I1 non-split; c3 = 1 =Kv (vj3) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2455 21234510 2 12 4�50 +3�52+O(53) 4�50+2�51+2�52+O(53)10 2459 21234518 25 42 4�50 +3�52+O(53) 4�50+1�51+1�52+O(53)20 2459 21234518 25 42 4�50 +3�52+O(53) 4�50+1�51+1�52+O(53)40 2459 21234518 25 42 4�50 +3�52+O(53) 4�50+1�51+1�52+O(53)80 2459 21234518 2 12 4�50 +3�52+O(53) 4�50+4�51+1�52+O(54)176 2453114 2123456118 23 22 4�50+4�51+3�52+O(54) 4�50+1�51+2�52+O(54)E = 56A1 y2 = x3 + x+ 2 Table 5-56A1p = 5 P5(E=Q;T ) = 1� 2T + 5T 2=Q N(E) = 23 �7 L�(E=Q)= 2�2 jE(Q)j= 4 jX(E=Q)j= 12=K N(E;�) = 212 �56 �74 L�(E=K) = 2�2 jE(K)j = 4 jX(E=K)j = 12=Q2 I�1; c2 = 4 =Kv (vj2) I�1; cv = 4=Q7 I1 non-split; c7 = 1 =Kv (vj7) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2455 21251074 24 22 3�50 +O(53) 3�50+2�51+4�52+O(53)6 243455 2123851074 2232 32 2�50+1�51 +O(53) 2�50+4�51+4�52+O(54)12 243455 2123851074 24 22 2�50+1�51 +O(53) 2�50+1�51+3�52+O(53)18 243453 212385674 2232 32 2�50+1�51 +O(53) 2�50+2�51 +O(53)48 243455 2123851074 2232 32 2�50+1�51 +O(53) 2�50+4�51+4�52+O(54)E = 56B1 y2 = x3 � x2 � 4 Table 5-56B1p = 5 P5(E=Q;T ) = 1 + 4T + 5T 2=Q N(E) = 23 �7 L�(E=Q)= 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 212 �56 �74 L�(E=K) = 2�1 jE(K)j = 2 jX(E=K)j = 12=Q2 III�; c2 = 2 =Kv (vj2) III�; cv = 2=Q7 I1 split; c7 = 1 =Kv (vj7) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2455 21251074 0 � 3�52+2�53 +O(55) 06 243455 2123851074 2352 52 3�52+1�53+4�54+O(55) 2�52+2�53+3�54+O(55)12 243455 2123851074 0 � 3�52+1�53+4�54+O(55) 018 243453 212385674 23 12 3�52+1�53+4�54+O(55) 3�52 +4�54+O(56)48 243455 2123851074 2352 52 3�52+1�53+4�54+O(55) 2�52+2�53+3�54+O(55)



58 T. DOKCHITSER, V. DOKCHITSERE = 44A1 y2 = x3 + x2 + 3x� 1 Table 5-44A1p = 5 P5(E=Q;T ) = 1 + 3T + 5T 2=Q N(E) = 22 �11 L�(E=Q) = 3�1 jE(Q)j= 3 jX(E=Q)j= 12=K N(E;�) = 28 �56 �114 L�(E=K) = 3�1 jE(K)j= 3 jX(E=K)j = 12=Q2 IV�; c2 = 3 =Kv (vj2) IV�; cv = 3=Q11 I1 non-split; c11 = 1 =Kv (vj11) I1 non-split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2455 28510114 23 12 4�50+2�51+3�52+O(53) 4�50+3�51+1�52+O(54)3 3455 2838510114 0 � 2�52+1�53+3�54+O(55) 06 243455 2838510114 2352 52 2�52+1�53+3�54+O(55) 1�52+3�53+4�54+O(55)7 5374 285678114 0 � 4�52+3�53+2�54+O(55) 011 55114 28510118 263 82 4�50+3�51+3�52+O(53) 4�50+3�51+2�52+O(53)12 243455 2838510114 0 � 2�52+1�53+3�54+O(55) 018 243453 283856114 0 � 2�52+1�53+3�54+O(55) 022 2455114 28510118 2334 92 4�50+3�51+3�52+O(53) 4�50+1�51+4�52+O(53)44 2455114 28510118 2334 92 4�50+3�51+3�52+O(53) 4�50+1�51+4�52+O(53)48 243455 2838510114 2352 52 2�52+1�53+3�54+O(55) 1�52+3�53+4�54+O(55)88 2455114 28510118 2572 142 4�50+3�51+3�52+O(53) 4�50+3�51+3�52+O(53)176 2453114 2856118 2532 62 4�50+3�51+3�52+O(53) 4�50+3�51+2�52+O(54)E = 84B1 y2 = x3 � x2 � x� 2 Table 5-84B1p = 5 P5(E=Q;T ) = 1� 4T + 5T 2=Q N(E) = 22 �3�7 L�(E=Q) = 2�1 jE(Q)j= 2 jX(E=Q)j= 12=K N(E;�) = 28 �34�56 �74 L�(E=K) = 2�1 �3 jE(K)j = 2 jX(E=K)j= 12=Q2 IV; c2 = 1 =Kv (vj2) IV; cv = 3=Q3 I1 non-split; c3 = 1 =Kv (vj3) I1 split; cv = 1=Q7 I2 non-split; c7 = 2 =Kv (vj7) I2 split; cv = 2m N(�) N(E;�) L� X LE (�) LE (�)2 2455 283451074 22 12 1�50+3�51+4�52+O(53) 1�50+4�51+1�52+O(53)126 24345374 28385678 2�3252 152 1�53+4�54+3�55+O(56) 3�52 +1�54+O(58)168 24345374 28385678 2�3252 152 1�53+4�54+3�55+O(56) 3�52 +1�54+O(58)E = 17A1 y2 + xy + y = x3 � x2 � x� 14 Table 7-17A1p = 7 P7(E=Q;T ) = 1� 4T + 7T 2=Q N(E) = 17 L�(E=Q)= 2�2 jE(Q)j= 4 jX(E=Q)j= 12=K N(E;�) = 710 �176 L�(E=K) = 24 jE(K)j = 4 jX(E=K)j= 82=Q17 I4 split; c17 = 4 =Kv (vj17) I4 split; cv = 4m N(�) N(E; �) L� X LE (�) LE (�)2 2677 212714176 26 42 5�70+2�71+2�72+O(73) 5�70+5�71+1�72+O(73)3 3677 312714176 2672 282 5�72+3�73+4�74+O(75) 2�72+4�73+2�74+O(75)E = 19A3 y2 + y = x3 + x2 + x Table 7-19A3p = 7 P7(E=Q;T ) = 1 + T + 7T 2=Q N(E) = 19 L�(E=Q)= 3�2 jE(Q)j= 3 jX(E=Q)j= 12=K N(E;�) = 710 �196 L�(E=K) = 3�2 jE(K)j = 3 jX(E=K)j = 12=Q19 I1 split; c19 = 1 =Kv (vj19) I1 split; cv = 1m N(�) N(E; �) L� X LE (�) LE (�)2 2677 212714196 1 12 1�70+3�71+1�72+O(73) 1�70 +1�72+O(73)3 3677 312714196 22 22 3�70+4�71+3�72+O(73) 3�70 +4�72+O(73)
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