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Non trivial Quark-lepton complementarity

• Phenomenology and Non trivial quark-lepton complementarity

• Prediction for θPMNS
13

• Prediction for neutrino CP violating parameters

• The role of the complementarity in grand unified theory with flavor

symmetry (at page 17)

• Predictions in SUSY: µ → eγ
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Non trivial Quark-lepton complementarity

The disparity that nature indicates between quark and lepton mixing

angles has been viewed in terms of a ’Quark-Lepton complementarity’

θPMNS
12 + θCKM

12 ≃ 45◦ ; θPMNS
23 + θCKM

23 ≃ 45◦ .

A detailed analysis shows that the correlation matrix

VM = UCKM Ω UPMNS

is phenomenologically compatible with a tribimaximal pattern, and only

marginally with a bimaximal pattern.

From actual experimental evidences a non trivial Quark-Lepton

complementarity arises.

The clear non trivial structure fo VM and gauge coupling unification allow

us to obtain in a straightforward way constraints on the high energy

spectrum too.

Non trivial QLC from GUT: Phenomenology and Theoretical consequences 1/32 Marco Picariello



Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦

The complementarity between the quark and lepton mixing matrices is

shown to provide a robust prediction for the neutrino mixing angle

θPMNS
13 .

We obtain this prediction by first showing that the matrix VM , product of

the CKM and PMNS mixing matrices, may have a zero (1,3) entry which

is favored by experimental data.

Hence models with bimaximal or tribimaximal forms of the correlation

matrix VM are quite possible. Any theoretical model with a vanishing

(1,3) entry of VM that is in agreement with quark data, solar, and

atmospheric mixing angle leads to θPMNS
13 = (9+1

−2)
◦. This value is

consistent with the present 90% CL experimental upper limit.
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Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦(cont’d)
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Figure 1: The minimum value allowed for sin2 θVM

13 as a function of

sin2 θPMNS
13 . All the other CKM and PMNS mixing parameters are fixed

at their best fit points.We also report the values of θPMNS
13 = 3.0◦ and 9.2◦.
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Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦(cont’d)
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Figure 2: The distributions, normalized to one at the maximum, of tan2 θVM

12

(continuos), and tan2 θVM

23 (dot-dashed) obtained from the definition of the

correlation mixing matrix VM by using a Monte Carlo simulation of all the

experimental data.
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Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦(cont’d)
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Figure 3: The distribution, normalized to one at the maximum, of sin2 θVM

13

obtained from the definition of the correlation mixing matrix VM by using

a Monte Carlo simulation of all the experimental data. We also plot the 1σ

and the 2σ lines.
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Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦(cont’d)
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Figure 4: The distribution of tan2 θPMNS
12 (left), and tan2 θPMNS

23 (right)

for the CKM experimental data and for values of the correlation matrix

VM respectively given by (left) tan2 θVM

12 = 0.3 (dashed), 0.5 (continuos),

1.0 (dot-dashed), tan2 θVM

23 = 1.0, and sin2 θVM

13 = 0; (right) tan2 θVM

23 = 0.5

(dashed), 1.0 (continuos), 1.4 (dot-dashed), tan2 θVM

12 = 0.5, sin2 θVM

13 = 0;

The shaded areas represent the experimentally allowed regions for each case.
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Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦(cont’d)
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Figure 5: The distribution of sin2 θPMNS
13 for values of the correlation ma-

trix VM given by tan2 θVM

12 = 0.5, sin2 θVM

13 = 0, tan2 θVM

23 = 0.5 (dashed),

1.0 (continuos), 1.4 (dot-dashed). The shaded area represent the experi-

mentally allowed region.
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Quark-lepton complementarity with lepton and quark

mixing data predict θPMNS
13 = (9+1

−2)
◦(cont’d)
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Figure 6: The allowed values for sin2 θPMNS
13 as a function of tan2 θVM

23 under

the assumption that sin2 θVM

13 = 0. We report the central and 3 σ values

obtained from fig.5, and the approximate analytical dependence.We also

plot the experimental value.
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Neutrino CP violating parameters from non trivial

quark-lepton complementarity(cont’d)

There are two kind of invariants parameterizing CP violating effect

• The Jarlskog invariant J that parametrizes the effects related to the

Dirac phase

J = Im{Uνeν1
Uνµν2

U∗
νeν2

U∗
νµν1

}

=
1

8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sinφ .

• the two invariants S1 and S2 that parametrize the effects related to

the Majorana phases

S1 = Im{Uνeν1
U∗

νeν3
} =

1

2
cos θ12 sin 2θ13 sin(φ + φ1)

S2 = Im{Uνeν2
U∗

νeν3
} =

1

2
sin θ12 sin 2θ13 sin(φ + φ2)
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Neutrino CP violating parameters from non trivial

quark-lepton complementarity(cont’d)
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Figure 7: The correlation between the Dirac CP violating parameter J

and sin2 θPMNS
12 , for VM bimaximal. We also plot the experimental central

value, the 1σ, and the 2σ for sin2 θPMNS
12 .
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Neutrino CP violating parameters from non trivial

quark-lepton complementarity(cont’d)
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Figure 8: The correlation between the Dirac CP violating parameter J and

sin2 θPMNS
12 , for VM tribimaximal. We also plot the experimental central

value, the 1σ, and the 2σ for sin2 θPMNS
12 .

Non trivial QLC from GUT: Phenomenology and Theoretical consequences 9/32 Marco Picariello



Neutrino CP violating parameters from non trivial

quark-lepton complementarity(cont’d)

-0.05 0 0.05
JPMNS

0.2

0.3

0.4
si

n2
Θ

PM
N

S

2Σ

2Σ

1Σ

1Σ

Exp

Figure 9: The correlation between the Dirac CP violating parameter J

and sin2 θPMNS
12 , for VM with tan2 θVM

12 = 0.3. We fixed tan2 θVM

23 = 1 and

sin2 θVM

13 = 0.
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Neutrino CP violating parameters from non trivial

quark-lepton complementarity(cont’d)
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Figure 10: The correlation between the Majorana CP violating pa-

rameter S1 and sin2 θPMNS
12 , for VM bimaximal, tribimaximal, and

VM with tan2 θVM

12 = 0.3. We fixed tan2 θVM

23 = 1 and sin2 θVM

13 = 0.
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

li → ljγ

BR(li → ljγ) ∝
Γ(li → eνν)

Γ(li)

α3

Gfm8
sv

4
u

tan2 β

(

3m0 + A0

8π2

)2

×

×

∣

∣

∣

∣

(

M̃DLM̃†
D

)

ij

∣

∣

∣

∣

2

m0 = scalar mass, A0 = trilinear coupling,

m8
s ≈ 0.5m2

0M
2
1/2(m

2
0 + 0.6M2

1/2)
2, M1/2 = gaugino mass.

The experimental limit for the branching ratio of µ → eγ is 1.2 × 10−11 at

90% of confidence level and it could go down to 10−14 as proposed by

MEG collaboration.
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

L = ν̄LYDνRH + νT
RCMRνR + l̄LYllRH + ν̄LW/ lL

We introduce the following definitions

l′R = V †
l lR ν′

R = V T
R νR l′L = U†

l lL ν′
L = U†

l νL

Consequently we have

lR = Vl l′R , νR = V ∗
R ν′

R , lL = Ul l′L and

νT
R = (ν′

R)T V †
R , l̄L = l̄′L U†

l , ν̄L = ν̄′
L U†

l .

In this primed base we get

L = ν̄′
LU†

l MDV ∗
Rν′

R + (ν′
R)T CM∆

R ν′
R + l̄′LM∆

l l′R + ν̄′
LW/ l′L
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

L = ν̄LYDνRH + νT
RCMRνR + l̄LYllRH + ν̄LW/ lL

We introduce the following definitions

l′R = V †
l lR ν′

R = V T
R νR l′L = U†

l lL ν′
L = U†

l νL

Consequently we have

lR = Vl l′R , νR = V ∗
R ν′

R , lL = Ul l′L and

νT
R = (ν′

R)T V †
R , l̄L = l̄′L U†

l , ν̄L = ν̄′
L U†

l .

In this primed base we get

L = ν̄′
LU†

l M̃DV ∗
Rν′

R + (ν′
R)T CM∆

R ν′
R + l̄′LM∆

l l′R + ν̄′
LW/ l′L
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We want now to related this M̃D matrix to the CKM mixing matrix by

using the non trivial Quark-Lepton complementarity.

First of all we rewrite this matrix as

M̃D = U†
l MDV ⋆

R = U†
l U0M

∆
D V †

0 V ⋆
R

then we assume GUT and a flavor symmetry

Yu ≃ Y T
u ≃ YD → Uu = U0 Yd ≃ Y T

d ≃ Yl → Ud = Ul .

and from UCKM = U†
uUd = U†

0Ul we obtain

M̃D = U†
CKMM∆

D V †
0 V ⋆

R

Uν ≡ U0VM → UPMNS ≡ U†
l Uν = U†

l U0VM=U†
CKMVM
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We want now to related this M̃D matrix to the CKM mixing matrix by

using the non trivial Quark-Lepton complementarity.

First of all we rewrite this matrix as

M̃D = U†
l MDV ⋆

R = U†
l U0M

∆
D V †

0 V ⋆
R

then we assume GUT and a flavor symmetry

Yu ≃ Y T
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d ≃ Yl → Ud = Ul .

and from UCKM = U†
uUd = U†

0Ul we obtain

M̃D = U†
CKMM∆
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0 V ⋆
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We want now to related this M̃D matrix to the CKM mixing matrix by

using the non trivial Quark-Lepton complementarity.

First of all we rewrite this matrix as

M̃D = U†
l MDV ⋆

R = U†
l U0M

∆
D V †

0 V ⋆
R

then we assume GUT and a flavor symmetry

Yu ≃ Y T
u ≃ YD → Uu = U0 Yd ≃ Y T

d ≃ Yl → Ud = Ul .

and from UCKM = U†
uUd = U†

0Ul we obtain

M̃D = U†
CKMM∆

D V †
0 V ⋆

R

Uν ≡ U0VM → UPMNS ≡ U†
l Uν = U†

l U0VM=U†
CKMVM
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

Then we notice that the matrix V †
0 V ⋆

R is related to the diagonal low

energy neutrino mass matrix m∆
low and to VM .

In see-saw of type I we have

m∆
low = U†

PMNSMD
1

MR
MT

DU⋆
PMNS

= U†
PMNSU†

CKMM∆
D V †

0 V ⋆
R

1

M∆
R

V †
RV ⋆

0 M∆
D U⋆

CKMU⋆
PMNS

VMm∆
lowV T

M = M∆
D V †

0 V ⋆
R

1

M∆
R

V T
R V ⋆

0 M∆
D

We multiply on the left and on the right both sides by 1/M∆
D and we get

V †
0 V ⋆

R

1

M∆
R

V T
R V ⋆

0 =
1

M∆
D

VMm∆
lowV T

M

1

M∆
D
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

One can extract V †
0 V ⋆

R by making the square root of the matrices

V †
0 V ⋆

R

√

1

M∆
R

=
1

M∆
D

VM

√

m∆
lowRT

where RT R = 1, and one obtains that V †
0 V ⋆

R = 1
M∆

D

VM

√

m∆
lowRT

√

M∆
R

Finally one concludes that

M̃D = U†
l U0M

∆
D

1

M∆
D

VM

√

m∆
lowRT

√

M∆
R

= UPMNS

√

m∆
lowRT

√

M∆
R

Any information from VM is hidden into the R matrix.

However V †
0 V ⋆

R is unequivocally fixes and then the R matrix, once we

know the eigenvalues of the Dirac neutrino mass matrix.Non trivial QLC from GUT: Phenomenology and Theoretical consequences 15/32 Marco Picariello



Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

Determination of V †
0 V ⋆

R and M∆
R : V †

0 V ⋆
R

1

M∆
R

V T
R V ⋆

0 = 1

M∆
D

VM m∆
lowV T

M
1

M∆
D

The experimental constraint says us that (VM )13 is zero:

VM =









cos θ12 sin θ12 0

− sin θ12 cos θ23 cos θ12 cos θ23 sin θ23

sin θ12 sin θ23 − cos θ12 sin θ23 cos θ23









and the allowed ranges for θVM

12 and θVM

23 are

tan2 θVM

12 ∈ [0.3, 1.0] and tan2 θVM

23 ∈ [0.5, 1.4] .

Let us denote m∆
low = {m1, m2, m3}, and M∆

D = {M1, M2, M3}.
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We have three cases:

1) hierarchical Dirac neutrino eigenvalues

(in this case we have very hierarchical right-handed neutrino masses)

V †
0 V ⋆

R is close to the identity

2) degenerate Dirac neutrino eigenvalues, with non degenerate low energy

neutrino masses

(in this case the hierarchy of the right-handed neutrino masses is close to

the one of the low energy spectrum)

V †
0 V ⋆

R is close to VM

3) degenerate Dirac neutrino eigenvalues and low energy neutrino

spectrum

(that implies right-handed neutrino close to be degenerate)

V †
0 V ⋆

R is close to the identity
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We have three cases:
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We have three cases:

1) hierarchical Dirac neutrino eigenvalues

(in this case we have very hierarchical right-handed neutrino masses)

V †
0 V ⋆

R is close to the identity

2) degenerate Dirac neutrino eigenvalues, with non degenerate low energy

neutrino masses

(in this case the hierarchy of the right-handed neutrino masses is close to

the one of the low energy spectrum)

V †
0 V ⋆

R is close to VM

3) degenerate Dirac neutrino eigenvalues and low energy neutrino

spectrum

(that implies right-handed neutrino close to be degenerate)

V †
0 V ⋆

R is close to the identity
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

Hierarchical Dirac neutrino eigenvalues

For any VM , the heavy neutrino spectrum is hierarchical with ratios given

by

MR
1 : MR

2 : MR
3 = M2

1 : M2
2 : M2

3 = (λ4n)2 : (λ2n)2 : 1

Moreover the mixing matrix V †
0 V ⋆

R is close to the identity.

V †
0 V ⋆

R =









1 − α2λ2n/2 αλn βλ2n

−αλn 1 − (α2 + γ2)λ2n γλn

(−β + αγ)λ2n −γλn 1 − γ2λ2n/2









+ O
(

λ3n
)

In this case we have very hierarchical right-handed neutrino masses
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

mα = m1 cos
2

θ12 + m2 sin
2

θ12 + O
(

λ
2n

)

(1)

mβ =
m1m2

mα

cos
2

θ23 + m3 sin
2

θ23 + O
(

λ
2n

)

mγ =
m1m2m3

mαmβ

α = −
(m1 − m2)

2mα

sin(2θ12) cos θ23 + O
(

λ
2n

)

γ =
m1m2 − m3mα

2mαmβ

sin(2θ23) + O
(

λ
2n

)

β =
(m1 − m2)

2mα

sin(2θ12) sin θ23 + O
(

λ
2n

)

(2)

the number α, β, γ are of order 1 but the corresponding angles must be

computed up to order λ6n to obtain the right heavy neutrino masses. The

parameters mα, mβ , mγ are of order of the common low energy neutrino

mass m. Notice that the rotation angles (1, 2) and (2, 3) in V †
0 V ⋆

R are of

order λn while the (1, 3) angle is of order λ2n.
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

BR(τ → µγ) ∝
Γ(τ → µνν)

Γ(τ)

α3

Gfm8
sv

4
u

tan2 β

(

3m0 + A0

8π2

)2

L̂2

(

M3

mt

)4 ∣

∣

∣

∣

m2
t log

m2
t

m2
u

Aλ2

∣

∣

∣

∣

2

BR(µ → eγ) is suppressed by a factor λ6 with respect to BR(τ → µγ),

and by a factor λ2 with respect to BR(τ → eγ).

Our conclusions are equivalent to the one in literature for VM bimaximal.

However our discussion is more general, in fact we shown that these

results do not depend on the form of the correlation matrix VM .
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

Degenerate MD and non degenerate mlow

1

M∆
R

≃









mα/M2
3 0 0

0 mβ/M2
3 0

0 0 mγ/M2
3









V †
0 V ⋆

R ≃ VM









1 − α2/2 α β

−α 1 − (α2 + γ2) γ

(−β + αγ) −γ 1 − γ2/2









≡ VMVǫ

In this case the hierarchy of the right-handed neutrino masses is close to

the one of the low energy spectrum
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

mα ≃ m1

(

1 −
δM1

M3

(

1 +
cos(2θ12)

2

)

+
δM2

M3

(

−
1 − cos(2θ12)

2
− cos(2θ23) sin

2
θ12

))

mβ ≃ m2

(

1 −
δM1

M3

(

1 −
cos(2θ12)

2

)

+
δM2

M3

(

−
1 − cos(2θ12)

2
− cos(2θ23) cos

2
θ12

))

mγ ≃ m3

(

1 −
δM2

M3

(1 + cos(2θ23))

)

α ≃ −
m1 + m2

4(m1 − m2)

2δM1 − δM2 − δM2 cos(2θ23)

M3

sin(2θ12)

γ ≃
m2 + m3

2(m2 − m3)

δM2

M3

sin(2θ23) cos θ12

β ≃
m1 + m3

2(m1 − m3)

δM2

M3

sin(2θ23) sin θ12 (3)

the parameters mα, mβ , mγ are of order of the common low energy

neutrino mass m.
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

BR(µ → eγ) ∝

∣

∣

∣

∣

M1M2 log
mβ

mα
cos α12 cos α23 sinα12

∣

∣

∣

∣

2

BR(τ → eγ) ∝

∣

∣

∣

∣

M1M3 log
mβ

mα
cos α12 sinα23 sinα12

∣

∣

∣

∣

2

BR(τ → µγ) ∝

∣

∣

∣

∣

M2M3 cos α23 sinα23

(

log
mγ

mα
+ sin2 α12 log

mβ

mα

)∣

∣

∣

∣

2

The ratios among them become

BR(µ → eγ)

BR(τ → eγ)
≃ tan2 α23 ∈ [0.5, 1.4]

BR(µ → eγ)

BR(τ → µγ)
≃

∣

∣

∣

∣

∣

∣

cos α12 sinα12

sinα23

(

(log
mγ

mα
/ log

mβ

mα
) + sin2 α12

)

∣

∣

∣

∣

∣

∣

2
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Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

Degenerate MD and Degenerate mlow

MR
1 =

m

M2



1 −
δM1

M



1 +

√

1 −
1

3

√

δm2
sol/m

δM1/M
+

δm2
sol/m2

(δM1/M)2









MR
2 =

m

M2

(

1 − 2
δM2

M
+

√

δm2
atm

m

)

MR
3 =

m

M2



1 −
δM1

M



1 −

√

1 −
1

3

√

δm2
sol/m

δM1/M
+

δm2
sol/m2

(δM1/M)2









The right-handed neutrino close to be degenerate and V †
0 V ⋆

R is close to

the identity
Non trivial QLC from GUT: Phenomenology and Theoretical consequences 17/32 Marco Picariello



Predictions in SUSY from non trivial quark-lepton

complementarity, GUT and flavor symmetry(cont’d)

We get

BR(µ → eγ) ∝
∣

∣(M2
2 − M2

1 )
∣

∣

2
λ2

BR(τ → eγ) ∝
∣

∣((1 − (ρ − iη))M2
1 − M2

2 + M2
3 (ρ − iη))

∣

∣

2
(Aλ3)2

BR(τ → µγ) ∝
∣

∣(M2
3 − M2

2 )
∣

∣

2
(Aλ2)2

and BR(µ → eγ) : BR(τ → eγ) : BR(τ → µγ) = 1 : λ4 : λ2.

For example, if M2
2 − M2

1 ≃ λ4M2
3 and Mi are of order mt, we obtain

BR(µ → eγ) ∝

(

M3

mt

)4
∣

∣m4
t λ

5
∣

∣

2
, BR(τ → eγ) ∝

(

M3

mt

)4
∣

∣m4
t λ

7
∣

∣

2

BR(τ → µγ) ∝

(

M3

mt

)4
∣

∣m4
t λ

6
∣

∣

2
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Conclusions

• Phenomenology and Non trivial quark-lepton complementarity

• Prediction for θPMNS
13

• Prediction for neutrino CP violating parameters

• The role of the complementarity in grand unified models of flavor

• Predictions in SUSY: µ → eγ
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Conclusions

li → ljγ: we have three cases:

1) hierarchical Dirac neutrino eigenvalues

(very hierarchical right-handed neutrino masses, and V †
0 V ⋆

R ≃ I)

BR(µ → eγ) : BR(τ → eγ) : BR(τ → µγ) = λ6 : λ4 : 1 ∝ M4
3 λ4L̂.

2) degenerate Dirac neutrino eigenvalues, with non degenerate low energy

neutrino masses (the hierarchy of the right-handed neutrino masses is

close to the one of the low energy spectrum, and V †
0 V ⋆

R ≃ VM )

BR(µ → eγ) ≃ BR(τ → eγ) ≃ BR(τ → µγ)∝ M4
3

3) degenerate Dirac neutrino eigenvalues and low energy neutrino

spectrum (right-handed neutrino close to be degenerate, and V †
0 V ⋆

R ≃ I)

BR(µ → eγ) : BR(τ → eγ) : BR(τ → µγ) = 1 : λ4 : λ2 ∝ M4
3 λ10
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