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plasma = matter (flow) vortex + EM vortex

* “topological charge” — diversity of structures

* “multi-scale” — encompassing scale-hierarchy

« “Beltrami fields” = simplest model of vortex




some images




How can vortex exist?

 Remember the Hamilton-Jacobi equations:

0S=-H, VS=P

«— momentum 1s irrorational

 Fields constructed from the action cannot
have a volticity of the phase (ex. super-

fluid).

 How can a fluid (plasma) create vorticity?



Lagrangian view & Eulerian view

* Flow-field coupling: L=L_ +L,,

L, =f(P-V—HF)odx, Loy, = —ifFquMvdx

* Lagrangian view:

V=0 £, x=0(x,.1)
 Eulerian view:

(Q : diffeomorphism)

} with constraints



history

Eulerian formulation (Serrin,1959;L1n,1963)
— how can vorticity be created?

Non-canonical Hamiltonian system
(Morrison,1980)

Vortex as a SO(3) gauge field (Kambe,2003)
Vortex as a non-Abelian field theory (Jackiw,2002)

Casimir (helicity) and variational principle (DB
field), scale hierarchy, Lyapunov stability

(Yoshida, Mahajan, Hirota, Ohsaki)




Lagrangian (in Eulerian view)

Lo=[(PV-H, —— .)odx

Serrin’s term: (SDt p) constraint for mass conservation

— jrrotational flow: P =VS




N Why 3 (not 2)?

b 1 3
L Q "
T We cannot control the boundary
\ N LT . . . . .
\ N vale 1n the variational principle.
a, g
a, '
xl

o(x',...,x") =j: u (x',....x"",y)dy

+C(x',...,x" " ;m)




Lagrangian / Eulerian duality

 Equivalentform: i =x-6, i =é-P

L, = f(P-Dti -D,S-u'Do, - H, pdsx

* Lagrangian form:
6=x, fix — Di=0

e Eulerian form:

t9x=Q(xO (xat)ot)

0=x, fix — p,A"

t,x=1 +0



non-canonical Hamiltonian mechanics

* Generalied Hamilton-Jacobi egs.:

0,8 =-(H+h)-Na,o,
VS=P-XVo,

* Singular Lie-Poisson bracket — Casimirs




a review of Hamiltonian mechanics

 classical mechanics & symplectic 2-form
L=a ' -HWu) < dS=adu —Hdt(canonicallform)
= Al.j(u)u" =d Hwu) (4;,=9.a,-9 ,a,)
w=d(adu') = Al.jdu" A du’

* If A, has a unique inverse 4%, we have
u' = A" (u)d ,H(u)
={H,u'} ={u',u'}d H(u)



Topological defects
(Casimir invariants)

* A “non-canonical” Hamiltonian system
admits the Poisson bracket (operator 4) to
have a kernel, 1.e.,

AC 51.{G,C} = 0 (VG).

e Such C 1s called a “Casimir invariant”.

« Casimir invariants poses topological
constraints.




Equilibrium (stationary points)

* Characterized by oH =0 (but, often trivial)

» Relaxation process (cf. Dirichlet’s principle)
drives the system towards the equilibrium.

» Constraints may yield non-trivial class of
equilibria characterized by

OH=0 (H=H+Y» uC)).




Helicity (Casimir)

* Vortex dynamics system:
du=-Uxu-Vo (U=qu)
\
< a=A40,H Qﬁl:%“uz,Au:—Pl‘]xu/

(We assume incompressible #. P is the “projection” onto the function

space of incompressible fields.)

« Helicity:

C=fu-qudx = A49,C=0



helicity (topological degree)

e Gauss’ liking number:
I(C),C,) = ﬁdxl x K(x,,x,) dx,

&'C,
| - :
K(x,x,)= e B (Biot — Savart's kernel)
1 2 3
A5 ‘xz — xl‘
 helicity:

» .. ; ;
C = fcw,l wwdx <— Casimir 1nvar1.ant of 1deal
vortex dynamics




MHD case
 Canonical form of MHD

d (Vv Aa"H
dt\B| “\o,H

e D R
2 Vx(ox B) 0

e Casimirs (helicities)

C =(4,B), C,=(v,B)



Structured equilibria

e Parameterized Hamiltonian (Lyapunov function):

6 (u) = 8 (H () + S at,C, (u) )= 0
* Parameterized stationary points:
(curl - A ) x (curl - Ay )u =0
» Beltrami-class of equilibria (multi-scale):

u=%aG, (VxG =1G)



3rd

2nd

1 st

0 th

flow(matter) —field(EM) coupling
and scale hierarchy

(a)

Double Beltrami field
(curl- Ay)(curl- A)B =0

T +~— Flow

Beltrami field
(curl- A)B =0

T «— Current

Harmonic field
curl B =0
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Summary

» generalized Clebsch form (n=3)

— unification of the Lagrangian & Eulerian views
* vortex

— singularity (non-canonical bracket)

— Casimirs (helicity)

— Beltramui fields (quantized vortex)

— multi-scale flow-field couplings
* variational principle

— “self-organization™

— Lyapunov stability (need “coercivity’)





