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Outline

® Why “White Light”? Why “Parametric Instabilities™?

® Plan to describe statistical properties of light for arbitrary bandwidths +
coupling with plasma - connection with quantum mechanics

*The Wigner distribution

* Generalization of the Wigner-Moyal formalism to describe broadband
radiation processes

® White light effects on Stimulated Raman Scattering (coupling with electron
plasma waves)

* Dependence of growth rates on bandwidth

® Future directions and summary
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Parametric instabilities

® Class of nonlinear oscillations
* exponential growth or decay of the oscillations

* an oscillator equation in which a parameter has an explicit periodic
oscillation/modulation

* e.g. pendulum with externally driven oscillating suspension point

D2 + w? (1+ e cos(wot)) € = 0

® Common in many plasma physics scenarios (e.g. ultra intense radiation in plasmas)

e , : , A
* electrons oscillate in transverse field of pump light wave such that v, = eE /mwy

* small density oscillation dn associated with electron plasma wave originates
transverse current o6J, = —evyon

* if wavenumbers/frequencies are properly matched transverse current generates
scattered wave

* beating of scattered wave with pump light wave increases radiation pressure @
_ plasma frequency and further enhances density perturbation )
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Parametric instabilities in plasmas !ﬁ

one example: stimulated Raman Scattering

) 2v72
dfa(r,t)|— c*Via +(w )a(r, t) =0
normalized vector potential transverse current in
of electromagnetic field the plasma
eA (r,t) 1
— T\ = 0.86
a (I‘, t) — mec2 0 O(Mm)\/1018W/Cm2
4 )
cdtp:e(chb—@tA—i—VXVxA) dt:8t+v-v
Q - longitudinal
o transverse
E [Vq — caJ MeOvy = —cE in the linear limit |a| < 1
£
< ~
a dip=eVo—me|(vy-V)vy+cvy x (V xa)]
1P = VT TV (@ D pondromoi e
\ _J/
a = ag + a linearization + Fourier transform of r,t i dispersion relation
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White light and parametric instabilities I

® White Light = Intense radiation with large bandwidth

@ in astrophysics

@ nonlinear incoherent optics

® laser plasma accelerators - short laser pulses

® Inertial Confinement Fusion

® Bandwidth effects on parametric instabilities

G. E.Vekshtein, G. M. Zaslavsky, Sov. Phys. Dokl. 12, 34 (1967) M. Mitchel, M. Segev, Nature 387, 880 (1997)

G. M. Zaslavsky,V. S. Zakharov, Sov. Phys. Tech. Phys. 12, 7 (1967) D. N. Christodoulies et al, Phys. Rev. Lett. 78, 646 (1997)
E.Valeo, C. Oberman, Phys. Rev. Lett. 30, 1035 (1973) H. Buljan et al, Phys. Rev. E 68, 036607 (2003)
J.J.Thomson,W. L. Kruer, S. E. Bodner, J. S. DeGroot, Phys. Fluids 17,849 (1974) D.A.Anderson et al, Phys. Rev. E 70, 026603 (2004)

® Random Phase Approximation (incoherent light) vs Fixed Phase (monochromatic light)
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Plan to build a theoretical framework capable !ﬁ

of describing white light parametric instabilities

f

Nonlinear full wave equation for

e.m. waves in plasma
[Klein-Gordon like field]

~N

J

‘ Generalized Wigner-Moyal formalism I

.

\

Statistical description of
electromagnetic waves

[set of kinetic equations for Wigner functions]

J

&

Coupling with plasma
through ponderomotive force

[electron plasma waves, ion acoustic waves]

Generalized dispersion relation for white light
parametric instabilities in plasmas
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Inspiration from Quantum Mechanics ﬁ

In the 1930’s Wigner proposed a statistical representation of Quantum
Mechanics formally equivalent to Schrodinger equation

. | |
0.75 “ P(x,t)
05 p
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® Fields are represented by(distribution of quasi-particles:) Wigner distribution

* Quasi-particles described by k (momentum) and r (position)

* Dynamics described by(transport equations)
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Main properties of Wigner distribution m

[W(k, r,

tﬂ: (271T)3 /dsexp(ik-s)w(r—s/Z,t)-w(r—|—s/2,t)*

Wigner distribution Spectrum of autocorrelation function

(k)| = /er(k,r,t) [Y(r)?] = /de(k,r,t)

Wigner distribution of laser field propagating in electron plasma wave

L=00mm I
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Schrodinger vs Klein-Gordon

Schrodinger Equation: Wigner-Moyal Equation:

27;wp08t$ = _6263&5 + @gé Formally atW(kv r, t) :@wk(kv r, t)S'CZW(lg r, t)

equivalent |

S = sin [% (<§r ' $>k - <§k ‘ 61’)]

Valid on the paraxial wave
approximation for e.m. waves

Local dispersion relation for
e.m. waves in plasma

Schrodinger, single mode problem

Full wave equation for normalized vector
potential of e.m. wave:

d7a(r,t) — *Via(r,t) + wi(r, t)a(r,t) =0 ALy Generalized set olegner-
equivalent Moyal equations

Nonlinear variable mass term

2nd order in time Klein-Gordon, two mode problem
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Generalized Wigner-Moyal Equations | Il

Wave Equation

{(9?&(1', t) — c*V2al(r,t) + [wgo + &g (r,t)] a(r,t) =

ar,t)= +
Feshbach-Villars 1 Balr, 1) 1 Ba(r,b)
prescription P(r,t) = 5 [a(r7t) +1 twpo ] , x(r,1) = 5 [a(rﬂf) — 1 twpo ]
~ . ) \
. 2V?2 w
|| 10 = —5-F(@+20) + 5= (b +X) + wd
Two first order PO p0
equations in time < - »
i0x = sz‘%(qﬂx) — 2 (p+x) —wox
L ! 2wp0 pro P0
\ y
=%
X
) T3 —+ ’1:7'2 2 _
Eﬂatrix equation for‘ij {Z&g‘I’ = ( % ) (—c2v>r + wg) v+ prT?)\IJJ
PO
Ti are the Pauli matrices

' H. Feshbach, EVillars, Rev. Mod. Phys. 30,24 (1958).
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Generalized Wigner-Moyal Equations |l [l

1)° |
[WignerTransform} Wee(k,r,t) = <%> / dyeky e (r 4 %) g (r _ %)
R3

Wo=Wg—Wxx  Wi=2Im|We, |

Wigner Matrix

W =2Re [Woo | Wo =Wy g+ Wxx

( 8tW(k’r,t)—|—(_D—S)%{Tg,—FZ'TQ,W(k,r,t)}"'
Transport Equations .
L i [Ho(k) + 0} L (75 + ima), W(k, 1, )] + iwpo [75, W (k, 1, )] = 0

. @3 (r,t . D% (r,t . 2
OPeratOrS S:wp(r )Sin <%<5r'5>k>’ C:wp(r )COS <%<5r'5>k>’ D:c—ksr

- — N
oWy + (D — S) (WQ + W3) =0
( . . ) Cz 2 62 o 2
Generalized Wigner- OWr — | —— [ K = == |+ C (Wo+ Wy) = — W5 =0
. 0 0
Moyal Equations g "
\_ [ 2 o2 i
. . 2
p 8tW2—<D—S)Wo+ wc—<k2—v4‘">+0 Wit — W, =
. . 0 p0
Statistical 1 -
Description of Light .. [ 2 V2 N
_ i 2 3tW3+(D—S)W0— wc— kz—zr +C| Wy =0
). P Santos, L. O. Silva, |. Math. Phys, 46, 102901 (2005). ‘L P y




Coupling with electron plasma waves

2
v(r,t) = \/1 L a(r ) + pl\(j’j) |Ponderomotive force terml—‘
msc

Nonlinear
) relativistic effect .
op(r,t) = —eE| — mec*VA(r,t) Goal

Field evolution determined by statistical
equations for light

Why!?

Usual analytical formalism cannot take into account
arbitrary light bandwidth/statistics
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Perturbation theory for photon kinetics

Incident pump light = 0-order ' s

(FRe[ap'é*] _ Gl k) /3dk [po e+ ) ool kTL)ﬂ

47

2 2 2
~2 k _ wpo kLC 1
Wy (wLa L) - 2
w 0
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Generalized dispersion relation I* [l

2 k k
e g / di [P+ 2) | polk—5)
45 | 2 _ “ro R3 D= (k) D+ (k)
< s S0 = 3 5

Arbitrary distribution of photons

k
DT = w% F 2 [k-kLc2 — WLWEO (kZF %)]

[ Incident Monochromatic Light J

with wavenumber ko

po(k) = agd(k — ko)

_ @ | kit 1 ., ]

|dentical to
Kruer, The physics of laser plasmas interactions(|988)
*]. P. Santos, L. O. Silva, R. Blngham, Phys. Rev. Lett. 98, 235001 (2007)




Generalized dispersion relation || ]

1 1
W2 +2(ko ki@ —wowr) — 123 | w2 —2(ko ki — wpwr) — K2 &2

[Weighted average of plane wave plasma respunseJ

with wavenumber kg

[ Incident Monochromatic Light J

1 1
wi + Z(kﬂ . kch - wqu) - kicz i wi - 2(ku . kL02 - {.IJ{]WL) - k%cz]
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Standard monochromatic pump results i

Raman Backscattering (RBS)

Relativistic Modulational InstaBiIity (RMI)

1.x 1072 ﬂ

1.x107*
I [wpo]

1.x107% "

/

ao = 0.1
I(O/kp — 3

1.x1078

0o 1 2

Raman Forward Scattering (RFS)

3 4 5 6

KL [C/wpo]

L. O.Silva | Trieste, ICTP, 15 August 2007 | Summer College on Plasma Physics




Statistics of white light

ko=3 lwpo/c]

0.8 - 6,=1 [wpo/c]

Incident light with stochastic phase Y(x), described by

autocorrelation function 06

|F )
' (0)

0.4 -

2

T O L

yo

0.

The corresponding zero-order Wigner distribution is a
waterbag distribution function:

2
_ % _ _ L
po(k) = o1+ 0 [@(k‘ ko +0'1) @(k’ ko 0'2)]

f_ 01 _|_0.2 -

o= —-"

2 O9 — O

ko = ko + %

- _

0,=2 lwpo/c]

-10

ko

0 5 10
Y [C/wpo]

k
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bt — 2/ Qo [c(o1 + 02) + wo1 — wo2]

Qo (wrHckrp)Q=*
wr,+ckr, czk%

w2

p0

; 2
wor = \/ ko + (—1)ioi]? &2 + 22

Qi — [Df: + (ckr —wr)(wr — 2w01)] [D;‘Z + (ckp —wr)(wp, — 2w02)] QO — (k%62 _ w%) <k‘%62 B w% 4 4wp0)

Term contributing for instability

D w? F 2 [(ko + (=1)%o;)kpc? — wOiwL] — k2 c?

i =

Yo
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Analytical results |l

Asymmetric waterbag
RFS
ao

- 2V2y3(ky — 1) (ko + 02)

RBS
mal ko + oy 1

5/2 o1+ o dﬁ kyt+o
8y~ 71 21+ WL (a1+a:)2

kL = wpo/cy/0
wr, = wpo/+/70 + 6

I'rEs

k= 2(ko +03) —wpo/cy/Yo-
wr, = wpo/ /Yo + 8

FRBS -

For Lorentzian, similar
dependences with bandwidth
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Comparison between different

instability regimes |

Asymmetric waterbag

x Numerical solution

- Theory ; 160 c, kg 800 ,c, a 0.1 mc’e
1 ] T T T T T T T T T T T T T T T T T
0.9 ' RFS Less sensitive to bandwidth
/ effects

0.8 t
, 07 1/ 2
0

0.6

0.5

0.4

1/ -

2 Ko

More sensitive to bandwidth effects
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Comparison between different

instability regimes |

Asymmetric waterbag

a0 = 3 a0 = 0.1
1 1[m

0.9 | 0.9]

0.8 | 08

2 & 2 0.7]
0.7 |

0 ®\® 0 0.6|

0.6 \®\ | _

0.5

05 O\&@\S 0.4|

0 02 04 06 08 1 0 02 04 06 08 1
2 k0 2 ko
ko=80:01= 16
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Asymmetric waterbag kL ~ 1/

0.047 as S
/ range of uns

table k, (pw)

M (10'w,,)

0.00 ,
150 2po
K, @
. O

]CL ~ Q(ko — 0'1) — 1/\/%
independent of 0,

a0 =0.1;ko=80;0, =16
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Self-focusing or transverse modulation instability !ﬁ

- monochromatic beam -

The generalized dispersion relation (valid for all scattering angles) is employed

[

Incident Monochromatic Light
with wavenumber ko

self-focusing

kr - ko=0

n.of

000 005 010 015 020
k (k]

po(k) = a26(k — ko)

Dispersion relation for monochromatic self-focusing instability

~2a W} —13) (1 -0 (W} —K3)) + (win — 1) (v} - K})* - awfw}) =0

laz2add - .
I ’)fn(kL — WL) <11 long wavelengths
| wi’}’o <1 : underdense plasma

| [—2&: (w2 —K2) — (2 — k2)” + 40202 = o]

025 030

4 Identical to

(C.E.Max et al, Phys. Rev. lett. 33,209 (1974)

|
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Transverse modulation instability

broadband dispersion relation

Incident Light
propagation direction is x
with transverse spread in wavenumbers along k,

p(k) = 036 (ke — ko) (ky) £ (k:) A=+t

70
B k70 1 1
[1 o () [k (5 DJJ

e e o o o o o o

\
: Yo (kL — wi) <1 : long wavelengths
I wi')’ﬂ <1 : underdense plasma
|
| k'g K wg | “small” transverse spread

Wo 1 1
l=a— [ dk, f(k,
[ o ] el )(d1+dz+(kz—d3)2+d1—dz+(kz—d3)2) J

k2 wo wo
dl = ﬂ (ELL.FLLLJ[) — Lwﬂ) d2 = — (ki - wi) dﬂ == _kL
Wy, L, wr, W,




Transverse modulation instability !ﬁ

broadband dispersion relation - waterbag

[Waterbag distribution in kz (width = 2 kz0) ]

1
2k .o

1= @ wo 1 S ds + kzo —a.rctands_ kzo + 1 S dz+kzo a:r:cta.nds — kzo
2’&‘.'3[] wr, d_|_ d_|_ d_|_ d_ d_ d_

flk2) = (O(k. + k20 — O(k, — k.0))

k2wq Wo 2 2 Wo di = +/di +dg
di = — | 2w — L d2=—(k— ) dzs = —kr,
1 LWo L 'L
Wy, Wy, W wr, d_ = 1;"'0!1 —dq
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Summary !ﬁ

® Generalized Wigner-Moyal statistical theory for photons formally equivalent
to full nonlinear wave equation for e.m. waves (no paraxial wave
approximation)

® Generalized dispersion relation for coupling with electron plasma waves for
light with arbitrary statistics (valid for all angles, all intensities)

® White Light Effects

* Growth rates for Raman Forward Scattering and Relativistic
Modulational Instability can increase with increasing bandwidth

* Range of unstable wavenumbers increases with increasing bandwidth for
Raman Forward/Backscattering

* Strong qualitative variations due to merging of Raman Forward Scattering

and Raman Backscattering when bandwidth increases
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Future directions

® Multidimensional analysis of coupling with electron dynamics (e.g.
transverse modulation instability - relativistic effects)

® Generalize formalism to describe coupling with ion acoustic waves
(Stimulated Brillouin Scattering)

® Describe fluctuations of the plasma via Wigner-Moyal equation with
the goal of including zero-order statistics of plasma fluctuations

® ldentify absolute vs convective nature of the instabilities derived
from the generalized dispersion relation

® Spatial-temporal theory

® Comeparison with particle-in-cell simulations and experiments
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Growth rate goes up with increasing bandwidth

1.5

1.25 ¢

0 075

0.5
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Symmetric waterbag

@S

RFS N
Sharp transition @ ko

.

0.5

‘1”“1.5““2

Ko
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RFS peak splitting and merging with RBS

RFS peak splitting
5.x107% | =
4.x107% ¢
3.x107% ¢
[ [wpo ]
2.x107% |
1.x107% |

U S S
0.95‘1

RMI
g < ]fo

KL [C/wpol

101 1.02 1.03 1.04 1.05

I |0-’pﬂ|

ao = 0.1 ko/k, = 80
5.x107* 7
4.x107% |
3.x107*}
2.x107*

|  RBS region of unstab|
\ i .

0L

1.x107*

RFS peak

'

e k.

1

12 14 16 18 2 22 24

K [Clewpo]

O>]€0

Range of unstable ki in RBS increases with bandwidth ~ [2(ko — ), 2(ko + o)






