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Strongly correlated electron systems



“Conventional” solid state materials

Bloch theorem for non-interacting
electrons in a periodic potential
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Consequences of the Bloch theorem
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“Conventional” solid state materials

Electron-phonon and electron-electron interactions
are irrelevant at low temperatures
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Landau Fermi liquid theory: when frequency and
temperature are smaller than E. electron systems
are equivalent to systems of non-interacting fermions
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Non Fermi liquid behavior in novel quantum materials
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Violation of the
Wiedemann-Franz law

In high Tc superconductors

Hill et al., Nature 414:711 (2001)
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Puzzles of high temperature superconductors

Unusual “normal” state

Resistivity, opical conductivity,
Lack of sharply defined quasiparticles,
Nernst effect

Mechanism of Superconductivity

High transition temperature,
retardation effect, isotope effect,
role of elecron-electron

and electron-phonon interactions

Competing orders

Role of magnetsim, stripes,
possible fractionalization

Maple, JIMM

M 177:18 (1998)
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Applications of qguantum materials:
High Tc superconductors
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Applications of qguantum materials:
Ferroelectric RAM

©) Pb ():0 @:ZnTi

16KByte MaskROM | Bbit CPU

FeRAM in Smart Cards

Non-Volatile Memory

High Speed Processing




Modeling strongly correlated
systems using cold atoms



Bose-Einstein condensation

Cornell et al., Science 269, 198 (1995)

n~10"%em®  Iprc ~ lpk
Ultralow density condensed matter system

Interactions are weak and can be described theoretically from first principles



New Era in Cold Atoms Research
Focus on Systems with Strong Interactions

* Feshbach resonances

e Rotating systems

e Low dimensional systems
e Atoms in optical lattices

e Systems with long range dipolar interactions



scattering length (a)

Feshbach resonance and fermionic condensates
Greiner et al., Nature 426:537 (2003); Ketterle et al., PRL 91:250401 (2003)
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One dimensional systems

L
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1D confinement in optical potential
Weiss et al., Science (05);

Bloch et al.,

Esslinger et al.,

BEC atoms

One dimensional systems in microtraps.
Thywissen et al., Eur. J. Phys. D. (99);
Hansel et al., Nature (01);

Folman et al., Adv. At. Mol. Opt. Phys. (02)
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Atoms In optical lattices

Theory: Jaksch et al. PRL (1998)

Experiment: Kasevich et al., Science (2001);
Greiner et al., Nature (2001);
Phillips et al., J. Physics B (2002)
Esslinger et al., PRL (2004);

and many more ...



Strongly correlated systems

Electrons in Solids Atoms In optical lattices
B ~1+4eV~10*K Eine ~ Exin ~ 10 kHz ~ 107° K

Ero~1+-10eV ~10° K

Simple metals Ejint < Ekin

Perturbation theory in Coulomb interaction applies.
Band structure methods wotk

Strongly Correlated Electron Systems  Eint = Ekin
Band structure methods fail.

Novel phenomena in strongly correlated electron systems:

Quantum magnetism, phase separation, unconventional superconductivity,
high temperature superconductivity, fractionalization of electrons ...



Strongly correlated systems
of photons



Strongly interacting photons

#» Usual approach: atoms inside resonant optical microcavities
(cavity QED)

» Enhancement due to many round-trip interactions between
photon and atom

# Narrow bandwidth

» Phase transitions in coupled networks of cavities?
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Novel approach to strong coupling

+ Strong coupling of atom to photons in single-mode, 1-D
waveguides

» Large interaction with tightly-confined modes, g~1/v 4,
» Broadband

Nanoscale surface plasmons Atoms in a hollow core
photonic crystal fiber
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Strongly interacting photons in 1-D optical waveguides
/\
QL. 0

BEFORE: two level systems and NOW: EIT and tight
Insufficient mode confinement mode confinement

Interaction corresponds to attraction. Sign of the interaction can be tuned
Physics of solitons (e.g. Drummond)

Weak non-linearity due to insufficient Tight confinement of the
mode confining electromagnetic mode

enhances nonlinearity

Limit on non-linearity due to

Strong non-linearity without losses
photon decay

can be achieved using EIT

Fermionized photons are possible (. chang et al.)



Why are we interested in making
strongly correlated systems of cold
atoms (and photons) ?



New Era in Cold Atoms Research
Focus on Systems with Strong Interactions

Goals

e Resolve long standing questions in condensed matter physics
(e.g. origin of high temperature superconductivity)

* Resolve matter of principle questions
(e.g. existence of spin liquids in two and three dimensions)

e Study new phenomena in strongly correlated systems
(e.g. coherent far from equilibrium dynamics)



Outline

e Introduction
e Basics of cold atoms in optical lattices

Bose Hubbard model. Superfluid to Mott transition.

Dynamical instabllity.
 Two component Bose mixtures

Quantum magnetism
 Fermions in optical lattices

Pairing in systems with repulsive interactions. High Tc mechanism
 Low-dimensional Bose systems in and out of equilibrium

Analysis of correlations beyond mean-field

Emphasis: detection and characterzation of many-body states



Atoms In optical lattices.
Bose Hubbard model



Bose Hubbard model

t,U << hw o+
L 2 4y
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z

t — tunneling of atoms between neighboring wells

U — repulsion of atoms sitting in the same well



Bose Hubbard model. Mean-field phase diagram

p /U 4

M.P.A. Fisher et al.,
N=3 Mott PRB40:546 (1989)
4
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2
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Bose Hubbard model
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Bose Hubbard Model. Mean-field phase diagram

#/U 4

4
@ Superfluid
2

N=1 Mott
0 t/U

Mott insulator phase

: Particle-hole excitation AFE ~ U — N t

Tips of the Mott lobes U ~ N



Gutzwiller variational wavefunction

W) = JJ(folo)+ 1D+ f2|2)+... )

= T1( fo+ £ 6} + f—z_ (b2 + ... ) |0);
| V2

T

Normalization fol? + |2+ o2+ =1

Interaction energy ey =2 U |fo|* +6 U |f3]* + ...

2
Kinetic energy e, = —zt| fo f1+ V2 fifo+ V3 fofa+...

Zz — number of nearest neighbors



Phase diagram of the 1D Bose Hubbard model.
Quantum Monte-Carlo study

Batrouni and Scaletter, PRB 46:9051 (1992)
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Extended Hubbard Model
H=—t Z bl b, + Z DR P Z n;

(i3) ij

[y - on site repulsion [/, - nearest neighbor repulsion
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Extended Hubbard model. Mean field phase diagram
van Otterlo et al., PRB 52:16176 (1995)
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Extended Hubbard model.
Quantum Monte Carlo study
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Dipolar bosons in optical lattices
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Bose Hubbard model away from equilibrium.
Dynamical Instability of strongly interacting
bosons in optical lattices



Moving condensate in an optical lattice. Dynamical instability

Theory: Niu et al. PRA (01), Smerzi et al. PRL (02)
Experiment: Fallani et al. PRL (04)
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Question: How to connect
the dynamical instability (irreversible, classical)
to the superfluid to Mott transition (equilibrium, quantum)

D 1
/2 Unstable
Stable ’)’)’?
= >
SF M ug
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Dynamical instabllity

Classical limit of the Hubbard model. N ¢t >> U
Discreet Gross-Pitaevskii equation

dKDJ T
(] T = —t ?@;‘—I—[

IIJ;;F |2 kIIj
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Current carrying states \ j e P

Linear stability analysis: States with p>Ll«<= are unstable
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Dynamical instability for integer filling

Order parameter for a current carrying state W;(p) = A(p) Pt

Current J(p) = |A(p)|? sin(p)

S~

GP regime A(p) = v N. Maximum of the current for p = 7/2

When we include quantum fluctuations, the amplitude of the
order parameter is suppressed

Ap=0) e
vN Nt

A(p) decreases with increasing phase gradient 7




Dynamical instability for integer filling

01

A(p)]? sin(p) 2

()

) U/J
P .

00 01 02 03 04 05 Sk M
Condensate momentum p/x

Vicinity of the SF-I quantum phase transition. |
Classical description applies for L > ¢ ~ (U, — U)~1/?

<€

>« £ >

=

C
S

Dynamical instability occurs for p & ~ /2



Dynamical instability. Gutzwiller approximation

Wavefunction

Time evolution

() =] [Z finlt)] n,_::-j]

7 n=ll

B _t’ff_m

i— = "t(fin-10; + fint167) + S n(n—1) fin

65() = 3 (U(1) | a; | T(1))

.:.-:'_ )

We look for stability against small fluctuations

Phase diagram. Integer filling
Altman et al., PRL 95:20402 (2005) £
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Center of Mass Momentum

Optical lattice and parabolic trap.
Gutzwiller approximation

Time

0z | \ —— NS
0.1- q A ,
0.0 \//\,\/J
-0.1- \/ U
-0.2_- U U \‘

0 100 200 300 400 500

The first instability
develops near the edges,
where N=1

U=0.01t

J=1/4




Phase diagram for a Bose-Einstein condensate moving in an optical lattice

Jongchul Mun, Patrick Medley, Gretchen K. Campbell.* Luis G. Marcassa,! David E. Pritchard, and Wolfzang Ketterle

MIT-Harvard Center for Ultracold Atoms, Research Laboratory of Electronics,
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Beyond semiclassical equations. Current decay by tunneling

4 4 ,O / JO
O O
N O N %
o] (q0] / /
= @) = =
b L b L bs

Current carrying states are metastable.
They can decay by thermal or guantum tunneling

Thermal activation Quantum tunneling



Decay rate from a metastable state. Example

dx

dr




Need to consider dynamics of many degrees of
freedom to describe a phase slip

—_—— . . N . — —
>
>
>
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A. Polkovnikov et al., Phys. Rev. A 71:063613 (2005)



Strongly interacting regime. Vicinity of the SF-Mott transition
Decay of current by guantum tunneling

o1
/2
U/J
N >

SF MI

Action of a quantum phase slip in d=1,2,3 £ - correlation length
) 1 * 5 /0 o o
Sa~ = (1 — V3pg)s/2-1 E~ (U, —U)™/?
S

Strong broadening of the phase transition in d=1 and d=2

S5, is discontinuous at the transition. Phase slips are not important.
Sharp phase transition



Decay of current by quantum tunneling
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PRL 94, 120403 (2005)
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Strongly Inhibited Transport of a Degenerate 1D Bose Gas in a Lattice

C.D. Fertig,'* K. M. O'Hara,'** I. H. Huckans,'~ S. L. Rolston,'* W.D. Phillips,' and J. V. Porto'
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Phase diagram for a Bose-Einstein condensate moving in an optical lattice

Jongchul Mun, Patrick Medley, Gretchen K. Campbell.* Luis G. Marcassa,! David E. Pritchard, and Wolfzang Ketterle
MIT-Harvard Center for Ultracold Atoms, Research Laboratory of Electronics,
and Department of Physics, MIT, Cambridge, Massachusetts 02139, USA.

(a)
— 0.5}
o
a 0.4
= - & x
= e
C 0.3 dissipative
E flow
% 0.2¢
= superfluid
= 0.4} - flow
e
O
0 0.2 0.4 0.6 0.8 1T

Interaction Strength u/u

omsf

“ 050
3]




phase

Decay of current by thermal activation

Thermal
phase slip

'~ e

—AE/T




Thermally activated current decay. Weakly interacting regime

Thermal

| . _AE/T
phase slip I'~e

Activation energy in d=1,2,3

=

AE, =13JN (= —p)?

&

gub

AE;, = 1UJN{; _ p)5/2

Thermal fluctuations lead to rapid decay of currents

Crossover from thermal . — .
to quantum tunneling Ig ~ \/\ JU x (5 —p)



Decay of current by thermal fluctuations

Unstable regimes for a Bose-Einstein condensate in an optical lattice
=

L. De Sarlo*, L. Fallani, J. E. Lye, M. Maodugno!, R. Saerst, C. Fort and M. Inguscio

Phys. Rev. Lett. (2004)

0.00gz 001z 0.02qs 0.03q. 0.04q, 0059, 007gs 0.10g:s 0.20q,

f~35% @

f<20% @

FIG. 2: Absorption images of the condensate interacting for + = 158 with a lattice with s = 0.2 for different values of
quasimomentum ranging from 0 to 0.20ge and for respectively a condensed fraction of about 65% (fop) and no detectable

thermal component (botiom).



Decay of current by thermal fluctuations

- Experiments: Brian DeMarco et al., arXiv 0708:3074
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Outline

v"* Introduction
v~ ¢ Basics of cold atoms in optical lattices

Bose Hubbard model. Superfluid to Mott transition.
Dynamical instabllity.

 Two component Bose mixtures
Quantum magnetism
 Fermions in optical lattices. Bose-Fermi mixtures
Pairing in systems with repulsive interactions. Polarons
 Low-dimensional Bose systems in and out of equilibrium
Analysis of correlations beyond mean-field.

Interference experiments with low dimensional condensates

Emphasis: detection and characterzation of many-body states



Magnetism In condensed matter systems



Ferromagnetism

Magnetic needle in a compass

Magnetic memory in hard drives.
Storage density of hundreds of
billions bits per square inch.




Stoner model of ferromagnetism

)

Spontaneous spin polarization
decreases interaction energy

but increases kinetic energy of
electrons
Mean-field criterion IN@0) =1

| — interaction strength
N(O) — density of states at the Fermi level



Antiferromagnetism

Maple, IMMM 177:18 (1998)
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High temperature superconductivity in cuprates is always found

near an antiferromagnetic insulating state



Antiferromagnetism

Antiferromagnetic Heisenberg model ~ H =.J »  S; S

2> = 14 4>
‘S>: %(‘o <>> - ‘o <>>)
> 5 (1> 146>)

[ae> = (s> + [1>)

Antiferromagnetic state breaks spin symmetry.
It does not have a well defined spin
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\T7 )




Spin liquid states

Alternative to classical antiferromagnetic state: spin liquid states

Properties of spin liquid states:

_ RN T - fractionalized excitations
'( e topological order
AA S i AA e gauge theory description
_( ’.\. \.‘:

R Y i

Systems with geometric frustration

® ?



Spin liquid behavior in systems
with geometric frustration

Kagome lattice Pyrochlore lattice

SrCrg.,Gas,,O1g ZnCr,0,
Ramirez et al. PRL (90)

Broholm et al. PRL (90) Ramirez et al. PRL (02)
Uemura et al. PRL (94)



Engineering magnetic systems
using cold atoms in an optical lattice



Two component Bose mixture in optical lattice
Example: "Rb. Mandel et al., Nature 425:937 (2003)

$ 1 T)=|F=1,mp=-1)

Two component Bose Hubbard model

- _ tTZbﬂ i1 — Zb' 31‘|‘LTTZ”tT ny — 1)

(27) (23)

+ Uy, Z ng(n; —1)+ Uy Z |

i



Quantum magnetism of bosons in optical lattices

W\/ M Duan, Demler, Lukin, PRL 91:94514 (2003)

H = JEZHfﬁj—I—JJ_Z( ofof +olo?)

() (27)

.r:t%Jrff_ ts B 1 JL:_tTt_l_
z 2U | Uy Uy UT |
* Ferromagnetic Upy >> Uy, Uy

» Antiferromagnetic Uy <<Up, Uy



Exchange Interactions in Solids

Kinetic energy dominates: antiferromagnetic state

Coulomb energy dominates: ferromagnetic state




Two component Bose mixture in optical lattice.
Mean field theory + Quantum fluctuations

Altman et al., NJP 5:113 (2003)
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Realization of spin liquid

using cold atoms in an optical lattice
Theory: Duan, Demler, Lukin PRL 91:94514 (03)

Kitaev model Annals of Physics 321:2 (2006)

H :_‘]x ZGiXGjX-Jy ZGIyGJy'JZ ZGiZGjZ

Questions:

Detection of topological order

Creation and manipulation of spin liquid states

Detection of fractionalization, Abelian and non-Abelian anyons
Melting spin liquids. Nature of the superfluid state



Superexchange interaction
In experiments with double wells

Immanuel Bloch et al.



Preparation and detection of Mott states
of atoms In a double well potential

o\ - W,

|0,0> -1+1) + |+1-1)




Observation of superexchange in a double well potential
Theory: A.M. Rey et al., arXiv:0704.1413

o/ \®

—> VH

Use magnetic field gradient to prepare a state | | 1)

Observe oscillations between | | T) and | T1) states

Experiments:
|. Bloch et al.

© Population
@ Spin




Population and spin imbalance

Comparison to the Hubbard model

@ Spin

150

200

Experiments: I. Bloch et al.
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Beyond the basic Hubbard model

Basic Hubbard model includes
only local interaction

Extended Hubbard model
takes into account non-local
Interaction

HEHI’V‘I — HHI‘VI — A.J Z ('ﬁ'UL —+ ﬁ'GR) ((E'LILEI'GJR + &LJ’R&'J"L)
oo’
T ' - - - T A 'i" - l
+ DLR Z (n'ULn'G'"R + Ugperp Ao’ LAoR
og#o’
i

"t st s NI
+§Q'UL(1'U’L(1'CT’RQ'JR + Qa'URa'U’RaU!LaUL) ?



Spin Imbalance
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Beyond the basic Hubbard model
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Connecting double wells ...



Goal: observe antiferromagnetic order of
cold atoms in an optical lattice!

A

Detection: quantum noise, using superlattice (merging two wells into one), ...




Boson Fermion mixtures

Fermions interacting with phonons.
Polarons. Competing orders



Boson Fermion mixtures

Experiments: ENS, Florence, JILA, MIT, ETH, Hamburg, Rice, ...

/ Bosons provide cooling for fermions
’ and mediate interactions. They create

BEC non-local attraction between fermions

Charge Density Wave Phase
Periodic arrangement of atoms

Non-local Fermion Pairing
P-wave, D-wave, ...




Boson Fermion mixtures

H = Hw + Hg + ng}f

Hep, = —szb b, +[bbz??b«; (np: —

(i7)

Effective fermion-"phonon” interaction
‘):lf by = Z u’”t} { 3I I.-Bq
‘l]:fbf — ZJ{I {3 + | 3'_{1 f';-i:__|_qfh:

Fermion-"phonon” vertex Yq 4|
Similar to electron-phonon systems

“Phonons”
Bogoliubov (phase) mode

d/Ke



Boson Fermion mixtures in 1d optical lattices

Cazalila et al., PRL (2003); Mathey et al., PRL (2004)

H = —f-.r_-,z E?Tbj — tf Z finj — j.t:_-,z Thh: — p',f Z ﬂ'_fz' -+ {fbbz ﬂgz- —+ L‘be Z ?151;?1-{7;

(3} (if) i
Spinless fermions Spin % fermions
| (b)
03] CDW .~
o “CDW (SPP)
0.2
O
SDW
0.1l (CDW)
0.0l 0.02 0.03 0.04 0.5

nabf/?LL

Note: Luttinger parameters can be determined using correlation function
measurements in the time of flight experiments. Altman et al. (2005)



Bose-Fermi Mixtures in a Three-dimensional Optical Lattice

Kenneth Gunter, Thilo Stoferle, Henning Moritz, Michael Kohl*, Tilman Esslinger
Institute of Quantum FElectronics, FTH Zirich, CH-8093 Ziirich, Switzerland
(Dated: May 24, 2007)

Suppression of superfluidity of bosons by fermions

1 -_ T Il- = T T T T T | el
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Fermion-Boson mixtures, see also Ospelkaus et al., cond-mat/0604179
Bose-Bose mixtures, see Catani et al., arXiv:0706.278



Competing effects of fermions on bosons

Bosons

e/

Fermions

Fermions provide screening.
Favors SF state of bosons

Orthogonality catastrophy for fermions.
Favors Mott insulating state of bosons



Competing effects of fermions on bosons

Uc-U .
f superfluid
~(1=mA
o no Fermions
- - - ' no orthogonality C
0 — low dissipation
; high dissipation
A A A T



Interference as a probe of low
dimensional condensates



Interference of one dimensional condensates
Experiments: Schmiedmayer et al., Nature Physics (2005,2006)

Transverse imaging
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Imaging
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Figures courtesy of
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Interference of one dimensional condensates

Polkovnikov, Altman, Demler, PNAS 103:6125 (2006)

Amplitude of interference fringes, Ag,

L
flfr|e*ﬂ‘-3’:/ dr aj (x)ag(x)
0

For independent condensates A is finite
but A¢ is random

I L
Af,_‘F}:fU /Dd.;rd-ym(m)a-g(:m-'g(-y)al(-y)>
I

I
VW
ANV

Exike )
Afriu

LR

=1 [ dr(ar(@) al(0) (aa(0)a(x) )
0]

L
Foridentical /| 4.2y — [ de (G (1) )2
condensates - ) /H z (G(z))

Instantaneous correlation function G(x) = (a(x)a'(0))
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Interference between Luttinger liquids

¢ 1/2K
Luttinger liquidat T=0 G(z) ~ p (—)

T
Apl?) ~ (p& )X (Lp)>~YK K- Luttinger parameter

For non-interacting bosons /A = oC and Ay, ~ L

For impenetrable bosons i’ = 1 and Ay ~ V'L

Finite ,, - s B2\ TYE
i’ilfr| ; L;O gh
temperature 1‘ mé2 T
15%105 | | _ Experiments: Hofferberth,
Schumm, Schmiedmayer
Lo nig = 60pum=—1
= | K = 47
T = 84 £ 22 nK
% 20 40 60

L [um]



Interference of two dimensional condensates

Experiments: Hadzibabic et al. Nature (2006)
Gati et al., PRL (2006)

- |
L. \L/

/A

<«

Probe beam parallel to the plane of the condensates U U
| ’-lfr |2 — L JE / / dg_}_j ( (jf . : I flfr
G(7) = (a(F) of Observation of the BKT transition.

Talk by J. Dalibard



Fundamental noise In
Interference experiments

Amplitude of interference fringes is a quantum operator.
The measured value of the amplitude will fluctuate from
shot to shot. We want to characterize not only the average
but the fluctuations as well.



Shot noise In interference experiments

Interference with a finite number of atoms.
How well can one measure the amplitude
of interference fringes in a single shot?

One atom: NoO
Very many atoms: Exactly
Finite number of atoms: ?

Consider higher moments of the interference fringe amplitude
AP, (A4

;
i

[

|1

), and so on

Obtain the entire distribution function of |A|*



Shot noise In interference experiments

Polkovnikov, Europhys. Lett. 78:10006 (1997)
Imambekov, Gritsev, Demler, 2006 Varenna lecture notes, cond-mat/0703766

Interference of two condensates with 100 atoms in each cloud

W(R)<R> e Number states
N Coherent states
2.5]
1.5}
1|
0.5
R/<R>




Distribution function of fringe amplitudes
for interference of fluctuating condensates

Gritsev, Altman, Demler, Polkovnikov, Nature Physics (2006)

Imambekov, Gritsev, Demler, cond-mat/0612011; c-m/0703766
/\ m I I L f
s | Ag| eiR? — / dr aj (x)ag(x)
T 0
2 L -+ -+
e | (el 2 f dz (ay(x) a}(0)) (as(0)a}(x) )
0

l il Agr is a quantum operator. The measured value of

U | As,| will fluctuate from shot to shot.

L
(|Ag]?™) = f dzy ...dz |{a'(z) ...a"(z,) a(z]) ...a(z')))?
0

i

Higher moments reflect higher order correlation functions
We need the full distribution function of |Ag,|



Higher moments of interference amplitude

Method |: connection to quantum impurity model
Gritsev, Polkovnikov, Altman, Demler, Nature Physics 2:705 (2006)

T Higher moments

I
!

L
g 2 ! . H‘_‘I _.'I .-ﬂ' % .-H' .-H'_‘Iw. ﬁll' l'._ 2
(| Ay ™) = / dzy ...dz |(a'(z) ...a"(z) a(z]) ... a(z]))]
J 0

U U Changing to periodic boundary conditions (long condensates)
|4‘ |-}H ::: |*4-f1'|2:::ﬂ X ZEH

2 2
du; dv;
ZEH a H [ / 2"]' 2.%

Explicit expressions for Z,,, are available but cumbersome
Fendley, Lesage, Saleur, J. Stat. Phys. 79:799 (1995)
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Impurity in a Luttinger liquid

-h € T . - . . _
S — \_<_ 5 = Tl dr dr [[E?Tq;}]‘z + E‘JT;;}]‘E] + 2g [d'r cosad (x =10,

Expansion of the partition function in powers of g

2n
7= g T dr, (e'? + e %) (e'? 4+ e '?)
mp {2_“]1 Pl «es Wi | T =\ JTaon

"

2n

5’
Zunp - Z Z.Ei-a
27 2qr
du; dv;
ZEH N H [ / 2m 2w

Partition function of the impurity contains correlation functions
taken at the same point and at different times. Moments

of interference experiments come from correlations functions
taken at the same time but in different points. Euclidean invariance

ensures that the two are the same

s
5 )

2 sin( =) [[,; 2 sin( =
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IL,; 2 sin( =)
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Relation between quantum impurity problem
and interference of fluctuating condensates

Normalized amplitude

/ 2 "-._l
of interference fringes Age|7)

-ﬁ’ilfr|2/{

Distribution function oo 2
of fringe amplitudes W(K, a”)

l‘."ul.'-2 —

Relation to the impurity partition function

Z'lmp( K, qg) = ‘/d da? WK, a? )1o(2ga)
0

Distribution function can be reconstructed from Zin.( K., g)

using completeness relations for the Bessel functions

W(K,a*) = 2 /ﬂ gdg Zimp(K ., ig)Jo(2ga” )




Bethe ansatz solution for a quantum impurity

Zimp( K, g) can be obtained from the Bethe ansatz following
Zamolodchikov, Phys. Lett. B 253:391 (91); Fendley, et al., J. Stat. Phys. 79:799 (95)

Making analytic continuation is possible but cumbersome

Interference amplitude and spectral determinant

Zimp( 1<, 2g ) is related to the Schroedinger equation

Dorey, Tateo, J.Phys. A. Math. Gen. 32:L419 (1999)
Bazhanov, Lukyanov, Zamolodchikov, J. Stat. Phys. 102:567 (2001)

d_gllJ : 41’1 3
_dx?+{ +E}IIJ—EKII

Spectral determinant  D(E) =

2 . -—1 | e
Zimp( K, ig) = D (f—g (4K)*™5 7 [D(1 = 55=)])? sin®( ,J)

2K 2K




“I think you should be more explicit here in
step two.”



Probability P(X)

Evolution of the distribution function

=1
K=1.5

=5

ﬂr-2 —

flfr|2;/{

—?

Ag, ‘ 2

A

Narrow distribution
for ' — ~
Approaches Gumbel
distribution.

Width o — ——
6L

Wide Poissonian
distribution for

K —1



From interference amplitudes to conformal field theories

Z -lmp( K, i1g ) correspond to vacuum eigenvalues of Q operators of CFT
Bazhanov, Lukyanov, Zamolodchikov, Comm. Math. Phys.1996, 1997, 1999

When K>1, Zi,,( /X, 2g ) is related to Q operators of
CFT with ¢<0. This includes 2D quantum gravity, non-
Intersecting loop model on 2D lattice, growth of random
fractal stochastic interface, high energy limit of multicolor
QCD, ...

_1 02/04 06 08 1 12 14

-2 2D gquantum gravity,

_3 non-intersecting loops on 2D lattice
-4 Yang-Lee singularity

-3



How to generalize this analysis
to 1d with open boundary
conditions and 2d condensates?



Inhomogeneous Sine-Gordon models

S=%Ld2$(v¢)2 -I-gfwdecnsqﬁ

[ Daoe=59)
~ [ Dge=350

Limiting cases

Z(g)

Bulk Sine-Gordon model Boundary Sine-Gordon model
(D:Q W= S(X—Xo)




Inhomogeneous Sine-Gordon models
g_ B

b

>z (Vo) + g / d*x cos &
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Expand in powers of g
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Higher moments of interference amplitude

Method Il: connection to generalized sine-Gordon models and
random surfaces

Imambekov, Gritsev, Demler,
cond-mat/

L
Higher moments { |Ag[*") = f dzy ...dz |{a'(z) ...a"(z,) a(z]) ...a(z')))?
0

'::|filf1'|2n} — i: *;1f1'|2::'ﬂ X Zﬂi-'.-,
11 T H [ i (wq) —igp(vj))
;\€ € /
Loy = /du- /dxt:- — Y — —
! 1;[1 o jH1 w ey (eitemisun) T, ., (ei9(s) e~ (1))
Example:
Interference of 2D condensates
0 Q) = entire condensate

Q o = observation area



Coulomb gas representation

" n o ’fEi‘?{} ui}g_ifﬁtﬂjji

ZZn — H/ d-ﬂ-i H/ d-t,?j f im(u_)H?;( 1;(1’) _w)(v :H
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1= W —1 v

Diagonalize Coulomb gas interaction

/ [, )W (x)de = f(m)V,(y) F(x,y)= i F(m)¥, ()%, (y)

| 2

Connection to the distribution function «o? =
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From SG models to fluctuating surfaces

o —t2 /2
I’I';IZ _ j‘—}:} ﬂ{trﬂ' € m! 5 . I h'::ﬂ."..fgn]"‘h-lj |:..'t‘-:| {_E‘ h-':i".—tm:|+h|:||:.3:|
o) = H N a— | dre Te

m

_ f(m) f(m) 2
h(X’tm)_thm K LIJm(x) hO(X) - — m?wm(x)

Simulate by Monte-Carlo!

Random surfaces interpretation:

h(x,t_) fluctuating surface ,

tn “noise” variables Ih(x,t )| 'V.......
¥, (X) eigenmodes | determined by

f(m)| “noise” power f(x, )

This method does not rely on the existence of the exact solution



Interference of 1d condensates at finite temperature.
Distribution function of the fringe contrast

Luttinger parameter K=5

b K& /L=~
1.2 -
S A IlgT/L:]_
1_
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0.8]
0.6!
0.4
0.2} ~n_ o




Interference of 1d condensates at finite temperature.
Distribution function of the fringe contrast

Experiments: Hofferberth, Schumm, Schmiedmayer et al.

L =10 um

L=24 um

L=37 um

L=51Tum

T=30nK
E7=0.9um

T=60nK
E1=0.45um



Non-equilibrium coherent
dynamics of low dimensional Bose
gases probed in interference
experiments



Studying dynamics using interference experiments

| |

—> <«
Prepare a system by Take to the regime of M o fim ution
splitting one condensate zero tunneling easure time evolutio

of fringe amplitudes



Relative phase dynamics

1 ®2 Bistrizer, Altman, PNAS (2007)
/\ /\ Burkov, Lukin, Demler, PRL 98:200404 (2007)

H = / dr |
o | Hamiltonian can be diagonalized
=0 702 in momentum space

(An)? E} (V$)?]

[ulr.-—-.

An = (ny —ng)/2
A collection of harmonic oscillators

Conjugate variables . -
U9 with w, = /agp|q|

Need to solve dynamics of harmonic
oscillators at finite T

/ RN 3¢ F oo A 1 :;",nﬂ.? £3Y
Coherence  (W(t)|e™ | W(t)) = e 2 2-a'Palt)




Relative phase dynamics

High energy modes, hw,.. > kg1 , quantum dynamics

Low energy modes, hw,.. < kg1 , classical dynamics

Combining all modes

h

< %aT Quantum dynamics

h
kB T

For studying dynamics it is important
\é/ to know the initial width of the phase

Classical dynamics



Relative phase dynamics

Burkov, Lukin, Demler, cond-mat/0701058

- h h
Quantumregime  — < ¢ < ——
M kgl
. : Lt 'y I
1D SyStemS '::I‘ E’?m{t’] :',:- ~ E’_ﬁﬁ E_t,.-"gﬂ.zr Ts

. (i _
2D systems  ( ¢*?() Y o~ TN ( ‘o JUIBTHTTE
" " ' t

Different from the earlier theoretical work based on a single
mode approximation, e.g. Gardiner and Zoller, Leggett

_ _ h
Classical regime t > -
kBT
i _ [t \2/3 1K
1D systems | e'?(t) ) o~ € (77 tp ~ T2
o ., to T
2D systems (i) (2 )FTky



1d BEC: Decay of coherence

Experiments: Hofferberth, Schumm, Schmiedmayer, arXiv:0706.2259

0.5;
0_
Q-0'5_
B
3 A
>
L 15l o Av_=5kHz
o Av =10 kHz
Yo 8 rf
j . A‘vrf=15 kHz
2494 0 1 2
log(t) [log(ms)]

W (t) ox exp[—(t/tg)?/3]

double logarithmic plot of the
coherence factor

slopes: | 0.64 = 0.08
0.67 £0.1
0.64 + 0.06

get t, from fit with fixed slope 2/3 ~ Ts = 110+ 21 nK

and calculate T from

tg = 2.617K/T?

T, = 130 # 25 nK
T, = 170 + 22 nK



Quantum dynamics of coupled condensates. Studying
Sine-Gordon model in Iinterference experiments

If (el R TR

(I

Take to the regime of finite
Prepare a system by tunneling. System

splitting one condensate described by the quantum

) Measure time evolution
Sine-Gordon model

of fringe amplitudes
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Coupled 1d systems

Hyq :/ dax [g ??.-%(;lf}—l—p(agﬁi’l)g} + / dx [Q ”-%(I}“‘Q(ac‘?i’ﬂ)g}

Interactions lead to phase fluctuations
within individual condensates

thun — _J/ G]-'I- C‘.El.":ﬁ{ﬁf}l — UQ}

Tunneling favors aligning of the two phases

Interference experiments measure the relative phase

An = (ny —ng)/2

K

1 e .
H|o) _/ dx d7 [E(ﬁ??-}z + > {JEQJE] — J/ dz dt cos ¢



Quantum Sine-Gordon model

Hamiltonian

L[ A] — U 1 \ 2 I{'*? 12 U S
H[QJ]—/ da d7 [E(&??} —|—§{d‘c~;)) ] — j/di-d! COS @

Imaginary time action

I
S[Q}] = ;/dl dt [[ - O) —I—LL}L{,)J ] /d;r.d.-r COS @

—

Quantum Sine-Gordon model is exactly integrable

Excitations of the quantum Sine-Gordon model

soliton | antisoliton many types of breathers




Dynamics of guantum sine-Gordon model

Hamiltonian formalism

1 K .
H|o] :/ dx dT [2}1 (An)? + 21 (;:;'2-5)2] — J/ dx d7 cos @
Initial state ¢ (¢t =0) = 0
Quantum action in space-time

Slo| = }; / da dT [( TG)E -+ (3£q,f))2] E J/ dx d7T cos ¢

Initial state provides a boundary condition at t=0

Solve as a boundary sine-Gordon model



Boundary sine-Gordon model

Exact solution due to Ghoshal and Zamolodchikov (93)
Applications to quantum impurity problem: Fendley, Saleur, Zamolodchikov, Lukyanov,...

: . 00, . Jd Mo =0
‘S:/ [ﬂ {d@?}2+ . (“'JJQ — 'T??..CDHQ}] — M ‘/mﬂu[l )

201" 2 O 2
Limit M/ — ~c enforces boundary conditon ¢ (2 =0) = 0
Sine-Gordon Boundary Sine-Gordon
+ boundary condition in space Sine-Gordon + boundary condition in time
- - = Model - ~ -
guantum impurity problem - two coupled 1d BEC

space and time
enter equivalently



Boundary sine-Gordon model

Initial state is a generalized squeezed state

oy f (o= , f(_oyal _,
| L‘{f — [:]} ,} = {Z‘“r' Qﬂ-r"‘di"_r'[ﬂ_ﬂ}_l_zaﬂ f{]‘ P!"D-’-'B{ijdlcr{ Hj-‘%j&{ﬁj } | vac ;':'

Al (6) creates solitons, breathers with rapidity 0

AT (6 = 0) creates even breathers only

Matrix /X, 3 () and g~ are known from the exact solution
of the bounaary sine-Gordon model

Time evolution AL(Q, t) = AL(Q) o~ Ea(0)t

Coherence  ((t) | e"® |d(t))

Matrix elements can be computed using form factor approach
Smirnov (1992), Lukyanov (1997)



Quantum Josephson Junction

H = i — J cos ¢
9
r\.\ /f Limit of quantum sine-Gordon
r V(o) \ 7 model when spatial gradients
\ / are forbidden
O
—>

Initial state A |p(t=0)) = Z Copn |21)
T

Eigenstates of the quantum Jos. junction Hamiltonian are given by Mathieu’s functions

Time evolution | t(t) ) = Z Cy,, e F2nt | 2p)

W(t))

Coherence ( ¥(t) | e'?



Dynamics of guantum Josephson Junction

Power spectrum P(w) = | / WEC(E) e [0(t)) |?
A
power \\\ 7
spectrum \ N

\ n | ﬂ g)
E,-E, E,-E, Ee-Eog

Main peak w = Fo — FEj

“Higher harmonics” w = Ey4 — Ey, Eg — Eo, ...

Smaller peaks w = Fg,19 — Fo,, Fopia — Eo,, ...



Dynamics of guantum sine-Gordon model
| L(t) } — e {Zﬁ, Qﬁr'ﬂi,- [H:DH‘Z&,@ fﬂ Kﬁ.ﬁ[ﬂ}‘qie [—HJEIL (6) } | “'i_.-"a[:‘__}

Coherence  { U(t) [ € |4 (1)) N 7
| —) 4

Main peak 'vac | e | B1(0)By(—6)" /
[ Cacle o) Bi-0) NI

“Higher harmonics” / (vac|e'?| B, (0) B,.(—0))
e

Smaller peaks / {Bm (‘9;} Bm(_ef) | Eiqﬁ | B-n(e) Bn(—g") }
a6’

Sharp peaks {‘f’aﬂ | "¢ | BZH(Q — U) }



Dynamics of guantum sine-Gordon model
Gritsev, Demler, Lukin, Polkovnikov, cond-mat/0702343

Power spectrum P(w) = | / e“t(ah(t) | € [4h(t)) |2
T

45
] 0.8 -
4 BB-o N o
23] 194 0.4] A combination of
g | 02{ B8, | broad features
z 7] 0.003] e | and sharp peaks.
5 41 4 oooz{ 8,8 - Sharp peaks due
- 0,001 g.g 5.4 .
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Decoherence of Ramsey interferometry
Interference In spin space



Sqgueezed spin states for spectroscopy

Motivation: improved spectroscopy. Wineland et. al. PRA 50:67 (1994)

Generation of spin squeezing using interactions.
Two component BEC. Single mode approximation

H = x5 (Sfﬂt)z Kitagawa, Ueda, PRA 47:5138 (1993)

interaction time




Interaction induced collapse of Ramsey fringes

Ramsey fringe visibility 52 (g
S VAT

1/ - volume of the system

- T > time
tuc:-llapse ~ k\/f fl‘E‘."-.-’i"-.-’El-l ~ ;
Experiments in 1d tubes: ol e
A. Widera, . Bloch et al. ool N
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Spin echo. Time reversal experiments

H‘S — _H'S

(b) S Expts: A. Widera, |. Bloch et al.
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Related earlier theoretical work: No reVlvaI :

Kuklov et al., cond-mat/0106611



Interaction induced collapse of Ramsey fringes.
Multimode analysis

Experiments done in array of tubes. Strong fluctuations in 1d systems

Bosonized Hamiltonian (Luttinger liquid approach)

St(z,t) ~ el?s(®:t) (S% (), ds(2")] = —id(z — ')

L
’HS:‘/ dx {QS{S + —[TU }
0

2m

Changing the sign of the interaction reverses the interaction part
of the Hamiltonian but not the kinetic energy

- P
Hs = Z [g {f}‘vg 1 m '?}S‘i’qugt]]

q

I - Time dependent harmonic oscillators
[bq" ; (.5*}5(]] - —?-@qqf can be analyzed exactly



Interaction induced collapse of Ramsey fringes
In one dimensional systems

Experiments in 1d tubes:
A. Widera, |. Bloch et al.

Theory: Luttinger liquid analysis
Gritsev, Lukin, Demler

ms

Fundamental limit on Ramsey interferometry





