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BCS-BEC CROSSOVER: AN INTRODUCTION

W. Zwerger Technische Universitat Munchen

problem: Fermions T| with density n = k3./372 and

attractive two particle interaction V4 (f) = —g - 6(Z)

dg

two-particle bound state : g > g.

0 - : [
binding energy e, = hi%/ma2 _\: g




Superfluidity of Fermions

1911 conventional SC's Hg, Al, ... T,=1 - 23K
1960 pairing in nuclei, A = MeV

1972 superfluid 3He, T, = 1 mK (p-wave)

1975 neutron stars

1986 high-T,. SC's LasCu Og4,... T,=35-138 K
1991 Alkali-doped Cgp Te= 30 K

1994 p-wave SC's in SrosRu O4 Te=15K

1998 color SC's {(qq) # 0, A = GeV



FESHBACH-RESONANCES
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as = Qpg 1_—B—BD
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scatt. ampl. f(k) = y — at as =
Pl IR = k2 ik g T

effective range r™ < Ap, bound state for as >0
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BCS-LIMIT: weak coupling if kg|as| < 0.5 (in practice)

pairs form and condense at

‘j‘_’}; 2 0.3 TF exp —m < '_‘Tif.‘

2Ag = 3.52kpT,

superfluidity is destroyed by pair- breaking

air size & =¢ hvp
| | -y = —
P b 0 g

103 supercond.

kp& ~<{ 102 3He
101 high-T.

is large

kp&, > 1|



BCS-transition in a harmonic trap

local density approx. & < Ry (Ag > hw) valid

if N > N* = exp3n/2kp|as| = 10° at kplas| = 0.4

N < N7 pairs formed within a single shell Ag € hw

as in atomic nuclei (Bruun, Heiselberg, Mottelson 02)



BEC limit:  strong coupling || > cp — kpas < 1

point bosons ¢, ~as— 0 form far above T¢

O
G

-

pair size kp& <1

¢, 7 coherence length &g

condensation temperature 71,.=0.2187r from

ideal Bose gas with ng =n/2 and mpg = 2m



critical temperature T/ee | (d=3)

I

o . 0.2
Nozieres/SR '85 ;/E

Drechsler/Zw. 92 BCS .’

P 0 >
1/(keag)

attractive fermions turn into repulsive bosons

ajqs = 0.60a >0 Petrov/Shlyapnikov/Salomon 03

Universality for broad resonances kpr* <1 Ho '04

Ag=05ep, pn=04epr at TI'=0

Te =~ 0.16Tp, p(Te) =~ 0.42¢p, s(Te) =~ 0.7kp



Outline:

[) BCS-BEC crossover in 3D

1) Thermodynamics Haussmann, Rantner, Cerrito
2) Universal properties at resonance
II) Exact solution of the 1D problem
1) Bethe-Ansatz Fuchs, Recati
2) Imbalanced case, FFLO

III) Imbalanced gases, RF-spectroscopy FPunk



BCS groundstate (variational Ansatz for arbitrary g)

vgcs.n = A{¢(12) o(34) - o(N — 1 N)}

ideal Bose gas of identical pairs
pair-state  ¢(1,2) = ¢(Z) - x(7) - 5 (| 1) = | L))
internal wavefunction x(7) ~ exp —r/&, — pair radius &,

COM-coord. ¥ — inhomogeneous pair-amplitude ¥ ()

iIncrease g. extended — local pairs — smooth crossover

(Keldysh 1965, Eagles 1969, Leggett 1980)



BCS Hamiltonian Hgcg = —% bl by (only ¢ = 0 pairs)
exact ground state for fixed p is a coherent state

|-¢;>Bcs=1&](w00> +m|11m~emZ—;_ el 1110}

N /2
. Ul
at fixed N (even): |¢¥n)scs ~ (Z iCIcTCT—kl) 0}
T ug

X = v /up, = Fouriertransf. of internal wavefunction



gap parameter A follows from gap-equation

1 1

1
- - / .
9V e —m)?+ A7

chemical potential p from number equation (ugcs = €r)

> €k — p
{N} — 2 Z 1'_1;: — Z ]_ _— a'
P K V0 — )2+ A7
momentum distrib. e
BCS

2 4??315?
= 1 (k)2 _‘““\\HF
wﬁ | -

since pugec — —€/2




exact solution of Hgcg at T = 0 and fixed N
Richardson 4+Gaudin 1963, Ortiz/Dukelsky PRA 2005

exact dynamics Barankov/Levitov ...

are Cooper pairs Bosons 7

antisymmetrization A reduces the condensate fraction

Ng/N to = Ag/er < 1 in weak coupling, nevertheless

B CS-superfluidity is BEC of pairs |



Low energy description ground state is a

neutral s-wave superfluid for arbitrary coupling

excitations w(g) =c¢q Bogoliubov/Anderson '58

universal thermodynamics at low temperatures

0ab— '+ Padé
= “'\\\ add=ﬂ.ﬁ-a
S(T)//L — 45 ( he "‘-_—iu: YYK
s
0.1 "
sound velocity c ""x.
i =] 2 {EI 2 4



Many-body theory single channel model with

pseudopotential V;(x) =gd(x) ren. g=4rnh?a/m

Luttinger/Ward '60 Q=-TIn Z=Q(G)

Q6] = ,3—1(-%1?{- NG+ [Gg'G - 11} — ®[A)

DeDominicis/Martin '64 entropy S[G, '] as a functional

of one- and two-particle functions G(k,w) and MK, Q)
QUG T]/6G =0 and QG T]/6F =0

variational principle for functions !
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Ladder-approx. DO[G] =

—
)
(=

enforce gapless nature by a modified coupling constant

critical temperature and entropy at 1.
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v=1ka v=1/ka
at unitarity Te/ep = 0.160 S/Nkp=10.71

Burovski et al '06 Tefep =0.152(7) S/Nkp=0.167



entropy

pressure




Universality at a = oc F/N =ep-g(T/Tyr) Ho '04

implies p=2U/3V as if interactions were 1/r?

036 at T'=0
chemical potential p/ep = §(T/Tg) =
0.39 at T'=T-

. . . 0
determines cloud size in a trap Rpp = R,E,;;’ . glya
and critical temp. Te/ep(N) = 0.16- £ 1/2(T.) ~ 0.25

field theory e¢=4 —d - expansion Nishida/Son '06

cE('T=D)=%e3f2+‘i§|nf+,.,=o.4? at e=1

1/N - expansion &(T:) =0.59 at N =1 Nikolic/S.'06



scattering length {1&3'&,3_1

ms size (wm)
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g
Experimental Bartenstein & al. [61] -0.68% 12
results Baurdel & al. [62] —0.64(15)
Duke [63] —0.49i4)
Pastridyge «f al. [64] -0.54(5)
Cabculated Astrakharchak e al. [17] 0581
watlwes Carlson ef al. [16] 05601
Hu. Liu, ars Drummoend [67] —i1.59G
Perali e al. [65) —i1.545
Palé approximation]B.9] —a7
Presenl wirk —{L6d




vortices as a signature of superfluidity MIT
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Cold Atoms in 1D (Bloch

strong optical lattice
in two directions

typ. ~ 103 wires

aray of 10 ubes

pseudopotential U(z) = g16(z) with g1 = 2hw | - ag

repulsive Bosons o= Snt — 1N — 2as
' Ehkin he 2 ‘H.EI
T

strong coupling at low 1D densities n < :r:“ﬁ_,v"'li

Tonks-limit v = oc: 1D Bosons with hard-core int.
Vp(zy...zy) = [lic; |Sin [ﬂ(:z.r_}; :zri)',.f"L-] | =

= [UJEP)(;::l ...xp)| — free Fermions (Gir:



Strongly interacting fermions in 1D
arbitr. small attraction gives two-particle binding !

Gaudin/Yang '67: Bethe-Ansatz solution of

Wl 920, + 91 [ﬂﬂﬂ“ﬂ U,
QmZ/ 2 g e s
dim.less interaction constant ~ = -m.glf.fﬁ,?-n. <0

H describes a Luther-Emery liquid : extended

pairs if |y| < 1 transform to local pairs if || > 1

BEC-limit: pairs are hard—core bosons (T G-gas)



Olshanii '98: scattering theory in a single channel wire

eff. pot. between fermions with opposite spin gq d(x)

a
l1—Aaj/a;

g1(a) = 2hw, -

confinement induced resonance (CIR) ata=a /A= a|

" CIR
3 g o sl 0 S . E.
plus a bound state E , 5 o
1 TR [
[hao,] 0 : -
. A —1|* 6-12 Polenal
for arbitrary sign of @ 3|+ Sshence we
-3 _E:' l"' \
- |
-4 32 -1 0 1 2 3 4

ajla

binding energy at CIR: |¢)| = 2hw | > ep —
BEC—side has unbreakable dimers with repulsive

interaction g1 — 2hw | - 0.6a (Mora et al '05)



v < 0: increasing |v| transforms Cooper-pairs
to tightly bound molecules; size at CIR s ~a; —
hard core Bosons form Tonks gas

~ > 0: Boson size shrinks — weakly interacting BEC

Bethe-Ansatz (Gaudin/Yang — Lieb/Liniger)
Yo(z1,...2N) =) As{P}expi)_ kj,x;
P J

N — oo: quasimomenta distribution function p(k)

_ f d_‘ii‘ vp(k)
mpkl =1t ‘/—h’ ny2+ [(k — q)/n]?

for both vy <0 and v >0



excitations: a) fermionic for v < 0

triplet excit. (2 spinons): w*(q) = \/(A/2h)2 + (vsq)?

—-3/2.11/2

gap A —2Aprs =¢€plén |y~ < exp —7r2/2|1«'|
pair size reaches n~1 at v —2

spin gap at strong coupling A — |ep| = 2hw |

b) bosonic collective excit. for arbitrary ~

Bogoliubov-Anderson mode: w(q) = v.- ¢

0.5
0.6
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0.2 15
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Experiments: Feshbach in 1D (*° K, Moritz '05)
w: &~ 27 - 250 Hz, particle number N ~ ep/hw: =~ 100

w,| ~ 27 -069kHz, temperature T'x= 0.2Ty

]

RF-spectroscopy of

al ¢

binding enengy 5, [kHz]

two-particle binding
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Imbalanced 1D gases Hu/Liu/Drummond, Orso '07
ny = n|

Clogston-Chandrasekhar h. = A/2 where

saturation field hs beyond which n| =0
T = 0 phase diagram , f
:s b ‘W . “*I
partially polarized phase ol L oy |
T g ULARIZED
FULLY PAURED " Ay ]
(T - 7 i;l-"rh |-;n" ' ' wr

'y

exhibits FFLO - order

{@?(m)ﬁi(m}ﬁll(f)ﬁﬁ(f)} ~ exp [iQ(z — z)]/|x — &'| L/ K



Novel phases in imbalanced Fermi gases

fermionic superfluids possess a pairing gap

measurable by RF-spectroscopy Chin et al '04

a) what is actually measured near unitarity 7

b) is the appearance of a '"gap’ proof of superfluidity ?
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RF-spectrum as a probe of superfluidity

I(w) ~ [ dte! ([TL)T (1), ¥](0)T3(0)])

l' I'
ft hpe 2 (@a_ g g1
peak shift hiv = No (.512 1) Nal 2 (ﬂ13 ﬂlg)

energy  E =2 e (nyg — C/k*) 7= sk}

ol .
ho=s-F (L —-2L1)  Punk/Zw. '07
nzg \g12 g13
| 253}(1 — ﬂflgr/ﬂ-lg) BEC-Iimit
gives hiw =

—0.19 h%kp/may3  at unitarity



Imbalanced Fermi gases

Ny =N #0

implies  py —

Partridge, Zwierlein '06

p =2h#0

fully polarized Fermi gas

1
12

‘normal’ mixture, s+0

balanced superfluid

1 | F

1



Clogston-Chandrasekhar field near unitarity
Zwierlein et al '06 disappearance of vortex lattice
beyond a critical imbalance &, = 0.77

Lobo et al '06 h.=096u — h.~0.4¢ep
saturation field hs to a fully polarized Fermi gas

Chevy '06: hs > 0.6 uy implies hs > 1.27 e
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Conclusions

1) The BCS-BEC crossover in the balanced case is
qualitatively well understood, precise results for

universal ratio’'s and dynamical prop. are still open.

2) Imbalanced gases exhibit novel phases, like a
'magnetized superfluid' or (possibly) FFLO order.

FFLO appears accessible in 1D imbalanced gases.



Collective mode damping and viscosity
shear viscosity n from sound damping (hydrodynamic)
_ _s2n 2
w(q) =eq —i3,-¢° + ...
oy =n/hn ~ m{v)l/h — kpt > (67) 1 Shuryak '04

is the unitary Fermi gas a perfect liquid 7 Son '07

quantum hydrodynamics Hfg= fif [E (V)2 + {E |-|2]
phase ¢(x) and density fluctuations fi(x)

' =41 |VenVe + (V92N + (V)2 + & () 17|

self-energy Z(q,w = ¢cq) = —i %ﬁ .g2at T=0



2
- — ok i =1 [(r _1) e vp d (2

at unitarity (CIR)

a'¢=%1f?r/2 —1=0.38 \~

T#0 Im Z(qw=-cq)~VT ¢3/2 Andreev '80
sound damping is not hydrodynamic at finite T

2
dynamical scaling g =1 d&(g67)  with

ag for g+ > 1
Er = he/T and @(z) =



partially polarized, normal phase he: < h < hs
poles of pair scattering amplitude Fm_(q = 0,w)

excitations at 2h -4 and -2h+42_

binding energy of 1, |-pairs | &

(8

approaches D.6,uT for o1t

ol

h>» h. (Chevy '06)
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