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Joël Mesot
Laboratory for Neutron Scattering, ETH Zurich and PSI, 

Switzerland
Layout:

1) Introduction to dynamics in crystals
2) Introduction to low-D systems
3) Neutron scattering on magnetic insulators
4) From zero to 2 dimensions

Single Crystal SpectroscopySingle Crystal Spectroscopy

to probe the Physics of Low Dimensional Systemsto probe the Physics of Low Dimensional Systems
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Periodic arrangement of atoms in a solid
(STM Davis Nature 2004)

l1
l2

d = x1l1 + x2l2
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n-atoms per unit cell
di=x1l1+x2l2+x3l3

(0 ≤ xi ≤ 1)
YBa2Cu3O6

P4/mmm, D1
4hC 3.8920 3.8920 11.9909 90. 90. 90.

S GRUP P 4/m m m
A Ba1    0.50000 0.50000 0.19440
A Y1     0.50000 0.50000 0.50000
A Cu1    0.00000 0.00000 0.00000
A Cu2    0.00000 0.00000 0.36130
A O1     0.00000 0.00000 0.15010
A O2     0.00000 0.50000 0.37910
A O4 0.00000 0.50000 0.00000

Cu

O Ba

Y
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Real lattice: Basis vectors: l1, l2, l3

Reciprocal lattice: Basis vectors: τ1, τ2, τ3

τhkl = hτ1 + kτ2 + lτ3

τ1 =
2π l2 × l3

l1 l2 × l3( )
; ...

Distance between planes: dhkl =
2π
τ hkl

d = x1a1 + x2a2 + x3a3( )

(τhkl = hb1 + kb2 + lb3 )

b1 =
2π a2 × a3

a1 a2 × a3( ); ...

d = x1l1 + x2l2 + x3l3
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dσ
dΩ

⎛
⎝⎜

⎞
⎠⎟ inc

= b2 − b 2⎡⎣ ⎤⎦ e− iQ R̂ j ' −R̂ j( )
j= ′j
∑ = N b2 − b 2⎡⎣ ⎤⎦

dσ
dΩ

⎛
⎝⎜

⎞
⎠⎟ coh

= N0
2π( )3

v0

Fτ
2 δ Q − τ( )

τ
∑ ; 

Structure factor Fτ = bdeiτd

d
∑

τ=reciprocal lattice vector

d= position of atom d 
in unit cell

Why do we need reciprocal space at all?

--> because of coherent scattering cross-section 
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δ(Q-τ) = Bragg law

k
-k’

τhkl

2θ

k

k’

Θ

Θ

τ
2

= k sin θ( ), τ =
2π
d

, k =
2π
λ

λ = 2d sinθ
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HRPTHRPT
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YBa2Cu3O6
“Apex” model “Plane” model

Cu

O Ba

Y
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Neutrons

X-rays

“Apex” model “Plane” model
YBa2Cu3O6
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Copper: crystallizes in a face cubic centered 
(fcc) structure.
d1=a(0,0,0), d2=a(1/2,1/2,0), d3=a(1/2,0,1/2), 
d4=a(0,1/2,1/2)  τhkl=2π/a (h,k,l)

F100 = exp 2π
a

i 1,0,0( )a 0,0,0( )
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

+ exp 2πi 1,0,0( ) 1/ 2,1/ 2,0( ){ }

+exp 2πi 1,0,0( ) 1/ 2,0,1/ 2( ){ }+ exp 2πi 1,0,0( ) 0,1/ 2,1/ 2( ){ }
= 1+ exp πi{ }+ exp πi{ }+1 = 0

F200 =1+ exp 2πi{ }+ exp 2πi{ }+1= 4

F111 = 1+ exp 2πi{ }+ exp 2πi{ }+ exp 2πi{ }= 4

Fτ = bdeiτd

d
∑
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Dynamics of periodic Dynamics of periodic 
assembly of atomsassembly of atoms
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ϕ
(r

)

r

-r
-6

r
-12

σ ε

Interactions between particles (atoms, molecules)

Lennard-Jones 6-12 potential

ϕ r( )= 4ε
σ
r

⎛
⎝⎜

⎞
⎠⎟

12

−
σ
r

⎛
⎝⎜

⎞
⎠⎟

6⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

U =
1
2

ϕ R − R '( )
R,R '
∑ =

1
2

ϕ R( )
R≠0
∑

displacement from equilibrium position r =R+u(R)

U=
1
2

ϕ r − r '( )
r,r '
∑ =

1
2

ϕ R − R '+ u(R) − u(R ')( )
R,R '
∑

In a solid:
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U=
N
2

ϕ R( )
R
∑ +

1
2

u(R) − u(R ')( )∇ϕ R − R '( )
R,R '
∑

+
1
4

u(R) − u(R ')( )2 ∇2ϕ R − R '( )
R,R '
∑ + ...

Serie expansion

Harmonic term ! Force constant !
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Linear chain of identical atomsLinear chain of identical atoms

n-2 n-1 n n+1

un-2 un-1 un un+1

Equilibrium

Fn = β(un+1 − un ) − β(un − un−1)
Mün = Fn = β(un+1 + un−1 − 2un )

un = ξei(ωt+qna ) ω = ±
4β
M

 sin qa
2

⎛
⎝⎜

⎞
⎠⎟
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 ω
 

-2q -1 0 1 2

q (in units of π/a)

1. BZsqrt(4 β/M)

un / un+1 = e− iqa

The coherent displacement 
of atoms can be visualized 
by the ratio:

a) Zone-boundary: q=π/a 

un / un+1 = −1

 λ=2a 

b) Zone center: q=0

un / un+1 = 1 λ = ∞
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Connection to Connection to ““real worldreal world””
Debye-Modell for small q (q<<π/a)

ω ≈
β
M

aqsin qa
2

⎛
⎝⎜

⎞
⎠⎟

≈
qa
2

“Density” ρ=M/a, elastic constant c=βa 

ω ≈
β
M

aq =
c
ρ

aq = vq

v= sound velocity
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NN+NNNNN+NNN……
un = ξei(ωt+qna)

ω 2 =
4
M

β j sin2 ( jqa
2

)
j

∑

 ω
 

-2q -1 0 1 2

q (in units of π/a)

1. BZ

β1 = 2β2

β j = 0 if  j > 2
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Neutron ScatteringNeutron Scattering

•Measures how particles scatter off of a sample

•Scattering depends on interaction between sample 
and particles 

•Different scattering probes show different characteristics
-Photons
-Electrons
-Helium atoms
-Neutrons
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1) Neutron wavelength
≈
Structures of interest

⇒ interference effects

-Wavlength:  λ(Å)=9.044/ E (meV)

-At 10 meV, λ=2.86 Å

Why Neutron Scattering ?Why Neutron Scattering ?
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-Thermal sources ≈ 5-100 meV
-Cold sources ≈ 1-10 meV

⇒Comparable to excitation energies
in solids and liquids

Brockhouse
(1957)

Germanium

Neutron energyNeutron energy
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Dynamics of Solids and LiquidsDynamics of Solids and Liquids
Q (A-1)
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+
⇒ large penetration, measure bulk
properties
⇒extreme sample environments

Neutrons are Neutrons are …… neutral neutral 

-
⇒No interactions with charge densities
(electrons)
⇒Sample size is crucial
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5) Scattering length different from x-rays

Scattering powerScattering power
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⇒ magnetic structures
⇒ magnetic excitations

H = JSiS j
ij

∑
J

qx

qy

En
er

gy
/2

J

0

1

1
0

1
(1/2,1/2)

Neutrons possess a magnetic Neutrons possess a magnetic 
moment moment ((µµNN =1.04x10=1.04x10--33 µµBB)) !!
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Neutron Wave PropertiesNeutron Wave Properties
Quantum mechanics: particles show wave properties

Momentum:

 
mv = p = hk,  p = h 2π

λ
Energy:

 
E =

1
2

mv2 =
h2

2m
k2 = hω

Energy unit conversion:

1 meV≈ 8 cm-1 ≈ 240 Ghz
≈ 12 K ≈ 0.1 kJ/mol
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Total or differential crossTotal or differential cross--sectionsection

φ= number of incident neutrons per cm2  per second
σ = total number of neutrons scattered per second / φ
dσ
dΩ

=  
number of neutrons scattered per second into dΩ

φdΩ
dσ

dΩdω
=  

number of neutrons scattered per second into dΩ & dω
φdΩdω
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σ σ = Probability of hitting a = Probability of hitting a 
targettarget

σ σ                       
                                  =0.99=0.99
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… that a neutron scatters at an atom:

σ σ = Probability= Probability

σ ≈ 1 barn = 10−24 cm2
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Surface of France: 

1000 x 1000 km2

=106 km2 = 1012 m2

=1018 mm2 =1024 µm2
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Fourier transformFourier transform
d 2σ

dΩdω
≈ S(Q,ω ) = FT in space and time of

                              < Sr
α (t)Sr'

β (0) > or G(r,t)

S(Q,ω) is called the scattering function

are called space-time pair correlation functions

describe the Static and Dynamics of condensed 

matter at an atomic level.

< Sr
α (t)Sr'

β (0) >

G(r,t)

⎫

⎬
⎪

⎭
⎪

(r,0) (r’,t)
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SScohcoh(Q(Q) and ) and GGpp(r(r) for simple liquids) for simple liquids
• The peaks in g(r) represent atoms in “coordination shells”
• g(r) is expected to be zero for r < particle diameter 

– ripples are truncation errors from Fourier transform of S(Q)
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Scattering function S(Scattering function S(QQ,,ωω))
Intensity of scattered neutrons in detector is proportional to 
scattering function S(Q,ω):

• S(Q,ω) depends only on the sample, not on neutron instrument
• S(Q,ω) contains information about structure (Q) and dynamics (ω)

Elastic

Quasi-elasticInelastic

S(
Q

, ω
)

-40 -20 0 20 40

Energy Transfer ω
(loss) (gain)
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Neutron Scattering ExperimentNeutron Scattering Experiment

Incident
neutrons

Scattered
neutrons

ki, Ei

kf, Ef

In scattering plane:

4 independent parameters

kx, ky for initial and final neutrons
(E depends on k)

Momentum Conservation

• Q=ki-kf
Q represents the momentum 
transferred to the sample.

Q
-kf

Scattering triangle:

kf

ki

Q

Source

Detector
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Elastic Elastic vsvs Inelastic ScatteringInelastic Scattering

 

∆Eneutron = −∆Esample

∆Esample = Ei − E f ≡ hω =
h2

2m
ki

2 − k f
2( )

Energy conservation:

ki

kf
Q

ki = k f

ω = 0

Q

kf

ki

ki > k f

ω > 0

Q
kf

ki

ki < k f

ω < 0

Note: ω can vary independently of Q (here Q=cte, |kf|=cte)
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Paul Scherrer Institute

Muons Neutrons

Photons

Bâle Zurich
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Neutron Scattering / Paul Neutron Scattering / Paul ScherrerScherrer InstituteInstitute
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TripleTriple--Axis SpectrometerAxis Spectrometer
TASP @ PSITASP @ PSI

Q=-(kf-ki)

  =ω = − E f − Ei( )

Sample

E (meV ) = 2 k Å−1( )⎡⎣ ⎤⎦
2

Sample

Source

Monochromator

ki
Detector

Analyser

kf
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TimeTime--ofof--flight techniqueflight technique
D

is
ta

nc
e

Chopper

Monochromator

Sample

Detector

Time
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SINQSINQ--FOCUSFOCUS

ki

kf
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NN+NNNNN+NNN……
un = ξei(ωt+qna )

ω 2 =
4
M

β j sin2 ( jqa
2

)
j

∑

 ω
 

-2q -1 0 1 2

q (in units of π/a)

1. BZ

β1 = 2β2

β j = 0 if  j > 2
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Phonons in Ar (FM-3M)
(Fujii PRB 10 (1974) 3647)
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Linear chain with 2 atoms

mü2n  = β (u2n+1 + u2n−1 − 2u2n )
Mü2n+1 = β (u2n+ 2 + u2n − 2u2n+1)

Solution: 
u2n = ξei(ωt +2nqa )

u2n +1 = ηei(ωt + 2n +1[ ]qa )

2n-2 2n-1 2n 2n+1

u2n-2 u2n-1 u2n u2n+1

m Ma
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−ω 2mξ = βη eiqa − e− iqa( )− 2βξ

−ω 2Mη = βξ eiqa − e−iqa( )− 2βη

Non-trivial solution:

2β −ω 2m −2β cos qa( )
−2β cos qa( ) 2β −ω 2M

= 0

ω 2  =  β  1
m

+
1
M

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟  ±  β  1

m
+

1
M

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

2

−  
4  sin2 qa( )

m  M

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

1
2



53
J. Mesot, 07

 ω
 

0.5q0.40.30.20.10.0

q (in units of π/ a)

2β 1
m

+
1
M

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

2β
m

2β
M

Optical branch

Acoustic branch

Visualization of atomic motions:  u2n /u2n +1 =
ξ
η

e−iqa
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q = 0, optisch

q = 0, akustisch

q =
π
2a

,  akustisch

q =
π
2a

,  optisch
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0 ≤ q ≤
π
2a

, acoustic

0 ≤ q ≤
π
2a

, optical
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SrO (NaCl Structure)

Rieder, PRB 12 (1975) 3374
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Low Dimension: what for?Low Dimension: what for?

•Quantum fluctuations become increasingly important as
the dimension is reduced.
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A challenge on all length scalesA challenge on all length scales

Maybe the “Big Bang” was 
powered by

“Vacuum Quantum 
Fluctuations” ?

(Hawkins et al.)

De plus l'inflation possède, comme toute forme de matière, des fluctuations 
quantiques (résultat de l'inégalité de Heisenberg). Une des conséquences
inattendues de l'inflation est que ces fluctuations initialement de nature 
quantique évoluent durant la phase d'expansion accélérée pour devenir des 
variations classiques ordinaires de densité. Par ailleurs le calcul du spectre de 
ces fluctuations effectué dans le cadre de la théorie des perturbations 
cosmologiques montre qu'il suit précisément les contraintes du spectre de 
Harrison-Zeldovitch. 
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Neural networks Neural networks ⇒⇒
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Classical Phase 
Transitions

New Phases of 
Matter

Entanglement

Quantum Order

Classical Order

Quantum Phase Transitions

Quantum MatterQuantum Matter
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La2-xSrxCuO4
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Low Dimensional SystemsLow Dimensional Systems

Ni R

3D (RNiO3)

Isotropic properties
(ρa≈ρb, ρc)

2D 
Manganites
Cuprates

Anisotropic 
properties
(ρa≈ρb<<ρc)
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Artificial multliayers

Habermeier
MPI, Stuttgart
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What about 1 Dimension?What about 1 Dimension?
Organic conductors (TMTSF)2PF6
Bechgaard’s salt (TM)2X
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““Atomic scale barAtomic scale bar--magnetsmagnets””

S = S = nn/2,/2, the archetype of the archetype of 
quantisation. quantisation. 
ClassicalClassical magnetic moments,    magnetic moments,    
|S| = |S| = ∞∞,, are vectors that point are vectors that point 
in some specified direction.in some specified direction.

QuantumQuantum spins,spins, S = 1/2S = 1/2, only , only 
have two states, neither of have two states, neither of 
which reveals the full moment which reveals the full moment 
√√S(S+1)S(S+1)

+1/2  ↑

- 1/2  ↓
S = 1/2

|S|= ∞

y

z

x

Alternative: Physics of SpinsAlternative: Physics of Spins
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SpinsSpins
Length: |S|=1/2 Length: |S|=1/2 …… ∞∞

Quantum / classicalQuantum / classical
Dimension: Dimension: IsingIsing, XY, , XY, 

HeisenbergHeisenberg

ExtensionsExtensions
RandomnessRandomness
Charge, orbit, lattice...Charge, orbit, lattice...

InteractionsInteractions
CuCu2+2+ O 2O 2ppxx CuCu 33ddx2x2--y2y2

= = --22JJ ∑∑ SSi i ⋅⋅ SSjj
AntiAnti--/Ferromagnetic/Ferromagnetic

+ +

ArchitectureArchitecture

DimensionDimension
ConnectivityConnectivity

Building modelsBuilding models
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Magnetic ArchitectureMagnetic Architecture

Two dimensions: border between classical and quantum world Two dimensions: border between classical and quantum world 

Dimer

D
im

en
si

on
al

ity

Chain

Plaquette

Ladder

2D Square
   Lattice

Quantum

Classical

0

1

2

3
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Example: Spin=1/2 Example: Spin=1/2 DimerDimer

= = --22JJ ∑∑ SSi i ⋅⋅ SSjj

J

AntiferromagneticAntiferromagnetic: : JJ < 0< 0

||↑↑↑↑ , , ||↓↓↓↓ ,,
||↑↓↑↓ + + ||↓↑↓↑

JJ

--1/41/4JJ SStottot=0=0 ||↑↓↑↓ -- ||↓↑↓↑

E = 3/4E = 3/4JJ SStottot=1=1

FerromagnetFerromagnet: : JJ > 0> 0
|GS|GS ==||↑↑↑↑ or or 

||↓↓↓↓
““ClassicalClassical””

Singlet ground state: prototype of entanglement
〈Sz

1 = 〈Sz
2 = 0
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How to investigate such magnetic states?
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M
ag

ne
tic

 m
ea

su
re

m
en

ts
M

ag
ne

tic
 m

ea
su

re
m

en
ts Hsat

SusceptibilitySusceptibility Specific heatSpecific heat

MagnetizationMagnetization NMR, (NMR, (µµSR,SR,……))
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ψ

Ψ’

φ

dΩ

λ--> λ’

  

d2σ
dΩdω

=
′k

k
m

2πh2
⎛
⎝⎜

⎞
⎠⎟

2

pλ
λ
∑ ′k ′λ ˆ

H kλ
2

′λ
∑ δ hω + Eλ − E ′λ{ }

U(r,t)

FermiFermi’’s Golden Rules Golden Rule
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ˆ

H = −µ̂Ĥ Ĥ = rot
µ̂e × R

R 3

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
 − 

e
mec

p̂e × R
R 3  ,

Dipolmoment Orbital moment
(Biot-Savart)

 

µ̂ = γµkσ̂ ,

γ = −1.913; µk =
eh

2mc  

µ̂ e = − 2µBŝ ,

µB =
eh

2mec

NeutronNeutron--spin interactionspin interaction



7474J. Mesot, 07

d 2σ
dΩdω

= γ ro( )2 k '
k

F2 (Q)exp −2W (Q){ } δαβ −
QαQβ

Q2

⎛
⎝⎜

⎞
⎠⎟α ,β

∑  Sαβ (Q,ω ) 

Identical magnetic ions, Spin only

Magnetic Scattering Function

 

Sαβ (Q,ω ) = eiQ R j −R j '( )
j , j '
∑

• pS ,M SM Ŝ
j

α S ' M ' S ' M ' Ŝ
j '

β SM
S ,M ,S ', M '

∑
•δ hω + ESM − ES ' M '( )
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1
2

Ŝ+ +Ŝ-( )=Ŝx

1
2i

Ŝ+-Ŝ-( )= Ŝy

Ŝ+ M = S − M( ) S + M + 1( ) M + 1

Ŝ- M = S + M( ) S − M + 1( ) M − 1

Looks complicated? Looks complicated? 
Maybe notMaybe not……
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dσ
dΩ

≈ Szz (Q,ω ) = eiQ R j −R j '( )
j , j '
∑     pS, M SM S

j

z SM
S ,M
∑ SM S

j '

z SM

S
j

z = Sz + S
j

z − Sz( )= Sz + ∆S
j

z

Elastic ScatteringElastic Scattering

Sz ≈ Magnetization

−− >
dσ
dΩ

≈ δ Q − τ( ) Sz 2
+ ∆SQ

z ∆S−Q
z ≈  M 2 + kT χ Q( )

dσ
dΩ Bragg

+  dσ
dΩCritical
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S(
Q

,0
)

T
Tc

Critical scattering

Bragg Scattering
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Bragg Scattering: HoP
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HoP, T=4.2 K
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CeBi, TN=25.35 K

Hälg et al., JMMM 29 (82) 151
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Critical exponents:Critical exponents:

M ∝ (−t)β

x ∝ ±
T − Tc

Tc

⎛
⎝⎜

⎞
⎠⎟

λ

= ±t( )λ

χ ∝ (±t)γ χQ ∝
χ

κ 2 + Q2 , κ ≈ tν

< Sr
α Sr'

β >≈ exp(−(r - r ')κ )

    κ = 1
ξ

ξ

M
ag

ne
tiz

at
io

n

 Temperature

 S
us

ce
pt

ib
ili

ty

 Temperature
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β −γ ν
Mean field 0.5 1 0.5

Ising n=1 d=2 1/4 7/4 1
A=1 d=3 0.313 5/4 0.638

XY (A=0) n=2 d=3 1/3 1.32 0.675

Heisenberg n=3 d=3 0.345 1.4 0.7
(A=1/2)

Exponents depend on dim of order parameter n
dim of space d

Ĥ = −Jij 1− A( ) Si
xSj

x + Si
ySj

y( )+ ASi
zSj

z( )
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Μ −−> β=0.317 (0.005)
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Spin dynamicsSpin dynamics

  
Sαβ (

r
Q,ω ) =

1
2πh

dt e− iω t 1
N

ei
r
Q⋅(

r
R−

r
R ') < S r

R
α (t)S r

R '
β (0) >

r
R

r
R '

∑∫

Question: how will the spin dynamics be affected by 
dimensionality and quantum fluctuations?
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Fluctuation-dissipation theorem

 
Sαβ Q,ω( ) = 

Nh
π

 1 − e
−

hω
kBT

⎛

⎝
⎜

⎞

⎠
⎟

−1

Imχαβ Q,ω( )

M α Q,ω( ) = χαβ Q,ω( )H β Q,ω( )
Generalized Magnetic Suscept.
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Mα =

1
kBT

∂AnZ
∂Hα

           = gµB pi
i

∑ Γ i Sα Γ i( )

Connection to microscopic modelsConnection to microscopic models

Hamiltonian with eigenvalues Ei and eigenstates Γi

χαα =
∂Mα

∂Hα

                   = g2µB
2 Γ i Sα Γ i

2

kBT
pi

i
∑ +

Γ j Sα Γ i

2

Ei − E j

p j-pi( )
i≠ j
∑

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

pi =
1
Z

exp −
Ei

kBT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Z=partition function
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Type of Hamiltonians

1 2

-

-

Heisenberg & Dirac (1929)  
ˆ 

H = -2Jˆ S 1ˆ S 2

Van Vleck (1932)

 

ˆ 
H = -2 Jij

ˆ S i ˆ S j
i> j
∑ ,   ˆ S i = ˆ S ik

k
∑

Neel (1936) J<0   ; Antiferromagnetismus

Further generalizations

 

ˆ
H =-2 J

ij

αβ

α ,β
∑ Ŝi

αŜ j
β

i>j
∑ ,  (anisotropy)

- K
ij

Ŝi Ŝ j( )
i>j
∑

2
,  (higher − order exchange)

- L
ijl

Ŝi Ŝ j( ) Ŝ jŜl( )
i>j
∑ ,  (three − body exchange)

....
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Coupled system: Cr3+-Cr3+,  S1,2=3/2, distance r apart.

2

1
0

S

3

6

2
0

E(S)/|J|

12(7)

(5)

(3)

(1)   

Sαβ (
r
Q,ω ) = F2 (Q)

• 1−
sin Qr( )

Qr
⎡

⎣
⎢

⎤

⎦
⎥

•δ ω − Ej − Ei( )( )
•δ Sj − Si ± 1,0( )
•p Ei( )

E(S)=-J[S(S+1)-2S1(S1+1), 0<S<2S1,

Ŝ = Ŝ1 + Ŝ2 − − > Ŝ1Ŝ2 =
1
2

Ŝ2 − Ŝ1
2 − Ŝ2

2⎡⎣ ⎤⎦
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N *-((NH3)5CrOHCr(NH3)5)Cl5H2O-[P42/MNM]-
C 16.259 16.259 7.411 90. 90. 90.
S GRUP P 42/M N M

A Cr1    0.24210 0.07450 0.00000 0.00000 1.00000
A N1     0.19090 0.99770 0.19690 0.00000 1.00000
A N2     0.14420 0.29720 0.20080 0.00000 1.00000
A N3     0.34850 0.99580 0.00000 0.00000 1.00000
A O1     0.14780 0.14780 0.00000 3.85000 1.00000
A O2     0.00000 0.00000 0.50000 12.3000 0.50000
A O3     0.31020 0.31020 0.38420 13.8000 0.25000
A O4     0.44880 0.44880 0.00000 6.50000 0.25000
A Cl1    0.49950 0.13500 0.00000 2.70000 0.50000
A Cl2    0.34720 0.99250 0.50000 4.70000 0.50000
A Cl3    0.31060 0.31060 0.50000 6.10000 1.00000
A Cl4    0.13480 0.13480 0.50000 4.80000 1.00000
A Cl5    0.32740 0.32740 0.00000 2.80000 0.50000
A Cl6    0.50000 0.50000 0.43430 3.60000 0.50000
A H1     0.11900 0.11900 0.00000 6.50000 1.00000
T Cr1  4 0.00160 0.00160 0.01480 0.00000 0.00000 0.00040
T N1   4 0.00550 0.00350 0.01960 0.00040 0.00450 -0.0012
T N2   4 0.00530 0.00450 0.02110 -0.0025 0.00060 -0.0023
T N3   4 0.00310 0.00310 0.12660 0.00000 0.00000 0.00230
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Cr-dimer
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Cr-dimer
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(NH3)5Cr(OH)Cr(NH3)5

2

1
0

S

3

6

2
0

E(S)/|J|

12
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I(
Q

)/e
xp

(-
2W

)
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1-D Heisenberg chain

i-2           i-1            i              i+1          i+2

d
J>0

i-2           i-1            i              i+1          i+2

d
J<0

Ĥ = −2J  
i

∑ Ŝi ⋅ Ŝi+1
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Excitations/Precessions:

Well-defined S=1 excitations ⇒ sharp dispersion
Excitations are “transverse”

Classical Spin WavesClassical Spin Waves

J

2J   
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Well-defined S=1 excitations ⇒ sharp dispersion

““ClassicalClassical”” AntiferromagnetAntiferromagnet

 
Ĥ = −2J  

i
∑ Ŝi ⋅ Ŝi+1

i-2           i-1            i              i+1          i+2

d
J

ω = −2JS sin kd( )

2.0

1.5

1.0

0.5

0.0

E
/J

2.01.51.00.50.0
k in units of π /dx x
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Ferro

Ground state (Bethe 1931) disordered by quantum fluctuations

Quantum AF

~ S2

-

Classical AF
<< S2
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S=1/2 AF chainS=1/2 AF chain
Elementary excitations:
– “Spinons”: spin S = ½ domain walls with respect to local AF ‘order’
– Need 2 spinons to form S=1 excitation we can see with neutrons

Energy: E(q) = E(k1) +  E(k2)
Momentum: q = k1 +  k2
Spin: S = ½ ± ½

Continuum of scattering ⇒
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Switching off quantum mechanics !Switching off quantum mechanics !

copper sulphate copper sulphate 
CuSOCuSO44··5D5D22OO

Spinon pair continuum
⇒

spin wave dispersion ⇒

Strong magnetic field forces Strong magnetic field forces 
antiferromagnetantiferromagnet into into 
ferromagnetferromagnet

Rønnow et al.
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Model Quantum Spin Systems

= 1/√2 (           - )

Spin ladder
Alternating chain

3D dimer model
Shastry-Sutherland model
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Spin Spin laddersladders
J´ J´

k

E

k
1

∝J´

½
T. Barnes et al., PRB 47, 3196 (1993)

k

2*Jl/Jr

1-Jl/Jr

1

E/Jr

½ 1

k

Jr

Jl
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(C(C55HH1212N)N)22CuBrCuBr44

Jr

Jl

Jl

suggestedsuggested spinspin modelmodel::
AFM AFM ladderladder, , JJrr/J/Jll>>1>>1

(PhD B. Thielemann)
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T = 50 mKT = 50 mK

±

E
ne

rg
y

[m
eV

]

fit:
Jr = 1.116(4)  meV
Jl = 0.274 (4) meV

Jr/Jl = 4.07(2) >> 1 ⇒ strong coupling limit
J` < 0.05 meV ⇒ very 1D spin-ladder

Energy transfer [meV]

In
te

ns
ity

[c
nt

s/
5 

m
in

]
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temperature

SPIN LIQUID
0 K

magnetic field, pressure, doping

MAGNETIC ORDER

Néel or Curie
temperature

no “classical” critical point !

but quantum critical point

0i =S 0i ≠S
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Quantum Phase Transition for Isolated Dimers

E

H
Hc

∆

|1,-1>

|1,0>

|1,+1>

|0,0>

Mz

HHc

1

0

= 1/√2 (           - )Dimer
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Quantum Phase Transition for Interacting Dimers

E

H
Hc

∆

|1,-1>’

|1,0>’

|1,+1>’
|0,0>

Mz

HHc

1

0
Hs

Hc

Hs

D

= 1/√2 (           - )Dimer
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INS dispersion: Hc1= 6.74(6) T
INS Zeeman split: Hc1= 6.79(7) T
magnetisation: Hc1= 6.6 T

Q = [1.5 0 0]
T = 50 mK

|1,1>

|1,0>

E/Jr

1+Jl/Jr

k

H

H

|1,-1>

21.5

T = 50 mK

Energy transfer [meV]

In
te

ns
ity

[c
nt

s/
5 

m
in

]

H = 3 T

Magnetic Field [T]

E
ne

rg
y

[m
eV

]
⇒ triplet excitation

T = 50 mK
k = [1.5 0 0]

H = 0 T

ExcitationsExcitations of of thethe spinspin--liquid at H > 0Tliquid at H > 0T
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H

k

k`

k`

E

1

B. Normand, 
Acta Physica Polonica B 31, 3005

E

k

2Jl

∆=H-Hc2

½ 1

FerromagneticFerromagnetic spinspin waveswaves in in thethe
saturatedsaturated phasephase
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INS INS datadata in in thethe saturatedsaturated phasephase

exchange parameters: Jr = 1.116(3) meV, Jl = 0.290(4) meV
J‘ < 0.05 meV

Independent determination of        ⇒ excellent ladder behaviour
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ExcitationsExcitations in in thethe LuttingerLuttinger phasephase
H = (Hc1+Hc2)/2

⇒ M/Msat=1/2

}

}

soliton

antisoliton
J. S. Caux, private communication

pairs of elementary excitations ⇒ Continuum

½ 1

Jl

2Jl

0

E

Momentum [r.l.u.]
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INS INS datadata in in thethe LuttingerLuttinger phasephase

In
te

ns
ity

[c
nt

s/
3.

5 
m

in
]

Momentum [r.l.u.]

E
ne

rg
y

[m
eV

]
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The The PlaquettePlaquette and the Valence Bondand the Valence Bond

 

Singlet

d ≡ ↑↓ − ↓↑

Plaquette
d 1

d 2

+ d 1d 2 =

↑↓
1

− ↓↑
1( )⊗ ↑↓

2
− ↓↑

2( )
+

↑

↓ 1

−
↓

↑ 1

⎛

⎝
⎜

⎞

⎠
⎟ ⊗

↑

↓ 2

−
↓

↑ 2

⎛

⎝
⎜

⎞

⎠
⎟

= −2
↑↓

↓↑
− 2

↓↑

↑↓

+
↓↑

↓↑
+

↑↓

↑↓
+

↑↑

↓↓
+

↓↓

↓↓

= G
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2D2D--Quantum MagnetismQuantum Magnetism
2D Heisenberg 2D Heisenberg antiferromagnetantiferromagnet on a square lattice on a square lattice 

2D: 2D: orderedordered, but only , but only 60%60% of full moment, and only at T=0 of full moment, and only at T=0 
⇓⇓ ⇑⇑

SpinSpin--waveswaves Quantum fluctuationsQuantum fluctuations

Spin-liquid
Resonating

Valence Bond
(RVB)

Long-range
Néel Order

1/2  =S 0=S

v. s.

Are there other types of Are there other types of ‘‘correlationscorrelations’’ ??
Resonating valence bonds (RVB)Resonating valence bonds (RVB) Investigate excitationsInvestigate excitations
GutzwillerGutzwiller--projected BCSprojected BCS with neutron scatteringwith neutron scattering
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A model 2D quantum magnetA model 2D quantum magnet

Copper Copper formateformate tetratetra--deuteratedeuterate (CFTD) (CFTD) 

Crystal structure Crystal structure 
in realin real--spacespace

SpinSpin--wave wave 
dispersion in dispersion in 
reciprocal spacereciprocal space

Slices of neutron Slices of neutron 
scattering scattering 
intensityintensity
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Surprise ! Surprise ! 
Anomalies at the Zone BoundaryAnomalies at the Zone Boundary

Expected small 
uniform 
renormalisation 
of classical 
spin wave energies

ZB dispersion confirmed by 
calculations:

•Ising limit expansion
•Exact diagonalisation
•Quantum Monte Carlo

True Quantum effectRonnow et al.
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MagnonMagnon intensitiesintensities

FluxFlux--
phasephase

⎯Γ X      M Γ X       M

Christensen, Rønnow et al. PNAS 2007

Giant 50% intensity effect at (Giant 50% intensity effect at (ππ,0),0)

Much larger than 7% ZB dispersionMuch larger than 7% ZB dispersion

Where did intensity go ?Where did intensity go ?




