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1 Introduction

Frequently agricultural fields and their soils are considered homogeneous areas
without well defined criteria for homogeneity, in which plots are randomly distributed in
order to avoid the eventual irregularity effects. Randomic experiments are planned and
when in the data analyses the variance of the parameters of the area shows a relatively
small residual component, conclusions are withdrawn about differences among treatments,
interactions, etc. If the residual component of variance is relatively large, which is usually
indicated by a high coefficient of variation (CV), the results from the experiment are
considered inadequate. The high CV could be a cause of soil variability, which was
assumed homogeneous before starting the experiment.

In Fisher’s classical statistics, which is mainly based on data that follows the
Normal Distribution, each sampling point measurement is considered as a random variable
Z;, independently from the other Z;. The adjustment of a set of data to the normal

distribution does not guarantee the independence among soil samples, but which can be

verified by the autocorrelation function. The main reason for this is that in the normal



distribution frequency calculation the position at which each sample was collected in the
field is disregarded.

More detailed studies of soil variability reveal that Fisher’s classical statistics
methods have limitations. Generally the data independence and normality hypotheses are
not tested and, more than that, data independence has to be assured in the sampling design.

If the spatial distribution of soil measurements is observed and taken into
consideration in the analysis, in many cases it is possible to take advantage and make use of
this spatial variability. This is another way of planning experiments, new in Agronomy, but
which imported not recent concepts from Geostatistics and from Time/spatial Series
Analysis.

It has been emphasized that adjacent observations of a certain soil attribute are not
completely independent and that this spatial dependence should be considered in the data
analysis. In view of this, statistical tools like autocorrelograms, crosscorrelograms,
semivariograms, etc have been used to study the soil attribute spatial variability and can
potentially lead to a better management and understanding of the soil-plant-atmosphere
interaction processes (Reichardt and Timm, 2004). Therefore, the use of statistical tools
that considers the spatial structure dependence among observations have contributed to the
adoption of better agricultural practice managements as well as to the impact caused by
them on the environment. The concern with the soil attribute spatial variability has been
expressed in several works connected to agronomy (Warrick and Nielsen, 1980; Vieira et
al., 1983; Sousa et al., 1999; Webster and Oliver, 2001; Wendroth et al., 2001; Tominaga et
al., 2002; Timm et al., 2003; Wendroth et al., 2003; Timm et al., 2004; Igbal et al., 2005;
Mzuku et al., 2005; Grego et al., 2006; Lamhamedi et al., 2006; Terra et al., 2006; Timm et

al., 2006; Novaes Filho et al., 2007; Silva et al., 2007).



Vieira (2000) reported that since the beginning of the 20™ century, soil attribute
spatial variability studies have been the target of researchers related to Soil Science. Among
them, the author mentions: Smith, in 1910, studied the plot arrangements in experimental
fields of corn yield varieties; Montgomery, in 1913, studied nitrogen effects on wheat yield;
Waynick, in 1918, studied the soil nitrification spatial variability; and Waynick and Sharp,
in 1919, characterized soil carbon and total soil nitrogen spatial variability, in different
sampling arrangements.

The spatial variability of soil attributes can occur at different levels, and can be
related to several factors: parent material origin, climate, relief, organisms and time, i.e.,
soil formation genetic processes and/or the effect of different soil management techniques
from different agricultural uses (McGraw, 1994).

In agronomic experimentation soil and plant or atmosphere sampling methodologies
are of fundamental importance. In classical statistics random sampling is recommended,
while the regionalized variable techniques require coordinates of sampled points which are
used in the analyses. In this case, sampling is carried out along transects, in equidistant
intervals; or in grids in equidistant and irregular intervals, but with known coordinates.

In spatial variability studies when sampling is made in a grid the analysis requires
the use of geostatistics, which was originated in South of Africa, when Mr. Krige, in 1951,
working with gold concentration data in mining, concluded that it was difficult to find the
meaning of the variances, if the distance between samples was not taken into account.
Matheron, in 1963 and 1971, based on these observations, developed the Regionalized
Variable Theory, containing the Geostatistics fundaments (Journel and Huijbregts, 1978).
This theory is based on the fact that the difference between the values of the variable taken

in two field points depends on the distance between them. Thus, the difference of a variable



between two near points should be smaller than the difference of this variable for distant
points. Therefore, each variable value carries strong information from its neighborhood,
indicating a spatial continuity.

The classical statistics and the regionalized variable techniques are complementary,
i.e. one does not exclude the other (Reichardt and Timm, 2004). When Geostatistics tools
are used for characterizing the structures of the spatial distribution of the considered
variables, the intrinsic hypothesis is assumed. This hypothesis is that the variogram
function (to be seen later) depends only on the separation vector h (modulus and direction)
and not on the location x; (Journel and Huijbregts, 1978). It means that the structure of the
variability between two observed variable values z(x;) and z(x;+h) is constant and, thus,
independent of x;.

Geostatistics applied to the precision agriculture concept has the objective of
identifying in a random order among samples a spatial correlation structure, to estimate
variable values in no-sampled points based on some known variable values in the sample
(Kriging interpolator), and to study the relation among soil properties collected in the
space. It also allows studying adequate resampling patterns.

A data exploratory analysis (classical descriptive statistics like the calculation of the
mean, median, and mode values; the sample variance and the coefficient of variation
values; the histogram and box-plot diagrams, etc) made previously before applying
Geostatistics tools, is very important. The data normality distribution should be verified
checking the presence of outliers or the need of a data transformation to normality. Having

this in mind, a basic review of classical statistics concepts is presented below.



2 Review of Classical Statistics Concepts
2.1 Statistical position measures of a data set

These are used to determine the position of the observed variable within a data set.
They have the objective of representing the center of a set of measurements. The arithmetic
mean (AM) is the usual measure of central tendency. Denoting AM by Z it is calculated
considering that all observations z; have the same weight in its calculation. Then, if we have
a set of n observations z;, i=1, 2, ..., n, we can calculate their arithmetic mean by

n
S
7= (1)
n

Nothing in the equation (1) dictates where the observations should be taken, i.e. the
locations of the observations are disregarded (Nielsen and Wendroth, 2003).

The median (Md) is the central value of a set of data when the observations are
ranked in two equal parts: 50% of the values are below its value and 50% are above There
are two different ways calculate the median , however, in both cases, the first step is to rank
the observations from the lowest to the highest values.

e 1% case: when the number of observations n is odd: then we have to determine the

most central position value (p) of the ranked data set, as follows

p=——- (2)

In this case, the median of a data set is the value that occupies the p position, i.e.
Md=z,.

e 2" case: when the number of observations n is even: then we have to determine the

two most central position values (p; and p, values) of the ranked data set, i.e.



n+2 n
=—— and =— 3
Pi= P> =7 )
Then, the median of a data set is the arithmetic mean of z,; and zp;:
Z,+1Z
Md = % 4)

The mode (Mo) is the most typical value of a data set. It is the unique measure
which cannot exist. If it exists it can occur more than once.

Quartiles, denoted by Qi, i=1, 2 and 3, are three measurements which divide a
ranked data set into four equal frequencies. The three measurements are:

e quartile first (Q;): 25% of the values that are below and 75% are above of this
measurement;

e quartile second (Q,): 50% of the values are below and 50% are above of this
measurement. This quartile corresponds to the median value, i.e. Q,=Md;

e quartile third (Qs3): 75% of the values are below and 25% are above of this
measurement.

To calculate the three quartiles, we have, initially, to rank the observations from the
lowest to the highest values, and, after this, to calculate the p position value of the quartile
in the ranked data set. There are two different cases to calculate the p position value of the
quartile:

a) 1¥ case: when the number of observations n is odd:

e For Q; we have

p=" (5)



e For Q, we have

_2(n+1)

P=—
e For Q; we have

_3(n+1)

P="7

d . .
b) 2™ case: when the number of observations n is even

e For Q; we have

_n+2
4
e For Q, we have
_2n+2
4
e For Q; we have
p_3n+2
4

2.2 Variation or dispersion measures of a data set

(6)

(7

(8)

©)

(10)

The dispersion measures of a data set describe the spread within the distribution of a

set of measurements, and they are: range, interquartile range, variance, standard deviation

and coefficient of variation.

The range (A) is the difference between the greatest and the smallest observations of

a data set. Then, we have

A=Ls-Li

(11)



where Ls is the highest observation among z; and Li is the lowest one.

The range measure is a less precise measurement, because it only uses extreme
values of a data set in its calculation. For this reason, it is extremely influenced by the
presence of outlier values in the data set (Piana and Machado, 2004).

The interquartile range, denoted by q, is the difference between the Qs and Q;
quartiles, i.e.

9=Q,-Q, (12)

Despite of being a less used dispersion measurement, q has an important
characteristic which is that it is not influenced by the presence of outlier values in a data
set.

The sample variance, denoted by s°, is the most used dispersion measure to describe
the spread of a set of measurements. The population variance o” of a set of values is by

definition given by

0_2 — Z(Z| _7)

n

(13)

where Z(Zi —7)? is the square of the standard deviation . Bellow we shall replace the

divisor (n) by (n-1) in equation (13), so that we can use the variance of a sample (s%) to
estimate o7, the population variance, without bias (Webster and Oliver, 2001). Like the
mean, the sample variance is calculated based on all observations and only their magnitudes
are involved in calculations, while their space coordinates are neglected (Nielsen and
Wendroth, 2003).

The sample standard deviation (s) is the square root of s%, i.e.

s=vs* (14)



It expresses the dispersion of the distribution in the same units as those in which the
variable is measured, which facilitates its interpretation. In its calculation, the locations are
also disregarded, providing a measure of the range or scatter of the observations within the
undefined sample region.

The coefficient of variation (CV) is the most used dispersion measure when we are
interested in comparing the variability of different data sets. In cases of comparison of
variances of different data sets or when a studied soil property was measured in two
different regions to give similar sample variance values with different means, the
coefficient of variation can elucidate these cases (Webster and Oliver, 2001). The CV
coefficient is calculated from the ratio between the standard deviation and the mean and it

is usually presented as a percentage

CV (%) = ~.100 (15)

Nl | »

The CV is a relative dispersion measure because it is a standardized measurement of
the sample variance. From this, it is useful for comparing the variation of different sets of
observations of the same property or for comparing the variation of sets of observations of
the different properties (Nielsen and Wendroth, 2003). According to Timm et al. (2003a),
the CV can also be used to describe the frequency distribution of the observations, and,
when being large, it indicates that the arithmetic mean is not appropriate to characterize the

set of data due to their high variability.
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2.3 Moments, skewness and kurtosis coefficients of a data probability distribution
The moments, denoted by m,, are measures which are calculated with the aim of
studying data probability distribution behaviors. An r order moment centered on b value is

given by

m, :Z(Zi%b) (16)

when b is equal to Z, we have the r order moments centered on the Z mean value and they

can be represented by m,. Then, we have:

e forr=1
mIZZ(Zi—_Z) (163)
n
o forr=2
mz:Z:(zi——Z) (16b)
n
o forr=3
mBZZ(Zi—‘D (16¢)
n
o forr=4
m4:Z(z+Z) (16d)

which are used in the definitions given below.
The skewness coefficient (az) is a measure which characterizes the degree of
asymmetry of a data distribution around its mean. It is calculated from the ratio between the

third moment and the second one:



11

a;

M 1
o (17)
Based on its absolute value and its signal, the skewness coefficient is used for
characterizing the symmetry or asymmetry of a distribution, as follows:
e when a3 is less than zero this indicates a longer tail on the left hand side of a
histogram with the median being larger than the mean ;
e when a; value is equal to zero ,the mean and median are coincident, i.e. the
distribution is symmetric;
e when a3 is higher than zero this indicates a longer tail on the right hand side of a
histogram with the median is smaller than the mean .
The kurtosis coefficient (as) is a measure which characterizes the peakness or
flatness of a data distribution. It is calculated from the ratio between the fourth moment and

the second one (Webster and Oliver, 2001)

a, = -3 (18)

Its significance relates mainly to the normal distribution, for which as=0.

Distributions that are more peaked than normal have a4 > 0; flatter ones have a4 < 0.

2.4 Frequency distribution: histogram, normal plot and box-plot diagram

Any set of measurements may be divided into several classes, and we may count the
number of individuals in each class. The resulting set of frequencies constitutes the
frequency distribution (Piana and Machado, 2004). A soil property, for example, is a
continuous variable across a given field being, therefore, an infinite population of a given

area. To infer characteristics of this population, i.e., describe it within the area, a statistical
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approach becomes necessary, which is performed using a finite set of observations, which
is assumed to represent the population. In this case we obtain an observed value of the
sample mean Z (equation 1), which is an estimate of the true or population mean (),
which represents the whole population. For our particular case of a set of infinite elements,
p is never known. The intention of any statistical approach is to find out which theoretical
distribution best adjusts to the sampled distribution, so that deductions can be made in
relation to the true distribution.

The frequency distributions can graphically be represented by a histogram. To
construct a histogram, observations have to be divided in classes according to their
magnitude, and the number of observations of each class is counted. From this information
a graph of bars is constructed, the height of each bar being proportional to the number of
observations of the class. Superposing the theoretical curve of the normal distribution, we
can verify visually how close the heights of the bars coincide with the theoretical line, and
conclude how well the observations follow the normal distribution. Figure 1 illustrates a

histogram of a clay content data set.
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Figure 1 — Illustration of a histogram constructed from a clay content experimental data set
measured in an Entisol Quartzipsamment cultivated with irrigated grapevines in Northeast
Brazil.

To construct a normal plot, observations are arranged into ascending magnitudes
and their logarithms are plotted in relation to their cumulative probability values. The better
the observed values fit to the straight line the more we can consider that the data set follows
the normal distribution. The linearity of the normal plot can be quantified using the
Kolmogorov-Smirnov (K-S) test (Landim, 2003). An illustration of a normal plot is shown

in Figure 2.
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Figure 2 — Illustration of the normal plot constructed from a clay content experimental data
set measured in an Entisol Quartzipsamment cultivated with irrigated grapevines in

Northeast Brazil.

Since the clay content observations fall relatively nicely on the straight line in the
normal plot (Figure 2), we can visually consider that their values are normally distributed.
Had they not formed a straight line, the observations would not be normally distributed
(Nielsen and Wendroth, 2003). On a statistical basis the normality is judged by the K-S
test, as mentioned before.

The box-plot diagram has a box enclosing the interquartile range, a line showing the
median, and lines extending from the limits of the interquartile range to the extremes of the
data (Webster and Oliver, 2001). Figure 3 illustrates a box-plot diagram and its

components.
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Figure 3 — Illustration of a box-plot diagram and its components (figure extracted from

Piana and Machado, 2004).

The central position of the data set is represented by the median (Md, equations 2 or
4) and the dispersion by the interquartile range (q, equation 12). The outlier values have an
individual representation by using a letter or a symbol.

Both the histogram and the box-plot allow us to analyze the data distribution, to see
how it arranges around the mean or median, and identify extreme values.

Data sets might contain outlier observations. Special attention has to be taken in
these cases because it is difficult to judge if an outlier is a wrong measurement or it is a true
one belonging to a long tailed non-symmetric distribution. To identify outliers within a data
set, two measures are used which are called lower fence (LF) and higher fence (HF). LF is
calculated subtracting from the quartile first (Q;) 1.5 times the interquartile range (q) and

HF is calculated adding to Qs 1.5 times q, i.e.

LF=Q,-1.5¢ and HF=Q,+15q (19)
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The observations falling out of this interval (between LF and HF) are considered
outliers. When an observation appears as an outlier, its origin should be investigated. With
the integrity of such an observation being questioned, the investigator tries to learn whether
some kind of a mistake was made during its observation. Without the exact locations of the
observations being known, it is not possible to resample the location of the suspect

observation (Nielsen and Wendroth, 2003).

2.5 The normal distribution

The normal distribution is central to the statistical theory. A large diversity of
natural sets, such as those of the soil, is distributed in a way that approximates the normal
probability distribution, being therefore widely used in statistical analyses (Webster and
Oliver, 2001). This distribution is bell shaped and has a maximum that coincides with the
mean, being continuous and symmetrical. The hypothesis of normality is the basis for the
adoption of this distribution for which most of the statistical models have been developed.

The normal distribution is defined for a continuous random variable Z in terms of

the probability density function, f(z), as follows

(Z‘”)z}, Cw<Z<+ow (20)

f(z)= ! ex
o2z P 207

where p is the mean of the distribution and o” is the variance. For each p and o values
(remembering that ¢ is the population standard deviation) there is a different normal
distribution. From this, the calculation of the area below the normal curve (i.e. the
probability of the distribution) should be always made for each p and o specific values

which becomes a hard work. To avoid this, the normalized normal distribution (also called
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standard normal distribution in the literature) is defined, which allows us to study any
normally distributed variable for any p and o values. By definition it is the normal
distribution of a Z variable which has the mean equal to zero (u=0) and the standard
deviation equal to one (c=1). For a Z continuous random variable, its probability density

function, f(z), is

2
()] exp{_%}, C0<Z<+ow (20a)

The equation (20a) facilitates the calculation of the area below the curve which can
be found in the normalized normal distribution tables, available in many statistics books
[for example, Landim’s book (2003), among others].

The normal distribution has the following properties:

e The peak of the normal distribution is at the mean of the distribution, i.e. the z = p;

e [tis symmetrical in relation to its mean where u = Md =Mo;

e [t has two points of inflexion, one on each side of the mean at a distance o, i.e. - ©
and u + o;

e The ordinate f(z) at any given value of z is the probability of the density at z and the
total area under the normal curve is equal to 1 or 100%, i.e. the total probability of the
distribution (Webster and Oliver, 2001);

e More than two-thirds (68.25%) of the probability distribution lies within one
standard deviation of the mean, i.e. between p - ¢ and p + o; 95.44% lies in the range p -
206 to u + 20; and 99.74% lies within three standard deviations of the mean, i.e. between p -

3o and p + 30 (Webster and Oliver, 2001).
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Assuming that the distribution of frequencies of a property Z is approximately
normal, the arithmetic mean Zis taken as a good estimator of the central position of the
values of the population. In this way, this mean is taken as the estimate of the property in
locations not sampled, making it is necessary to identify the precision of this mean as an
estimator. To do this, the parameters that quantify the dispersion of the data around this
mean have been used, like s, CV or confidence limits. However, in many instances
distributions are far from normal, and these departures from normality give rise to unstable
estimates that interfere in the interpretation, making it less certain. In this situation, we can
be in some doubt as to which measure of centre is to taken if the distribution is skewed.
Perhaps more seriously, statistical comparisons between means of observations are
unreliable if the variable is skewed because the variances are likely to differ substantially

from one set to another (Webster and Oliver, 2001).

3 Statistical tools most commonly used to analyze and characterize the spatial
variability
3.1 Autocorrelation Function ACF

Spatial (or temporal) series can be studied as being the realization of a particular
stochastic process, based on probability laws. The correlation that exists between adjacent
observations frequently limits the application of classical statistics methods which are
based on the fact that observations should be independent and identically distributed.

After sampling a variable Z along a transect, for example, its mean and variance are
calculated to reflect the sampled population, assuming that the set is representative and
obtained randomly. In many cases the observations are not independent of each other, and it

is possible to calculate an autocorrelation coefficient, which plotted as a function of the



19

distance between observations will indicate their level of auto-dependence. For stationary
processes (those in which the static properties are independent of space or time), the
covariance between the observations is a function of the number of lags h (h=0, the very
same point; h=1, the first neighbor; h=2, the second neighbor; h=h, the h® neighbor)
between their sampling points. Time series are collected along time at intervals of o
minutes, hours, months, etc and space series along transects (or grids) at spacings of o (x; —
Xi1 = o), in cm, m, km, etc. The covariance C(h) between such variables at different lag

distances h, given by Salas et al. (1988) is

=#h2 )-2l2(x)- 2] 1)

If C(h) is normalized dividing it by the variance s of the sample, we obtain the
coefficient r(h) of the autocorrelation function (we say auto- because it is a correlation

between value of the same variable Z, but measured at different positions):

r(n) = <) (22)

which manifests values between +1 and -1. It is important to note that for the calculation of
r(h), the observations z; of the random variable Z have to be collected at regularly spaced
intervals o.. The values of r(h) for h = 0, which represents the correlation between z(x;) and
z(x;) is obviously equal to 1. For the first neighbor pairs z(x;) and z(xi+1) for a distance of
one lag o (h = 1), a value of r(1) can be obtained using equations (21) and (22). The same
procedure is used for second neighbor pairs [z(x;) and z(Xi+2)], and further neighbors (h = 3,
4, ...) obtaining a r(h) value for each h. Plotting r as a function of h we obtain the
autocorrelogram of the variable Z. Figure 4 illustrates an autocorrelogram plot of a soil

water content data set extracted from Timm et al. (2006).
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The next step is the calculation of the fiducial intervals of r, to recognize if they are
significant or not, and in this way define the length interval oh in which the spatial
dependence of the variable is significant. One way to measure the autocorrelation
confidence interval CI is using the accumulated probability function (e.g., £ 1.96 for a 95%
probability level) for the normalized distribution function (Davis, 1986), and the number of

observations (n-h). Therefore,

Cl=+—-2 (23)

1.00 ~
0.80

0.60 .
Autocorrelation confidence CI

0.40 - \
0.20 J l 95% significance using t test is 0.1I386

0.00

-0.20 | _
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-0.40 |

Autocorrelation confidence CI
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-0.60 -

-0.80 A
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Figure 4 — Illustration of an autocorrelogram plot of a soil water content data set (figure

extracted from Timm et al., 2006).
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3.2 Crosscorrelation function CCF

Having two sets of variables Z(x;) and W(x;) observed at the same locations x; (or
same times t;), their spatial crosscorrelation structure can be analyzed calculating
coefficients of crosscorrelation. Although each variable has its own autocorrelogram, an
analysis of their crosscorrelation indicates to which distance (or time interval) one is related
to the other. The coefficient r. of the crosscorrelation function will be also a function of h,
and describes the degree of linear association between both variables (Davis, 1986;
Shumway, 1988; Wendroth et al., 1997).

The coefficients of the crosscorrelation function r.(h), between the variables Z and

W, separated by distances cth, or by a lag number h, are calculated by:

re(h) = C:VZ—WS(h) (24)
z X Sw
where
covzw(h) = nihlzll Z(Xi)_ 7][w(xi+h)—W] (25)

and s; is the variance of Z

S5 :lzn:[z(xi)—z] (26)

and s3; is the variance of W

Sy = lZn:[w(xi)—v_v] (27)
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A plot of r; as a function of h represents the crosscorrelogram. An illustration of a
crosscorrelogram plot is shown in Figure 5. For h = 0 (observations taken at the same
position x;), the value r,(0) given by equation (24) is the linear regression coefficient
obtained through classical statistics. For the first neighbor pairs [z(x;), w(xi+1)] collected at
a distance o in one direction (h = 1), we obtain the coefficient r. (1), and for the other
direction (h = -1) the coefficient r.(-1). This is because in the case of two variables, each of
them has different neighbors for each direction, i.e., we have two pairs — (z;, wi+1) and (zi,
wi.1). The same procedure is used for more distant neighbors, obtaining values of r.(h) and
re(-h). A crosscorrelogram indicates how far two different observations are spatially related

(Wendroth et al., 1997).
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0.2 4 95% significance using t test is 0.1386 \
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-0.6
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Figure 5 — Crosscorrelogram plot between soil water content and soil bulk density data sets

(figure extracted from Timm et al., 2006).
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According to Nielsen and Wendroth (2003), it is more difficult to estimate the
significance of r.(h) as compared to r(h). Significance tests like the t test are usually based
on the assumption that the observed values of z(x;) and w(x;) are normally distributed and
independent among themselves. Taking this into consideration, the significance level of r,

is, in general, given by

(28)

where (n-h) is the number of pairs used for the calculation of r.. The level of significance of
the test is obtained by comparing the value of t in equation (28) with critical values of t for
(n-2) degrees of freedom. The crosscorrelation function is, in general, not symmetric, i.e.,
re(h) # r(-h). Note that in the case of the autocorrelation there is symmetry, r(h) = r(-h).
When there is a physical relation between Z and W, the crosscorrelogram will tend to

symmetry (Nielsen and Wendroth, 2003).

3.3 Semivariogram

To evaluate if there is spatial dependence between the values of the variable
samples in a grid the semivariogram can be used, which describes the structure of the
spatial dependence among neighbor points. The experimental semivariogram is a graph

which represents the estimative of data semivariances [y(h)] as a function of the vector h
that separates them. Here the h vector indicates a vector of modulus |h| and two-

dimensional coordinates (hy, hy). The semivariance estimative can be obtained by the

following equation:
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P )= sy - 2 @)

where y(h) is the estimated semivariance between two experimental measures [z(x;) and
z(x;+h)] at any two points separated by the vector h and N(h) is the number of experimental
pairs [z(x),z(xith)] of data separated by the vector h (Journel and Huijbregts, 1978).

Then, the experimental semivariogram is adjusted to the best fitted mathematical
model using a chosen statistical measure (for example, residual sums of squares, r°
coefficient, etc). The adjusted mathematical model is called theoretical semivariogram
model. Within the distance over which pairs of observations remain spatial correlated the
geostatistics could be applied efficiently.

The choice of the adjusted mathematical model to the experimental semivariogram
is of great importance, because it influences further results. The adjusted model should
describe the phenomenon in the field, and the best fitted theoretical model to the
experimental semivariogram can be performed by crossed validation, for example.

Figure 6 illustrates a semivariogram (and its parameters) with characteristics close
to the ideal. Its pattern represents what, intuitively, is expected from the field data, i.e., the

[z(xi) - z(x; + h)] differences increase once h lag distance increases.
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Figura 6 - Parameters describing a semivariogram (figure extracted from Nielsen and
Wendroth, 2003).

The semivariogram parameters can be observed in the figure above:

. Range (a): is the distance in which the sampled variable values are spatially
correlated;
. Sill (C+cp): is the maximum semivariance value calculated for a transitional or

bounded semivariogram. From this value, there is no spatial dependence between the
sampled variable values, because the difference between the pairs of sample variances
{Var[Z(x;) - Z(xith)]} becomes constant with the increase of h lag distance and very close
to the variance of independent variables;

. Nugget effect (c,): by definition, y(h=0) = 0. However, in the practice, as h lag
distance tends to zero, y(h) tends to a positive value called nugget effect (co). This value

reveals the discontinuity of the semivariogram for shorter distances than the shortest
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distance among samples. Part of this discontinuity can be due to measurement errors, but it
is difficult to quantify if the higher contribution is from measurement errors or from the
spatial variability in small scale which is not shown by sampling.

o Contribution (C): is the difference between the sill (C+co) and the nugget effect (co).

It is the structural variance of the data set.

3.3.1 Mathematical models used to adjust experimental semivariograms

The adjustment of a mathematical model to the experimental semivariogram is a
very important aspect in the Regionalized Variable Theory applications and it can be
considered one of the highest sources of uncertainties and controversies in this approach.
All further geostatistics calculations depend on this stage (Vieira et al., 1983; Guimaraes,
2004). From this, if the adjusted model is incorrectly adjusted, all further calculation will
fail.

Nowadays, there are commercial softwares (for example, GS+ software developed
by Gamma Design Software, 2004) which have different ways of adjusting a mathematical
model to the experimental semivariogram. As a rule the user should choose the easiest
adjusted mathematical model. The essential condition to adjust a mathematical model is
that it represents the trend of y(h) in relation to h lag distance increases and that y(h) is a
positive-definite function, i.e. y(h) > 0 and y(-h) = y(h), for any h lag distance increases
(Journel and Huijbregts, 1978; Isaaks and Srisvatava, 1989; Webster and Oliver, 2001).

The main mathematical models used in the literature to adjust experimental

semivariograms are (Nielsen and Wendroth, 2003):



a) Transitional or bounded models

e Pure nugget model

0 h=0

y(h)=
C h>0

e Linear model

y(h)=

e Spherical model

3
c{ﬁ—l(ﬂﬂ 0<h<a
2a 2\a

C h>a

y(h) =

e Exponential model
y(hy=Cll-exp(-h/a)] h>0

e Gaussian model

y(hy=C {1 - expl— (h/a)’ J} , h>0

b) Nontransitional or unbounded models

e Linear model

27

(30)

(31

(32)

(33)

(34)



28

y(h)y=mh h>0 (35)
e Power model

y(h) =mh“ , h>20l<a<2 (36)

Bounded semivariograms occur wherever the variance of all of observations
remains constant throughout the sampled domain. Unbounded semivariograms are
manifested when the variance of all observations within a domain is not constant (Nielsen

and Wendroth, 2003).

3.4 Ordinary kriging — a geostatistical interpolation method

An interpolation method has a function of estimating unknown values within a
domain based on some already known values (Nielsen and Wendroth, 2003). There are
deterministic interpolation methods, such as: polygon methods, inverse distance weighting
method, among others. These methods, however, do not estimate the error associated to
each interpolated value, which can be obtained by a geostatistics interpolator method called
kriging (Journel and Huijbregts, 1978; Webster and Oliver, 2001).

The semivariogram is the geostatistical tool which allows describing the structure of
the spatial dependence of a studied variable. Using the spatial variance structure available
in a semivariogram, the kriging interpolator provides the best linear unbiased estimate of an
unmeasured value calculated from values measured in a local neighborhood (Journel and
Huijbregts, 1978; Nielsen and Wendroth, 2003).

The kriging interpolator is considered the best linear interpolator because it

produces unbiased estimatives with minimum estimated variance (Webster and Oliver,
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2001). In the linear kriging the estimates are data weighted linear combinations. These
weights vary as a function of the separation distance among the locations of the variable ue
to be estimated and the location of the observed variable involved in the estimative. This
unmeasured variable is, therefore, calculated by solving a kriging system of equations
(Journel and Huijbregts, 1978; Isaaks and Srivastava, 1989).

To apply the ordinary kriging for interpolation it is assumed that: z(x1), z(x2),...,
Z(Xn) are measured values of a random variable Z at positions Xi, X»,...,Xn ; and that the
theoretical semivariogram of the studied variable has already been determined. Therefore,
the objective is to estimate values of z* at positions xo [2*(X¢)], assuming that its value is

the linear function of the known values zi(x;),
N

2% (%) = D Az (X) (37)
i=1

where N is the number of measurements of the variable Z involved in the z*(x¢) estimative
and A, are the associated weights to each measured value z(x;) of Z.
The best z*(x() estimation is given if:
a) the expected error is zero, i.e., the estimation is unbiased
Elz*(x,) ~2(x,)]=0 (38)
b) the estimated variance is minimum, i.e.,

Var(z *(x,) - 2(X,)] = minimum (39)

To ensure that the z* estimation is unbiased, Webster and Oliver (2001), assume:

N
A =1 (40)
i=1
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To obtain a minimum estimated variance under the constraint of equation (40), the

Lagrange multiplier is applied for solving the following kriging system equations:
N
DAY X))y =y(%.%) . i=1aN (41)
i=1

where y is the Lagrange multiplier. Values of the semivariance between z(x;) and z(x;)
[ 7 (xi,Xj)] and those between z(x;) and z(Xo) [y (Xi,Xo)] are obtained from the theoretical
semivariogram model. The (N+1) equations in (40) and (41) are solved for the N+I
unknowns 4,, A,,... 4, and y (Nielsen and Wendroth, 2003). The associated minimum

kriging variance of each estimative is calculated by the following expression:

UEZ*(X0)=W+ZN:%7(XpXo) (42)

i=l

The kriging equations can be represented in a matrix from. For ordinary kriging

they are
[AJ[2]=]b] (43)
where
(X %) (%, X)) e (X, X ) 1] [ (X, %) ] 2, ]
7(X5, X)) 7 (X, X, ) e 7 (X, X)) 1 7(X,,X,) A,
[A]= : . .. b]= VI (44)
y(X . X)) 7 (X, %, ) Ly (X, X, ) 1 y(X,,X,) A,
L 1 1 1 1 0_ L 1 | v

where matrix A is inverted, and the weights and the Lagrange multiplier are obtained as
[4]=[A]"[b] (45)

The 0" kriging variance, in matrix notation, is given by:
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azz*(%,) = [2] b] (46)
where [/1]t matrix is the transposed matrix of [/1]

For a better understanding of the use of the kriging interpolator method, two
illustrative examples follow:

e Example 1: proposed by Landim (2003)

In a hypothetical situation in which 4 copper ore deposit thicknesses were measured
at locations with coordinates (X;,yi) as shown in the table below, we want to estimate the
value of z at position (15,15). The following linear semivariogram model was previously
adjusted:

Linear semivariogram model: y = 5h

1 2
X
3 4
Xi Yi Z;
locations
(Km) (Km) (m)
1 0 30 500
2 30 30 450
3 0 0 550
4 30 0 490
X 15 15 ?

The square grid (30 km x 30 km) was established (figure below) and the distance

between the measured variable values are:
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d(1-2)=d(1-3)=d(2-4) = d(3-4) =30 km;
d(1-4)=d(2-3)=42.43 km;
d(1-x) =d(2-x) = d(4-x) = 21.21 km;
Using the linear semivariogram model, the distances correspond to the following
calculated semivariances:
21.21 km = 106.05 km®
30.00 km = 150.00 km®
42.43 km = 212.15 km®

From this, we can construct the ordinary kriging system equations:

[0 150 150 21215 1] [A4, ] = [106.5]
150 0 212,15 150 1| [4,| = [106.5
150 212.15 0 150 1| [A4 | = [106.5
21215 150 150 0 1| [A, | = [106.5

|1 1 1 1 0] |ul =11

[A] 1] [B]

which is solved by

[4]=[A]"[B]

[~ 0.00520 0.00285 0.00285 0.00049  0.25000
0.00285 —0.00520—0.00049 0.00285  0.25000
[A]" =| 0.00285 —0.00049 —0.00520 0.00285  0.25000
—0.00049 - 0.00520 0.00285 —0.00520 0.25000
| 0.25000 0.25000 0.25000 0.25000 —128.03750 |

[0.25
0.25
[2]=]0.25
0.25
| —21.987 |
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As expected from a regular distribution of the observed variable points, each one of
them has a 0.25 weight for estimating z* at location (15,15). Then
Z*(X)=0.25x(500)+ 0.25x(450) + 0.25x (550) + 0.25 x (450) = 497.50m

The associated kriging variance to this estimative is:

o 7% (X) = 0.25x% (106.05) +0.25 x (106.05) + 0.25 x (106.05) + 0.25 x (106.05) — 21.9875 =
o.2%(X) =84.063m’

Assuming that the estimated values of Z have a normal distribution and that 95% of
this data distribution is in the = 1.96 x standard deviation intervals, we have that the fiducial
limits are of the order of £ 9.169 x 1.96 = =+ 18 m. Then, the estimative of z value at

location (15,15) is: 497.50 m £ 18 m.

e Example 2: proposed by Nielsen and Wendroth (2003)
Soil temperature measurements were taken at four locations along a spatial transect,
2 m apart from each other, as illustrated in the figure below (extracted from Nielsen and
Wendroth, 2003). We want to estimate the soil temperature value at a distance of 5 m from
the beginning of the transect. Soil temperature measurements were 25, 24, 22 and 21 °C at

locations X1, X2, X3 and x4, respectively.
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The linear semivariogram model (y = 1.125h) was previously adjusted. The distance
between the soil temperature measurement pairs are:
d(x3-x4) = 2 m;
d(x1-x3) = d(x2-X4) = 4 m;
d(xi-x4) = 6 m.

Using the linear semivariogram model, the distances correspond to the following
calculated semivariances:
vy (h=2 m) = 2.25 m% vy (h=4 m) =4.5 m*; y (h=6 m) = 6.75 m°.

From this, we can construct the ordinary kriging system equations:

[0 225 450 6.75 1] 4, |=[5.625]
225 0 225 450 1|4,|=|3.375
450 225 0 225 1|4, |=[1.125
6.75 4.50 225 0 1[4, |=|1.125
1 1 1 1 oful=| 1

[A] ] [8]

which is solved by



[A]" =

[4]=[A]"[B]

[ —02222 02222 —4.11E7"
02222 —0.4444 0.2222
0 0.2222  —0.4444
—247E7" 0 0.2222
|05 0  —167E™"
[0.00 |
0.00
[2]=1]0.50
0.50
| —3.38]

~3.29E7"
0
0.2222
-0.2222
0.5

0.5
~1.97E7"
0
0.5
—-3.375
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This means that x; and x; locations have the same associated weights and equal to

zero on estimating Xo, X3 and X4 locations have the same associated weights and equal to 0.5

on estimating Xo. Substituting these values as well as the measured soil temperatures into

equation 37, we obtained

2*(X,) = 0x(25)+0x (24) +0.5x (22) + 0.5x (21) = 21.5°C

The associated kriging variance to this estimative is:

G22%(X,) = 0x(5.625)+0x (3.375)+ 0.5(1.125) + 0.5(1.125) + 0 = 1.125°C

Then, the estimated soil temperature at 5 m location is of 21.5°C with a standard

deviation of 1.060 °C. It is possible to note that the values of A4, weight equally for the two

positions close to xo and contribute with equal weights to the estimate while those for

greater distances are null.
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