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Nomenclature

E = Electric field

D = Electric displacement
B = Magnetic flux density
H = Auxiliary field

p= Charge density

] = Current density

Uy (permeability of free space) =4 1x10T-
m/A

g, (permittivity of free space) = 8.854 x101°N-
m2/ C2
Cc (speed of light) = 2.99792458 x108 m/s
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Introduction

e Electrostatics

» Electrostatic field : Stationary charges
produce electric fields that are constant in
time. The theory of static charges is called
electrostatics.

Stationary charges EEgonstant Electric
field;
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Electrostatic :Revisited

Coulombs Law

Test

IE’ . 1 q? f'\ Charge
ATE, T g

Source
Charge
C2
— —12 o
&, = 885x10 > Permittivity of free space
N—-m
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The Electric Field

E- the electric field of the source
charges.

Physically E(P) Is force per
unit charge exerted on a test
charge placed at P.
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The Electric Field: cont’d

I A r
EP)=—> [ L ad
47E0 Liner

A is the line charge density

E(P) = 1 j iada

2
47E 0 Surface r

g Is the surface charge density
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The Electric Field: cont’d

IRy R f
i E(P)=—- I _zpd f
R e s e B 47 I

Rt 0 Volume

£is the volume charge density
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Electric Potential

The work done in moving a test charge Q in an electric field
from point P, to P, with a constant speed.

W = Forcee distance
I:)2
W = — j QE- d
P1

negative sign - work done is against the field.
For any distribution of fixed charges.

§ Eed =0
The electrostatic field is conservative
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Electric Potential: cont'd

Stokes’s Theorem gives
xE=0
E=-LV

where V is Scalar Potential

—

The work done in moving a charge Q from infinity to a
point P , where potential is V

W =QV

V = Work per unit charge

= Volts = joules/Coulomb
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Electric Potential : cont'd

Field due to a single point charge g at origin

V:T gdr _ g
VAT ATE,S
1

FO=

1
EDr—2

VD}

I
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Gauss’s Law § Eedi= iQ
enc
€o

—

Differential form of Gauss’s Law

E-F

Poisson’s Equation 2V — _ﬁ

Laplace's Equation
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Electrostatic Fields in Matter

Matter: Solids, liquids, gases, metal, wood and
glasses - behave differently in electric field.

Two Large Classes of Matter
() Conductors
(1) Dielectric
Conductors: Unlimited supply of free charges.

Dielectrics:

« Charges are attached to specific atoms or
molecules- No free charges.

* Only possible motion - minute displacement of
positive and negative charges Iin opposite

direction.
* Large fields- pull the atom apart completely
(lonizing it).
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Polarization

A dielectric with charge displacements or induced
dipole moment is said to be polarized.

E=0 + E -

Induced Dipole Moment p = akE

The constant of proportionality a is called the atomic
polarizability

P = dipole moment per unit volume
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The Field of a Polarized Object

Potential of single dipole p is

1 7rep
dV = P
ATE, T
1 Pef
V=" —dr
47E0 volume [
1 1 - 1/(- =
V = j — P e da - j —(D-P)ir
47E 0) | surface r volume r i
Potential due to dipoles in the dielectric
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The Field of a Polarized Object:
cont’'d

OE) — Po ﬁ Bound charges at surface

p — —( | o P Bound charges in volume
b

V = 1 j idea— j i,obdr

4TE O | surface r volume r |
The total field is field due to bound charges plus due to free charges
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Gauss’s law In Dielectric

o Effect of polarization is to produce accumulations of
bound charges.

 The total charge density

0=p, +p, J‘f).dg:Qfem

From Gauss's law Qtenc -Free charges enclosed

—

g0 E=p=p,+p,

Displacement vector

0+ D=p, B=g,E+P
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Magnetostatics : Revisited

« Magnetostatics

= Steady current produce magnetic fields
that are constant in time. The theory of
constant current is called magnetostatics

Steady currents mmmp Constant Magnetic
field;
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Magnetic Forces
Lorentz Force
F=qE+{vxB)]
- The magnetic force on a segment of current carrying wire is

F ooy = j (Tx I§)d|

F oo :J'I(drx B)
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Equation of Continuity

The current crossing a surface s can be written as

ot

VvV
Charge is conserved whatever flows out must come at t he
expense of that remaining inside - outward flow decreases
the charge leftin v

° J — — _’0 This is called equation of continuity

ot
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Equation of Continuity Cont'd

In Magnetostatic steady currents flow in the wire and its
magnitude | must be the same along the line- otherwise
charge would be pilling up some where and current can

not be maintained indefinitely.

a_p:O
ot

In Magnetostatic and equation of continuity
e J=0

Steady Currents: The flow of charges that has been going on
forever - never increasing - never decreasing
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Magnetostatic and Current
Distributions

Biot and Savart Law

N /AN B4
Blp)= d

dl IS an element of length .

I'  vector from source to point p.

Mo Permeability of free space.

Unit of B = N/Am = Tesla (T)
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Biot and Savart Law for
Surface and Volume Currents

For Surface Currents

d T For Volume Currents
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Force between two parallel wires

V'S

The magnetic field at (2) due to

current 1, is |,

— ’LIOI]- Points inside
% 27d

V'

I2
d
dF—I/El

Magnetic force law

dF = [ 1,(dI, <8

dF:jI di x Pl f
% 2omd
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Force between two parallel wires

dF =Koz g,
2

The total force is infinite but force per unit length is
dFE _ Klil,
d, 2md

If currents are anti-parallel the force is repulsive.
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Straight line currents

The integral of B around a circular
path of radius s, centered at the
wire Is

P Bedl = “0 0 dl = 4

For bundle of straight wires. Wire that
passes through loop contributes only

§I§-dr =1l

Applying Stokes’ theorem

—

xB = 1,J
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Divergence and Curl of B

Biot-Savart law for the general case of a volume
current reads

5= to (AT o
Arire

* (x,y,2)

T

B is a function of (x, y, 2),

J is a function of (x', ', 2"),

r =x-x)X+(-y)¥+@-2)z,
dt’' =dx'dy'dz.
e B=(0 and DXB:IUOJ
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Ampere’s Law

xB = /,IOJ Ampere’s law
Integral form of Ampere’s law

Using Stokes’ theorem

[(OxBJs dai=fBed =4[ I+ ca

§>I§-dr =1l
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Magnetic Scalar and Vector
Potential

The basic differential law of Magnetostatics

-

xB = 4,J

-

eB=0
B must be curl of some vector field called vector
potential A P)

Coulomb’s gauge

B(P) =0xA(P) - ieo

EX(EXA):,UOJ A= 14
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Magnetostatic Field in Matter

» Magnetic fields- due to electrical charges in motion.

» Examine a magnet on atomic scale we would find tinny
currents.

» Two reasons for atomic currents.
 Electrons orbiting around nuclei.
 Electrons spinning on their axes.

» Current loops form magnetic dipoles - they cancel each
other due to random orientation of the atoms.

» Under an applied Magnetic field- a net alignment of -
magnetic dipole occurs- and medium becomes
magnetically polarized or magnetized
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Magnetization

If m is the average magnetic dipole moment per
unit atom and N is the number of atoms per unit
volume, the magnetization is define as

M:Nﬁi m=1Ia=Am?
or Am2

A
m=Mdr M=—5"=—
m m
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Magnetic Materials

Paramagnetic Materials

The materials having magnetization parallel to B
are called paramagnets.

Diamagnetic Materials

The elementary moment are not permanent but are
Induced according to Faraday’s law of induction. In
these materials magnetization is opposite to B.

Ferromagnetic Materials

Have large magnetization due to electron spin.
Elementary moments are aligned in form of groups
called domain
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The Field of Magnetized Object

Using the vector
potential of current loop

—

A= -
ATT T
A:#OIM da_l_#OIDXM
477 r 47T r

Kb — M XN Bound Surface Current

— v Bound Volume Current
J, =UxM
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Ampere’s Law in Magnetized
Material

OxH =J,
where =
H=" M
Ho
Integral form §|:i dl—’ — |
: — ' fenc
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Faraday’s Law of Induction

 Faraday’s Law - a changing -magnetic flux
through circuit induces an electromotive force
around the circuit.

e=§Edl=-0=-< [B.da

€ — Induced emf

E — Induced electric field intensity

Differential form of Faraday’s law

—~ — 0B
OxE =——
ot
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Faraday’s Law of Induction

Induced Electric field intensity in terms of vector

potential .
E=-24_fy
ot

For steady currents

 —

E: =1V V — Scalar potential

Induced emf in a system moving in a changing magnetic
field

e=0xE=-""+0x(vxB)
ot
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Maxwell’s Equations
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Introduction to Maxwell's
Equation

In electrodynamics Maxwell's equations are a set
of four equations, that describes the behavior of
both the electric and magnetic fields as well as
their interaction with matter

Maxwell’s four equations express

— How electric charges produce electric field
(Gauss’s law)

— The absence of magnetic monopoles

— How currents and changing electric fields
produces magnetic fields (Ampere’s law)

— How changing magnetic fields produces electric
fields (Faraday’s law of induction)

31-Jan-08 Preparatory School to the winter 38
college on Micro and Nano
Photonics for Life Sciences



Historical Background

« 1864 Maxwell in his paper “A Dynamical Theory of
the Electromagnetic Field” collected all four
equations

« 1884 Oliver Heaviside and Willard Gibbs gave the
modern mathematical formulation wusing vector
calculus.

 The change to vector notation produced a symmetric
mathematical representation, that reinforced the
perception of physical symmetries between the
various fields.
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Electrodynamics Before Maxwell

Gauss’s Law

NO name

Faraday’s Law

Ampere’s Law

31-Jan-08

(- E=2
&

(i) B=0
- - 0B

(i)CXE="

a

—_ -

(YxB=44]
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Electrodynamics Before Maxwell
(Cont’d)

Apply divergence to (lii)

a.(axé):a.[-%:-%(a.é)

Theleft handsideis zero,becauselivergenceof acurlis zero.

Theright handsideis zerobecauséls B = 0.

Apply divergence to (iv)

7. (5x8)= w5+ 7)
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Electrodynamics Before Maxwell
(Cont’d)

 The left hand side is zero, because divergence of a curl
IS zero.

« The right hand side is zero for steady currents i.e.,

oj:O

* In electrodynamics from conservation of charge

—

9.3 =-9pP
0t
— a_’o:()

t

,0 IS constant at any point in space which is
wrong.
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Maxwell's Correction to Ampere’s

Law
Consider Gauss’s Law
Oeg E=p
i (ﬁ () EOE) = a_p
ot t
:> a_p — ﬁ ) go a_E
ot ot

0D 0E
——— = &, ——— Displacement current

ot ot

This result along with Ampere’s law and the conserv ation of charge
equation suggest that there are actually two source s of magnetic field.

The current density and displacement current
31-Jan-08 Preparatory School to the winter 43

college on Micro and Nano
Photonics for Life Sciences



Maxwell’'s Correction to Ampere’s
Law (Cont'd)

Amperes law with Maxwell’s correction

—_

OE

x_é /JJ H OE
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General Form of Maxwell’s
Equations

Differential Form Integral Form
B, - = 1
D’Ezﬁ §>E°dS=£—ij
&, S oV
FeB=0 §BedS=0
S
-~ = B - - =
DXE:—a— 35Eodl=—ng-dS
t . dt <
. . OE . BV
OxB=pu,J+ue,— Bedl =gl . +UE —PEdS
Hod + Hoy 35 35
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Maxwell’'s Equations in vacuum

The vacuum is a linear,
homogeneous, isotropic and ﬂ . \
dispersion less medium [1e E =

Since there is no current or 0
electric charge is present in El’ _B’ -0
the vacuum, hence —
Maxwell's equations reads —
as

These equations hav
simple solution interms o
traveling sinusoidal waves,
with the electric and

magnetic fields direction
orthogonal to each other
and the direction of travel
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Maxwell’'s Equations Inside Matter

Maxwell’'s equations are modified for polarized and
magnetized materials. For linear materials the
polarization P and magnetization M is given by

P=c¢,y.E
M=y H
And the D and B fields are related to E and H by
D=g E+P=(1+y.)e, E=¢E
B = 4, (F + M )= (L4 x, ) H = 1
Where y, istheelectricsusceptibility of material,
X., iIsthemagnetic susceptibility of material and .
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Maxwell’s Equations Inside
Matter (Cont’d)

* For polarized materials we have bound charges In
addition to free charges

o,=Pen

P, =—UeP

 For magnetized materials we have bound currents

= X

K, N
s > >
J, =UxM
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Maxwell’s Equations Inside
Matter (Cont’d)

* In electrodynamics any change in the electric
polarization involves a flow of bound charges
resulting In polarization current  Jg

al—:; Polarization current density is due
J = to linear motion of charge when the
P ot Electric polarization changes

Total charge density
Pi = P t Py
Total current density
J;=J;+J,+ I,
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Maxwell’s Equations Inside
Matter (Cont’d)

 Maxwell’'s equations inside matter are written as

— —>_p _ — _ — o —
D‘E—_t DXE:Jf+a_P+|:|xM+ Oa_E
& J7R ot t

0+B=0 ax[i-m}jfi(eﬁﬁ’)

= Mo ot
OxE=-98 o

oot OxH=J;+—D

ot > Tt
— = - - - OE
DxB:)uo‘Jf +luo‘Jp+)uo‘Jb+luo OE
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Maxwell’s Equations Inside
Matter (Cont’d)

* In non-dispersive, isotropic media € and pu are time-

Independent scalars, and Maxwell's equations reduces
to

O« cE = p
0 U H H =0
— oH
X E = —u4——
ST

_ .~ 5E
(1xH =J + ¢ a_

ot
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Maxwell’'s Equations Inside Matter
(Cont’d)

 In uniform (homogeneous) medium € and p are
Independent of position, hence Maxwell's equations
reads as

Generally, € and

0.D= D+dS=
g if e 1 can be rank-2
OeH =0 §ﬁ.d§=o tensc_)r (3X3
S matrices)
ot : dt s birefringent
OxH=d1+625  §Hedi=l,, +[D+dS anisotropic
ot : ts materials.
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The Electromagnetic Wave from

Maxwell’'s Equations

Take curl of

0B

OxE = -——

ot

1 x D:xgzﬁX[—

08,
ot

Change the order of differentiation on the R.H.S

31-Jan-08

e

X

_ > a—)
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The Electromagnetic Wave from
Maxwell’'s Equations (cont’d)

As : aE

XB Ho OE

Substituting for 0 x Bwe have

X[ x_E]:—_:> X[ x_E]:—

<[OxE] =—4¢, 5

*As |, and €, are constant in time
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The Electromagnetic Wave from
Maxwell’'s Equations (cont’d)

: : . — . 02 E
Using the vector identity Ox[IXE = —
ot*
becomes, D(D . E) 12E = U at
In free space (e E=0

And we are left with the wave equation

02E
2E — =0
~HEo
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The Electromagnetic Wave
from Maxwell’'s Equations
(cont’d)

Similarly the wave equation for magnetic field

where, 1
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Solution of Electromagnetic
Waves in Vacuum

The solutions to the wave equations, where there is no
source charge is present

’E 0’B
2E 20
& — =0 O'B-ye— =0
can be plane waves, obtained by method of separation
of variables
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Solution of Electromagnetic
Waves in Vacuum (Cont’'d)

— —

E — E ei(IZE[—wt)

o

8 — éoei(ﬁm—m)

Where E, and B , are the complex amplitudes of electric
and magnetic fields and related to each other by

relation
= (k x E)
C

Where k IS a propagation vector.
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Electromagnetic Plane waves

* Plane electromagnetic waves can be expressed as

E=Eg¢ K-ca)

I A A T |

B=—F dke (k xn) ==
C Eo C

Ve ¥

Where I is the polarization vector
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Electromagnetic Plane waves

The real electric and magnetic fields in a mono-
chromatic plane wave with propagation vector K™
and polarization n = are therefore

E(F,t) =E, cost[? o - at)n

Blr.t)= "€, cosk- -akx)
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Polarization

*The polarization is specified by the orientation of the
electromagnetic field.

*The plane containing the electric field is called the
plane of polarization

A polarized wave: E field and H field
each oscillate 1n a single plane

. R |
HT /E | 7 by
A/ 4 1
/ = L il ol ] L 5 .
| P S ol ’}, el . }T e v _z » DPropagation

rlye Fp direction
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Polarization (Cont’'d)

 Can be horizontal, vertical, circular, or elliptical

y

1 Electric Field
[ ] Magnetic Field

Electromagnetic
Wave

Vertical Polarization Horizontal Polarization
y y
E
X . X E ,
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Polarization (Cont’'d)

circular polarization
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Homogenous Wave Equations Inside

Matter
Vacuum Matter

-V = 1 . z_E’
iDZE:aE 1 rE=? :
HhE, ot HE

2 1 . 2

L DZB—a— 1pg=2b .
HhE, ot HE
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Homogenous Wave Equations
Inside Matter (cont..)

Permittivity: &=¢g.€, (g, Is dielectric constant)
Permeability: p=pt 1, (U, Is relative permeability =1

Y
1 1 1 |
V= —— = = \
v Jug J/ur :uU gr gﬂ '\//u[) gﬂ zur “C"‘r
= -

C

’(] — n=Refractive Index
11
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