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SUPERGRAVITY SOLITONS
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The purpose of these lectures is to find and study a class of interesting classical solutions
of supergravity theories, namely solitons of type IIA/B supergravity carrying Ramond-
Ramond charges (so-called RR p-branes) and solitons of eleven-dimensional supergravity
(M-branes).

The motivation for doing this is to gain some insight into the non-perturbative properties
of string theory and particularly to study in string theory the physics of black holes.
We will barely be able to scratch the surface of this subject, but some aspects will
be covered in the other lectures of this School. How to actually incorporate some of
these supergravity solitons into string theory, in terms of D-branes, is the subject of
the parallel lectures by Marco Serone. Various applications of D-branes and p-branes
to string dualities will appear in the lectures by K.S. Narain and Massimo Bianchi.

Over the years, a large number of individuals and groups have contributed to the un-
derstanding of supergravity solitons. Rather than referring you to the (copious) original
literature I have listed some review articles at the end which I have found particularly
helpful in preparing these lectures.
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An updated and corrected version of these notes will be available at

http : / /www . ictp.trieste.it/~mblau/
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1 INTRODUCTION AND MOTIVATION

The primary purpose of the first lecture is to understand

• why one could or should be interested in certain classical solutions of supergravity,

• what kinds of 'interesting' solutions one might hope or expect to find, and

• how one is actually going to go about finding these solutions,

and we will deal with these topics in that order.

The supergravity action and equations of motion are quite complicated, involving a large

number of non-linearly and non-minimally coupled fields. Thus, a brute force approach

to solving these equations is not a particularly promising strategy.

Indeed, already in standard four-dimensional general relativity this is not feasible and

before trying to solve the Einstein equations one makes numerous simplifying assump-

tions. These are, typically, physically motivated assumptions about the symmetries of

the solutions.

Here, we will proceed in the same way. But, before being able to do this, we need to

understand why we are interested in certain classical supergravity configurations and

what sort of solutions to expect. Once we have done that, we will be able to reduce

the classical supergravity equations of motion to a tractable and solvable system of

equations with, nevertheless, a rich and interesting spectrum of solutions.

1.1 A SIMPLE EXPLANATORY EXAMPLE

To get us started let us consider the prototypical example of the Reissner-Nordstr0m

(RN) black hole as a solution to Einstein gravity coupled to a U(l) gauge field the action

for which has the form,

± f 4 \ F 2 ) (1.1)
We consider solutions with a fixed charge parameter Q and mass M. The metric is,

2 2M Q2
 2 2M Q2,-\ 2 2 2

with a purely electric field pointing in the radial direction as one has for a point source

of charge Q in flat space electromagnetism.

This solution is a non-perturbative configuration as it cannot be found by solving the

Einstein equations linearised around flat space. It is a non-trivial solution to the full



non-linear equations. The solution is not stable under Hawking evaporation for M > Q
as it has a finite positive temperature. However for the special case for which the mass
equals the charge, the temperature is zero and the solution becomes stable (soliton-
like). This is the typical behaviour of a black hole with charge and the stable extremal
configuration is typical of BPS solitons as we will see in the following. Indeed the
extremal (Q = M) RN space-time preserves supersymmetry. As we will indeed see all
BPS solitons have an associated charge and it is the equality of the mass and this charge
that in general guarantees preserved supersymmetry and the consequent stability. The
extremal RN metric is simply

ds2 = -(1 - Qfdt2 + (1 - Q)~2dr2 + r W . (1.3)
r r

Changing the radial coordinate to R = r — Q the metric is,

%y2dt2 + (i + %)2{dR2 + R2dn2)ds2 = - ( i + %y2dt2 + (i + %)2{dR2 + R2dn2). (i.4)

In particular we see that the horizon originally at r = Q is now at R = 0 which will be a
general feature of the coordinate system we use for the supergravity solitons (p-branes).

We will see that the form of the metrics for all p-branes are simple generalisations of
the metric for the RN black hole. The charge and masses appear in a similar way, and
there are usually two types of factors, those that multiply the world-volume and those
that rescale the space transverse to the world-volume. Moreover, just as here, these
factors are expressed in terms of harmonic functions on the transverse space.

We will explain in detail the general ansatz after discussing the simplifying role played by
supersymmetry in the search for solutions. In the simple case discussed here the factor
rescaling the world-volume rescales only the time co-ordinate. The black hole soliton
has a one dimensional world-line and is a particle (or 0-brane in modern parlance) with
no spatial extent.

The fact that black holes can be seen as solitonic solutions in string theory and the
related fact that BPS solitons can be equivalently described in perturbative string theory
using D-brane techniques leads us to the observation that string theory can be used to
obtain non-trivial facts about black hole physics. This was one of the first applications of
D-brane techniques and was also later the source of the by now much studied AdS/CFT
correspondence.



1.2 WHY (SOLITONS AND SUPERSYMMETRY)

WHY SOLITONS?

So far in this school, we have studied perturbative string theory. Now one time-honoured
way to try to get a handle on certain non-perturbative aspects of a field theory is via
the study of solitons.

Roughly speaking, solitons are static, localized, finite energy solutions of the classical
equations of motion of a non-linear field theory. Famous examples are the kink solution
of sine-Gordon theory, the solitary wave solutions of the KdV equation (from which
the name 'soliton' derives), or monopoles in Yang-Miils-Higgs systems. If you have not
encountered such objects before, don't worry. Most of the things we will need we will
derive ourselves. If you already have, the better.

If the solitons are localized at or around a point in space, they have many of the charac-
teristics of a point particle. More generally, however, one can also find extended solitons
like strings (vortices) or membranes (domain walls), and it is indeed such configurations
that we will typically find in supergravity theories.

Solitons are usually characterized by the following properties:

1. They probe the non-linear structure of a theory because they are solutions of the
non-linear field equations which cannot be found by perturbing solutions of the
linearized field equations. In this sense, solitons are non-perturbative.

2. Typically, stability of these solutions is ensured by the fact that they carry a non-
zero (topological) conserved quantum number or charge which would be zero in
the perturbative sector.

3. They probe the non-perturbative structure of the theory because their mass or
mass density is usually found to be inversely proportional to some positive power
of a dimensionless coupling constant. Some such behaviour is required because
otherwise one could take the weak coupling limit and hence find these solutions
in perturbation theory - contradicting property 1.

Hence solitons become very massive at weak coupling and the quantum effects due
to exchanges of solitons will be non-perturbative effects vanishing to all orders in
perturbation theory.

While this is all very nice and good, it does not really tell us yet to what use the solitons
can be put and how to get a handle on their quantum properties. However, continuing



this line of thought let us make the following observations:

4. If the classical mass formula can be trusted in the quantum theory, then at strong

coupling the solitons become very light. In fact, at sufficiently strong coupling

they are likely to be the lightest objects in the theory and they should therefore

dominate the strong coupling low energy dynamics. As a consequence they are

ideally suited for studying the strong coupling and non-perturbative aspects of a

theory.

WHY SUPERSYMMETRY? AN INTERMEZZO ON CENTRAL CHARGES AND BPS STATES

However, this raises the question when, if ever, the classical mass formula can be trusted.

Here supersymmetry enters the stage for the first time and comes to the rescue. Ex-

tended supersymmetry algebras with central charges have special massive representa-

tions, so-called short multiplets. The states in these representations, the BPS states,

are annihilated (left invariant) by some of the generators of the supersymmetry alge-

bra. They are characterized by the fact that they saturate the Bogomolny'i bound, an

inequality between its mass and its (topological central) charge.

To see how this comes about, let us for example consider the centrally extended N =

2 supersymmetry algebra in four dimensions (the situation for higher N and other

dimensions is similar). In the usual dotted-undotted notation, a Majorana spinor Q can

be written in terms of Weyl spinors Qa, Q& as

where Qa = ea^Qi, Qi = Q% and ea^ = 102- Then the extended supersymmetry

algebra, which has a single central charge Z, takes the form

pj &p (1.6)

Now let us go t o a new bas is

4 = j=2(Ql±tapQf) • (1.7)

In this basis the algebra takes the form of a fermionic oscillator algebra. In the rest

frame P^ = (M, 0,0,0) one has

{a~,aj} = 8aP(M-Z) , (1.8)
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with all other anticommutators vanishing,

{ -f- - f -1 f — — "I f - j - — "l r\ / -j f\\

a n V — < n n > — i n ri > — \ I [ I M I
ex. 7 ft J — L a ' /? J — L ft ' !~i S — * V /

From these relations we can immediately read off two things. The first is that unitarity

imposes the requirement (Bogomolny'i bound)

M>\Z\ . (1.10)

Moreover, when M — \Z\, one of the set of oscillators is realized trivially. This means

that these operators act trivially on all the states of the representation. In other words,

these states are invariant under half of the supersymmetry algebra, they are half-BPS

states.

At this point the algebra resembles that of a massless representation and hence the

dimension of the representation is greatly reduced. In the present case, a generic mas-

sive representation would have dimension 22N = 16 (a long multiplet), whereas the

dimension of a massless representation and of the special massive BPS representations

is 2^ = 4 (short multiplet).

Even though both mass and charge may undergo renormalization, this definite mass-

charge relationship is expected to be protected from quantum corrections. Indeed, if

it were violated, then at a certain coupling 12 new states would have to appear out

of nowhere and quantum corrections are not expected to produce these new degrees of

freedom.

SOLITONS AND SUPERSYMMETRY

Now let us go back to the problem at hand. We have just argued that solitonic BPS

states may provide a viable starting point for exploring the behaviour of a theory at

strong coupling.

Rephrased in terms of classical solutions of the equations of motion whose quantum

theory we would like to understand, this means that we should look for field configura-

tions solving not only the classical equations of motion but also being invariant under

some of the supersymmetry variations of these fields. Typically, the latter requirement

is quite restrictive and satisfying it brings one a long way towards solving the equations

of motion themselves.

The upshot of this is a rather drastic simplification of the original problem as typi-

cally the supersymmetry charges are first order differential operators and thus the BPS

condition (of supersymmetry invariance) is a first order differential equation - to be



contrasted with the second order differential equations of motion. We will see examples

of this (from supergravity) below.

By the way, this should remind you of the relation between the second order Yang-Mills

equations and the first order instanton equations. Indeed, the latter can be derived

from the BPS condition in the Euclidean version of N = 2 supersymmetric Yang-Mills

theories where

a* ~ i ^ I ^ e + . . . . (1.11)

Here ^ is a Dirac spinor, e is the supersymmetry parameter, and the dots refer to terms

involving the scalar fields of the theory.

Clearly there is no non-trivial gauge field configuration satisfying Sty = 0 for all e.

However, if we impose the chirality condition j5e = dbe, then we have

6V = ±{Flu,±Flu,)T'»'e (1.12)

where

Fp, = h^xPFXp . (1.13)

Thus 6*& = 0 is solved by the (anti-)instanton configurations

Flu,±FliV = 0 , (1.14)

which, as anticipated, is a first-order differential equation. Such configurations, sup-

plemented by * = 0 (and setting the scalar field to zero as well) preserve (i.e. are left

invariant by) half of the original supersymmetry parameters and break the other half.

Of course these are instantons (finite action solutions of the Euclidean equations of

motion) and not solitons (static finite energy solutions), but the principle is the same. In

fact, one could view these instantons as solitons of a five-dimensional theory - instanton

particles.

What we have seen above is the standard procedure we will also use below to find

supergravity solitons. Let me repeat the salient points:

1. Given a supersymmetric field theory, to find a purely bosonic confguration pre-

serving some fraction of the original supersymmetry, we first of all set to zero the

fermionic fields.

2. Then the supersymmetry variations of the bosonic fields are automatically zero

(since they tranform into the fermionic fields).

3. Setting to zero the supersymmetry variation of the fermionic fields, one obtains

first order equations for the bosonic fields which may have non-trivial solutions

for some subset of the original set of supersymmetry parameters.
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4. Having solved these equations, one still has to check that the (second order) field

equations are satisfied (this is not automatic!).

1.3 WHAT (NUMEROLOGY AND P-BRANE TAXONOMY)

To obtain a tractable system of equations, we still need to understand what kind of

symmmetry conditions we can or should impose prior to imposing the supersymmetry

(BPS) condition. To that end it will be extremely helpful to try to anticipate (admittedly

with a certain amount of hindsight) what kind of solutions we might hope to find.

WHAT? DIFFERENTIAL FORMS?

In this section and subsequent sections, it will be extremely useful, in order not to clutter

the equations with an infinitude of indices, to occasionally use differential form notation.

While there is a whole calculus and theory behind this (which is well worth learning),

you may think of this as just a shorthand notation for dealing with antisymmetric tensor

fields:

1. A p-form A corresponds to an antisymmetric tensor field with p indices,

A^Aln...llv=Aw^p] . (1.15)

In particular, a 0-form is a function (scalar) and a l-form is a covector field.

2. The exterior derivative dA of a p-form A is a (p + l)-form and corresponds to the

completely antisymmetric curl of A,

^..^ . (1.16)

Remember from tensor calculus that no metric or connection is required to define

this derivative in a generally covariant way.

3. Given a metric g^, the Hodge dual *A of a p-form in d dimensions is the (d — p)-

form corresponding to the antisymmetric tensor

*A & i,p+1...,d ~ Vge^.^g^ . . . ^ ^ . . ^ . (1.17)

I am not careful with numerical factors here. Note that acting twice with the

Hodge operator maps a p-form to a p-form. The Hodge operator is normalized in

such a way that * o * = ±1.
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It follows from this that d(dA) = 0 because second partial derivatives commute and

hence vanish upon antisymmetrization. Another consequence is that acting first with

with *, then with d, then again with *, a p-form A is mapped to the (p — l)-form

corresponding to the covariant divergence of A

1...tlp_1 . (1.18)

Thus an equation of the form dA = *B implies that B has vanishing divergence.

A fundamental property of p-forms is that they are p-dimensional volume elements

which can naturally be integrated over p-dimensional spaces V, i.e.

I A (1.19)
Jv

is well denned and generally covariant without having to take recourse to a metric to

define something like ^/gdnx etc.

If V is the boundary of some (p + l)-dimensional region W, dW = V, Stokes' Theorem,

generalizing all the classical integral formulae (Green, Stokes, fundamental theorem of

calculus, . . . ) , says that

[ dA= f A . (1.20)
JW JV=dW

As an example consider the Maxwell equations

F^ = 8^-8^ (1.21)

d[flFuX] = 0 (1.22)

= Jv . (1.23)

It is of course clear that the first equation implies the second, and that the third implies

that the current J^ is covariantly conserved,

= 0 . (1.24)

In differential form notation we would write these equations as

F = dA (1.25)

dF = 0 (1.26)

d*F = J , (1.27)

where J is a three-form dual to the current (1-form) *J. Once again it is clear that

the first implies the second equation which is just an identity, the Bianchi identity, and

from the third equation we learn that d J = 0 or that * J has vanishing divergence,

d*F = J=>dJ = 0&*d* (*J) = 0 . (1.28)

11



The corresponding conserved electric charge can, using Stokes' theorem, be written as
a boundary integral over a two-sphere at infinity, so we obtain the integral version of
Gauss' law

QE= f J= f *F . (1.29)

This is really all we will need. You see that using differential form notation saves us
from having to write (or read) lots of indices. This will be particularly time-saving when
we discuss higher-rank antisymmetric tensor fields like the various RR-fields.

WHAT? NUMEROLOGY?

To understand what kind of solitonic solutions to expect, let us consider the standard
example of electrically charged particles versus magnetically charged solitonic monopoles
in four space-time dimensions. What we want to stress here is that it is a numerical
coincidence that the magnetic dual object of the original electrically charged particle is
again a particle in that case. This comes about as follows.

The fact that a particle is electrically charged is reflected in the fact that it couples to
the Maxwell gauge field A via a term

dixJ£(x)Ali{x) = I dTA^(x(T))x^(T) = I A , (1.30)

where x/i(r) parametrizes the world line 7 of the particle. We see that a point particle
couples naturally to a one-form vector potential. This coupling leads to a delta function
source term, symbolically

, (1.31)

in the Maxwell equations, and this in turn leads to an associated conserved electric
charge

QE = I *F , (1.32)

where the integral is taken over a two-sphere at spatial infinity enclosing the world line.

Now electric-magnetic duality, F^ —> F^, the latter defined in (1.13), corresponds to
F —> *F in differential form notation. Thus a hypothetical magnetically dual solitonic
particle would carry a magnetic charge

QM = J 2 F , (1.33)

and would thus correspond to an object coupling to a gauge field A with curvature dA =
F = *F. Note that the charge carried by the soliton is indeed a topological quantum

12



number (the monopole number) and not a conserved Noether charge. The former are
associated to Bianchi identities (dF = 0 identically) and the latter to equations of
motion and these two are exchanged under electric-magnetic duality.

The pertinent observation is now that, as A is once again a one-form, the (hypothetical)
dual object has to again be a particle. To see that this is indeed a numerical coincidence
imagine repeating the same discussion in five space time dimensions, d = 5. In that
case, *F is a three-form and hence the dual gauge field A would have to be a two-form.

Now what sort of object will couple to a two-form? Of course we already know this: a
string. In the standard string theories this is just the coupling to the Neveu-Schwarz
(NS-NS) two-form B^. Thus we see that in five dimensions the magnetic dual to an
electrically charged particle is a string. In fact it is a 'monopole string' since, from a
five-dimensional perspective, a four-dimensional monopole looks like an object with a
(l+l)-dimensional world-volume, i.e. a string. Likewise, in d = 6 the magnetic dual
of a particle would be a membrane (or 2-brane in modern parlance), an object with a
(2+l)-dimensional world volume.

More generally, a (p + l)-form C(p+1) provides us with a higher-rank generalization of
Maxwell theory. The field strength

= dC{p+l) (1.34)

is invariant under gauge transformations

Cb+i) _> C(P+I) + dA(p) . (1.35)

A gauge invariant Lagrangian d-form is

L = i^+2) * i^ + 2 ) , (1.36)

leading to the source-free equations of motion

couples naturally to ap-brane, that is an object with a (p+ l)-diemsional world
volume, the coupling taking the form

/ C{p+1) , (1.38)
Jv

where V is the world volume of the p-brane. The corresponding charge in d space-time
dimensions would then be

QE=! *F^) . (1.39)
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The magnetically dual object to the p-brane would then be an object coupling to a
(d — p — 3)-form, i.e. a (d — p — 4)-brane with magnetic charge

. (1.40)

These equations generalize the Maxwell expressions (1.30,1.32,1.33) from (d = 4,p = 0)
to arbitrary d and p and the numerology behind this reasoning, albeit rather trivial,
will play a crucial role in the following.

SOLITONS AND R R CHARGES

Indeed, let us take seriously this idea in the context of string theory. As we noted above,
the ten-dimensional superstring couples to the NS-NS two-form B^. Thus the curvature
is a three-form, its dual a seven-form, corresponding to a dual six-form potential. Thus
we conclude that the magnetic dual of a string in ten dimensions, if it exists, is a five-
brane! This is the first time that we naturally encounter higher-dimensional extended
objects in string theory. Since it couples to a NS-NS field, We will refer to it as the NS
5-brane to avoid confusion with other five-branes that will appear later.

But now we have bitten the bullet. Once we accept the idea that (p+l)-form gauge fields
are somehow associated with p-branes, i.e. extended objects with a (p + l)-dimensional
world volume, we see that we might expect a rich spectrum of these p-branes in string
theory. Indeed, recall that in addition to the fields from the NS-NS sector, the type
IIA and IIB string theories have antisymmetric tensor fields from the Ramond-Ramond
(RR) sector.

More precisely, in type IIA we have a RR one-form C^ and a RR three-form
as well as their (equally fundamental) duals C^ and C^. Optimistically we might
therefore expect to find, associated with these, a zero-brane (particle) and a two-brane
(membrane) respectively, plus their magnetic duals, a six-brane and a four-brane.

I want to stress here (we will come back to that below) that the term 'magnetic dual'
is somewhat ambiguous at this point. On the one hand, it can refer to an 'electric'
solution simply coupling to a dual RR field (a priori there appears to be nothing in the
string theory that prefers a RR p-iorm to a RR (6 — j>)-form so either one of them can
be regarded as 'electric'). As such, it will be a singular solution to the equations of
motion following from an action involving this dual (6 — p)-form RR field.

On the other hand, it can be a 'magnetic' solitonic dual to an 'electric' solution (like the
monopole is dual to the electron in certain Yang-Mills Higgs theories), and as such it is
a completely non-singular solution to the equations of motion following from the action

14



involving the original 'electric' p-form RR field. Our main interest will be in the 'electric'
solutions in the following as it is these that have a nice string theory description in terms
of D-branes. However, we will also see that the distinction between 'elementary' electric
and 'solitonic' magnetic solutions is somewhat wiped out in string theory since this is a
fundamental theory of strings with respect to which both kinds of objects are solitonic.
In fact, we will be able to sharpen this statement somewhat at the end of section 2 and
then again, in a slightly different way, in section 4.2.

Similarly, returning now to our taxonomy of p-branes, in type IIB there is a RR scalar
C(o) = x (the axion), a RR two-form C^2\ and a RR four-form C^ with self-dual
curvature, dC^ = *dC^. Each one of these has its own interesting story.

Let us begin with the RR scalar. According to our numerology, such an object would
be associated with a (—l)-brane, i.e. with an object which is point-like in space-time.
After Wick rotation, this may be regarded as an instanton. Its magnetic dual (or the
object electrically charged with respect to the dual field) would be a seven-brane.

Of course, associated with the RR two-form is a string, but this is clearly not the
fundamental type IIB string (which couples to the NS-NS two-form). Thus, in type IIB
string theory we actually have (at least) two kinds of strings. In fact, there is a whole
5L(2,Z) multiplet of such strings coming from the global SL(2,R) symmetry group of
type IIB supergravity under which the two two-forms transform as a doublet - see the
lectures by Narain for details. Its magnetic dual would be a 5-brane, again distinct from
the NS-NS five-brane mentioned above which is magnetically dual to the fundamental
string, not the RR string.

Finally we come to the self-dual RR four-form (where the attribute 'self-dual' of course
refers to its curvature). This couples to a three-brane. The interesting thing about this
three-brane is that, as a consequence of the self-duality of dC^\ this three-brane is
itself self-dual, i.e. equal to its magnetic dual.

If such RR p-branes exist, they are potentially extremely interesting objects. By con-
struction, they are charged under the RR fields. But it is known that there are no RR
charged states at all in the perturbative string spectrum (in the vertex operators of
perturbative string theory the RR fields only ever enter via their, gauge invariant and
hence chargeless, field strengths). Thus not only the magnetic solitonic duals of these
RR p-branes (for — 1 < p < 7) but already the 'elementary electric' p-branes themselves
are of a non-perturbative nature in string theory.

We will see below that all of these RR p-branes (as well as their eleven-dimensional
antecedents) can be realized as BPS solitons of the corresponding supergravity theories
preserving one half of the supersymmetry. As such these solutions share many of the
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characteristics of the extremal charged black hole mentioned in the introduction though
they also have characteritics unique to string theory.

The key insight, due to Polchinski, making possible many of the recent insights into
non-perturbative string theory, was the realization that the new non-perturbative sec-
tors of string theory associated with these solitons can be incorporated naturally into
closed string type IIB string theory as certain (Dirichlet) open string subsectors (see
the lectures on D-branes by Marco Serone), and hence can be described by methods of
perturbative open string theory.

1.4 PROBLEMS

1. You have thirty seconds to answer the following questions: What is the dual of a
string in six dimensions? What is the dual of a membrane in nine dimensions?

2. Verify (1.8) and (1.9) and fill in the details of the argument leading to the Bogo-
molny'i bound (1.10).
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2 CONSTRUCTION OF RR P-BRANE SUPERGRAVITY SOLITONS

The aim in this section is to find the exact supergravity solutions of type II (A and
B) string theory realizing the basic RR p-branes whose existence we conjectured before.
There are many other interesting solitonic solutions as well, e.g. those of heterotic string
theory, or solitons carrying multiple charges etc., but we are not aiming for generality
here.

Thus we will make various simplifying assumptions along the way. In particular, we will
consider configurations in which only three of the supergravity fields, the metric, the
dilaton, and one of the RR fields C^v+1\ are non-zero. Their equations of motion can
be deduced from a truncated action involving only these fields. We will then impose
the maximal symmetry condition compatible with the equations of motion, namely
world-volume Poincare times transverse rotational invariance. This leads to the so-
called p-brane ansatz for the fields which we will then plug into the (BPS) condition for
unbroken supersymmetry.

Once one has satisfied this condition it is a relatively simple matter to solve the remain-
ing equations of motion. Nevertheless, I will not present the details of the calculations
(which would require calculating spin connections and curvatures etc.) but only take
you through the sequence of steps required to arrive at the solution.

2.1 THE TRUNCATED ACTION

Recall that, in the string or a-model frame, the bosonic part of the action of type II (A
or B) supergravity schematically has the form

] } (2.1)

modulo Chern-Simons terms. Here B is the NS-NS two-form and the sum is over
the appropriate (p even/odd for type IIA/B) RR field strengths F(P+2) - dC^+l"> + ....
Newton's constant is given by the asymptotic value (f)Q of the dilaton, and on dimensional
grounds one has GN ~ g^l^ with gs = exp (f>o and £s the string length.

The string frame has the advantage that the RR kinetic terms have their canonical form.
However, to study classical solutions to the equations of motion it is occasionally more
convenient to go to the canonical or Einstein frame, related to the string frame by

=e®! (2.2)
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In this frame the action takes the form

Sn = R(9e) - i

(2.3)
Note that now the RR field strengths have acquired a p-dependent coupling to the

dilaton. In particular, the couplings of the dilaton to the NS and RR three-form field

strengths are related by <f> —> — (j).

As mentioned above, we will be interested in classical configurations depending on just

a small subset of these fields, namely the metric, the dilaton and one of the RR-fields.

It is then consistent to look at the equations of motion following from the truncated

action

SlI'p = ^ I d l ° x V ^ e iR{9e) - ^(#)2 " ^ap4>J^W.(dC{p+1))2} (2-4)
(ap = (3 — p)/2), provided that the Chern-Simons terms do not contribute. For the

solutions given below this can readily be verified explicitly.

Here and in the following, p can take any value 0 < p < 6, so we allow for the possibility

of working with the dual RR fields C7~p (which, to be consistent with the notation of

section 1, we should perhaps rather call C7~p).

Thus (2.4) is the action we will be working with henceforth. It gives rise to the equations

of motion (indices L,M,N,... run from 0 to 9)

RMN = izdM^dNfj) + SMN (2-5)

W * ( l I § ^ ) (26)

0 = V M (eaP4>FMLi-Lp+^ (2.7)

(2-8»

Actually, as mentioned above, when looking for 'electric' solutions to these equations, we

expect them to be singular solutions to the equations of motion. Thus, in order to have

a consistent solution, we should really supplement the truncated supergravity action by

a source term, i.e. a p-brane action given by an integral over the (p + l)-dimensional

world volume of the brane. This will lead to delta-function like source terms in the

equations of motion (2.8). Such an action will roughly have the form

Ssource = Tp{SDBI,p + / C (P+1)) (2.9)

where DBI means 'Dirac-Born-Infeld', and this action describes, among other things,

the embedding of the brane into space-time. Here Tp is the brane tension, something
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like the mass density of the p-brane. In principle, we should of course have written (2.9)

as
Ssource =TpSDBI,p + Pp I C ( p + 1 ) , (2.10)

with pp the charge density of the brane. However, then the BPS condition (satura-

tion of the Bogomolny'i bound (mass) > (charge) (1.10)) will force Tp = pv and we are

anticipating this in (2.9).

2.2 THE P-BRANE ANSATZ

As explained in section 1, we are seeking solutions which represent the embedding

of the world-volume of a p-brane into space-time. Looking for the simplest solutions

possible, i.e. those with the highest degree of symmetry, we will make an ansatz for

the metric compatible with Poincarep+i invariance of the world-volume. We will also

require rotational 50(9 — p) invariance (isotropy) in the directions transverse to the

p-brane.

It is then convenient to split the ten coordinates xM into longitudinal coordinates x^,^ =

0,. . . ,p and transverse coordinates ym, m = p + 1, . . . , 9. An ansatz for the metric

compatible with the required symmetries is then

dx2 + e2B^dy2 , (2.11)

where dx2 is the Minkowski metric, dy1 is the flat Euclidean metric on the transverse

space, r = \fyi~ is the transverse radial coordinate,

dy2 = dr2 + r2dtt2
s_p , (2.12)

and A(r) and B(r) are functions of r to be determined. Coordinates in which the metric

takes this form are (for obvious reasons) called isotropic coordinates.

The ansatz for the dilaton is simply

4 = 4>{r) . (2.13)

For the RR field, the ansatz depends on whether we are interested in what we called

above the 'electric' solutions or their solitonic 'magnetic' duals. In the former case, to

which the above ansatz with the metric is adapted (for a magnetic solution we would

have to replace p by (6 — p)) the natural ansatz compatible with the symmmetries is

with all other components zero.
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For the magnetic solutions, on the other hand, the integral of dC^p+l^ over the (p + 2)-
sphere at spatial infinity is required to be non-trivial. Thus an ansatz for C^p+i' would
have to exhibit Dirac-string like singularities. It is therefore more convenient to make an
ansatz directly in terms of its (globally defined) field strength, and the most convenient
choice is to let F^p+2^ be proportional to the volume form on Sp+2. Thus in this case
no arbitrary function C(r) is involved in the ansatz and this simplifies somewhat the
analysis. In the following, however, we will primarily focus on the electric solutions.

It would now be possible to calculate the Christoffel symbols (spin connection) and
curvature components of the above metric and plug this ansatz into the equations of
motion. However, as we are interested in solutions preserving some fraction of the
supersymmetry, it will be much more convenient to satisfy this condition first.

2.3 SUPERSYMMETRY INVARIANCE: THE BPS CONDITION

As explained above, requiring supersymmetry of the background bosonic configuration
provides a shortcut to finding supersymmetric BPS solitons. In the present case it
can be shown that the four arbitrary functions A, B, C, (f> are reduced to one by the
requirement that the field configuration represented by the above ansatz preserve some
fraction of the supersymmetry. The remaining function is then determined by the field
equations. I will not present the details of this calculation, but roughly the strategy is
the following:

1. First of all, as we are looking at a purely bosonic configuration, i.e. with zero
background fermionic fields, the supersymmetry variations of the bosonic fields
(being proportional to the background fermionic fields) are then automatically
zero. Thus to check for supersymmetry invariance, we only have to check that
there are supersymmetry parameters for which the supervariations of the gravitino
and dilatino fields in this bosonic background are zero. Thus we need to know
these variations.

2. In the situation we are interested in, the NS-NS field B and all but one of the RR
fields C(p+1) are zero, and in that case the transformation rules simplify accord-
ingly. In the string frame, these transformations can be written rather compactly
as

^ y { p ) 0 , (2.15)

where

= FMl...Mp+2r
M'-M^ (2.16)
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and rjis is given by

v'[p) = V for P = 0 , 4

»7(p) = Tnr? for p = 2,6

[ = IT] for p = - 1 , 3 , 7

= iv* for p = l , 5 (2.17)

3. Furthermore, the spinor parameter r? itself is restricted by the symmetries of the

ansatz to be of the form rj = ep+\ <8> r/9_p(r) where ep+\ is a constant SO(p, 1)

spinor and r/9_p(r) is a spinor of 50(9 — p) depending only on the transverse

radial coordinate r.

4. Of course, these equations will impose various differential relations among the

unknown functions A, B, C and (/>. Moreover, by the first (Killing spinor) equation,

779_p(r) will be related to a constant 50(9 — p) spinor r/o- The important points

to note are the following:

(a) For p ^ 3 , the dilatino equation imposes an algebraic rather than a differential

constraint on 77, namely

V + roi...E»7(p) = 0 (2.18)

(see also the D-brane lectures where precisely this constraint should have

made an appearance) and thus halves the number of unbroken supersymme-

tries. Here the gamma matrices TM refer to an orthonormal basis.

[The case p = 3 is different. In that case, the dilatino variations simply says

that the dilaton is constant, and the algebraic constraint on 77 arises from the

r-component of the gravitino equation.]

(b) The dilatino equation allows one to express the (derivative of the) dilaton in

terms of the (derivative of the) function C(r).

(c) The Killing spinor equation can be solved in terms of a constant spinor, and

the remaining functions A(r) and B(r) can then also be expressed in terms

of C(r).

(d) Demanding that the metric be asymptotically Minkowskian and that the

asymptotic value of the dilaton be equal to zero, the differential relation-

ships between C and the other functions can be integrated to give the linear

relationships (in the Einstein frame)

A - 7~PC

_ - (p + 1)
B ~ - ^ ^ C
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</> = P-^-C . (2.19)

where linv-xx, C{r) = 0.

(e) In the string frame one has instead

A - \ c

B = -l-C . (2.20)

(f) If one wants to allow for a non-trivial vev 0o of the dilaton (but nevertheless

retain an asymptotically flat solution), then the above relations are modified

to

(2.21)

where Hindoo C(r) = Co and

Cn = </>o . (2.22)
A

Once again this has its obvious string frame counterpart.

2.4 THE TYPE II P-BRANE SOLUTIONS

While the procedure outlined in the previous subsection sounds fairly involved, in the

end it kindly leads to a rather simple expression for the sought-for soliton solution.

The key observation is that all of the supergravity field equations are solved provided

that exp(—C) is a harmonic function Hp(r) of the transverse variables. With the above

asymptotic condition the solution for C is thus

Hp = e = e -I Y^ , (2.23)

where Qp is some dimensionful constant.

Actually, if one wants to retain a harmonic function which tends to 1 at infinity, then

it is better to define Hp as
TT o — ( O — ^0) (0 9/H
lip — c . y^.L/^±j

Unless explicitly specified to the contrary, we will choose Co = 0 in the following (we

will need ^o / 0 when discussing the dependence of the string tension Tp on the string

coupling constant gs = exp^o)-
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Modulo numerical factors (involving the volume of the transverse sphere etc.) which
are irrelevant for us, the coupling to the source-terms fixes the constant Qp to be

QP = TPGN . (2.25)

Note that dimensionally this works out: On dimensional grounds, Qp has to be pro-
portional to £7

S~
P, GN is proportional to g2l*, hence Tp has dimension ^7 , precisely

right for the mass density of a p-brane.

Thus, putting everything together, the basic electric (or 'elementary') p-brane super-
gravity soliton solution is (in the Einstein frame)

T-I

= H(3-p)/2 _

This solution looks even simpler in the string frame. Using

e0/2 = H(3-P)/S ?

one finds that the metric takes the form

ds2
s = H-^dx2 + H+^dy2 (2.28)

while the dilaton and RR field are unchanged.

Of particular interest is the three-brane solution which has a constant dilaton and thus
takes the same form in the Einstein and string frames.

It is relatively easy to verify that with this ansatz the supervariations (2.15) vanish
provided that (2.18) holds and one has

r]{r)=Hp-
l'\p+l®m . (2.29)

Given this solution, it is also straightforward to construct the elementary string soliton,
i.e. the configuration electrically charged under the NS two-form B. Indeed, notice that
the couplings of the RR and NS two-forms in the type IIB action in the Einstein frame,
equation (2.3), only differ by the sign of the dilaton. Thus the string soliton solution in
the Einstein frame is

ds2 = H^dx2+Hl
pL\df

B01 = ff-Jx-1 . (2.30)
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In particular, therefore, when the fundamental string is weakly coupled, the RR string
is strongly coupled and vice-versa. This suggests, albeit rather speculatively, that the
strong coupling dynamics of the type IIB string might be described in terms of a weakly
coupled RR string theory. See the lectures by Narain for details of this.

The above solutions have the interpretation of a single or multiple brane sitting at the
origin y = 0 of the transverse space. There is a simple generalization of this solution
to multiple-center configurations, i.e. to solutions describing parallel but not coincident
branes sitting at points y^ of the transverse space. These solutions are obtained by
replacing the harmonic function Hp of (2.23) by

(this obviously breaks the transverse rotation invariance). Ultimately the reason for
why one can superimpose single-brane solutions in such a way is the BPS nature of
the solutions which is a sort of 'no force condition'. Here there is an exact cancellation
between the gravitational attraction and the repulsive force mediated by the antisym-
metric tensor field.

2.5 ELECTRIC VS. MAGNETIC AND ELEMENTARY VS. SOLITONIC SOLUTIONS

As this may be a confusing point (and it was (is?) certainly confusing to the lecturer),
let me come back once again to the issue of solutions electrically charged with respect to
the magnetically dual RR fields versus magnetically dual solitons. The former are not
solitonic 'magnetic' duals to the 'electric' solutions in the standard sense. In fact, all of
the above solutions follow from the 'electric' ansatz for the gauge field. Furthermore,
and more importantly, for p ^ 3 they actually solve the coupled supergravity-brane
bulk-source system with 5-function sources 5(r). (The case p = 3 is special - we will
come back to that below.)

On the other hand, there are genuinely solitonic solutions as well, solving the source-free
equations. These are obtained by replacing p by (6 - p) in the metric and the dilaton
of (2.26) (so now also x^, fj, = 0,. . . , 6 —p etc.). The electric gauge field ansatz then has
to be replaced by a magnetic ansatz which makes the field strength proportional to the
volume-form on the transverse (p + 2)-sphere.

The main difference between an elementary (electric) (6 — p)-brane and the solitonic
(6 — p)-brane dual to an elementary p-brane is thus the fact that the former is a singular
solution of the theory described by the action S7/,6-p (i.e. of the action (2.4) with
p —>• (6— p)) while the latter is a completely non-singular solution of the theory descibed
by the action SutP.
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To be completely explicit about this, let us compare the electric RR p-brane solution
with the solitonic magnetic p-brane dual to the elementary electric (6 — p)-brane. The
solution for the former we have derived above, but we will repeat it here for convenience.
The string frame metric and dilaton are (2.26,2.28)

ds2 = H-^dx2 +

e2cj> =

For comparison purposes with the solitonic solution, it will be convenient to give directly
the RR field strength F^p+2^ rather than its potential. By construction it is such that
the associated Noether electric charge QE is non-zero. Since the equation of motion is
(in form notation)

d +( e(3-p)0/2F(P+2)- ) = o j (2.33)

this electric charge is proportional to

QE= [ e ( 3 - ^ / 2 * # 2 ' . (2.34)

Thus, in order to have a non-zero electric charge, F^p+2^ has to be such that the integrand
in the above equation is proportional to the (normalized) volume element fls-p on the
transverse sphere. We can therefore write the electric solution for F^p+2^ (modulo
numerical factors) as

e(3~PW2t#2)=fiH . (2.35)

Now let us come to the solitonic p-brane solution, the magnetic dual to the electric
(6 — p)-brane, and as such a solution to the equations of motion following from the
truncated action (2.4) for a RR (6 —p)-form. It has exactly the same metric and dilaton
(2.32) as the electric p-brane, and this time, in order to have a non-vanishing magnetic
charge QM, it is the curvature F^8~p^ of the RR field C(7~p) that is proportional to

) = O8_p . (2.36)

We thus see that if we make the identification

8-P) = e (3 - p)4>/2 ^ F(P+2) ^ ^.37)

these two objects, although solutions to different equations of motion, represent the
same object sitting in space-time. In fact, (2.37) is the natural definition of the dual
field as it indeed exchanges equations of motion and Bianchi identities and also maps
the truncated action SutP to the truncated action Sufi-p- The distinction between the
two is a matter of choice and arises only via the source term in the action, and it is only
this which dictates which one should be regarded as elementary and which as solitonic.
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We will see later (section 4) that the M-theory picture appears to prefer the solitonic

to an electric four-brane and that type IIB SL(2,Z) duality prefers solitonic over ele-

mentary RR five-branes. Whether this is trying to tell us something or not, we do not

know (there are some other indications, of course, that in spite of a certain amount of

p-brane democracy lower-dimensional objects are preferred).

Incidentally, the fact that the RR three-brane is its own dual is reflected in the fact

that it is a completely non-singular solution of the equations of motion. This is related

to the fact that the RR three-brane is singled out among the RR p-branes by having a

constant dilaton.

2.6 PROBLEMS

1. Show that the dilatino variation equation in (2.15) is satisfied by the solution

(2.26,2.28) for any function H, not necessarily harmonic, provided that the alge-

braic constraint (2.18) is satisfied. [If you have too much time on your hands,

calculate the spin connection and show that the gravitino variation equation is

also satisfied for any H provided that additionally (2.29) holds.]

2. Consider a c?-dimensional action of the form

5 = Iddx^gea^[R{g^) + ...] , (2.38)

where cf> is a scalar field, g^ is the metric, g its determinant, R{g^u) its Ricci

scalar, and a is some real number. Consider a conformal transformation

n —id — pPtPn (9 "\Q\

and, using a scaling argument, determine the value of /3 as a function of a and d

for which the action in terms of G,,v takes the canonical Einstein form

S= fddxV^G[R(Gflu) + ...} , (2.40)

Verify that for d = 10 you reproduce the relation (2.2) between the Einstein and

string frame metrics.
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3 FURTHER PROPERTIES OF RR-BRANES

We will now study some properties of the RR p-brane solitons found in the previous
section. The main motivation here is to unearth those properties which make it plau-
sible that these solitons are nothing other than the long-distance description of the
(microscopic) D-branes.

3.1 MASSES AND CHARGES: THE BPS CONDITION

Prom the experiences with BPS solitons in supersymmetric field theories and the fact
that the p-brane solitons constructed above preserve one half of the supersymmetry, one
might expect that also the p-brane solitons saturate a (mass) > (charge) Bogomolny'i
bound of the type (1.10), analogous to the extremality condition for the RN black hole
of the introduction. With the minor modification that in the present context of spatially
extended solitons it is more appropriate to talk about mass and charge densities rather
than the (infinite) mass, so that the 'central' charges actually carry tensor indices, this
is indeed the case.

One way of seeing this is to start with the extended supersymmetry algebra of type II
supergravity, to derive a Bogomolny'i bound from the positivity of the operator {Q,Q}
relating the electric or magnetic charges QE and QM to the mass (density), and show
that it is saturated by configurations satisfying (2.15,2.18).

One can calculate directly the charges QE and QM using (1.39,1.40) (this is easy) and
the p-brane mass densities using a generalization of the ADM mass formula of general
relativity. This calculation, which will not be undertaken here, shows that the p-brane
solitons indeed saturate this bound. None of this should come as a surprise.

However, an interesting (and perhaps at first surprising) fact is that this calculation,
if performed in a non-trivial 4>o background, also reveals that, in the string frame, the
tension/mass of the RR p-branes behaves as

where
9s = eh = eW (3.2)

is the dimensionless string coupling constant. We will derive this key relation below.

The important thing to note about (3.1) is that this dependence on the coupling constant
differs from standard solitonic effects in field theory which typically go like 1/g2, and
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also from the effects produced by NS-NS solitons, i.e. the NS5-brane, in string theory,

which has the expected behaviour

T ( 3 3 )

This l/<7s-behaviour of RR p-branes is thus genuinely stringy. It is also the smoking

gun of open string effects, 1/^-contributions typically arising from disc-diagrams. Thus,

even though type II supergravity arises as the low-energy limit of closed string theroy,

on the basis of this completely classical calculation alone one might suspect that RR

p-branes are related to open strings.

An obvious but interesting consequence of the l/gs behaviour of the string tension is

the following. Even though the tension (mass density) of a RR brane goes to infinity at

weak coupling, gs —>• 0, its gravitational interaction, governed by

GNTp~gs , (3.4)

goes to zero. This suggests that there ought to exist flat space descriptions of these

objects involving open strings. As the tension of these objects goes to infinity as gs —> 0,

their dynamics is frozen. And indeed in this limit these are nothing other than the D-

branes you have already heard so much about this week.

3.2 THE RR P-BRANE TENSION

As the l/gs behaviour of the brane tension is such an important property of RR- and

D-branes, we want to briefly sketch an argument establishing this behaviour in the

supergravity context.

Recall that the RR p-branes are characterized by a harmonic function

where Tp is the RR p-brane tension for gs = 1. We will denote this quantity by tp in

the following.

For the purposes of this section we will, in order to keep track of the ^-dependence,

have to allow for a non-zero asymptotic value <po of the dilaton. In order to be able to

talk about masses and tensions, we need a metric which is asymptotically Minkowskian

(and not just some constant multiple of the Minkowski metric) and thus we need to

work with the harmonic function (2.24). We see that this amounts to multiplying the

numerator tpGw by exp Co and therefore we find that the string tension in a non-trivial

dilaton background is

Tp = tpeCo . (3.6)
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This result can also be obtained from a calculation of the ADM mass density of a RR
p-biane.

Recalling the relation

Co = . 0o , (3.7)

we can rewrite this as
TP = tpg<?-W . (3.8)

Now this seems to be somewhat of a disappointment, because it just does not look
right. However, we have to remember that we added the source term (2.9) to the bulk
supergravity action in the Einstein frame. Thus in this frame the RR string tension

i /n _l_1 /O

behaves as gs , etc. while e.g. the fundamental string tension goes like gs . T o make

it explicit that the above tension is the Einstein frame tension, we will denote it by Tpfi

so that the more precise version of the previous equation reads

Tp,e = rf-3)/4 • (3.9)
Now let us check what happens when we go to the string frame. The relevant part of
the source action for calculating masses (or tensions) is, of course, the gravitational part
of the Dirac-Born-Infeld action, which is schematically of the form

SDBI,P ~ I sJdetgMNdf,X
MduX

N , (3.10)

where XM are the embedding coordinates and [i, u are world sheet indices. In principle,
there could also be some dilaton dependence in this action but its presence would have
no effect on the following argument and we will therefore ignore it.

When we transform to the string frame,

5MAT,s=e^' gMN,e , (3-H)

we find

(3.12)

Therefore the tensions in the string and the Einstein frame are related by

TPiS = e - ^ + 1 ) ^ / 4 T p ; e . (3.13)

Putting this together with the above, we find

;1 . (3.14)

29



So we have finally arrived at the desired result. Reinstating the correct powers of the

string length, we thus have

TP,S ~ — ^ • (3.15)
9*

The same argument shows that the string tension of the fundamental string in the string

frame is independent of gs and just behaves as l/£%, as it should.

In particular, therefore, we have

GNTP = gsi
7

s-P (3.16)

and the harmonic functions Hp appearing in the RR p-brane solutions have the form

*-s (o -, 7x
r J-1—P

where cp is some numerical constant and iV is the number of p-branes.

3.3 J?-BRANES AND T-DUALITY

It follows practically from the definition of D-branes or the way they were originally

discovered that T-duality relates Dp-branes of IIA/B string theory to D(p ± l)-branes

of type IIB/A string theory. The same can be seen to be true at the level of the classical

soliton configurations and as such is another piece of indirect evidence in favour of our

identification between these solitons and the D-branes of string theory.

In order to perform a T-duality (in its simplest form) we need an Abelian isometry of the

background configuration. In the present case translations along any of the longitudinal

x^ directions will do. Without loss of generality let this be the direction xp. Then the

T-duality rules (in the string frame) specialized to the p-brane background read

= l/9pp

£V) ? (3-18)
Applying this to the configuration (2.26,2.28) one sees that manifestly the metric and

RR field of the p-br&ne soliton are mapped to those of the (p — l)-brane soliton, so the

only thing to check is the dilaton. Here one has

f (3.19)

precisely the right power for a (p — l)-brane. The only thing to note is that Hp is

still a harmonic function of the transverse coordinates, albeit independent of the new
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transverse coordinate xp. So this will indeed solve the supergravity equations of motion.
The only effect of this ^-independence of the radial transverse coordinate is that the
(p — l)-brane is in some sense delocalized in (spread out over) the xp-direction. This
may be hard to visualize but is otherwise perfectly acceptable.

It should now also be clear how to perform a T-duality transformation along a transverse
direction, namely by running the above procedure backwards: One starts with the p-
brane soliton, delocalizes it in, say, the xp+1-direction and then reads the T-duality rules
(3.18) from right to left. In that way one maps a p-brane to a (p + l)-brane.

3.4 p-BRANES AND D-BRANES: THE EVIDENCE

At the risk of being repetitive, let us take stock of what we have achieved so far: We
have found p-brane like configurations as solutions of the type II (A or B) supergravity
equations of motion. These have the following properties:

1. By construction these solutions are electrically or magnetically charged under the
appropriate RR fields.

2. Also by construction, these configurations preserve some fraction of the super-
symmetry which, for this simple ansatz, turned out to be one half- the remaining
supersymmetry (16 supercharges) is the equivalent of N = 1 in d = 10 or N = 4
in d = 4.

3. Their masses (tensions) have a characteristic l/gs-behaviour.

4. T-duality relates p-branes to (p ± l)-branes.

5. We had also argued that there should exist flat space descriptions of these objects
somehow involving open strings.

All these properties are in perfect analogy with the properties of D-branes discussed as
they arise in string theory. This leaves little doubt that p-brane solitons and D-branes
provide the long- and short-distance descriptions of one and the same underlying object.

As put so eloquently by Gabriele Ferretti at his 1998 ICTP String School Lectures:

This is the Duck Proof: If it walks like a duck and talks like a duck, it's a
duck!
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3.5 PROBLEMS

1. Using the rules (3.18), show that T-duality of a p-brane along a delocalized trans-
verse direction compactified on a circle gives a (p+l)-brane.

2. Come up with a less roundabout classical proof of the relation (3.15) establishing
that the string-frame tension of the RR branes is proportional to gjl and let me
know.
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4 M-BRANES AND THEIR NS- AND RR-DESCENDANTS

4.1 d = 11 SUPERGRAVITY AND M-BRANES

Although eleven-dimensional supergravity does not arise as the low-energy limit of any
perturbative string theory, it has played an important role in recent developments. In
particular, it is now commonly believed that the strongly coupled ten-dimensional IIA
string is described at low energies by eleven-dimensional supergravity.

Even though the corresponding non-perturbative quantum theory is not known (it is
part of the elusive M-theory), the eleven-dimensional point of view has proven to be
extremely useful and natural in organizing and understanding the plethora of recently
unearthed non-perturbative string phenomena.

One aspect of this is that, just as d = 11 supergravity is a useful starting point for
discussing IIA supergravity in d = 10 (I will explain why below), the solitons of eleven-
dimensional supergravity (now known as M-branes) provide an economical way of orga-
nizing and obtaining the various RR and NS solitons of type IIA supergravity in lower
dimensions. It is thus these M-branes which are the subject of this section. We will see
later that there is much more to the relation between the ten- and eleven-dimensional
theories.

Recall that the bosonic fields of eleven-dimensional supergravity are just the metric and
a three-form potential C, and that the bosonic part of the action is schematically

Sn = f dnx^ \R - j^(dC)2] - fcAdCAdC . (4.1)

As before, the Chern-Simons term will play little role in the following, save for a brief
appearance in the next paragraph, and thus we will just consider the action consisting
of the first two terms. This action looks very much like the truncated actions (2.4) of
ten-dimensional supergravity we considered before, with the crucial difference, of course,
that here there is no dilaton (which only arises upon Kaluza-Klein compactification to
d= 10).

The presence of the three-form potential suggests (by hopefully now very familiar ar-
guments) the existence of a singular fundamental two-brane solution and a dual non-
singular solitonic five-brane. However, as C appears explicitly in the Chern-Simons
term, not just its field strength, it is not possible to dualize C to a six-form potential.
So unlike in ten dimensions, here we do not expect to find in addition a fundamental
five-brane of a dual action and a corresponding non-singular membrane soliton.

[You might be a worried at this point that a similar argument using the Chern-Simons
terms of type II (A or B) supergravity would invalidate the dualization procedure in
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d = 10 as well. However, it is easy to see that in these theories one can, by a suitable

integration by parts of the Chern-Simons terms if necessary, always arrange for any

desired RR field to only enter via its field strength. So dualization of that RR field is

then possible.]

The M2-brane metric is (x», y. = 0,1,2)

ds2
M2 = H-2'*dx2 + H^df , (4.2)

where H is, as before, a harmonic function of the transverse variables ym, m — 3 , . . . , 10,

i.e.

H = l + ^ , (4.3)

and C is such that the dual of its field strenght is the volume-form on the transverse

seven-sphere. This configuration is a singular solution of the supergravity equations

coupled to a membrane source, preserves half of the supersymmetries and saturates a

Bogomolny'i bound on its electric charge - all this should sound pretty familiar.

The M5-brane metric is (x^, /i = 0, . . . , 5)

ds2
M5 = H-l^dx2 + H2^df , (4.4)

with H = 1 + Qs/r3. The field strength of C is proportional to the volume form on

the transverse four-sphere. This solitonic configuration is a non-singular solution of the

source-free equations, breaks half the supersymmetries, and saturates a Bogomolny'i

bound on its magnetic charge. Once again, none of this should come as a surprise.

4.2 NS-BRANES AND RR-BRANES FROM M-BRANES

The most elementary observation suggesting an (albeit tentative) relation between type

IIA string theory and a quantum theory of eleven-dimensional supergravity is the fact

that type IIA supergravity is the dimensional reduction of eleven-dimensional super-

gravity.

Indeed, given the amount of supersymmetry (N = 1 in d = 11 corresponds to a Majo-

rana spinor with 32 supercharges, i.e. N = 2 in d = 10) and the fact that the dimension-

ally reduced theory is necessarily non-chiral, up to field redefinitions this could hardly

be otherwise.

To check this correspondence at the level of the field content, we note that the d = 11

metric provides the d = 10 metric, the RR one-form C^ (as the KK gauge field) and the

dilaton, while C provides the RR three-form C^ (when all three indices are in the ten
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dimensions) and the NS two-form B (when one of the indices is the one corresponding

to the eleventh direction). This is precisely the field content of IIA supergravity.

More specifically, using the KK ansatz

ds2
x = e

C = C(3)+BAdx10 , (4.5)

the action (4.1) reduces to the IIA supergravity action in the string frame given in (2.1).

Thus reduction of the above M-brane solitons should give rise to solitons of IIA super-

gravity. This is indeed the case. As for T-duality, in order to perform this reduction,

we require an isometry. Thus we can either reduce along a longitudinal world volume

direction or we can delocalize the M-brane in a transverse direction and then perform

the KK reduction.

In the former case, we obtain a one-brane from the M2-brane and four-brane from the

M5-brane. I encourage you to check that this one-brane is the elementary string soliton

(2.30) electrically charged under the NS field B, whose metric and dilaton are (in the

string frame)

ds2 = H~ldx2 + dy2

e2(f> = H-i ^ (4 6)

where (of course) H — 1 ~ 1/r6. It is also instructive to check that the M5-brane gives

rise to the RR four-brane in this way.

In the latter case, the M2-brane reduces to the RR two-brane, and the M5-brane to

the NS5-brane, i.e. the solitonic dual to the elementary string soliton. Let us check this

explicitly.

In the string frame the metric and dilaton of the NS5-brane are

dsNS5 = dx + Hdy

e2<t> = H , (4.7)

with H — 1 ~ 1/r2. We want to see that the KK ansatz (4.5) applied to the M5-brane

(4.4) reproduces this solution. To that end, we assemble the ingredients (4.7) into the

KK ansatz (4.5) to find

ds2, = e

+ {dxwy) . (4.8)
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This is precisely the M5-brane metric (4.4), delocalized in the s10-direction (so that
H - 1 ~ l/|y|2 rather than ~ 1/r3).

It is perhaps worth making a comment about the relation between the world volume
theories one obtains in this way. As you know by now, the low energy effective world
volume dynamics of D-branes are described by the dimensional reduction of N — 1
d = 10 Maxwell theory to d = (p + 1). In particular, the bosonic field content consists
of a gauge field and (9 — p) scalars. The M2-brane world volume action, on the other
hand, is described by a scalar multiplet with 8 scalars (for the transverse directions). So
how can dimensional reduction of the M2-brane world volume theory give the D2-brane
action? The answer is that after dimensional reduction on a circle, one of the M2 scalars
is compact and can be dualized to a (2 + l)-dimensional gauge field, giving the desired
field content of one gauge field plus seven scalars. More poetically, one could turn this
around and say that the D2-brane 'knows' about the eleventh dimension by dualizing
the gauge field. I do not know how to generalize this argument to the non-Abelian case.

This interpretation is also consistent with the identification, to be discussed below, of
some quantum theory of eleven-dimensional supergravity with the strong coupling limit
of IIA string theory on the one hand, and the fact that the D2 worldvolume theory is
expected to have a strong coupling fixed point with 50(8) R-symmetry on the other, as
this symmetry appears naturally as the manifest transverse rotation symmetry of the
M2-brane.

The corresponding statements for the M5-brane are less well understood and involve
some rather exotic phenomena, even by string theory standards.

In any case, we see that from the M2 and M5 brane we can get the following objects
in type IIA string theory: the fundamental NS1 string and its NS5-brane dual, and
the (D or RR) 2-brane and its D4-brane dual. Missing are the DO-branes and the dual
D6-branes. The former will be the main subject of the next section.

Understanding the latter goes somewhat beyond what we are doing here. Suffice it to
say that they arise by uplifting a four-dimensional gravitational instanton, the Taub-
NUT metric, to a solution of eleven-dimensional supergravity where it describes (there
are now 4 transverse and 6+1 longitudinal directions) a purely gravitational soliton, the
so-called TN6-brane. The Taub-NUT metric has one circular direction, and identifying
this with a circle in the eleventh direction, one obtains the D6-brane (while reducing
along a worldvolume direction one obtains a ten-dimensional TN5-brane).

The IIB D-branes now follow from the IIA branes by T-duality or by compactifying
M-theory on a two-torus.

From this eleven-dimensional point of view, which is asymmetric as far as elementary
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electric and their solitonic magnetic duals are concerned, because the three-form gauge

field C cannot be dualized, one sees that M-theory naturally gives the RR p-branes for

p < 3 and the magnetic duals for p > 3. Indeed, take e.g. the M5-brane reduction to

a D4-brane. The solitonic M5-brane solution is such that the curvature of the three-

form potential C is proportional to the volume-element on the transverse four-sphere.

Hence, upon reduction to a four-brane along a world-volume direction, the four-brane

will also be magnetically charged. It is therefore not the elementary electric four-brane

but actually the magnetic solitonic dual to the RR two-brane.

In this context, let me also mention that the D5-brane that appears naturally in string

theory is also the solitonic five-brane. In fact, type IIB string theory has naturally a

fundamental NS1 string solution coupling to the NS two-form B^2\ and a solitonic NS5-

brane. S-duality maps B^ to C^ and therefore naturally the NS5-brane to the solitonic

D5-brane. The point here is that manifest S-duality requires an action involving C^

rather than its dual C^\ However, once again, as explained in section 2, this distinction

is rather artificial unless one specifies explicitly (via source terms) which object is to be

treated as elementary.

4.3 M-THEORY AS THE STRONG COUPLING LIMIT OF IIA STRING THEORY

Sometimes innocent looking small observations can have far-reaching and amazing con-

sequences. Here is one of them. Let us take another look at the KK ansatz (4.5). We

see that there is a relationship between the dilaton <f> and the (10,10) component of the

metric,
C — c.40/3 (A Q\
"10 ,10 ^ 5 \ /

which translates into the relation

Rio = 92s (4-10)

between the ten-dimensional string coupling constant and the size of the eleventh di-

mension, measured in eleven-dimensional Planck units. To make this more manifest, we

write this relation as
Rw = 9&P , (4-n)

with £p the eleven-dimensional Planck scale.

We can also read off from the first part of the KK metric that there is a relation between

the eleven-dimensional Planck scale £p and the ten-dimensional string scale £s, namely

or

£p = 9,PS • (4.13)
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Combining these two relations, we find that the relation between the radius of the

eleventh dimension, measured in string units, and the string coupling, is

Rio = Zs9s • (4.14)

We see that small gs corresponds to a small R\o, consistent with the fact that per-

turbative IIA string theory is a ten-dimensional theory. However, taking the above

identification seriously suggests that as one increases the ten-dimensional string cou-

pling an eleventh dimension opens up.

The boldest conjecture one could make at this point is that the strong coupling limit

of type IIA string theory is a consistent Lorentz-invariant eleven-dimensional quantum

theory whose low-energy limit is eleven-dimensional supergravity and which reproduces

the IIA string theory upon compactification on a circle. This hypothetical theory, which

cannot be a string theory, perhaps a theory of membranes, but perhaps something

altogether different, is known as M-Theory.

Is there any evidence in favour of this rather bizarre claim? In fact, there is. The most

elementary is the following consistency check. Consider the M2-brane with tension

TM2 = i • (4.15)
iP

If we wrap this M2-brane over the eleventh direction, we should find the ten-dimensional

fundamental string BPS soliton. The tension of this string is obtained by integrating

over the circle and (modulo factors of 2ir, which we have consistently ignored in the

entire discussion anyway) one finds

m . #10 £s9, 1
<-M2 (4.16)

,P £jgs i2
s '

which is, as it should be, the tension of the fundamental or NS string. But now that

one of the BPS states has been matched, the others should follow as well. Consider

therefore reducing the M2-brane along a transverse direction. In that case we should

find the D2-brane, and indeed we see that, thanks to (4.13), the M2-brane tension turns

into that of the D2-brane,

(4.17)

Of course, in the above, the power of is that one finds in the calculation is guaranteed

to come out correctly on dimensional grounds, but the check is on the appearance of

the correct power of the dimensionless string coupling constant gs.

While the above is reassuring, it is essentially guaranteed by supersymmetry and the

relation between the supersymmetry algebras and BPS equations in ten and eleven
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dimensions. So this does not really provide a non-trivial check on the claim made above

that the type IIA sting theory is really secretly an eleven-dimensional theory which only

appears ten-dimensional at very weak coupling, i.e. in perturbation theory.

But we can go further than that. So far we have matched the massless modes of the

two theories as well as the tension of the M2-brane with those of the corresponding BPS

objects (D2,F1) in ten dimensions. However, if the eleventh dimension is 'real', then

one should also find the massive KK modes in type IIA string theory. So where are

these massive modes? From the usual KK scenario we know that these are precisely

the modes charged under the KK gauge field and that their mass spectrum has the

characteristic form
2

™ I K K = j a r > n E i . (4.18)
-"•10

On the other hand, from the KK ansatz (4.5) and the discussion preceding it, we

know that the KK gauge field is to be identified with the RR one-form C^ of IIA

string theory. The objects charged under this gauge field are, of course, DO-branes.

So the eleven-dimensional origin of the DO-brane, which had been missing so far, is

plausibly a plane wave with momentum in the eleventh direction (momentum modes in

the other directions are also ten-dimensional BPS states - they are of course T-dual to

the fundamental winding modes and the reason we have not discussed them here is that

they do not carry RR charge).

A single DO-brane has, as we have seen, a mass (tension)

TDQ = Tp=0 = ^j- . (4.19)

We know that there is no binding energy between DO-branes, because they are half-

BPS and we can superimpose DO-branes at different positions. Thus a bound state of

n DO-branes would have a mass squared

™2nD0 = l£ro • (4-20)

But thanks to the fundamental relation (4.14) this mass formula agrees precisely with

the KK expression (4.18),

£s9s => rn2
nKK = m2

nm . (4.21)

Once again, the matching of the DO-brane tension with the KK momentum is more or

less implied by supersymmetry. However, something non-trivial remains to be checked

to obtain a complete matching of the spectra. From the KK point of view, there is one,

and only one, mode for each integer n. Thus what needs to be established is that there

is a unique bound state of n DO-branes for each n.
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The framework within which issues regarding bound states of D-branes are to be ad-

dressed is the dynamics of the world-volume supersymmetric gauge theories on the

D-branes. In the present case this becomes a very subtle question about bound state

wave functions in the DO-brane worldline U{n) supersymmetric quantum mechanics -

subtle because the bound states are marginal. To the best of my knowledge, while ex-

istence and uniqueness of the bound state is generally believed to be true for arbitrary

n, and there is plenty of analytical and numerical evidence in favour of this claim, so

far it has been established rigorously only for n = 2.

Many other impressive quantitative checks have been performed on the conjecture that

the strong coupling limit of type IIA string theory is a quantum theory of eleven-

dimensional supergravity and its interconnection with other string dualities. The M-

theoretic point of view has also been shown to be enormously powerful in analyzing the

strong coupling behaviour of world-volume gauge theories of D-branes, leading e.g. to a

completely different derivation of the Seiberg-Witten solution of N — 2 supersymmetric

gauge theories.

By now there is overwhelming circumstantial evidence in favour of this M-theory con-

jecture and the entire conjectural web of string theory - M-theory dualities appears to

be perfectly consistent. I refer you to the more advanced among the reviews cited in

section 7 for more information on these matters.

4.4 PROBLEMS

1. Starting with the M5-brane tension

TM5 = i , (4.22)

show that one correctly finds either the tension (3.3) of the NS5-brane or that of

the D4-brane by reducing the M5-brane along a transverse direction or wrapping

it over a circle with radius £s9s-

2. Use the Kaluza-Klein ansatz

ds\x =e-2^ds2
w + e^/3(dx10 - C^f (4.23)

to show that Kaluza-Klein reduction of the M5-brane metric

ds2
Mb = H-ll3dx2 + H2l*dy2 , (4.24)

gives the string frame RR four-brane metric

ds2 = H
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3. Show explicitly that the M2- and M5-brane metrics (4.2,4.4), with C as indicated,
are solutions of the equations of motion of eleven-dimensional supergravity.
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5 INTERSECTING BRANES AND BLACK HOLES2

In this section we will consider ways in which we can use the brane solutions already

found to produce more complicated intersecting brane configurations that preserve fewer

supersymmetries. As such these intersecting configurations are of interest for the soli-

tonic solutions to Heterotic and Type I string theories for which there is only half of

the supersymmetry of the type IIA/B and M-theory discussed up until now. They also

are of major importance for the construction of lower dimensional solutions that have

the structure of black holes with finite horizon area at extremality (like the RN black

hole).

5.1 CHARGES SUPERGRAVITY AND INTERSECTIONS - THE RULES

To determine the possible consistency of intersections consider the case of IIB string

theory (the consistency conditions for type IIA and M-theory can be derived by a similar

construction). In IIB string theory the fields include a 4-form gauge potential C+ with

a self dual 5-form field strength D+. If we impose the self-duality condition on D+ only

after varying the action then the action must include the Chern-Simons term

C+AHAH\ (5.1)

where H = dB and H' = dB' are the field strengths corresponding to fundamental and

RR strings.

With the Chern-Simons term, the B equation becomes

d(*H - D+ A B') = 0. (5.2)

Of course the equation without CS term was simply d * H = 0 which was necessary

for the integral of *H to be a well-defined string charge. We see now that it is not

the case and in fact the charge must now be the integral of *H — D+ A B'. Let us see

the consequence of this extra term for the case in which the string has an endpoint on

another brane.

A long way from the intersection the charge of the string will be to a very good approx-

imation given by

J (5.3)
As the integration sphere S7 moves towards the endpoint of the string the field due

to the presence of the other brane will become stronger and the approximate equality
2This section has been contributed by Martin O'Loughlin (SISSA)
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will no longer be true. However, if one decreases the radius of the seven sphere as it
approaches the intersection then the value of this integral will remain QFI- When the
sphere arrives at the endpoint of the string and point of intersection with the other brane
it will have almost zero radius and can then be deformed into S5 x S2. Now the integral
corresponding to the charge gets approximately all contribution from — D+ A B A B',

QFi = - f D+x f B'. (5.4)
Js* Js*

The first part of this expression is clearly RR 3-brane charge and thus we can identify
the brane intersected by the string in this case to be a D3-brane. The second part of
this expression represents the charge of the string endpoint, as seen from within the
world-volume of the 3-brane. Indeed the S2 integration surface is inside the 3-brane
world-volume and surrounds the point of intersection. Thus we see that in IIB string
theory a fundamental string may end on a D3-brane soliton.

In the above discussion the roles played by B and B' are identical and thus the same
argument can be followed through for a Dl-brane (D-string) that ends on a D3-brane.
Additionally by rewriting the CS term in such a way that the equation of motion includes
the field strength of the D5-brane we can show similarly that the string can end on a
D5-brane and considering the modified C+ equation of motion we can show that a
D3-brane can end on a D5-brane.

Intersections allowed by the CS-term are supersymmetric, although the presence of an
additional brane in general breaks more supersymmetry. One can directly discover the
amount of supersymmetry preserved by writing down the soliton solution corresponding
to the intersection and then counting the number of conserved spinors. As noted above
the same construction can be carried also in the case of IIA string theory with CS-term
and in M-theory with CS-term.

Immediately from these consistency conditions we can generate many other consistent
configurations using T-duality. A simple example is to consider IIA string theory with a
DO-brane inside a D4-brane. This can be related by a T-duality in two of the directions
parallel to the D4-brane to a D-string intersecting a D3-brane in a point (which is the
intersection for which we have explicitly derived the consistency condition). This can
further be related by a T-duality along the D-string and a T-duality transverse to the
D3-brane after which we find in IIB theory a D-string inside a D5-brane. This particular
configuration is important for the study of black holes in string theory as we will soon
see. First however we need to understand how to construct such intersections for the
corresponding solitons in type IIA supergravity.
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5.2 CONSTRUCTING INTERSECTIONS

In general for the p-brane solutions in supergravity we found that the volume scaling
functions that appear in the metric are harmonic functions. Furthermore the equation
for such functions is linear and so linear combinations of harmonic functions are clearly
also harmonic. In short this means that we can simply superpose the harmonic functions
corresponding to a pair of intersecting branes to easily find the metric of the intersection.
For instance the intersection of a Dl and a D3 - brane mentioned above and motivated
by using duality transformations is denoted by (x for brane coordinates and — for
coordinates transverse to the brane),

x

with corresponding metric,

ds2 = tfi(r)-

dx\)

(5.5)

Both H\ and H3 are harmonic functions in the five dimensions transverse to both the
Dl and D3 branes,

^ (5.6)~J

We will denote this configuration D1J.D3.

Notice that all functions depend only upon the directions transverse to both branes
indicating that to construct these solutions we need to smear the branes. The presence
of the two different branes is represented by the harmonic functions for each brane
present and the power of the harmonic function that multiplies the metric transverse to
and perpendicular to the corresponding brane.

Another configuration that will be of much interest to us in the following is that cor-
responding to a Dl-brane living inside a D5-brane. The configuration D1||D5 is repre-
sented by the following table,

x x x x x

and has metric

ds2 =
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+ K^K^id^ + ̂ dnl), (5.7)

where now the functions K are harmonic in the four transverse directions, i.e.

One may complain that these two configurations cannot be simply related by T-duality
as claimed in the previous subsection. In fact to relate these solutions via T-duality
the Dl _L D3 configuration needs to be compactified on a circle transverse to both
branes and thus the harmonic functions need to averaged over this additional circle (as
already discussed in section 3.3). After this averaging they become harmonic functions
in only four coordinates and can then easily be related via T-duality to the Dl || D5
configuration.

5.3 P-BRANES AND BLACK HOLES

One of the interesting and physically revealing applications of brane solitons is to the
study of black hole configurations in the supergravity theories arising from string theory.
As discussed in the introduction black holes form a special class of brane solutions. In
four-dimensional Einstein gravity a black-hole is a point-like object in space that is
described by a one-dimensional world-line in space-time, as such the black hole is a
zero-brane.

The prototypical example that is of relevance for our discussion, is the Reissner-Nordstrom
black hole. In its non-extremal form, M > Q, its properties are similar to those of the
standard Schwarzschild black hole, whereas for mass almost equal to but greater than
the charge, the black hole has special properties related to the fact that when M = Q,
the black hole is BPS and stable. In this case there is a unique horizon of radius Q. The
thermodynamic entropy of the black hole is related to the horizon area via \A\loriZ(m.
This general pattern of properties holds true for a very large class of charged p-branes.

One of the first interesting calculations to be done for Dp-brane black holes was an
entropy counting carried out by counting the number of string states that are present for
a Dl || D5 system and then comparing it to the geometric entropy of the corresponding
soliton. If one considers all the coordinates of the branes to be compactified reducing
the configuration to a point-like object in five dimensions, we see that this object is
indeed a black hole. However we need to modify it a little so that the horizon area is
finite thus giving a non-zero number to be compared to the string theory calculation for
a non-trivial check on the string theory picture of black holes.
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In fact if we compactify the four coordinates of the D5-brane that are transverse to the

Dl-brane, then we find that the horizon of the corresponding five dimensional black hole

has a radius proportional to the radius of the Dl-brane coordinate. In particular as this

radius goes also to zero, the horizon area and consequently the black hole entropy goes

to zero.

The trick that saves us is adding momentum along the Dl-brane in such a way that

supersymmetry is still preserved. Doing this we find for the five-dimensional black hole

metric,

ds2 = -

(5.9)

with K\ and K& as above and L(r) = T-ft. We must keep in mind of course that this

solution will be valid provided none of its characteristic scales are close to the string

scale £s.

Calculating the charges we find the number of branes involved in this configuration to

be,
r2V r2 r2 R2V

*i "& * 1 (510)

The horizon is at r = 0 and therefore the entropy is

A(r)\r=05l"5 = ~WT (5-U)

where A(r) is the area of the S3 at radius r. The answer is finite and proportional to

the square roots of the brane numbers;

ll bNm. (5.12)

The comparison of this result for the entropy to the microscopic counting via string

theory using D-brane techniques, can be found in the original article of Strominger

and Vafa (Physics Letters B379, (1996), 99; hep-th/9601029) or in one of the various

reviews mentioned in the final chapter of these notes. In particular the notes of Peet

cover in considerable detail many of the topics discussed in these lecture notes.
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6 BRANES AND A D S SPACE-TIMES

In a certain limit, some of the brane configurations we have discussed above asymptote

to maximally supersymmetric solutions of supergravity of the form AdS x S where AdS

is anti-de Sitter space and S is a sphere. This is one of the ingredients of the AdS/CFT

Correspondence to be discussed in the lectures by Massimo Bianchi. Here I provide

some background information.

6.1 A D S COORDINATE SYSTEMS AND METRICS

By definition, anti-de Sitter space-time is a space-time of constant negative curvature.

We wil denote the (d + l)-dimensional anti-de Sitter space-time by AdSa+i- Constant

curvature means that its curvature tensor can be expressed in terms of the metric

GMN, M, N — 0 , . . . , d as

RKLMN = , , , , ^AGKMGLN — GKNGLM) • (6.1)

d\d +1)

We will write the constant negative scalar curvature (Ricci scalar) R as

R d{d+l) (R 9)
K= ^2 ' (6-2)

nAdS
where RACIS is the curvature radius of

AdSa+i can be thought of as the homogeneous space

AdSd+i = SO{d,2)/SO{d,l) . (6.3)

A convenient way of realizing AdS^+x is as the hypersurface

(X0)2 - SijJPXi + (Xd + 1)2 = R\dS (6.4)

(i,j = l,...,d) in an ambient flat space K2>d with signature (2, d) and the metric induced

from the flat metric

ds2
d+2 = ~{dX°)2 + SijdXidXi - (dXd+1)2 . (6.5)

Note that this space has closed time-like circles. This can be seen by writing the defining

equation as

(X0)2 + (Xd+1)2 = R\dS + S^X'xi , (6.6)

which defines a circle in the time-like plane spanned by the coordinates X° and Xd+1.

One usually passes to the universal covering space, replacing this circle by a time-like

real line, and this will be done implicitly in the following.
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By construction, AdS^+i is maximally symmetric, with isometry group SO(d, 2), as this

is the invariance group of the denning equation (6.4).

There are several different useful coordinate systems for AdSd+i, exhibiting different

slicings of AdS and making manifest different subgroups of the isometry group. These

are all easily derived from the above model for AdS. Here are some of them:

Global Coordinates

Introduce a radial coordinate by

r2 = 6ijX
iXj , (6.7)

where i,j = l,...,d. Then (6.4) becomes

This can be solved by setting

RAdS

vd+l _ lr>2 . 2U/2 t |-fi q \
\ /iUO / T̂ > \ /

Introducing polar coordinates for the X\ X1 = rn\ with dijtfni = 1, one then finds

the metric
2 2

ds2 = (1 + -^~yldr2 - (1 + -£— )dt2 + r 2 ^ _ ! . (6.10)

In these coordinates the slices of constant r have the form Sd ' x i See Problem 1 in

section 6.3 for an alternative form of the metric in global coordinates.

Poincare Coordinates

As we will see, this system of coordinates arises naturally in the context of supergravity

p-branes. The coordinates are a radial coordinate z and 'world-volume' coordinates

x^ = (t, xa, a = 1 , . . . , d — 1). These are related to the X's by

t
X° = RAds

z
a

Xd+l-Xd = RAdS-
z
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In terms of these coordinates the metric takes the particularly simple form

ds2 = —^^-(—dt2 + dx2 + dz2) , (6-12)

making manifest the invariance of the metric under the Lorentz subgroup SO(d, 1) of

the isometry group SO(d, 2). In terms of the new radial coordinate r = R\ds/Zi this

metric becomes
R2 r2

/ - / o -—-~ jxtLiD fitr* I -_^_—^__^^^ fy\ /~i IT*' ft *V* i w\ I < I

FRW Coordinates

AdS also arises as a special solution to the Friedmann-Robertson-Walker equations. To

obtain the AdS metric in FRW form, we set

X° = RAdS sin

X1 = rcos——rf (6.14)
RAdS

t r2

ds2 = -dt2 + cos2 — [(1 + —2—)~ldr2 + r 2 ^ 2 , ^ ] . (6.15)

to find

The spacelike slices of constant t are hyperboloids, and the timelike slices of constant r

are, as for global AdS, of the form S^"1 x E, albeit with a time-dependent radius of the

sphere.

6.2 NEAR-HORIZON LIMITS OF NON-DILATONIC BRANES

In this section we will take a look at a nice (but at first sight perhaps rather insignificant)

property of the so-called non-dilatonic branes we have encountered so-far, namely the

M2- and M5-branes (there is no dilaton in eleven-dimensional supergravity) and the RR

three-brane (for which the dilaton is, as we have seen, constant).

The metrics are (cf. (2.28,4.2,4.4))

D3 ds2
m = H3{r)-1/2dx2 + H3{r)l/2(dr2 + r2d0|) (6.16)

M2 ds2
M2 = H2{r)-2/3dx2 + H2{r)llz(dr2 + r2dtt2

7) (6.17)

M5 ds2
M5 = H5(r)~1/3dx2 + H5(r)2/3{dr2 + r2dnj) (6.18)
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where Hp(r) is in each case a harmonic function of the transverse radial variable r =
yfy*. The choice for Hp(r) we made in sections 2 and 4, namely

H3(r) = 1 + % (6.19)

H2{r) = 1 + % (6.20)

H5(r) = 1 + ^ (6.21)

was dictated by the requirement of asymptotic flatness. However, one also obtains a
(non-asymptotically flat) solution of the field equations if one drops the constant part
in Hp, i.e. if one replaces

Hp(r) ->• Fp(r) = Hp(r) - 1 . (6.22)

There are several different ways of looking at this operation of replacing Hp(r) by Fp(r):

1. One can think of the solution that one obtains in this way as the solution describing
a stack of a large number Qp —> oo of branes (in this limit one can drop the constant
part of Hp).

2. Alternatively, one can think of this solution as describing the geometry of the brane
very close to the horizon of the solution, located at r = 0 (hence the terminology
near-horizon limit). Once again, in that limit the constant part of Hp becomes
irrelevant.

3. Lastly, and most importantly, this limit has an interesting interpretation from the
microscopic D-brane point of view as a field theory limit in which the world-volume
theory on the brane decouples from the bulk gravity.

In particular, for the D3-brane one takes a' —> 0 while keeping the energy E of
stretched strings between the branes, E ~ a'/r, fixed. One sees that this amounts
to taking r —> 0, or, in light of the above, to considering a large number iV ~ Q3
of D3-branes, corresponding to a large-N limit of the U(N) N = 4 worldvolume
super-Yang-Mills theory.

The near-horizon limits of the above solutions are

dsD3 —̂  —TF>d^ ~\ 0—dr ~t~ Q3 d^l^ (6.23)

dsM2 ~* —~2jz~dx -\ 2~dr + Q2 ^ 7 (6-24)
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We see that in each case we obtain a factorized (i.e. product) geometry, the r-dependence

having disappeared from the metric of the transverse sphere.

Comparing with (6.13), we see that from the D3-brane solution we have obtained in the

near-horizon limit the geometry

D3 ->• AdS5 x S5 (6.26)

with the curvature radii RACLS and Rs of the two factors given by

RAds = Rs = Ql/4 ~ isigsN)1^ . (6.27)

This metric (supplemented by the appropriate limit of the RR five-form field strength) is

a famous and important solution of tpye IIB supergravity. In particular, this solution is

maximally supersymmetric, i.e. it has as many unbroken supersymmetries as Minkowski

space, namely 32 supercharges (in contrast with the D3-metric which preserves only half

the supersymmetries). In particular, we thus find an enhancement of supersymmetry

in the near-horizon limit.

The above considerations thus suggest (admittedly very tentatively at this point) a

possible relation between string theory on AdS$ x S5 and large-iV super-Yang-Mills

theory. This relation will be the subject of the lectures by Massimo Bianchi on the

AdS/CFT correspondence.

From the M2- and M5-branes we also obtain geometries of the form AdS x 5 in the

limit r —> 0. To see this, for the M2-brane we change coordinates,

r2 = 2Ql/6p , (6.28)

to find

M2 -> AdSA x S7 (6.29)

with

2RAdS = Rs = Ql/e . (6.30)

Likewise, for the M5-brane, with the change of coordinates

3) , (6.31)

one finds

M5 -> AdS7 x SA (6.32)

with

RAdS = 2RS = 2Ql/3 . (6.33)
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These are maximally supersymmetric solutions of eleven-dimensional supergravity (and
the former has been studied intensively and extensively in the context of Kaluza-Klein
supergravity in the 1980's).

We see that one way of interpreting these non-dilatonic brane solutions is as interpo-
lating solitons, namely as half-supersymmetric soliton configurations which interpolate
between the maximally supersymmetric Minkowski vacuum at r —>• oo and the maxi-
mally supersymmetric AdS x S vacua at r —> 0. This is akin to the behaviour of solitons
in other field theories, e.g. the kink solution of sine-Gordon theory.

6.3 PROBLEMS

1. Show that the AdS-metric in global coordinates (6.10) can also be written in the
equivalent form

ds2 = R2
AdS(- cosh2 pdr2 + dp2 + sinh2 pdfi^-i) (6-34)

2. Using (6.28) and (6.31), verify (6.29,6.30) and (6.32,6.33) respectively.

3. Show that the near-horizon limit of the D1||D5 metric (5.7) is AdS3 x S3 x R4.
What are the curvature radii in terms of Q\ and Q5?
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7 REFERENCES: REVIEW ARTICLES

7.1 GENERALIZATIONS AND OMISSIONS

In these lectures we have just considered the most elementary p-brane solutions of su-
pergravity known, depending on a single antisymmetric tensor field and a single scalar.
There are many other solutions in d = 10 and d < 10 describing more complex sit-
uations: branes at angles, configurations describing various bound states of branes,
multi-string and -brane junctions, networks constructed from them, supersymmetric
configurations of branes wrapped over 'cycles' more complicated than products of cir-
cles, non-supersymmetric configurations, etc.

For more information on the use of solitonic branes for the study of black holes in string
theory, and also for the important application to the AdS/CFT correspondence, you
are referred to the list of references below.
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