The Abdus Salam 4
International Centre for Theoretical Physics (4

PO

1944-24

Joint ICTP-IAEA Workshop on Nuclear Reaction Data for Advanced
Reactor Technologies

19 - 30 May 2008

R-matrix theory of nuclear reactions.

Pierre Descouvemont

Universite Libre de Bruxelles
Physique Nucleaire Thoerique
Cp 229
1050 Brussels
BELGIUM

Strada Costiera | |, 34014 Trieste, ltaly - Tel. +39 040 2240 |1 I; Fax +39 040 224 163 - sci_info@ictp.it, www.ictp.it



R-matrix theory of nuclear reactions

Pierre Descouvemont
Université Libre de Bruxelles, Brussels, Belgium

Introduction

General collision theory: elastic scattering
Phase-shift method

R-matrix theory (= theory)

Phenomenological R matrix (= experiment)
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1.Introduction

General context: two-body systems

* Low energies (E < Coulomb barrier), few open channels (one)
e Low masses (A < 15-20)

* Low level densities (< a few levels/MeV)

» Reactions with neutrons AND charged particles

\/ i Only a few partial waves
contribute




Low-energy reactions

* Transmission (“tunnelling”) decreases with / — few partial waves
— semi-classic theories not valid

« astrophysics

* thermal neutrons

« Wavelength A=Nc/E
A(fm)—~197/E(MeV)

example: 1 MeV: A ~200fm
radius—2-4 fm
- quantum effects important

Some references:
C. Joachain: Quantum Collision Theory, North Holland 1987

L. Rodberg, R. Thaler: Introduction to the quantum theory of scattering, Academic Press 1967

+J. Taylor : Scattering Theory: the quantum theory on nonrelativistic collisions, John Wiley 1972
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Different types of reactions
1. Elastic collision : entrance channel=exit channel

A+B > A+B: Q=0 covered here

2. Inelastic collision (Q#0) \

A+B =2 A*+B (A*=excited state)
A+B - A+B*

A+B - A*+B*

efc..

3. Transfer reactions > NOT covered here

A+B - C+D
A+B =2 C+D+E
A+B - C*+D
etc...

4. radiative capture reactions Y,
A+B> C +y



2. Collision theory: elastic scattering

Assumptions: elastic scattering
no internal structure
no Coulomb
spins zero
2
1 2 \\ 0
O > < O

Before collision
After collision

Center-of-mass system



Scattering wave functions

Schrddinger equation: V(r)=interaction potential

H(r) = [-2A+ V()W) = By(r) with E > 0

Assumption: the potential is real and decreases faster than 1/r

A large distances : V(r)=> 0

exp(ikr
2 independent solutions : (7)) — A (exp(ik r) + £(6) ol¢; ?))
T
Incoming plane wave Outgoing spherical wave

where: k=wave number: k2=2uE/h?
A=amplitude (scattering wave function is not normalized)
f(6) =scattering amplitude (length)



Cross sections

PN

0 solid angle dQ

vyv

Cross section =—=p ao = f(0)?, o= / d—gdﬁ
ds? ’ S dS2

» Cross section obtained from the asymptotic part of the wave function

“Direct” problem: determine ¢ from the potential

“Inverse” problem : determine the potential V from ¢

Angular distribution: E fixed, 6 variable

Excitation function: 6 variable, E fixed,




How to solve the Schrédinger equation for E>07?
2 - , .
Hﬁlf'(f) — (_g_#& +V (r))u(r) — E’t_;')(?“)

exp(ikr
With ¢(r) — exp(ikz) + f(8) P(ikr) (z along the beam axis)

¥

Several methods:

* Formal theory: Lippman-Schwinger equation = approximations
 Eikonal approximation
» Born approximation

» Phase shift method: well adapted to low energies

* Etc...



Lippman-Schwinger equation:

w(r) — exp(ikz) + f(8) exp(ikr)

w(r) = exp(ikz) + f G(r, x )V () (x')dr’ s solution of the Schrédinger equation

2u exp(iklr —v'|)

With G(r.r") = —
| (r,x) F2 4|y — ¢’

=Green function

r is supposed to be large (r >>r')

J(8) = — 2“’2 / exp{—ikr’ cos )V (rN: () dr

YT

= ¥(r) must be known

» ¥(r) only needed where V(r)#0 - approximations are possible

= Born approximation : W¥(r) = exp(ikz) Valid at high energies:

= Eikonal approximation:  w(r) = exp(ikz) x ¢(r) | V() <KE




3. Phase-shift method

a. Definitions, cross sections

Simple conditions: neutral systems
spins O
single-channel

o

Extension to charged systems
Extension to multichannel problems
Low energy properties

General calculation

- ® o o

Optical model
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3.a Definition, cross section

The wave function is expanded as

U

Dy ()

r

Y(r) =),

When inserted in the Schrdédinger equation

_hz d’ I +1)
2u | dr’ r’

}‘z (r)+V (ryu,(r) = Eu,(r)

To be solved for any potential (real)

For r><«< V(r) =0

. 1(1+1)

[ 2
r

u(r)+k’u,(r)=0, with k2=2‘uE

hZ

=Bessel equation =» u,(r)=j(kr), n,(kr)

11



/

Forsmallx Jj(x)—
or sma /i) I

(21 -1

n (X) — xl+1
_ , sin(x)
Examples:  j (x)= , ny(x)=-
X

. 1 .
Forlargex /i, (x)— ;Sln(x—lﬂ/2)

n,(x) — —lcos(x— Ir/2)
X

cos(x)

X

At large distances: u(r) is a linear combination of j(kr) and n (kr):

u,(r) — j,(kr)—tano, *n, (kr)

Cross section:

With ¢, = phase shift (information
about the potential)
If V=0 - 0=0

d ,
d—g =| £(6,E) [, with / (6, E) = ﬁfl, 20+ 1)[exp(2) —~1]P(cos )

Provide the cross section
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do 2 _ 'S : B
% =| f(8,E)|", with f(0,FE) = - ;(21+1)[exp(215l (E))—1]P(cos 0)

=» factorization of the dependences in E and 6

General properties of the phase shifts
1. Expansion useful at low energies: small number of { values
2. The phase shift (and all derivatives) are continuous functions of E
3. The phase shift is known within nmt: exp(2i6)=exp(2i(o+nr))
4. Levinson theorem
* 9(E=0) is arbitrary
 O(E=0) - 0(E==)= Nn, where N is the number of bound states
 Example: p+n, £ =0: 8(E=0) - 8(E=)= ©t (bound deuteron)

13



Interpretation of the phase shift from the wave function

V=0=> u(r)>sin(kr-In/2)
u(r) 5=0
N S/

\
r \ \ V#0=> u(r)->sin(kr-In/2+9,)

0,<0 =» V repulsive

0>0 =>» V attractive

14



Resonances:

dp(E) = arctan

=Breit-Wigner approximation

2(Er — E)
Er=resonance energy
I'=resonance width
o(E)
T
3n/4 /  Narrow resonance: I" small
/2 » Broad resonance: I' large
/4
7 E
Ex-T/2 Eg /2

Example: 12C+p
With resonance: Eg=0.42 MeV, I'=32 keV - lifetime: t=}/I'—2x10?% s

Without resonance: interaction range d~10 fm interaction time t=d/v ~1.1x102" s

15




3.b Generalization to the Coulomb potential

The asymtotic behaviour Y¥(r)— exp(ikz) + f(0)*exp(ikr)/r
Becomes: Y(r)— exp(ikz+n log(kr)) + f(6)*exp(ikr-n log(2kr))/r

With n=Z,Z,e?/hv =Sommerfeld parameter, v=velocity

Bessel equation: u;'—l(ljl)%(r)_pkz%(r):o
r
Coulomb 1(0+1)
equation u, ———>u (") +KE 2k, (r)=0  u,(r) = F,(kr)+tand, * G, (kr)
r

— I,(kr)=U, *O,(kr),with U, =exp(2i0,)
— F(kr)*cos o, + G, (kr)*sin 9,

Solutions: F(n,kr): regular, G,(n,kr): irregular
Ingoing, outgoing functions: |= G-iF,, O,=G+iF, 1,(x) =exptix)
O(x) =expfix) 16




Example: hard sphere

= Hard-Sphere
phase shift

V(r) V(r)= = forr<a
=Z.Z,e?lr forr>a
u,(r)=F (kr)+tano,G (kr)
a r F(ka
u,(a)=0—tano, =— k)
G (ka)

-90

-120

-150

Ecm (MeV)

-120

-150

Ecm (MeV)

hard-sphere

-120

-150

30

-60

-90

Ecm (MeV)




Special case: Neutrons, with €=0:

Fo(x)=sin(x), Gy(x)=cos(x)
- 0=-ka

example : o+n phase shift €=0

E. A, ARNDT AXND L. Ir. ROPER

1 T [

& {deg)

=>» hard sphere is a good approximation
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Elastic cross section with Coulomb:

d
dQ)

9O | £(0) P, with £(6) = ﬁz (21 +1)(exp(2i8,) —1)P(cos6)
Ik

Still valid, but converges very slowly.

5, =8"+5¢

f(0)= ﬁ 2 (21 +D[exp(2io,)—1]P(cos 0)
Ik

= 2—1}( 2 (21 +1)[exp(2i8,) — exp(2i8, ) + exp(2i6, ) —1]1P(cos 6)
/

- — - —
Nuclear Coulomb: exact

=fN(0)+fC(0)

fo(0)=— 1 exp(—in log(sin® @ / 2)) = Coulomb amplitude

sin®6/2

do
dQQ

= £.(0) = Coulomb cross section: diverges for 6=0
increases at low energies




J(0)=fc(0)+ fy(0)

*f-(6): Coulomb part: exact

*f((0): nuclear part: converges rapidly

do

1

1
= 0)°~

. 40

sSin  —

1000000

100000

10000

1000

100 -

10

1

0 30 60 90
0 (degrees)

120

150

180

» The total Coulomb cross section is not defined (diverges)

» Coulomb is dominant at small angles
-> used to normalize data

* Increases at low energies

* Minimum at 6=180° = nuclear effect maximum
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3.c Extension to multichannel problems

* One channel: phase shift 6 — U=exp(2i0)
* Multichannel: collision matrix U; (symmetric , unitary) with i,j=channels
 Good quantum numbers J=total spin n=total parity

« Channel i characterized by /=[,® [, =channel spin
J=l®¢ ¢€=angular momentum
« Selectionrules: |[,-1,|sI<s[+],
|€-l|sd< €+ ]
=T *7,% (-1)¢

Example of quantum numbers

ot+3He o=0%, 3He=1/2* p+’'Be  "Be=3/2-, p=1/2*
J / [/ '
J / [/ size 0 1 1 ?ze
+
1/2+ | 1/2 0, X 1 2 X
1/2- 1/2 81 1 0- 1 X 1
2 2
32+ | 1/2 X 2 1
1+ 1 X 1, X 3
3/2- 1/2 1, X 1 2 1, X 3
1- 1 |0, ¥ 2 3
2 | X 2, X

21



Cross sections

One channel: Z—gzl f(@)lz,With f(9)=ﬁz(2l+1)(exp(2i5l)—1)Pl(cos9)
/

Multichannel 49 _ Yo fer e (61

dQQ . KR

With:  K,,K,=spin orientations in the entrance channel

K',,K’,=spin orientations in the exit channel

Frenoncn (0)=2, Z--- Y,(6,0)

Jo,wo AT

Collision matrix
* generalization of &: U;=n;exp(2io;)

» determines the cross section

22



3.d Low-energy properties of the phase shifts

1 4t
One defines ~ = (ﬁ) =logarithmic derivative at r=a (a large)
w(a) \dr/r=qa
) 2641 .
Then, for very low E (neutral system): tané, =~ — (ka) [ £ ya ]
D2 DN [ ya £+ 1
. tanég(k) ,
For{=0: «a = _;!m‘{ljf: scattering length
o

&0

strong difference

between €=0 and ¢>0
E
¢=0, o0

L 1 1 :
Generalization kcotdg(k) = ——+ E'r‘ek:z + ... o=scattering length
k

. 23
r.=effective range



4
ﬂ_ (2¢ + 1)sin?8, — 4ma” (isotropic)
€,

¢ '

Cross sectionatlow E: o0 = —
k2 D
In general (neutrons): 9 ~ L2011
o~

Thermal neutrons (T=300K, E=25 meV): only €=0 contributes

E. A, ARNDT AXND L. Ir. ROPER

L

example : o+n phase shift €=0

At low E: 0~-ka with o>0 = replusive

& {deg)
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3.e General calculation

For some potentials: analytic solution of the Schrédinger equation

In general: no analytic solution = numerical approach

h2 d?

_Q;ﬁdr—zu'ﬁ(r) + (V{(r) — E)up(r) =0
T o T2 2 60 F
with: V() = vy(r) + 22720 4 PEEE D)
T 21 T

wg(r) — Ip(kr, ) COs §y + Gylkr,n) sin d,

Numerical solution : discretization N points, with mesh size h

* u,(0)=0

* u,(h)=1 (or any constant)

* U,(2h) is determined numerically from u,(0) and u,h) (Numerov algorithm)
* u,(3h),... u(Nh)

« for large r: matching to the asymptotic behaviour - phase shift

Bound states: same idea
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Example: o+o

Experimental spectrum of 8Be

——
L

3,03
W

2+

_wh

V. "_/’ A

)

[ , /;/'/

15 L350 A0 ¢

g //

/ 7, %

B - i

L 77

4+
E~11 MeV
'~3.5 MeV

2+
E~3 MeV
I'~1.5 MeV

O+
E=0.09 MeV
I'=6 eV

Experimental phase shifts

200
\ ¢ =0
.
1501 o m =2
% =4
o~ * C LN |
100 - N
%OO * "tEal e, . L.
5 *e,
z >
.
= 50 *.
© o .
© *
.
0 -V L& BTN
D 5 10 MRS
-50
Ecm (MeV)

Potential: V,(r)=-122.3*exp(-(r/2.13)?)

1 MeV

10
5 L
0 T T T T \‘
S0 1 2 6 7
2 s
é ~1 | —nruclear
> — Couomb
-101 Total
_15,
20

r (fm)

26




3.f Optical model

Goal: to simulate absorption channels

9.992% /

79%
+

High energies:
* many open channels
* strong absorption

 potential model extended to complex
potentials (« optical »)

Phase shift is complex: 6=05+i9,
collision matrix: U=exp(2id)=nexp(2idg)
where n=exp(-29,)<1

Elastic cross section
o 1

= S 7(26 4+ 1)(ng exp(2ide) — 1) P(cosh)

dQ 42 -
Reaction cross section:
T = k—gg(% + 1)1 - nF)

2

N




4. The R-matrix Method

Goals:

1. To solve the Schrédinger equation (E>0 or E<O0)
1. Potential model
2. 3-body scattering
3. Microscopic models
4

. Many applications in nuclear and atomic physics

2. To fit cross sections
1. Elastic, inelastic = spectroscopic information on resonances

2. Capture, transfer - astrophysics

References:
* A.M. Lane and R.G. Thomas, Rev. Mod. Phys. 30 (1958) 257

* F.C. Barker, many papers
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Principles of the R-matrix theory

Standard variational calculations
e Hamiltonian HY = EY¥Y
» Set of N basis functions uy(r) with ¥ (r) = )’ c,u,(r)

> Calculation of H,=<uH|u> over the full space
N;=<u|u>

(example: gaussians: u,(r)=exp(-(r/a,)?))

N,

u,(ryu,(rydr

H;

u,(T +V)u dr

|
I

 Eigenvalue problem : (H.,—EN .)c. =0 — upper bound on the energy
ij iy

* But: Functions uy(r) tenci to zero — not directly adapted to scattering states

29



Principles of the R-matrix theory

Extension to the R-matrix: includes boundary conditions
a. Hamiltonian
Z7Z,e’

r

HY =FEY, with H - T +

b. Wave functions
Set of N basis functions ui(r) ¥ (r) = Z c,u,(r) valid in a limited range

with W — (1,(kr)=U, *0,(kr))Y," (Q)

=>» correct asymptotic behaviour (E>0 and E<O0)

30



Spectroscopy:  short distances only
Collisions : short and large distances

R matrix;: deals with collisions

Main idea: to divide the space into 2 regions (radius a)
* Internal:r<a : Nuclear + coulomb interactions

« External: r>a : Coulomb only _
Exit channels

12C(2+)+O(

Entrance channel

2C+a i
Internal region > 12C+o
160
ISN‘f‘p, 150+n
Nuclear+Coulomb: Coulomb
Coulomb R-matrix parameters oulom

31



Here:

elastic cross sections

Cross sections

measurements

Phase shifts

Microscopit

Potential
model

models
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Plan of the lecture:

The R-matrix method: two applications
0 Solving the Schrédinger equation (essentially E>0)
U Phenomenological R-matrix (fit of data)

Applications

Other reactions: capture, transfer, etc.

33



c. R matrix

* N basis functions u(r) are valid in a limited range (r < a)
= in the internal region:

N
Yo (r)=> cu,(r), forr<a (c=coefficients)
i=1

« At large distances the wave function is Coulomb
= in the external region:

¥ _(r)y=A,(kr)=U,*0,(kr)),for r > a

- ldea:tosolve Y (H,—EN ;)c,=0
with  H, =<u,|H |u, >a  defined in the internal region

N, =< ui|uj@

« But T is not hermitian <u | T lu, >, #<u,|T |u, >,
over a finite domain, a 2 a 2
d d .
jui 2ujdr¢juj ~u,dr, if a # oo
., dr o dr

34



Bloch-Schrédinger equation:
(H— B+ L(Lg)) W'™ = L(Lo)w'™,

With £(L,)=Bloch operator (surface operator) — constant L, arbitrary

}]2

; J d  Lp
L{Lg) = 5(p — a) - P,
2uma dpo p

* Now we have T+£(L,) hermitian:

<u, | T+L(Ly)|u; >, =<u,|T+L(Ly)|u, >,,

Since the Bloch operator acts at r=a only:

(H — E+ L(L)) Wi = L(Lo) Wi,

Here L,=0 (boundary-condition parameter)

35



+ Summary: (H — E 4+ £0) Wi = co)win (1)

it

uffﬁt ZE:(}*HE(I (2)

it

Wi = (I,(kr) — UM (E)Ou(kr))  (3)

» Using (2) in (1) and the continuity equation:

ZC < UJ|H + L£(0) — E|U >int—< u3|£(0)|wext ~, ——Provides ¢

z \_ ~ _/ (inversion of D)

[)n(EE)

]

N ub(a) = (I(ka) — UH(E)O(ka)) Continuity at r=a
?

. gt I,(ka) — kal)(ka)R*
 Oy(ka) — kaOy(ka) R

36




Iy(ka) — kaf&(ka)Rf
Oy(ka) — kaO)(ka) R
If(ka) 1 — L*RY

_ — a5 — ka
= Ou(ka) 1 _LRE P20 Oy(ka)

Ut =

fila : . 1 g
With the R-matrix defined as |[RY(E) = — > uf(a)(DU(E));; uf(a)
i '

If the potential is real: R real,
|U|=1, o real

Procedure (for a given £):
1. Compute matrix elements ij(E) =< ule + £(0) — E]ug > int
2. Invert matrix D
3. Compute R matrix

4. Compute the collision matrix U 37



= ka

1.E+02
1.E+00
1.E-02 -
1.E-04
1.E-06
1.E-08
1.E-10

Oy (ka)
Op(ka)

Charged system:
o+ 3He

q
4

/

L
4

0 1 D
/=1
=2
(.) .
=74
=2

i
-

= S(E) +iP(E)

S(E)=shift factor

P(E)=penetration factor

Neutral system:

oa+n
2
1_
/=
e

0 1

A 0 1 '
-1

1

0 o
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Interpretation of the R matrix

Wl (r) = AL (kr) — UYE)O(kr)) (1)

gt — Aeka) —kaly(ka)R® oy Ip(ka) — UOy(ka)
Oy(ka) — kaO}(ka) Rt ka(Ij(ka) — UtO)(ka))
¢ ! L J,rff 7 :
From (1), V(@) _ tg(ka) — L ,Of(k”’) _ 1
Wi(a) Io(ka) — UtOp(ka)  aRf
i 1 e
Then: R™ = =inverse of the logarithmic derivative at a

a(log Wé(a))

39



Example Uf(’r‘) = 7“6 eXD(—(T/%)Q) Gaussians with different widths

1
0.9

0.8 1

0.7

__ 06"
::: 0.5 -
0.4 1

0.3 1

0.2

0.1 1

0

o 0L
Nij = <uilu; >y

@ ..
] r2texp(—(r/a;)? — (r/a;)?) dr Can be done exactly
0 (incomplete y function)

Matrix elements of H can be calculated analytically for gaussian potentials

Other potentials: numerical integration

40



Input data

« Potential

« Set of n basis functions (here gaussians with different widths)
 Channel radius a

Requirements
 alarge enough : V,(a)~0
* nlarge enough (to reproduce the internal wave functions)
* n as small as possible (computer time)
- compromise

Tests
« Stability of the phase shift with the channel radius a
» Continuity of the derivative of the wave function

41



Results for o+

« potential : V(r)=-126"exp(-(r/2.13)?) (Buck potential)

Basis functions:

u,(r)=rt*exp(-(r/a,)?)
with a=x,*a,(-! (geometric progression)
typically x,=0.6 fm, a,=1.4

r (fm)

potential

V(a)=0
2> a>6fm

42



Elastic phase shifts

0 |
0
-50 —del exact
——del exact . n=15 -50 ——del exact
100 ——n=20 n=10 ——n=7
n=15 -100 n=10
— n=8
——n=10 ——n=6
—n=7
-150 ! - n=9 -150 ——n=15
_200 '200
-250
-250
-300
-300 ‘

« a=10 fm too large (needs too many basis functions)
« a=4 fm too small (nuclear not negligible)

« a=7 fm is a good compromise
43



Wave functions at 5 MeV, a= 7 fm i

1.5

-0.5
——exactwf
-1

—— internal

external




. 1
Other example : sine functions uf(r) = sin T(n — 5)
a
» Matrix elements very simple

» Derivative u;'(a)=0

-50
—— del exact

——ng=15
ng=25
——ng=35

-100

-150

——ng=10

-200

-250

-300

= Not a good basis (no flexibility)

45



Example of resonant reaction: 12C+p

0. ;‘3
A\
3.55 | sty N
3/2= >
65_1 Vi3 -
Resonance 1.9435
¢=0 2C+p
E=0.42 MeV
=32 keV E 089
J7=1/27
T=1/2
20
15
o V=-70.50*exp(-(r/2.7)?)
_ 51
. >
« potential : V=-70.5"exp(-(r/2.70)3?) 2 ‘ ‘
 Basis functions:  ui(r)=rf*exp(-(r/a;)?) > 2 5 6 g
— nuclear
100 Goulomb
-15 Total
-20
r (fm)

-9




Phase shifts a=7 fm

Wave functions

delta (deg.)

ng=7
E=0.8 MeV

——exact wf
—— internal
external

E=0.8 MeV

——exactwf
——internal
external

r (fm)




Resonance energies
: I;(ka) 1 — L*RY ,
i £ .
ot = -, with L(F) = 5(F 1Py
Oy 1= L (E) = S(E) +iP(E)

— exp(?iﬁg) — exp(?i(ﬁfﬁ;lg + 5%))

with
ot fe(ka ; Felka _
exp(2ist; o) = Oi((k:n.)) — (quH = —arctan Gim)) Hard-sphere phase shift
5t 1— IR £ R-matrix phase shift
exp(2idy) = L 1r dp = arctan T P
200

* Resonance energy E, defined by 1 — S(E;)] 150 /\

In general: must be solved numerically > 1001 — delta tot
(O] I -
2 5. —— Hard Sphere
3 /‘ delta R
N " ol 8 | 8 0 T T T T T
- Resonance width T defined by tandp(E) A y 05 115 2 25
-50 4

-100

E (MeV)




Application of the R-matrix to bound states

Il 5
Positive energies: (erl) uy(r)+(k” =2k (r) =0

1(1+1)

Negative energies: 4 —

u(r)+ (_k2 =2k, (r)=0

Asymptotic behaviour:  F(x) %sin(x—/—; —nlog2x)

G,(x) %coséc—/—zt —nlog2x)

eXpxX
VV—n,Hl/z(zx) — pe )

x77

Starting point of the R matrix:

HY = EY
Z.Z e’
r

Y- W—n,1+1/2(2k’”)Ylm ()

H —> T+

Coulomb functions F, G,

Whittaker functions

W—n,m/z (2x)

49



* Rmatrixequations (g — F 4+ £(L)) wim = ppywim o (1)

int exts
Wi = Zcf ut(r) (2)

wgg}f — CH’F—TLE—F 1;’2(2;‘”‘) (3)

With C=ANC (Asymptotic Normalization Constant): important in “external” processes

» Using (2) in (1) and the continuity equation:

Zc <uf|ﬂ+£(L)—E|u > = < ub|L(L) W, >=0,

D,(E) ok
j P Qka.w (2ka)
W{(2ka)

 But: L depends on the energy, which is not known = iterative procedure .



Application to the ground state of 13N=12C+p

Resonance 1.9435,
Bound state 0.89 Negative energy: -1.94 MeV
¢=1: E<0 L

l T=1/2

« Potential : V=-55.3%exp(-(r/2.70)?)
 Basis functions:  u,(r)=rf*exp(-(r/a,)?) (as before)



Calculation with a=7 fm
*ng=6 (poor results)

*ng=10 (good results)

lteration ng=6 ng=10

1 -1.500 -2.190

2 -1.498 -1.937

3 -1.498 -1.942

-1.942

Final -1.498 -1.942
Exact -1.942

Left derivative -1.644 -0.405

Right derivative -0.379 -0.406
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Wave functions (a=7 fm)

0.7
0.6
0.5
0.4 ——exactwf
—— internal

0.3 external
0.2
0.1

0

0 2 4 6 8
r (fm)

12

0.1

0.01

——exactwf

0.001 —— internal

external

0.0001

0.00001
r (fm)

——exactwf

—— internal

external

10

12

0.1
——exactwf
—— internal
0.01
external
0.001
0.0001

r (fm)
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5. Phenomenological R matrix

» Goal: fit of experimental data
 Basis functions Wfﬂ,f_(?‘) — Z f-’f Hf(?")
)

* R matrix equations

fila _
R(B) = 7 -3 ui(a)(D(B))jj uj(a)
L]

with Df}(E) =< -u,f|.H + £(0) — E|’Mf§j > int

The choice of the basis functions is arbitrary
BUT must be consistent in R(E) and D(E)
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Change of basis

- Eigenstates of (H 4+ L£(0))W, = E W) over the internal region

-+ W expanded over the same basis: W, (1) = Z dé\ui(rp)

- = standard diagonalization problem '

ST d < ug|H + £(0) — Eyluj >ime= 0
2

Instead of using ui(r), one uses ¥ (r)

h2a -' _
R(E) = —— > Wy(a) (D'(E)) ;5 Wy (a)
Hoa
W, (a)|2 ~%
LGRS S
3\ A& .
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Wi (a 2 aQ
A(a)] — Z )‘ Completely equivalent
Ey— & A

H(E)_—Z|

244

1
With 7y = 4 o ——Ws(a) =reduced width

—>2 steps: computation of eigen-energies E, (=poles) and eigenfunctions
computation of reduced widths from eigenfunctions

Remarks:

*E, =pole energy: different from the resonance energy
depend on the channel radius

* v, proportional to the wave function at a= measurement of clustering (depend on a!)

large y, = strong clustering

> _ R i 2 3R°
- dimensionless reduced width 05 = —5-, with ~j, = 5102 = Wigner limit
a

. http://pntpm.uIb.ac.be/Nacre/Proqrams/ggulomb.htm: web page to compute reduced
widths
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Example : 12C+p

. potential : V=-70.5*exp(-(r/2.70)2)
e Basis functions:

u(r)=rt*exp(-(r/a;)?) with a;=x,"a,-"

10 basis functions, a=8 fm

180

120 — \

3
z
S
S 60
0 E, 97

0 -27.9454  2.38E-05

0.112339  0.392282

7.873401 1.094913

26.50339 0.730852

40.54732 0.010541

65.62125 1.121593

10 eigenvalues 107.7871  4.157215

153.8294 1.143461

295.231 0.097637

629.6709 0.019883

-"..-’2
R(E) = A
(B =Y 5%
35
30 -
25 |
R matrix

20 -
15
10

-10 4
-15

pole energy

f/ 0.4 06

o7



Link between “standard” and “phenomenological” R-matrix:
« Standard R-matrix: parameters are calculated from basis functions

* Phenomenological R-matrix: parameters are fitted to data
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Calculation: 10 poles

Fit to data
pole E, ¥
1 -27.95 2.38E-05
2 0.11 3.92E-01 » Isolated pole (2 parameters)
3 7.87 1.00E+00 | — '}g
4 26.50 7.31E-01 Eog—FE
5 40.55 1.05E-02
6 65.62 1.12E+00 Background (high energy):
7 107.79 4.16E+00 > gathered in 1 term
2
8 153.83 1.14E+00 ¥
9 295.23 9.76E-02 RO(E) - Z §
: .TBE- Ey—F
A7F=0
10 629.67 190802 | _/
E << E, > R,(E)~R,

= In phenomenological approaches (one resonance): R([2) ~ =




1ZC+p

_ N 70
R(F _E —a = —— 4+ BalE
( ) AE;\—E Eog— E O( )

N
o

® & A N O N A O ©

N
o

E (MeV)

Approximations: R,(E)=R,=constant (background)
Ry(E)=0: Breit-Wigner approximation: one term in the R matrix

Remark: the R matrix method is NOT limited to resonances (R=R,)




Summary

Solving the Schrddinger equation in a basis with N functions provides:
N

73
RE) =Y A
N—1 E;,\ — F

where E,, v, are calculated from matrix elements between the basis functions

Each pole corresponds to a state (bound state
or resonance)
A=2  Properties: energy, reduced width
Il depend on a !l (not physical)

A=1

Other approach: consider E,, y, as free parameters (no basis)

-> Phenomenological R matrix

Question: how to relate R-matrix parameters with experimental information?
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Resonance energies

II! Different from pole energies! 0
150
) * . \
DTE — If(k/&) 1 o L R Wlt g- 100 | ——delta_tot
Og(ka) ]_ — LR~£ ' %; 50 / —::E_S;hefe
= exp(2i6€) —exp(2i(8 ° "0 o5 15 2 25
-50
-100
E (MeV)
with
oy 1y(ka) Fy(ka)
exp(2is} = ¢ — 8% ¢ = —arctan
p(2id775) Oy (hay — 0118 G o(ha)
£
of 1—-L"R Y PR
exp(2:0 = > 0p = arctan
P(207) 1- LR F — SR
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P(E)R(E)
1 — S(E)R(E)

6’%(;5) = arctan

Resonance energy E, definedby 1 — S(f£r)R(Er) =0  >8;=90°

In general: must be solved numerically

Plot of R(E), 1/S(E)

200

RN
(@]
o

RN
o
o

——delta_tot

delta (deg.)
3

—— Hard Sphere
/ delta R

o

o)
o

-100
E (MeV)

E (MeV)

o

pole
resonance 63



The Breit-Wigner approximation

2
Single pole in the R matrix expansion R(E) & 70
Eqg—FE
P(E)R(E) g P(E)
iftt. dp( &) = arctan ~~ arctan
Phase shift: dr{(E) T S(EYR(ED Eo B - 125(5)

Resonance energy E , defined by: Eq — £y — 1%5‘(ET) — 0 Not solvable
analytically

Thomas approximation: S{FE;) =~ S(Fp) + S (FEg)(Er — Eg)

v8S(Eq)

Then: Ity = Itg —
' 1 +§5'(Eo)

Near the resonance energy E_:

v8P(E SP(E
tandp(E) ~ 00 o )
Fg — I — TU*S(E) Fop — 1 +"‘f’0(*5(E?') — S(F))
2
5 P2)
s

&

Er — E +~v§(Ey — E)S'(Ey) -



v§P(E) (B

tandp(l) ~ ~

V4
14+ ~v8S'(Er)

P(E) = 2v% P(F)

obg

with (7)) =2

Remarks:
*Yo» Ep =" R-matrix’, “calculated”, “formal” parameters, needed in the R matrix
*depend on the channel radius a
*Defined for resonances and bound states (Er<0)
* Y.pe E, = ‘Observed” parameters
* model independent, to be compared with experiment
 should not depend on a

» The total width I" depends on energy through the penetration factor P
—>fast variation with E
- low energy: narrow resonances (but the reduced width can be large)

A1)




Summary

High-energy states with the same J=

Simulated by a single pole = background

- |solated resonances:

Treated individually

Non-resonant calculations are possible: only a background pole
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Link between “calculated” and “observed” parameters

One pole (N=1)

@ ‘_ S(F Dm R-matrix parameters

] -I- S (FU) (calculated)
OpEE $
1+ S'"(Eg)v3 Observed parameters
(=data)

Several poles (N>1)

1 —-S(E)R(Er) =0 Must be solved numerically

Generalization of the Breit-Wigner formalism:
link between observed and formal parameters when N>1

C. Angulo, P.D., Phys. Rev. C 61, 064611 (2000) — single channel
C. Brune, Phys. Rev. C 66, 044611 (2002) — multi channel



Examples: 2C+p and '2C+a.

Narrow resonance: 2C+p

12C4p (F"=042MeV, T =32 keV, J=1/21.¢£=0)

a=4fm a=5fm a=6"Ffm a=7 fm

72, (MeV)  1.09 0.59 0.35 0.23
Eg (MeV) —2.15 ~0.61 -0.11 0.11
v5 (MeV) 3.09 1.16 0.57 0.32

180

—— t{otal
120
60 |
0 MR R N RN 5Z-a=x4

:EE:E::::::EEE;EEE h r
06 0.8 z=71 Hard sphere

-60 [




Broad resonance: 2C+q,

Leta (E"=242 MeV, [ =042 MeV, J=1",/=1)

a=bTm a=6 fm a =7 fm
2. (MeV)  0.57 0.28 0.16
Eg (MeV) 0.49 1.92 2.22
75 (MeV) 1.17 0.37 0.19

180
120

60
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8Ne+p elastic scattering: C. Angulo et al, Phys. Rev. C67 (2003) 014308

« Experiment at Louvain-la-Neuve: 8Ne+p elastic

— search for the mirror state of 190(1/2*
E, (MeV) E, (MeV)
""""""" ®0+n
5/2.
= 3/2 3L
(= 712"
2| 2|
-0 1.472 .
1L 1L '
0.745 1/2"
g
- 0.096 3/2" 0.120 327y
=2 o0 5/2" 0 512 !
0321 ey
190 19Na

)

Z—g — 4;{2 | 2(21 +1)(exp(2i6, —1)P(cos ) ?
/

 Phase shifts d, defined in the R-
matrix (in principle from €=0 to «)

» ¢=0: one pole
with 2 parameters: energy E,
reduced width v,

* (=1, no resonance expected
—>hard-sphere phase shift

o (=2 (J=3/2%,5/2%). very narrow
resonances expected
—>weak influence

e (>2: hard sphere

- The cross section is fitted with 2
parameters




differential cross section [mb/sr]

500

400 |

0o =170.2° _ (@)

07 08 09 1 11 12 13 14 15

500
400 F Ny
300

200

100

0

07 08 09 1 11 12 13 14 15

c.m. energy [MeV]

8Ne+p elastic scattering

Final result
E;z = 1.066 + 0.003 MeV
Fp =101 £ 3 keV

1.472 N
/2
1 10
0.745 1/2"
0 0.096 3/2: 0 0.120 (3/2:)
5/2 (5/2°)
-0.321
----------- Ne+p
19 19
O Na

- Very large Coulomb shift
From I'=101 keV, y2=605 keV, 62=23%
Very large reduced width




Other case: 19C+p 2> 1'N: analog of 'Be
1Be: neutron rich
1N: proton rich

389 396 32-

~27/2
3'4|//////// yavi

[ 7777777777777 77

2'69/////// LLLLL

Frr 7T 77T

/
LI
| 0503 ===
|O.32003 2] g
Il JT=1/2t Ben
Be T:3/2 0Cc+p |

Expected "N (unbound)

Energies?
Widths?
Spins?

Markenroth et al (Ganil)
Phys.Rev. C62, 034308 (2000)

-/__

—
[

(mb/

do/dQ

1200.00

"°C+p at 180°
1000.00

800.00 A
600.00 A
400.00 -

200.00 A

0.00
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Other example: *O+p > 15F: analog of 1°C

140+p elastic: ground state of 15F unbound
Goldberg et al. Phys. Rev. C 69 (2004) 031302

466 3/2-
4220 5/2" !

800}
600}
400}
200}

do/dQ (mb/sr)

3.103 1/2"

600}

4001

=
O
+
-
do/dQ (mb/st)

200}

400}

200}

(9]}
do/dQ (mb/st)

300t

200}

do/dQ (mb/sr)

100




Data analysis: general procedure for elastic scattering

do

leKz,K{K; (9) - 2 2

Problem: how to determine the collision matrix U?

J,

A

Consider each partial wave Jp

2
aQ z |fK1Kz,K{K; (6)] /\ *Only unknown quantity
Kl ’KZ’KI"Ké

Y,(6,0)

*To be obtained from
models

3/2 0

5/2"

Simple case: ®Ne+p: spins |,=0* and |,=

1/2
collision matrix 1x1

J /

1/2+ | 0 | R matrix: one pole (2 parameters)
but could be 3 (background)

1/2- | 1 | No resonance ->Hard sphere

3/2+ | 2 | Very narrow resonance - Hard
sphere

3/2- |1 | No resonance - Hard sphere

=25/2 | 22 | Neglected /




More complicated : "Be+p: spins 1,=3/2- and [,=1/2*

a5 7-
]
1232 i

1%1

measurement

I EB FuIiTul 'p+7Be

collision matrix: size larger that one (depends on J)

J [I,¢€
0" | 1,1 | No resonance—>hard sphere
0~ | 2,2 | No resonance - hard sphere
1* 11,1 | *Res. at 0.63 MeV = Rmatrix I=1 OR |=2
2,:13 »Channel mixing neglected (U;=0 for i#j)
1- |1 1,0 |« Channel mixing neglected
1.2 1 e ¢=0: scattering length formalism
22 1, ¢=2: hard sphere
2* | 1,1 | » Channel mixing neglected
1,3 |« Hard sphere
2,1
2,3
2- | 1,2 |+ Channel mixing neglected
2,0 | g=0: scattering length formalism
gi e ¢=2,4: hard sphere

Finally, 4 parameters: E; and I" for the 1* resonance, 2 scattering lengths
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Other processes: capture, transfer, inelastic scattering, etc.

Threshold 2 Elastic scattering
] E5,v2(1)
Poles
E>0or |, Eq1.v1(1)
E<0 |~
/ E‘O s 10 ( 1)
Threshold 1 l

R(E)y=)>_

A=1

N2
By —

)
E

Inelastic scattering,

transfer
Fo,v2(1),v2(2)

Ep,v1(1),7m(2)

Eg,v0(1),v0(2)

l

N

R(E)= 3 Yali)ya(g)

v—1 Ea— b

Pole properties:

energy

reduced width in different channels (= more parameters)
gamma width - capture reactions
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Example of transfer reaction: Li(p,a)3He (Nucl. Phys. A639 (1998) 733)
R R
R:{ " ”“} with R_=R
R R op po
ap oo

Non-resonant reaction: R matrix=constant

op oo

U U, |
Collision matrix U = Up v Up deduced from the R matrix

Cross section: 6~|U |

S-factor (MeV)
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Radiative capture

//TE

Capture reaction=transition between an initial state at
energy E to bound states

Cross section ~ |[<W{H ['¥,(E)>[?
Additional pole parameter. gamma width
<P H, ¥ (E)>=<WH |¥,(E)>y, + <¥IH |¥(E)>ey
with <¥{H,[Fi(E)>ns
<Y, |H |V (E)>

depends on the poles

=integral involving the external w.f.

ext

More complicated than elastic scattering!

But: many applications in nuclear astrophysics
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Microscopic models

A A
* A-body treatment:  H=Y'T+Y 7,

with
T = kinetic energy of nucleon 1

Vl.j = nucleon - nucleon interaction

» wave function completely antisymmetric (bound and scattering states)

* not solvable when A>3
e Generator Coordinate Method (GCM)
basis functions dbf-f'”” = A¢1 o (p, R;) Y, " (€2)

with  ¢,, 0,=internal wave functions
I,(p,R)=gaussian function
R=generator coordinate (variational parameter)
p=nucleus-nucleus relative coordinate

* At p=a, antisymmetrization is negligible=> the same R-matrix method is applicable
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6. Conclusions

1. One R-matrix for each partial wave (limited to low energies)

2. Consistent description of resonant and non-resonant contributions (not limited
to resonances!)

3. The R-matrix method can be applied in two ways
a) To solve the Schrbdinger equation
b) To fit experimental data (low energies, low level densities)

4. Applications a)
« Useful to get phase shifts and wave functions of scattering states
* Application in many fields of nuclear and atomic physics
* 3-body systems
« Stability with respect to the radius is an important test

5. Applications b)
« Same idea, but the pole properties are used as free parameters
 Many applications: elastic scattering, transfer, capture, beta decay, etc.
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