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O(n) loop gas. Configurations of
disjoint simple loops on hexagonal lattice.
Loop-weight n € [0, 2|, edge-weight z > 0.

. E :configs n# loops 33# edges

Dobrushin boundary conditions:
besides loops, an interface v : a < b.
Conjecture [Kager-Nienhuis,...]. 3 conformally invariant scaling
limits for x = z.(n) :==1/v/24+v2 —n and z € (z.(n), +0).

Two different limits correspond to dilute / dense phases
(limiting loops are simple / non-simple)

For x € (0,x.(n)) interfaces—lines, no conformal invariance [Pfister-Velenik]
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Hexagons of two colors (Ising spins +1),
which change whenever a loop is crossed.

For n = 1 the partition function becomes
7 Z .’B# edges

- Z CL'# pairs of neighbors of opposite spins

n =1, x = 1/4/3: Ising model at T,
Note: critical value of z is known [Wannier]
n = 1, & = 1: critical percolation (on hexagons = sites of the dual

triangular lattice) All configs are equally likely (p. = 1/2 [Kesten, Wierman]).
n=0,xz=1/vV2+ V/2: a version of self-avoiding random walk

length

(no loops, only a simple curve from a to b with weight x , cf. prediction

‘
[Nienhuis] that number of length ¢ simple curves is ~ \/2 + /2 ¢11/32)
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Which observable is discrete analytic for the O(n) model?

Set F(Z) — Z+1 monodromy at z
Curve stops at z before reaching /.

2 cos(2mk) = n, new spin o = 1/4 — 3k /2
Ising: n=1, k=—-1/6, 0 = 1/2, a fermion

Theorem. For the Ising model at T,
F(z)/F(b) = (¥'(2)/®’(b))° inside Q
as lattice mesh e — 0. Here ¥ maps €2 to a halfplane, a,b+— o0, 0.

Proof: Similar yet different. Partially works for all values of n.
Explains Nienhuis predictions of critical temperature x.! (sorry, no proof yet)

Relates to Kenyon's work (think dimer models on the Fisher lattice)
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